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THE HERZ-TYPE HARDY SPACES WITH VARIABLE EXPONENT AND
THEIR APPLICATIONS

Hongbin Wang and Zongguang Liu

Abstract. In this paper, a certain Herz-type Hardy spaces with variable exponent
are introduced, and characterizations of these spaces are established in terms of
atomic and molecular decompositions. Using these decompositions, the authors
obtain the boundedness of some operators on the Herz-type Hardy spaces with
variable exponent.

1. INTRODUCTION

In recent years, the theory of function spaces with variable exponents has developed
since the paper [8] of Kováčik and Rákosník appeared in 1991. Lebesgue and Sobolev
spaces with integrability exponent have been extensively investigated, see [5] and the
references therein. Many applications of these spaces were given, see [6]. Very recently,
Izuki [7] introduced the Herz spaces with variable exponent and proved the boundedness
of some sublinear operators on these spaces.

Inspired by [9, 10], we introduce a certain Herz-type Hardy spaces with variable
exponent which is a generalization of classical Herz-type Hardy spaces, and establish
the atomic and molecular decompositions. Using these decompositions, we obtain the
boundedness of some operators on the Herz-type Hardy spaces with variable exponent.

To be precise, we first briefly recall some standard notations in the remainder of this
section. In Section 2, we will define the Herz-type Hardy spaces with variable exponent
HK̇α,p

q(·)(R
n) and HKα,p

q(·)(R
n), and give their atomic characterizations. In Section 3,

we will present the molecular characterizations of HK̇α,p
q(·)(R

n) and HKα,p
q(·)(R

n).
Given an open set Ω ⊂ Rn, and a measurable function p(·) : Ω → [1,∞), Lp(·)(Ω)

denotes the set of measurable functions f on Ω such that for some λ > 0,∫
Ω

( |f(x)|
λ

)p(x)

dx <∞.
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This set becomes a Banach function space when equipped with the Luxemburg-Nakano
norm

‖f‖Lp(·)(Ω) = inf

{
λ > 0 :

∫
Ω

( |f(x)|
λ

)p(x)

dx ≤ 1

}
.

These spaces are referred to as variable Lebesgue spaces or, more simply, as variable
Lp spaces, since they generalized the standard Lp spaces: if p(x) = p is a constant,
then Lp(·)(Ω) is isometrically isomorphic to Lp(Ω). The variable Lp spaces are a
special case of Musielak-Orlicz spaces. For all compact subsets E ⊂ Ω, the space
L

p(·)
loc (Ω) is defined by L

p(·)
loc (Ω) := {f : f ∈ Lp(·)(E)}. Define P(Ω) to be set of

p(·) : Ω → [1,∞) such that

1 < p− = ess inf{p(x) : x ∈ Ω} ≤ ess sup{p(x) : x ∈ Ω} = p+ <∞.

Denote p′(x) = p(x)/(p(x)− 1).
Let f ∈ L1

loc(R
n), the Hardy-Littlewood maximal operator is defined by

Mf(x) = sup
r>0

1
|Br(x)|

∫
Br(x)

|f(y)|dy,

where Br(x) = {y ∈ Rn : |x − y| < r}. There exist some sufficient conditions on
p(·) such that the maximal operator M is bounded on Lp(·)(Rn), see [1-4, 11, 12]. Let
B(Rn) be the set of p(·) ∈ P(Rn) such that M is bounded on Lp(·)(Rn).

Let Bk = {x ∈ Rn : |x| ≤ 2k} and Ak = Bk \ Bk−1 for k ∈ Z. Denote Z+ as
the set of positive integers, χk = χAk

for k ∈ Z, χ̃k = χk if k ∈ Z+ and χ̃0 = χB0 ,
where χAk

is the characteristic function of Ak .

Definition 1.1. ([7]). Let α ∈ R, 0 < p ≤ ∞ and q(·) ∈ P(Rn). The homoge-
neous Herz space with variable exponent K̇α,p

q(·)(R
n) is defined by

K̇α,p
q(·)(R

n) = {f ∈ L
q(·)
loc (Rn \ {0}) : ‖f‖K̇α,p

q(·)(R
n) <∞},

where

‖f‖K̇α,p
q(·)(R

n) =

{ ∞∑
k=−∞

2kαp‖fχk‖p

Lq(·)(Rn)

}1/p

.

The non-homogeneous Herz space with variable exponent Kα,p
q(·)(R

n) is defined by

Kα,p
q(·)(R

n) = {f ∈ L
q(·)
loc (Rn) : ‖f‖Kα,p

q(·)(R
n) <∞},

where

‖f‖Kα,p
q(·)(R

n) =

{ ∞∑
k=0

2kαp‖fχ̃k‖p

Lq(·)(Rn)

}1/p

.
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In the proof of our main result, we will use the following lemmas.

Lemma 1.1. ([8]). Let p(·) ∈ P(Rn). If f ∈ Lp(·)(Rn) and g ∈ Lp′(·)(Rn), then
fg is integrable on Rn and∫

Rn

|f(x)g(x)|dx≤ rp‖f‖Lp(·)(Rn)‖g‖Lp′(·)(Rn),

where
rp = 1 + 1/p− − 1/p+.

This inequality is named the generalized Hölder inequality with respect to the
variable Lp spaces.

Lemma 1.2. ([7]). Let p(·) ∈ B(Rn). Then there exists a positive constant C
such that for all balls B in R n and all measurable subsets S ⊂ B,

‖χB‖Lp(·)(Rn)

‖χS‖Lp(·)(Rn)

≤ C
|B|
|S| ,

‖χS‖Lp(·)(Rn)

‖χB‖Lp(·)(Rn)

≤ C

( |S|
|B|
)δ1

and
‖χS‖Lp′(·)(Rn)

‖χB‖Lp′(·)(Rn)

≤ C

( |S|
|B|
)δ2

,

where δ1, δ2 are constants with 0 < δ1, δ2 < 1.

Throughout this paper δ2 is the same as in Lemma 1.2.

Lemma 1.3. ([7]). Suppose p(·) ∈ B(Rn). Then there exists a constant C > 0
such that for all balls B in R n,

1
|B| ‖χB‖Lp(·)(Rn)‖χB‖Lp′(·)(Rn) ≤ C.

In [13], we establish the following boundedness theorem on the Herz spaces with
variable exponent for a class of sublinear operators.

Lemma 1.4. ([13]). Let 0 < α < nδ2, 0 < p < ∞ and q(·) ∈ B(Rn). If a
sublinear operator T satisfies

(1.1) |Tf(x)| ≤ C‖f‖1/|x|n, if dist(x, suppf) > |x|/2,
for any integrable function f with a compact support and T is bounded on L q(·) (Rn),
then T is bounded on K̇α,p

q(·)(R
n) and Kα,p

q(·)(R
n), respectively.
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2. THE ATOMIC CHARACTERIZATIONS AND THEIR APPLICATIONS

In this section, we will give the definition of Herz-type Hardy spaces with variable
exponent HK̇α,p

q(·)(R
n) and HKα,p

q(·)(R
n). S(Rn) denotes the Schwartz space of all

rapidly decreasing infinitely differentiable functions on Rn, and S ′(Rn) denotes the
dual space of S(Rn). Let GNf(x) be the grand maximal function of f(x) defined by

GNf(x) = sup
φ∈AN

|φ∗∇(f)(x)|,

where AN = {φ ∈ S(Rn) : sup
|α|,|β|≤N

|xαDβφ(x)| ≤ 1} and N > n + 1, φ∗∇ is the

nontangential maximal operator defined by

φ∗∇(f)(x) = sup
|y−x|<t

|φt ∗ f(y)|

with φt(x) = t−nφ(x/t).

