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POSITIVE SOLUTIONS FOR THE PERIODIC SCALAR p-LAPLACIAN:
EXISTENCE AND UNIQUENESS

Sophia Th. Kyritsi and Nikolaos S. Papageorgiou

Abstract. We study a nonlinear periodic problem driven by the scalar p-Laplacian.
The reaction term is a Carathéodory function f(¢, ) which satisfies only a uni-
lateral growth condition in the x-variable. Assuming strict monotonicity for the
quotient f(t, Jc)/xp_l and using variational methods coupled with suitable trunca-
tion techniques, we produce necessary and sufficient conditions for the existence
and uniqueness of positive solutions.

1. INTRODUCTION
In this paper we study the following nonlinear periodic problem driven by the scalar
p-Laplacian:

" { _(‘u/(t)‘p—%’(t))' = f(t,u(t)) ae onT =10,b], }

u(0) = u(b), v/(0) =u'(b), u>0, 1<p<oo

The reaction term f (¢, z) is a Carathéodory function, i.e., forall z € R, t — f(¢, )
is measurable, and for a.a. t€T, x — f(t, ) is continuous.

The aim of this work is to establish the existence and uniqueness of positive so-
lutions, when the nonlinearity f(¢,-) is only unilaterally restricted (only from above).
In fact, we produce necessary and sufficient conditions for such problems to have a
unique positive solution.

There have been papers dealing with the existence and multiplicity of positive
solutions for the periodic scalar p-Laplacian. We mention the works of Aizicovici-
Papageorgiou-Staicu [1], Binding-Rynne [3, 4], del Pino-Manasevich-Murta [5],
Drabek-Manésevich [6], Kyritsi-Papageorgiou [7], Motreanu-Motreanu-Papageorgiou
[8], Yang [11], and Zhang [12]. In all these works a bilateral polynomial growth is

Received April 4, 2011, accepted August 29, 2011.

Communicated by Biagio Ricceri.

2010 Mathematics Subject Classification: 34B15, 34B18, 34C25.

Key words and phrases: Scalar p-Laplacian, Unilateral growth, Existence and uniqueness of positive
solutions, Weighted eigenvalues.

1345



1346 Sophia Th. Kyritsi and Nikolaos S. Papageorgiou

imposed on the right-hand side. To the best of our knowledge, the question of existence
and uniqueness of periodic solutions for the scalar p-Laplacian has not been addressed
in this generality.

Our approach is variational with suitable truncation techniques.

2. MATHEMATICAL BACKGROUND

We start by considering the following weighted nonlinear eigenvalue problem:

o { (W) P2 (1)) = (A + BE)) [u(®)P~2u(t) ae. onT = [0,b], }
w(0) = u(b), w'(0) =/ (b), 1<p<oo, A €R, B e LYT) '

This eigenvalue problem was first investigated by Zhang [12] and later Binding-
Rynne [3, 4] answered important questions left open by Zhang and produced a more
definitive picture for the spectrum of problem (2). In particular, from Binding-Rynne
[4], we know that problem (2) admits a smallest eigenvalue Xo(ﬁ) € R which is simple
and has the following variational characterization:

N b
@ () =t [y = [ Bt u e WRPO.0), [ull, = 1],

where Wpef(0,b) = {u € W'2(0,b) : u(0) = u(b)}. Recall that W12(0,b) is
embedded continuously, (in fact compactly), into C(T'), therefore the evaluations at
t = 0 and ¢ = b in the definition of Wple’%’(o,b) make sense. Every eigenfunction

u € Wpet (0, b) corresponding to Xo(3) satisfies
u € CHZ)1(T) and |u(t)|>0 forall tcT.

So, an eigenfunction corresponding to Xo(ﬁ) has constant sign and we can always
assume that it is positive. An eigenfunction corresponding to an eigenvalue A # A1 (3)
is necessarily nodal (i.e., sign changing).

We can rewrite (3) as follows:

u

@ o) =nt[ Il [ ol W o), ful, = 1]

We observe that in (4), the integral f{ﬁo}mu\l’dt makes sense even when (-) is
only a measurable function and there exists ¢ € L(T) such that

B(t) <¢(t) a.e.on T or B(t) > —c(t) a.e. on T.

In the first case Ao(3) € (—oo, +00] and in the second case Ao(/3) € [—o0, +00).
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In addition to the Sobolev space Wple’%’((), b), we shall also use the Banach space
CHT) = CHT) N Wpef (0,b) = {u € CHT) : u(0) = u(b)}. This is an ordered
Banach space with an order cone given by

Cy ={ueCHT):ut)>o0forallteT}.
This cone has an nonempty interior given by
intCy = {ue Cy :u(t)>0forallteT}.