Definition 2.1. Let α ∈ R, 0 < p <∞, q(·) ∈ P(Rn) and N > n+ 1.
(i) The homogeneous Herz-type Hardy space with variable exponent HK̇α,p

q(·)(R
n) is

defined by

HK̇
α,p
q(·)(R

n) = {f ∈ S ′(Rn) : GNf(x) ∈ K̇
α,p
q(·)(R

n)}

and we define ‖f‖HK̇α,p
q(·)(R

n) = ‖GNf‖K̇α,p
q(·)(R

n).

(ii) The non-homogeneous Herz-type Hardy space with variable exponentHKα,p
q(·)(R

n)
is defined by

HKα,p
q(·)(R

n) = {f ∈ S ′(Rn) : GNf(x) ∈ Kα,p
q(·)(R

n)}
and we define ‖f‖HKα,p

q(·)(R
n) = ‖GNf‖Kα,p

q(·)(R
n).

It is obvious that GNf satisfies (1.1). Thus, by Lemma 1.4, we can easily prove
that if 0 < α < nδ2, 0 < p <∞ and q(·) ∈ B(Rn), then

HK̇α,p
q(·)(R

n) ∩ Lq(·)
loc (Rn \ {0}) = K̇α,p

q(·)(R
n)

and
HKα,p

q(·)(R
n) ∩ Lq(·)

loc (Rn) = Kα,p
q(·)(R

n).

If nδ2 ≤ α <∞, 0 < p <∞ and q(·) ∈ B(Rn), then

HK̇α,p
q(·)(R

n) ∩ Lq(·)
loc (Rn \ {0}) � K̇α,p

q(·)(R
n)

and
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HKα,p
q(·)(R

n) ∩ Lq(·)
loc (Rn) � Kα,p

q(·)(R
n).

Thus we are interested in the case α ≥ nδ2. In this case, we establish characterizations
of the spaces HK̇α,p

q(·)(R
n) and HKα,p

q(·)(R
n) in terms of central atomic decompositions.

For x ∈ R we denote by [x] the largest integer less than or equal to x.

Definition 2.2. Let nδ2 ≤ α < ∞, q(·) ∈ P(Rn), and non-negative integer
s ≥ [α− nδ2].

(i) A function a on Rn is said to be a central (α, q(·))-atom, if it satisfies

(1) suppa ⊂ B(0, r) = {x ∈ Rn : |x| < r}.
(2) ‖a‖Lq(·)(Rn) ≤ |B(0, r)|−α/n.
(3)

∫
Rn a(x)xβdx = 0, |β| ≤ s.

(ii) A function a on Rn is said to be a central (α, q(·))-atom of restricted type, if it
satisfies the conditions (2), (3) above and
(1)′ suppa ⊂ B(0, r), r ≥ 1.

Remark 2.1. If q(x) = q is a constant, then taking δ2 = 1 − 1/q we can get the
classical case.

Theorem 2.1. Let nδ2 ≤ α < ∞, 0 < p < ∞ and q(·) ∈ B(Rn). Then we have
(i) f ∈ HK̇α,p

q(·)(R
n) if and only if

(2.1) f =
∞∑

k=−∞
λkak, in the sense of S ′(Rn),

where each ak is a central (α, q(·))-atom with support contained in B k and
∞∑

k=−∞
|λk|p

<∞. Moreover,

‖f‖HK̇
α,p
q(·)(R

n) ≈ inf

( ∞∑
k=−∞

|λk|p
)1/p

,

where the infimum is taken over all above decompositions of f .

(ii) f ∈ HKα,p
q(·)(R

n) if and only if

f =
∞∑

k=0

λkak, in the sense of S ′(Rn),

where each ak is a central (α, q(·))-atom of restricted type with support contained in

Bk and
∞∑

k=0

|λk|p <∞. Moreover,

‖f‖HK
α,p
q(·)(R

n) ≈ inf

( ∞∑
k=0

|λk|p
)1/p

,
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where the infimum is taken over all above decompositions of f .

Proof. We only prove (i), and (ii) can be proved in the similar way. To prove the
necessity, choose φ ∈ C∞

0 (Rn) such that φ ≥ 0,
∫

Rn φ(x)dx = 1, suppφ ⊂ {x : |x|
≤ 1}. For j ∈ Z+, let

φ(j)(x) = 2jnφ(2jx).

For each f ∈ S′(Rn), set
f (j)(x) = f ∗ φ(j)(x).

It is obvious that f (j) ∈ C∞(Rn) and lim
j→∞

f (j) = f in the sense of distribution. Let

ψ be a radial smooth function such that suppψ ⊂ {x : 1/2 − ε ≤ |x| ≤ 1 + ε} with
0 < ε < 1/4, ψ(x) = 1 for 1/2 ≤ |x| ≤ 1. Let ψk(x) = ψ(2−kx) for k ∈ Z and

Ãk,ε = {x : 2k−1 − 2kε ≤ |x| ≤ 2k + 2kε}.
Observe that suppψk ⊂ Ãk,ε and ψk(x) = 1 for x ∈ Ak = {x : 2k−1 < |x| ≤ 2k}.

Obviously, 1 ≤
∞∑

k=−∞
ψk(x) ≤ 2, |x| > 0. Let

Φk(x) =




ψk(x)
/ ∞∑

l=−∞
ψl(x), x �= 0,

0, x = 0,

then
∞∑

k=−∞
Φk(x) = 1 for x �= 0. For somem ∈ N, we denote by Pm the class of all the

real polynomials with the degree less thanm. Let P (j)
k (x) = PÃk,ε

(f (j)Φk)(x)χÃk,ε
(x)

∈ Pm(Rn) be the unique polynomial satisfying∫
Ãk,ε

(
f (j)(x)Φk(x)− P

(j)
k (x)

)
xβdx = 0, |β| ≤ m = [α− nδ2].

Write

f (j)(x) =
∞∑

k=−∞

(
f (j)(x)Φk(x) − P

(j)
k (x)

)
+

∞∑
k=−∞

P
(j)
k (x) =

(j)∑
I

+
(j)∑
II

.

For the term
(j)∑
I

, let g(j)
k (x) = f (j)(x)Φk(x)−P

(j)
k (x) and a(j)

k (x) = g
(j)
k (x)/λk,

where λk = b|Bk+1|α/n
k+1∑

l=k−1

‖(GNf)χl‖Lq(·)(Rn), and b is a constant which will be

chosen later. Note that suppa(j)
k ⊂ Bk+1,

(j)∑
I

=
∞∑

k=−∞
λka

(j)
k (x).
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Now we estimate ‖g(j)
k ‖Lq(·)(Rn). To do this, let {φk

d : |d| ≤ m} be the orthogonal
polynomials restricted to Ãk,ε with respect to the weight 1/|Ãk,ε|, which are obtained
from {xβ : |β| ≤ m} by Gram-Schmidt’s method, that is

〈φk
ν, φ

k
µ〉 =

1
|Ãk,ε|

∫
Ãk,ε

φk
ν(x)φk

µ(x)dx = δνµ.

It is readily to see that P (j)
k (x) =

∑
|d|≤m

〈f (j)Φk, φ
k
d〉φk

d(x) for x ∈ Ãk,ε. On the other

hand, from 1
|Ãk,ε|

∫
Ãk,ε

φk
ν(x)φk

µ(x)dx = δνµ we infer that

1
|Ã1,ε|

∫
Ã1,ε

φk
ν(2

k−1y)φk
µ(2k−1y)dy = δνµ.