Let u,v € int@L and set

Rlu,0) = WP — [/ 02/ (0 (1)

From Allegretto-Huang [2] we know that R(u,v)(t) > 0 for all teT.
Let A : Wpef (0,b) — WpeP (0, b)* be the nonlinear operator defined by

b
(A(u),y) :/0 |u'[P~2u'y/dt for all u,y € W&éir”((),b)

(by (-, -) we denote the duality brackets for the pair (Wpef (0,b)*, Wpef (0,0))). This
map is continuous and monotone (see, for example, Papageorgiou-Kyritsi [9]).

Throughout this work by | - || we denote the norm of the Sobolev space Wpef (0, b)
and for p € [1, o0], by || - ||, we denote the norm of the Lebesgue space L?(T'). Finally,
for every r € R, we set 7 = max{4r, 0} and by |-|; we denote the Lebesgue measure
on R.

3. ExISTENCE OF PosITIVE SOLUTIONS

The hypotheses on the reaction term f (¢, z) are the following:
H: f: TxR — R is a Carathéodory function such that
(i) forall z >0, f(-,x) € LY(T) and there exists o € L*(T), such that
f(t,z) < a(t)(1+2P71) foraateT, allz > 0;
(if) for a.a. teT, the function v — fm(,f—fj) is strictly decreasing on (0, +00);

(i) if 9(t) = lim L2) “then Xo(9) >0;

p—11

p—1
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Remark 3.1. Because we are looking for positive solutions and the hypotheses
on f(t,-) concern only the positive semiaxis Ry = [0, 4+o00), by truncating f(¢,-) if
necessary, we may (and will) assume that f(¢,z) = f(¢,0) for aa. t€T, all z < 0.
By virtue of hypothesis H(ii) we see that the limits J(t), Jo(t) in hypotheses H(iii),
(iv) exist and are measurable functions. We have

f;’j) < f(t,1) foraa. teT, allz > 1and f(-,1) € L'(T),
= J(t) < f(t,1) foraa teT,

= Ao(¥) € (—o0, +o0].

Similarly, we have

[t x)

xP— Top—1
= Vo(t) > f(t,1) foraa. teT,
= Ao(W) € [—00, +00).

> f(t,1) foraa. teT, all z € (0,1] and f(-,1) € LY(T),

If 9,99 € L'(T), then Xo(ﬁ),j\o(ﬁo) € R and are the principal eigenvalues of (2)
when 5 = ¢ and 5 = 9 respectively. In the autonomous case, i.e., when f (¢, ) = fo,
hypotheses H(iii), (iv) reduce to

Yo<0<V

(recall that 0 is the principal eigenvalue of the negative periodic scalar p-Laplacian,
i.e., for problem (2) when 5 = 0).

Example 3.2. The function fo = A(x"~! — x971) for all z > 0 with A > 0,
1<r <p<g<oo, and r # p or g # p, satisfies hypotheses H. In this case ¥ = —
if g>pand 9 = -\ if r<p = ¢ (and thus )\0(19) +oo if ¢>p and )\0(19) = A |f
r<p=ygq)and J9 =+ if r<p and ¢y = X if r = p<q (and thus )\0(190) = —oo if
r<p and X(ﬁo) = —\ if » = p<q). Another admissible nonlinearity is provided by
the fg = 2”1 — §2P~1e® for all x > 0, 6 >0, which does not exhibit a polynomial
growth from below.

We introduce the following truncation-perturbation of f (¢, x):

~ B f(¢,0), if <0
©) f(t,x)—{ flt,z) +2P~t if x>0

This is a Carathéodory function. Let F t,x) fo t s)ds. Hypothesis H(i) and
(5) imply that

(6) }AW(t, z) < ai(t)(1+2P) foraa teT, all z > 0with oy € L(T),.
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This growth restriction on F (¢, -), the fact that f(-,z) € L*(T) for all > 0, and
hypothesis H(ii) permit the introduction of the functional ¢ : Wple’%’ (0,b) — R defined
by

~ 1 / 1 b 1
Blu) = oI5+ -l —/0 F(tu(t))dt for all u e WLP(0,b).

Proposition 3.3. If hypotheses H hold, then ¢ is coercive, i.e., p(u) — 400 as
[[ul] = oo.

Proof. We argue indirectly. So, suppose that the result is not true. Then we can
find {un}n>1 C Wpel (0, b) such that

(7) ||tun|| — oo and P(u,) < My for some M; >0, all n>1.
We have
b
®) %(Humg—i—Huan) §M1+/ F(t,u)dt forall n>1.
0
Note that
F(t,un(t)) = F(t,u) (1)) + f(t,0)(—uy (t)) foraa teT, alln>1
(see (5))
and % > f(t,1) foraa. teT, allz € (0,1],

= f(t,z)> f(t,1)z""! foraa. teT, all z € (0,1],
9 = f(t,00>0 foraa.teT.
It follows that
F(t,un(t)) < F(t,u) () < at)(1+ [un(t)[?) a.a. t € T,
(see [6]).
So, if we use this fact in (8), then
%(Hu;Hg + [Junlh) < M+ /Obﬁ(t, ul)dt

< ec1(1+ |Jug|%,) for somec; >0, all n>1.