We can get φk
ν(2k−1y) = φ1

ν(y) a.e.. That is φk
ν(x) = φ1

ν(21−kx) a.e. for x ∈ Ãk,ε.
Thus |φk

ν(x)| ≤ C, and for x ∈ Ãk,ε, by the generalized Hölder inequality we have

|P (j)
k (x)| ≤ C

|Ãk,ε|

∫
Ãk,ε

|f (j)(x)Φk(x)|dx

≤ C

|Ãk,ε|
‖f (j)Φk‖Lq(·)(Rn)‖χÃk,ε

‖Lq′(·)(Rn).

Therefore, by Lemma 1.3 we have

‖g(j)
k ‖Lq(·)(Rn)

≤ ‖f (j)Φk‖Lq(·)(Rn) + ‖P (j)
k ‖Lq(·)(Rn)

≤ ‖f (j)Φk‖Lq(·)(Rn) +
C

|Ãk,ε|
‖f (j)Φk‖Lq(·)(Rn)‖χÃk,ε

‖Lq′(·)(Rn)‖χÃk,ε
‖Lq(·)(Rn)

≤ ‖f (j)Φk‖Lq(·)(Rn) + C‖f (j)Φk‖Lq(·)(Rn)

≤ C‖(f ∗ φ(j))Φk‖Lq(·)(Rn)

≤ C′
k+1∑

l=k−1

‖(GNf)χl‖Lq(·)(Rn).

Choose b = C′ , then ‖a(j)
k ‖Lq(·)(Rn) ≤ |Bk+1|−α/n and each a(j)

k is a central (α, q(·))-
atom with support contained in Bk+1. Furthermore,

∞∑
k=−∞

|λk|p≤C
∞∑

k=−∞
|Bk+1|pα/n

(
k+1∑

l=k−1

‖(GNf)χl‖Lq(·)(Rn)

)p

≤ C‖GNf‖p

K̇α,p
q(·)(R

n)
,



1370 Hongbin Wang and Zongguang Liu

where C is independent of j and f .

It remains to estimate
(j)∑
II

. Let {ψk
d : |d| ≤ m} be the dual basis of {xβ : |β| ≤ m}

with respect to the weight 1/|Ãk,ε| on Ãk,ε, that is

〈ψk
d , x

β〉 =
1

|Ãk,ε|
∫

Ãk,ε

xβψk
d(x)dx = δβd.

Similar to the method of [9], let

h
(j)
k,d(x) =

k∑
l=−∞

(
ψk

d(x)χÃk,ε
(x)

|Ãk,ε|
−
ψk+1

d (x)χÃk+1,ε
(x)

|Ãk+1,ε|

)∫
Rn

f (j)(x)Φl(x)xddx.

We can write
(j)∑
II

=
∞∑

k=−∞

∑
|d|≤m

〈f (j)Φk, x
d〉ψk

d(x)χÃk,ε
(x)

=
∑
|d|≤m

∞∑
k=−∞

(∫
Rn

f (j)Φkx
ddx

) ψk
d(x)χÃk,ε

(x)

|Ãk,ε|

=
∑
|d|≤m

∞∑
k=−∞

(
k∑

l=−∞

∫
Rn

f (j)(x)Φl(x)xddx

)

×
(
ψk

d(x)χÃk,ε
(x)

|Ãk,ε|
−
ψk+1

d (x)χÃk+1,ε
(x)

|Ãk+1,ε|

)

=
∑
|d|≤m

∞∑
k=−∞

αk,dh
(j)
k,d(x)/αk,d =

∑
|d|≤m

∞∑
k=−∞

αk,da
(j)
k,d(x),

where

αk,d = b̃

k+2∑
l=k−1

‖(GNf)χl‖Lq(·)(Rn)|Bk+2|α/n

and b̃ is a constant which will be chosen later. Note that∫
Rn

k∑
l=−∞

|Φl(x)xd|dx =
k∑

l=−∞

∫
Ãk,ε

|Φl(x)xd|dx ≤ C2k(n+|d|).

By a computation we have∣∣∣∣∣
∫

Rn

f (j)(y)
k∑

l=−∞
Φl(y)yddy

∣∣∣∣∣ ≤ C2k(n+|d|)GNf(x), x ∈ Bk+2.
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This together with the inequality that(
ψk

d(x)χÃk,ε
(x)

|Ãk,ε|
−
ψk+1

d (x)χÃk+1,ε
(x)

|Ãk+1,ε|

)
≤ C2−k(n+|d|)

k+1∑
l=k−1

χl(x),

shows that

‖h(j)
k,d‖Lq(·)(Rn) ≤ C′′

k+1∑
l=k−1

‖(GNf)χl‖Lq(·)(Rn).

Take b̃ = C′′. It is readily to verify that each a(j)k,d is a central (α, q(·))-atom with support

contained in Ãk,ε∪Ãk+1,ε ⊂ Bk+2, and αk,d = C′′
k+2∑

l=k−1

‖(Gf)χl‖Lq(·)(Rn)|Bk+2|α/n,

where C′′ is a constant independent of j, f, k and d. Moreover,

∑
k,d

|αk,d|p ≤ C

∞∑
k=−∞

|Bk+2|αp/n

(
k+1∑

l=k−1

‖(GNf)χl‖Lq(·)(Rn)

)p

≤ C‖GNf‖p

K̇
α,p
q(·)(R

n)
<∞,

where C is independent of j and f .
Thus we obtain that

f (j)(x) =
∞∑

d=−∞
λda

(j)
d (x),

where each a(j)
d is a central (α, q(·))-atom with support contained in Ãd,ε ∪ Ãd+1,ε ⊂

Bd+2, λd is independent of j and

( ∞∑
d=−∞

|λd|p
)1/p

≤ C‖GNf‖p

K̇α,p
q(·)(R

n)
<∞,

where C is independent of j and f .
Since

sup
j∈Z+

‖a(j)
0 ‖Lq(·)(Rn) ≤ |B2|−α/n,

by the Banach-Alaoglu theorem we can obtain a subsequence {a(jn0)
0 } of {a(j)

0 } con-
verging in the weak∗ topology of Lq(·)(Rn) to some a0 ∈ Lq(·)(Rn). It is readily to
verify that a0 is a central (α, q(·))-atom supported on B2. Next, since

sup
jn0∈Z+

‖a(jn0)
1 ‖Lq(·)(Rn) ≤ |B3|−α/n,
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another application of the Banach-Alaoglu theorem yields a subsequence {a(jn1)
1 } of

{a(jn0)
1 } which converges weak∗ in Lq(·)(Rn) to a central (α, q(·))-atom a1 with sup-

port in B3. Furthermore,

sup
jn1∈Z+

‖a(jn1)
−1 ‖Lq(·)(Rn) ≤ |B1|−α/n.

Similarly, there exists a subsequence {a(jn−1)

−1 } of {a(jn1)
−1 } which converges weak∗

in Lq(·)(Rn) to some a−1 ∈ Lq(·)(Rn), and a−1 is a central (α, q(·))-atom supported
on B1. Repeating the above procedure for each d ∈ Z, we can find a subsequence
{a(jnd

)

d } of {a(j)
d } converging weak∗ in Lq(·)(Rn) to some ad ∈ Lq(·)(Rn) which is

a central (α, q(·))-atom supported on Bd+2. By the usual diagonal method we obtain
a subsequence {jν} of Z+ such that for each d ∈ Z, lim

ν→∞ a
(jν)
d = ad in the weak∗

topology of Lq(·)(Rn) and therefore in S ′(Rn).
Now our proof is reduced to prove that

(2.2) f =
∞∑

d=−∞
λdad, in the sense of S ′(Rn).

For each ϕ ∈ S(Rn), note that supp a(jν)
d ⊂ (Ãd,ε ∪ Ãd+1,ε) ⊂ (Ad−1 ∪Ad ∪Ad+1 ∪

Ad+2). We have

〈f, ϕ〉 = lim
ν→∞

∞∑
d=−∞

λd

∫
Rn

a
(jν)
d (x)ϕ(x)dx.

See [9] for the details.
Recall that m = [α − nδ2]. If d ≤ 0, then by Lemma 1.2 and the generalized

Hölder inequality we have

∣∣∣∣
∫

Rn
a

(jν)
d (x)ϕ(x)dx

∣∣∣∣ =

∣∣∣∣∣∣
∫

Rn
a

(jν )
d (x)


ϕ(x)−

∑
|β|≤m

Dβϕ(0)
β!

xβ


 dx

∣∣∣∣∣∣
≤ C

∫
Rn

|a(jν)
d (x)| · |x|m+1dx

≤ C2d(m+1)

∫
Rn

|a(jν)
d (x)|dx

≤ C2d(m+1−α)‖χBd+2
‖Lq′(·)(Rn)
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≤ C2d(m+1−α)

( |Bd+2|
|B2|

)δ2

‖χB2‖Lq′(·)(Rn)

≤ C2d(m+1−α+nδ2) |B2|
|B0|‖χB0‖Lq′(·)(Rn)

≤ C2d(m+1−α+nδ2) inf
{
λ > 0 :

∫
B0

λ−q′(x)dx ≤ 1
}

≤ C2d(m+1−α+nδ2) inf
{

1 ≥ λ > 0 :
∫

B0

λ−(q′)+dx ≤ 1
}

= C2d(m+1−α+nδ2)|B0|1/(q′)+

= C2d(m+1−α+nδ2),

where C is independent of d.
If d > 0, let k0 ∈ Z+ such that k0 + α − n > 0, then by Lemma 1.2 and the

generalized Hölder inequality we have∣∣∣∣
∫

Rn

a
(jν)
d (x)ϕ(x)dx

∣∣∣∣ ≤ C

∫
Rn

|a(jν)
d (x)||x|−k0dx

≤ C2−d(k0+α)‖χBd+2
‖Lq′(·)(Rn)

≤ C2−d(k0+α) |Bd+2|
|B0| ‖χB0‖Lq′(·)(Rn)

≤ C2−d(k0+α−n) inf
{
λ > 0 :

∫
B0

λ−q′(x)dx ≤ 1
}

≤ C2−d(k0+α−n) inf
{

1 ≥ λ > 0 :
∫

B0

λ−(q′)+dx ≤ 1
}

= C2−d(k0+α−n),

where C is independent of d.
Let

µd =

{
|λd|2d(m+1−α+nδ2), d ≤ 0,
|λd|2−d(k0+α−n), d > 0,

Then ∞∑
d=−∞

|µd| ≤ C

( ∞∑
d=−∞

|λd|p
)1/p

≤ C‖GNf‖K̇
α,p
q(·)(R

n) <∞

and
|λd|

∣∣∣∣
∫

Rn

a
(jν )
d (x)ϕ(x)dx

∣∣∣∣ ≤ C|µd|,
which implies that

〈f, ϕ〉 =
∞∑

d=−∞
lim

ν→∞λd

∫
Rn

a
(jν)
d (x)ϕ(x)dx=

∞∑
d=−∞

λd

∫
Rn

ad(x)ϕ(x)dx.
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This establishes the identity (2.2).
To prove the sufficiency, we consider the two cases 0 < p ≤ 1 and 1 < p <∞.
If 0 < p ≤ 1, it suffices to show that for each central (α, q(·))-atom a,

‖GNa‖K̇α,p
q(·)(R

n) ≤ C,

with the constant C > 0 independent of a. For a fixed central (α, q(·))-atom a, with
suppa(x) ⊂ B(0, 2k0) for some k0 ∈ Z. Write

‖GNa‖p

K̇α,p
q(·)(R

n)
=

k0+3∑
k=−∞

|Bk|αp/n‖(GNa)χk‖p

Lq(·)(Rn)

+
∞∑

k=k0+4

|Bk|αp/n‖(GNa)χk‖p

Lq(·)(Rn)

= I + II.

By the Lq(·)(Rn) boundedness of the grand maximal operator GN we have

I ≤ ‖GNa‖p

Lq(·)(Rn)

k0+3∑
k=−∞

|Bk|αp/n ≤ C‖a‖p

Lq(·)(Rn)

k0+3∑
k=−∞

|Bk|αp/n ≤ C.

To estimate II , we need a pointwise estimate for GNa(x) on Ak. Let φ ∈ AN , m ∈ N
such that α− nδ2 < m+ 1. Denote by Pm the m-th order Taylor series expansion. If
|x− y| < t, then from the vanishing moment condition of a we have

|a ∗ φt(y)| = t−n

∣∣∣∣
∫

Rn
a(z)

(
φ

(
y − z

t

)
− Pm

(y
t

))
dz

∣∣∣∣
≤ Ct−n

∫
Rn

|a(z)|
∣∣∣z
t

∣∣∣m+1
(1 + |y − θz|/t)−(n+m+1)dz

≤ C

∫
Rn

|a(z)||z|m+1(t+ |y − θz|)−(n+m+1)dz,

where 0 < θ < 1. Since x ∈ Ak for k ≥ k0 + 4, we have |x| ≥ 2 · 2k0+1. From
|x− y| < t and |z| < 2k0+1, we have

t+ |y − θz| ≥ |x− y| + |y − θz| ≥ |x| − |z| ≥ |x|/2.
Thus,

|a ∗ φt(y)| ≤ C

∫
Rn

|a(z)||z|m+1(|x− y|+ |y − θz|)−(n+m+1)dz

≤ C2k0(m+1)|x|−(n+m+1)

∫
Rn

|a(z)|dz
≤ C2k0(m+1)|x|−(n+m+1)|Bk0 |−α/n‖χBk0

‖Lq′(·)(Rn).



The Herz-type Hardy Spaces with Variable Exponent 1375

Therefore, we have

GNa(x)≤C2k0(m+1)−k(n+m+1)|Bk0 |−α/n‖χBk0
‖Lq′(·)(Rn), x ∈ Ak, andk≥k0 + 4.

So by Lemma 1.2 and Lemma 1.3 we have

II ≤ C

∞∑
k=k0+4

2p[k0(m+1)−k(n+m+1)]

( |Bk|
|Bk0 |

)pα/n

×‖χBk0
‖p

Lq′(·)(Rn)
‖χBk

‖p

Lq(·)(Rn)

≤ C

∞∑
k=k0+4

2p[k0(m+1)−k(n+m+1)]

( |Bk|
|Bk0 |

)pα/n

×‖χBk0
‖p

Lq′(·)(Rn)

(
|Bk|‖χBk

‖−1
Lq′(·)(Rn)

)p

= C
∞∑

k=k0+4

2p(k0−k)(m+1−α)

(‖χBk0
‖Lq′(·)(Rn)

‖χBk
‖Lq′(·)(Rn)

)p

≤ C

∞∑
k=k0+4

2p(k0−k)(m+1−α+nδ2) ≤ C.