(10)

From (10) and since ||u,| — oo (see (7)), we see that ||uy|lcc — oo. Let y, =
—— n>1. Then ||y,|lcc = 1 for all n>1 and from (10), we have

lunloo

1 1
(Il + lonl) < 2 (7 +1) forall n>1,
p [

= {Yntn>1 € WpeP(0,b) is bounded.
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By passing to a suitable subsequence if necessary, we may assume that
(12) Yn ——y in WpgP(0,b) and y,, — y in C(T) with [|y]|o = 1.

If F(t,x) = [y f(t s)ds, then from (7) we have

My bﬁ(t,un)
Ynllb + llunllh) < +/ dt
M1 / F(t,u,) 1
= + + —yP )dt
f(t,0)
+/ updt  (see (5))
{un<0}Huano (
= Mlp —Hy 1% + /F(t’iu;’])dt for all n>1
e [ 0 |lunll
(see (9)).

First assume that {u;’ },>1 C C(T) is bounded. Then y < 0. Hypothesis H(i)
implies that

(13)  F(t,z) < ax(t)(1 +2P) foraa. teT, all z > 0 with ay € LY(T),.

So, we have

/0 Mdt < /Ob as(t) <m + (y:)p> dt  (see(13))

(S

1
<62<H N + lly;t Hp> for some ¢; >0, all n>1,

F(t,u’
= lim Sup/ Mdt <0 (see (11) and recall y < 0).
0

P
n—00 Un,

Then passing to the limit as n — oo in (12) and using (11), we obtain

1
1—9(Hy§1H§ +llylp) <0,

= y = 0, which contradicts (11).

Hence we may assume that ||u,"|| — oo. From (5) we have

M F(t,uf
(14) —H(yn) 15 < ” +ﬁp +/0 Wdt forall n>1 (see (9)).
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Since F'(t,0) = 0, we have

b F +
(15) / Pt ) gy / Fltn) gy, / 0 ) gy
o |lud % (=0} Jlua 1% {y>0}n{y>0} (un)P

for all n>1.
We know that y;; — ytin C(T) (see (11)). Therefore, using (13) we have

1
(16) / / as(t)(—— + (y;)P)dt — 0 as n— oo.
‘ {y+=0} Hun Hp ‘ {y+=0} <Hu7TH€o )
Note that
up (t) — +oo forall t € {y>0} and x(y>0)niy,>0)(t) — Xqy=0} ()

foraa. teT.
Here by x4 we indicate the characteristic function of a set A C T, i.e.,

() = 1 ifteA
XA = 0 if teT\ A -

Lett € {¥>—o0} \ N, |N|; = 0 be such that f(“”) — J(t)T as z — +oo (see
hypotheses H(ii) and (iii)). Then given any £>0 We can find My = Ms(e,t) >0 such
that

flt,z) < (V) +e)aP™t forall x> My,
> F(ta) < (0() + €)a? forall x> My,
p
F(t, 1
= (xpw) < 1—9(19(75) +¢) forall z > M,
. F(t,z) 1
= 1;13-%101)7 < 1—9(19(75) +¢).

Since >0 was arbitrary, we let ¢ — 07 to infer that

F 1
limsupM < - 19(75) foraa. t € {>—o0}.
T—+00 P
Also, if t € {¥ = —oo} \ N, |[N|; = 0 is such that f(“”) — —oo0 = ¥(t) as
x — 400, then for every £ >0, we can find Ms; = M;(¢, t) >0 such that

f(t,z) < —€xP~1 forall z > Ms,
F
= Mg—é for all = > M,
xP P
F
= limsup@ < —é foraa. t € {0 = —c0}.
p

T—+00 x
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Since £ was arbitrary, we let £ — +oo and have

lim Ft.o) —00 = o) fora.a. t € {U = —oo}.
z—+oo P P

Therefore, finally we have

17) lim sup F(t,2)

T— 400 X

< —-9(t) ae. onT.