This proves the desired estimate for the case 0 < p ≤ 1.
If 1 < p <∞, write

‖GNf‖p

K̇α,p
q(·)(R

n)
≤

∞∑
k=−∞

|Bk|αp/n

( ∞∑
l=−∞

|λl|‖(GNal)χk‖Lq(·)(Rn)

)p

≤ C

∞∑
k=−∞

|Bk|αp/n

( ∞∑
l=k−1

|λl|‖al‖Lq(·)(Rn)

)p

+C
∞∑

k=−∞
|Bk|αp/n

(
k−2∑

l=−∞
|λl|‖(GNal)χk‖Lq(·)(Rn)

)p

= III + IV.

Using the Hölder inequality, we have

III ≤ C

∞∑
k=−∞

|Bk|αp/n

( ∞∑
l=k−1

|λl||Bl|−α/n

)p

≤ C
∞∑

k=−∞
|Bk|αp/n

( ∞∑
l=k−1

|λl|p|Bl|−αp/(2n)

)( ∞∑
l=k−1

|Bl|−αp′/(2n)

)p/p′

≤ C

∞∑
k=−∞

|Bk|αp/(2n)
∞∑

l=k−1

|λl|p|Bl|−αp/(2n)

≤ C

∞∑
l=−∞

|λl|p.
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Now suppose α− nδ2 < m+ 1. As in the argument for II , we can obtain that

IV

≤ C
∞∑

k=−∞

(
k−2∑

l=−∞
|λl|2l(m+1)−k(n+m+1)

( |Bk|
|Bl|

)α/n

‖χBl
‖Lq′(·)(Rn)‖χBk

‖Lq(·)(Rn)

)p

≤ C

∞∑
k=−∞

(
k−2∑

l=−∞
|λl|2(l−k)(m+1−α+nδ2)

)p

≤ C

∞∑
k=−∞

(
k−2∑

l=−∞
|λl|p2(l−k)(m+1−α+nδ2)p/2

)(
k−2∑

l=−∞
2(l−k)(m+1−α+nδ2)p′/2

)p/p′

≤ C
∞∑

l=−∞
|λl|p.

This finishes the proof of Theorem 2.1.

Remark 2.2. If f ∈ HK̇α,p
q(·)(R

n)∩S(Rn), we can replace f(j) by f in the proof
of the necessity, and have

f(x) =
∞∑

k=−∞
λkak(x) +

∞∑
k=−∞

µkbk(x),

where

‖ak‖Lq(·)(Rn) ≤ |B(0, 2k+1)|−α/n, ‖bk‖Lq(·)(Rn) ≤ |B(0, 2k+2)|−α/n,

supp ak ⊂ Ãk,ε, supp bk ⊂ Ãk,ε ∪ Ãk+1,ε,

and

0 ≤ λk, µk ≤ C2αk
k+1∑

j=k−1

‖GN(f)χj‖Lq(·)(Rn),

with N > n+ α + 1.

Remark 2.3. For the case 0 < p ≤ 1, if we remove the condition suppak ⊂ Bk ,
then the conclusion of Theorem 2.1 is also true .

As an application of the atomic decomposition theorems, we shall extend Lemma
1.4 to the case of α ≥ nδ2.

Theorem 2.2. Let nδ2 ≤ α < ∞, 0 < p < ∞, q(·) ∈ B(Rn) and the integer
s = [α− nδ2]. If a sublinear operator T satisfies that

(i) T is bounded on Lq(·)(Rn);
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(ii) there exists a constant δ > 0 such that s+ δ > α− nδ 2, and for any compact
support function f with ∫

Rn
f(x)xβ dx = 0, |β| ≤ s,

Tf satisfies the size condition

(2.3)
|Tf(x)| ≤ C(diam(supp f))s+δ|x|−(n+s+δ)‖f‖1,

if dist(x, suppf) ≥ |x|/2.
Then T can be extended to be a bounded operator from H K̇

α,p
q(·)(R

n) to K̇α,p
q(·)(R

n) (or
bounded from HKα,p

q(·)(R
n) to Kα,p

q(·)(R
n)).

Proof. It suffices to prove homogeneous case. Suppose f ∈ HK̇α,p
q(·)(R

n). By

Theorem 2.1, f =
∞∑

j=−∞
λjbj in the sense of S ′(Rn), where each bj is a central

(α, q(·))-atom with support contained in Bj and

‖f‖HK̇α,p
q(·)(R

n) ≈ inf


 ∞∑

j=−∞
|λj|p




1/p

.

Therefore, we get

‖Tf‖p

K̇α,p
q(·)(R

n)
=

∞∑
k=−∞

2kαp‖(Tf)χk‖p

Lq(·)(Rn)

≤ C

[ ∞∑
k=−∞

2kαp

( k−2∑
j=−∞

|λj|‖(Tbj)χk‖Lq(·)(Rn)

)p

+
∞∑

k=−∞
2kαp

( ∞∑
j=k−1

|λj|‖(Tbj)χk‖Lq(·)(Rn)

)p]

= C(I1 + I2).

Let us first estimate I1. By (2.3) and the generalized Hölder inequality, we get

|Tbj(x)| ≤ C|x|−(n+s+δ)2j(s+δ)

∫
Bj

|bj(y)|dy
≤ C2−k(n+s+δ)2j(s+δ)‖bj‖Lq(·)(Rn)‖χBj‖Lq′(·)(Rn)

≤ C2j(s+δ−α)−k(s+δ+n)‖χBj‖Lq′(·)(Rn).

So by Lemma 1.1 and Lemma 1.2, we have
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(2.4)

‖(Tbj)χk‖Lq(·)(Rn)

≤ C2j(s+δ−α)−k(s+δ+n)‖χBj‖Lq′(·)(Rn)‖χBk
‖Lq(·)(Rn)

≤ C2j(s+δ−α)−k(s+δ)2−kn
(|Bk|‖χBk

‖−1

Lq′(·)(Rn)

)‖χBj‖Lq′(·)(Rn)

= C2j(s+δ−α)−k(s+δ)
‖χBj‖Lq′(·)(Rn)

‖χBk
‖Lq′(·)(Rn)

≤ C2(s+δ+nδ2)(j−k)−jα.

Therefore, when 0 < p ≤ 1, by nδ2 ≤ α < s + δ + nδ2, we get

(2.5)

I1 =
∞∑

k=−∞
2kαp

( k−2∑
j=−∞

|λj|‖(Tbj)χk‖Lq(·)(Rn)

)p

≤ C

∞∑
k=−∞

2kαp

( k−2∑
j=−∞

|λj|p2[(s+δ+nδ2)(j−k)−jα]p

)

= C

∞∑
j=−∞

|λj|p
∞∑

k=j+2

2(j−k)(s+δ+nδ2−α)p ≤ C

∞∑
j=−∞

|λj|p.

When 1 < p < ∞, take 1/p+ 1/p′ = 1. Since nδ2 ≤ α < s + δ + nδ2, by (2.4) and
the Hölder inequality, we have

(2.6)

I1 ≤ C

∞∑
k=−∞

2kαp

( k−2∑
j=−∞

|λj|2(s+δ+nδ2)(j−k)−jα

)p

≤ C
∞∑

k=−∞

( k−2∑
j=−∞

|λj|p2(j−k)(s+δ+nδ2−α)p/2

)

×
( k−2∑

j=−∞
2(j−k)(s+δ+nδ2−α)p′/2

)p/p′

≤ C
∞∑

k=−∞

( k−2∑
j=−∞

|λj|p2(j−k)(s+δ+nδ2−α)p/2

)

= C

∞∑
j=−∞

|λj|p
∞∑

k=j+2

2(j−k)(s+δ+nδ2−α)p/2

≤ C

∞∑
j=−∞

|λj|p.

Let us now estimate I2. When 0 < p ≤ 1, by Lq(·)(Rn) boundedness of T , we
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have

(2.7)

I2 =
∞∑

k=−∞
2kαp

( ∞∑
j=k−1

|λj|‖(Tbj)χk‖Lq(·)(Rn)

)p

≤ C
∞∑

k=−∞
2kαp

( ∞∑
j=k−1

|λj|p‖bj‖p

Lq(·)(Rn)

)

≤ C

∞∑
k=−∞

2kαp

( ∞∑
j=k−1

|λj|p|Bj|−αp/n

)

= C

∞∑
j=−∞

|λj|p
j+1∑

k=−∞
2(k−j)αp ≤ C

∞∑
j=−∞

|λj|p.

When 1 < p <∞, by Lq(·)(Rn) boundedness of T and the Hölder inequality, we have

(2.8)

I2 ≤ C

∞∑
k=−∞

2kαp

( ∞∑
j=k−1

|λj|p‖(Tbj)χk‖p/2

Lq(·)(Rn)

)

×
( ∞∑

j=k−1

‖(Tbj)χk‖p′/2

Lq(·)(Rn)

)p/p′

≤ C

∞∑
k=−∞

2kαp

( ∞∑
j=k−1

|λj|p‖bj‖p/2

Lq(·)(Rn)

)( ∞∑
j=k−1

‖bj‖p′/2

Lq(·)(Rn)

)p/p′

≤ C

∞∑
k=−∞

2kαp

( ∞∑
j=k−1

|λj|p|Bj |−αp/(2n)

)( ∞∑
j=k−1

|Bj |−αp′/(2n)

)p/p′

≤ C

∞∑
k=−∞

2kαp/2

( ∞∑
j=k−1

|λj|p|Bj|−αp/(2n)

)

= C
∞∑

j=−∞
|λj|p

j+1∑
k=−∞

2(k−j)αp/2 ≤ C
∞∑

j=−∞
|λj|p.

Combining (2.5)-(2.8), we have

‖Tf‖K̇α,p
q(·)(R

n) ≤ C‖f‖HK̇α,p
q(·)(R

n).

Thus, the proof of Theorem 2.2 is completed.
Furthermore, we will consider the Calderón-Zygmund operator T of Coifman and

Meyer with associated standard kernel K in the sense of

Tf(x) =
∫

Rn

K(x, y)f(y)dy, x �∈ supp f,

which is a Lq(·)(Rn)-bounded operator. See [2] for more details.
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Theorem 2.3. Suppose that T is an above Calderón-Zygmund operator, and
that 0 < δ ≤ 1 is the constant associated with the standard kernel K, then for
nδ2 ≤ α < nδ2 + δ and 0 < p <∞, T is bounded from HK̇α,p

q(·)(R
n) to K̇α,p

q(·)(R
n).

Proof. Note that nδ2 ≤ α < nδ2 + δ implies that s = [α − nδ2] = 0. Thus, the
operator T considered here satisfies (2.3) with s = 0. The desired conclusion follows
from Theorem 2.2 directly.

3. THE MOLECULAR CHARACTERIZATIONS AND THEIR APPLICATIONS

In this section, we will consider the molecular decomposition of the Herz-type
Hardy spaces with variable exponent. We first give the notation of molecule.

Definition 3.1. Let nδ2 ≤ α <∞, 0 < p <∞, q(·) ∈ P(Rn), and s ≥ [α−nδ2]
be a non-negative integer. Set ε > max{s/n, α/n − δ2}, a = δ2 − α/n + ε and
b = δ2 + ε. A function Ml ∈ Lq(·)(Rn) with l ∈ Z (or l ∈ N) is said to be a dyadic
central (α, q(·); s, ε)l-molecule (or dyadic central (α, q(·); s, ε)l)-molecule of restricted
type) if it satisfies

(1) ‖Ml‖Lq(·)(Rn) ≤ 2−lα.

(2) Rq(·)(Ml) = ‖Ml‖a/b

Lq(·)(Rn)

∥∥| · |nbMl(·)
∥∥1−a/b

Lq(·)(Rn)
<∞.

(3)
∫

Rn Ml(x)xβdx = 0, for any β with |β| ≤ s.

Definition 3.2. Let nδ2 ≤ α <∞, 0 < p <∞, q(·) ∈ P(Rn), and s ≥ [α−nδ2]
be a non-negative integer. Set ε > max{s/n, α/n−δ2}, a = δ2−α/n+ε and b = δ2+ε.

(i) A function M ∈ Lq(·)(Rn) is said to be a central (α, q(·); s, ε)-molecule if it
satisfies
(1) Rq(·)(M) = ‖M‖a/b

Lq(·)(Rn)

∥∥| · |nbM(·)∥∥1−a/b

Lq(·)(Rn)
<∞.

(2)
∫

Rn M(x)xβdx = 0, for any β with |β| ≤ s.

(ii) A function M ∈ Lq(·)(Rn) is said to be a central (α, q(·); s, ε)-molecule of
restricted type if it satisfies (1), (2) in (i) and
(3) ‖M‖Lq(·)(Rn) ≤ 1.

The following lemma proves that molecule is a generalization of atom.

Lemma 3.1. Let nδ2 ≤ α <∞, 0 < p < ∞, q(·) ∈ P(Rn), s ≥ [α− nδ2] be a
non-negative integer, ε > max{s/n, α/n − δ2}, a = δ2 − α/n + ε and b = δ2 + ε.
If M is a central (α, q(·))-atom (or (α, q(·))-atom of restricted type), M is also a
central (α, q(·); s, ε)-molecule (or (α, q(·); s, ε)-molecule of restricted type) such that
Rq(·)(M) ≤ C with C independent of M .
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Proof. We only need consider the case that a is a (α, q(·))-atom with support on
a ball B(0, r). A straightforward computation leads to that

‖M‖a/b

Lq(·)(Rn)

∥∥∥| · |nbM(·)
∥∥∥1−a/b

Lq(·)(Rn)
≤ rnb(1−a/b)‖M‖Lq(·)(Rn) ≤ Crαr−α ≤ C.

Now we give the molecular decomposition of the Herz-type Hardy spaces with
variable exponent.

Theorem 3.1. Let nδ2 ≤ α <∞, 0 < p <∞, q(·) ∈ B(Rn), and s ≥ [α− nδ2]
be a non-negative integer. Set ε > max{s/n, α/n − δ2}, a = δ2 − α/n + ε and
b = δ2 + ε. Then we have

(i) f ∈ HK̇α,p
q(·)(R

n) if and only if f can be represented as

f =
∞∑

k=−∞
λkMk, in the sense of S ′(Rn),

where each Mk is a dyadic central (α, q(·); s, ε)k-molecule, and
∞∑

k=−∞
|λk|p < ∞.

Moreover,
‖f‖HK̇α,p

q(·)(R
n) ≈ inf

( ∞∑
k=−∞

|λk|p
)1/p

,

where the infimum is taken over all above decompositions of f .

(ii) f ∈ HKα,p
q(·)(R

n) if and only if

f =
∞∑

k=0

λkMk, in the sense of S ′(Rn),

where each Mk is a dyadic central (α, q(·); s, ε)k-molecule of restricted type, and
∞∑

k=0

|λk|p <∞. Moreover,

‖f‖HK
α,p
q(·)(R

n) ≈ inf

( ∞∑
k=0

|λk|p
)1/p

,

where the infimum is taken over all above decompositions of f .

Theorem 3.2. Let nδ2 ≤ α < ∞, 0 < p ≤ 1, q(·) ∈ B(Rn), and s ≥ [α− nδ2]
be a non-negative integer. Set ε > max{s/n, α/n − δ2}, a = δ2 − α/n + ε and
b = δ2 + ε. Then we have

(i) f ∈ HK̇α,p
q(·)(R

n) if and only if f can be represented as

f =
∞∑

k=1

λkMk, in the sense of S ′(Rn),
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where each Mk is a central (α, q(·); s, ε)-molecule, and
∞∑

k=1

|λk|p <∞. Moreover,

‖f‖HK̇α,p
q(·)(R

n) ≈ inf

( ∞∑
k=1

|λk|p
)1/p

,

where the infimum is taken over all above decompositions of f .

(ii) f ∈ HKα,p
q(·)(R

n) if and only if

f =
∞∑

k=1

λkMk, in the sense of S ′(Rn),

where each Mk is a central (α, q(·); s, ε)-molecule of restricted type, and
∞∑

k=1

|λk|p <
∞. Moreover,

‖f‖HKα,p
q(·)(R

n) ≈ inf

( ∞∑
k=1

|λk|p
)1/p

,

where the infimum is taken over all above decompositions of f .

By Theorem 2.1, Remark 2.2 and Lemma 3.1, we know that Theorem 3.1 and
Theorem 3.2 can be obtained from the following lemma.

Lemma 3.2. Let nδ2 ≤ α <∞, 0 < p <∞, q(·) ∈ B(Rn), s ≥ [α − nδ2] be a
non-negative integer, ε > max{s/n, α/n− δ2}, a = δ2 − α/n+ ε and b = δ2 + ε.

(i) If 0 < p ≤ 1, there exists a constant C such that for any central (α, q(·); s, ε)-
molecule (or (α, q(·); s, ε)-molecule of restricted type) M ,

‖M‖HK̇
α,p
q(·)(R

n) ≤ C (or‖M‖HKα,p
q(·)(R

n) ≤ C).

(ii) There exists a constant C such that for any l ∈ Z(or l ∈ N) and dyadic central
(α, q(·); s, ε)l-molecule (or dyadic central (α, q(·); s, ε)l-molecule of restricted type)
Ml,

‖Ml‖HK̇
α,p
q(·)(R

n) ≤ C (or‖Ml‖HKα,p
q(·)(R

n) ≤ C).

Proof. We only prove (i) for homogeneous case, the proof for non-homogeneous
case and the proof of (ii) are similar. Let M be a central (α, q(·); s, ε)-molecule. Let

σ = ‖M‖−1/α

Lq(·)(Rn)
, E0 = {x : |x| ≤ σ}

and
Ek,σ = {x : 2k−1σ < |x| ≤ 2kσ}, k ∈ Z+.
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Set Bk,σ = {x : |x| ≤ 2kσ}. Denote by χk,σ the characteristic function of Ek,σ. It
follows that

M(x) =
∞∑

k=0

M(x)χk,σ(x).

Let Mk(x) = M(x)χk,σ(x). We denote by Pm the class of all real polynomials of
degree m. Let PEk,σ

Mk ∈ Pm be the unique polynomial satisfying

(3.1)
∫

Ek,σ

(
Mk(x) − PEk,σ

Mk(x)
)
xβdx = 0, |β| ≤ s.

Set Qk(x) = (PEk,σ
Mk)(x)χk,σ(x). If we can prove that

(a) there is a constant C > 0 and a sequences of numbers {λk}k such that

∞∑
k=0

|λk|p <∞, Mk −Qk = λkak,

where each ak is a (α, q(·))-atom;

(b)
∞∑

k=0

Qk has a (α, q(·))-atom decomposition,

then our desired conclusion can be deduced directly.

We first show (a). Without loss of generality, we can suppose that Rq(·)(M) = 1,
which implies that

∥∥∥| · |nbM(·)
∥∥∥

Lq(·)(Rn)
= ‖M‖−a/(b−a)

Lq(·)(Rn)
= σna.

Set {ϕk
l : |l| ≤ s} ⊂ Ps(Rn) such that

〈ϕk
µ, ϕ

k
ν〉Ek,σ

=
1

|Ek,σ|
∫

Ek,σ

ϕk
µ(x)ϕk

ν(x)dx = δµν .

It is easy to see that

(3.2) Qk(x) =
∑
|l|≤s

〈Mk, ϕ
k
l 〉Ek,σ

ϕk
l (x), if x ∈ Ek,σ

and

|Qk(x)| ≤ C

|Ek,σ|
∫

Ek,σ

|Mk(x)|dx.
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Thus for any k ∈ Z+, by Lemma 1.3 and b− a = α/n we have

‖Mk −Qk‖Lq(·)(Rn)

≤ ‖Mk‖Lq(·)(Rn) + ‖Qk‖Lq(·)(Rn)

≤ ‖Mk‖Lq(·)(Rn) +
C

|Ek,σ| ‖Mk‖Lq(·)(Rn)‖χEk,σ
‖Lq′(·)(Rn)‖χEk,σ

‖Lq(·)(Rn)

≤ ‖Mk‖Lq(·)(Rn) + C‖Mk‖Lq(·)(Rn)

≤ C‖Mk‖Lq(·)(Rn)

≤ C
∥∥∥| · |nbM(·)

∥∥∥
Lq(·)(Rn)

|2kσ|−nb

= C|2kσ|−nbσna = C2−kna |Bk,σ|−α.

We see that Mk − Qk = λkak , with λk = C2−knα and ak a central (α, q(·))-atom

supported in Bk,σ . Obviously,
∞∑

k=0

|λk|p <∞.

Next we will show (b). Let {ψk
l : |l| ≤ s} ⊂ Ps(Rn) be the dual basis of

{xα : |α| ≤ s} with respect to the weight 1/|Ek,σ| on Ek,σ, that is

〈ψk
l , x

α〉 =
1

|Ek,σ|
∫

Ek,σ

ψk
l (x)xαdx = δlα.

If set ϕk
l (x) =

∑
|ν|≤s

βk
lνx

ν and ψk
l (x) =

∑
|ν|≤s

τk
νlϕ

k
ν(x), then we have

τk
νl = 〈ψk

l , ϕ
k
ν〉 =

∑
|γ|≤s

βk
νγ〈ψk

l , x
γ〉 =

∑
|γ|≤s

βk
νγδlγ = βk

νl.

So ψk
l (x) =

∑
|ν|≤s

βk
νlϕ

k
ν(x). By a computation we deduce that for x ∈ Ek,σ,

〈Mk, ϕ
k
l 〉Ek,σ

ϕk
l (x) = 〈Mk,

∑
|ν|≤s

βk
νlx

ν〉Ek,σ
ϕk

l (x) =
∑
|ν|≤s

〈Mk, x
ν〉Ek,σ

βk
νlϕ

k
l (x),

which together with (3.2) implies that

(3.3) Qk(x) =
∑
|l|≤s

〈Mk, x
l〉Ek,σ

ψk
l (x), if x ∈ Ek,σ.

Now we assert that there is a constant C > 0 such that

(3.4) |ψk
l (x)| ≤ C(2k−1σ)−|l|.
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We set E = {x ∈ Rn : 1 ≤ |x| ≤ 2}, F = {x ∈ Rn : |x| ≤ 1}, {el : |l| ≤ s} ⊂
Ps(Rn) satisfying 1

|E|
∫
E el(x)x

αdx = δlα, and {ẽl : |l| ≤ s} ⊂ Ps(Rn) satisfying
1
|F |
∫
F ẽl(x)x

αdx = δlα.
Noting that

δlα =
1

|Ek,σ|
∫

Ek,σ

ψk
l (x)xαdx =

1
|E|

∫
E
(2k−1σ)|α|ψk

l (2k−1σy)yαdy,

we get el(y) = (2k−1σ)|l|ψk
l (2k−1σy). This in turn leads to that

ψk
l (y) = (2k−1σ)−|l|el

( x

2k−1σ

)
, x ∈ Ek,σ.

Similarly, we have
ψk

l (x) = (2k−1σ)−|l|ẽl
(x
σ

)
, x ∈ F.

Taking C = sup
l:|l|≤s

{‖el‖L∞(Rn), ‖ẽl‖L∞(Rn)}. Then (3.4) follows directly.

Now we can conclude (b). Set

Nk
l =

∞∑
j=k

|Ej,σ|〈Mj, x
l〉Ej,σ , k ∈ N.

It is readily to see that

N 0
l =

∞∑
j=0

|Ej,σ|〈Mj, x
l〉Ej,σ =

∞∑
j=0

∫
Ej,σ

M(x)xldx =
∫

Rn

M(x)xldx = 0,

and for k ∈ Z+, there exists Eσ ⊂ Ej,σ such that |Eσ| = min{1, |Ej,σ|}, so we have

|Nk
l | ≤

∞∑
j=k

∫
Ej,σ

|Mj(x)xl|dx

≤ C
∞∑

j=k

∥∥∥Mj(·)| · |l
∥∥∥

Lq(·)(Rn)
‖χEj,σ‖Lq′(·)(Rn)

≤ C

∞∑
j=k

(2jσ)|l|−nb
∥∥∥| · |nbMj(·)

∥∥∥
Lq(·)(Rn)

( |Ej,σ|
|Eσ|

)δ2

‖χEσ‖Lq′(·)(Rn)

≤ C

∞∑
j=k

(2jσ)|l|−nb+nδ2

∥∥∥| · |nbMj(·)
∥∥∥

Lq(·)(Rn)
|Eσ|1/(q′)+

≤ C
∞∑

j=k

σ|l|+na−nb+nδ22j(|l|−nb+nδ2)

≤ Cσ|l|−α+nδ22k(|l|−nb+nδ2).
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This via (3.4) shows that

(3.5) |Ek,σ|−1|Nk
l ψ

k
l (x)χk,σ(x)| ≤ Cσnδ2−n−α2−kn(b+1−δ2) → 0, if k → ∞.

By Abel transform and (3.5) we have
∞∑

k=0

Qk(x)

=
∑
|l|≤s

∞∑
k=0


 k∑

j=0

|Ej,σ|〈Mj, x
l〉Ej,σ




×
{
|Ek,σ|−1ψk

l (x)χk,σ(x) − |Ek+1,σ|−1ψk+1
l (x)χk+1,σ(x)

}
=
∑
|l|≤s

∞∑
k=0

(−Nk+1
l )

{
|Ek,σ|−1ψk

l (x)χk,σ(x)− |Ek+1,σ|−1ψk+1
l (x)χk+1,σ(x)

}
.

Meanwhile, we also have∣∣∣Nk+1
l

{
|Ek,σ|−1ψk

l (x)χk,σ(x)− |Ek+1,σ|−1ψk+1
l (x)χk+1,σ(x)

}∣∣∣
≤ C|Nk+1

l ||Ek+1,σ|−1|ψk+1
l (x)|

≤ C2−kna |Ek+1,σ|δ2−1−α/n.

Set λlk = C2−kna and

alk = λ−1
lk (−Nk+1

l )
{
|Ek,σ|−1ψk

l (x)χk,σ(x) − |Ek+1,σ|−1ψk+1
l (x)χk+1,σ(x)

}
.

Then we have ∞∑
k=0

Qk(x) =
∑
|l|≤s

∞∑
k=0

λlkalk,

with alk a (α, q(·))-atom, and
∑
|l|≤s

∞∑
k=0

|λlk|p <∞.

The conclusion (b) then holds.

Theorem 3.3. For any central (α, q(·))-atom f , let

Tf(x) =
∫

Rn
K(x, y)f(y)dy, x /∈ supp f

satisfying
∫

Rn Tf(x)dx = 0 be a bounded operator on Lq(·)(Rn) for some q(·) ∈
B(Rn), and the kernel K satisfies that there are constants C ′ > 0 and 0 < δ ≤ 1 such
that

|K(x, y)−K(x, 0)| ≤ C′ |y|δ
|x− y|n+δ

, |x| ≥ 2|y|.
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Then for any α and p with nδ2 ≤ α < nδ2 +δ and 0 < p <∞, there exists a constant
C such that ‖Tf‖HK̇α,p

q(·)(R
n) ≤ C

(
or ‖Tf‖HK

α,p
q(·)(R

n) ≤ C
)

.

Proof. We only prove homogeneous case. Let f be a central (α, q(·))-atom sup-
porting in B(0, r)(r > 0). It suffices to show Tf is a central (α, q(·); 0, ε)-molecule
for some 1+ δ/n− δ2 ≥ ε > α/n− δ2. To this aim, let a = δ2 −α/n+ ε, b = δ2 + ε.
Obviously, we only need to verify the size condition for molecules, that is

Rq(·)(Tf) = ‖Tf‖a/b

Lq(·)(Rn)

∥∥∥| · |nb(Tf)(·)
∥∥∥1−a/b

Lq(·)(Rn)
≤ C,

with C independent of f . To do this, we first estimate
∥∥| · |nb(Tf)(·)∥∥

Lq(·)(Rn)
.

In fact, we have∥∥∥| · |nb(Tf)(·)
∥∥∥

Lq(·)(|·|≤2r)
≤ Crnb‖Tf‖Lq(·)(Rn) ≤ Crnb−α.

On the other hand, the vanishing moment of f and the regularity of K give us that for
x with |x| > 2r,

|Tf(x)| =
∣∣∣∣
∫

Rn

K(x, y)f(y)dy
∣∣∣∣

=
∣∣∣∣
∫

Rn
(K(x, y)−K(x, 0))f(y)dy

∣∣∣∣
≤ C

∫
Rn

|y|δ
|x− y|n+δ

|f(y)|dy

≤ Crn+δ |x|−(n+δ) 1
|B0,r|

∫
B0,r

|f(y)|dy

≤ Crn+δ |x|−(n+δ)Mf(x)

and so by nb− n− δ ≤ 0 we have∥∥∥| · |nb(Tf)(·)
∥∥∥

Lq(·)(|·|>2r)
≤ Crn+δ

∥∥∥| · |nb−n−δMf(·)
∥∥∥

Lq(·)(|·|>2r)

≤ Crn+δ+nb−n−δ‖Mf‖Lq(·)(Rn)

≤ Crnb‖f‖Lq(·)(Rn) ≤ Crnb−α.

Thus, we get

Rq(·)(Tf) = ‖Tf‖a/b

Lq(·)(Rn)

∥∥∥| · |nb(Tf)(·)
∥∥∥1−a/b

Lq(·)(Rn)

≤ C‖f‖a/b

Lq(·)(Rn)
r(nb−α)(1−a/b)

≤ Cr−αa/b+(nb−α)(1−a/b) = C,
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where C is independent of f .

This completes the proof of Theorem 3.3.
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