D=

Because of (13) we can use Fatou’s lemma and (17) and obtain

. / F(t, u,))
lim sup —
n—oco J{y>0}n{y,>0} (un )P

< ! / JyPdt = ! / JI(yT)Pdt.
P J{y>0} P J {y++0}

So, if in (15) we pass to the limit as n — oo and use (16) and (18), we have

(y,f)Pdt
(18)

(19) lim sup /b Mdt < l/ I(yT)Pdt.
n—oo Jo |l [[B P Jiy++£0}
We return to (14), take limits as n — oo and use (11) and (19). We obtain
20) Sl [ oty
p P J{yt+0}

If y© = 0, then from (12) in the limit as n — oo, we have
1, _ . B
~lly~I” <0, ie,y~ =0.
p

Therefore y = 0, a contradiction to (11).

So, y© # 0. Then from (20) and since in (4) the minimized function is p-
homogeneous, it follows that Xo(ﬁ) < 0, a contradiction to hypothesis H(iii). This
proves that ¢ is coercive. ]

Proposition 3.4. If hypotheses H hold, then ¢ is sequentially weakly lower semi-
continuous.

Proof. Recall that in a Banach space the norm functional is sequentially weakly
lower semicontinuous and by the Sobolev embedding theorem W}}e’%’ (0,b) is embedded
compactly into C(T'). Therefore, in order to show the sequential weak lower semi-
continuity of o, it suffices to show that the integral functional I : Wple’%’(o, b) — R

defined by Iz (u) = — fobﬁ(t, u(t))dt for all u € Wpef (0,b), is sequentially weakly
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lower semicontinuous. To this end, let u, —= u in Wy (0,b). Then u, — wu in
C(T) and s0 uf — u® in C(T). We have:

—/bﬁ(t, up)dt

(21) "
b

:_/ Pt )dt Hu+Hp /ft() Sdt forall n>1
0

(see (5)).
Note that

b b
22) %Hugugﬁéuuﬂy; and /Of(t,())(—u;)dt_>/0 F(£,0)(—u~)dt

Also, (13) permits the use of Fatou’s lemma and we have

b b
liminf<—/ F(t, uj)dt) = —limsup/ F(t,u})dt
0 0

n—0o0 n—00

b
(23) > —/ lim sup F(t, u,})dt
0

n—oo

b
= —/ F(t,u™)dt.
0
From (21) through (23) it follows that

b b
lim inf 7+ (u,) > _/0 F(t,uﬂdt—%Huﬂ]g—/o F(8,0)(—u)dlt = T2 (),

n—oo
= I(-) is sequentially weakly lower semicontinuous,
= ¢ Iis sequentially weakly lower semicontinuous. |

Next we prove the differentiability of the functional .

Proposition 3.5. If hypotheses H hold, then & € C' (Wpef(0, b)).

Proof. From the definition of @ itis clear that it suffices to show that the functional
U —> fObF(t, u(t))dt, u € Wpef (0,b) is C'. To this end let u, h € Wpef (0, b) and let

~

b
w<h>:/0(ﬁ<tu+h> F(t,u) — F(t, uph)et.
We have

F(t,ut) + h(t)) — F(t, /

-

CL|Q_

t) + rh(t))dr

K"*)

(t,u(t) + rh(t))h(t)dr.
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Therefore

b 1 = /\
(24) w(h)| < /O /0 17 () + rh(t)) — F(t, ut))||h(t)|drd.

Because of (5), we have
f(t,0) if te{u+rh <0}

(25) f(t’ “(t)+Th(t)):{ f(t, u(t)+7“h(t))+(u(t) + rh(t))p_l if te{u+rh>0}

By virtue of hypothesis H(ii) for a.a. t€{u+ rh>0} and all € [0, 1], we have

(u(t) + rh(t)" "
lu+rh5 "

(u(t)+rh(t))"~" (recall r [0, 1])

F(tult) +rh(t) = ft, Ju+rh])

St l[ulloot11All0)
(26) — ulleot 1Pl
2 [f (& [l + [llloo) |
[ulloo + [[72]loo
= f(t,u(t) +rh(t)) > as(t)

Y

-2 (lull2t + IR 11E),

foraa. te{u+rh>0}, all r € [0, 1], with ag € LY(T).
In addition, hypothesis H(i) implies that for a.a. t€{u+rh>0}, all r € [0, 1], we
have

F(tu(t) +rh(t)) < a(t)(l + (u(t) —I—rh(t))p_1>
(27) < a(t) (14272 (lulloo + [[P]l0))
= f(t, u(t) +rh(t)) < au(t)

foraa. tc{u+rh>0},all r € [0,1], with ay € L} (T).
Recalling that f(-,0) € L*(T), from (25) through (27), we infer that

28) |F(t,u(t) +7h(t))| < as(t) foraa teT, allr < [0,1], with as € LY(T).

From (24) we have
b 1 =N /\
odrd
o (h)] < /0 /0 7 (6 ult) + rh(t)) — Ft, u(®))] | ]l sotird

1o R
< ey / / |7 (. ult) + rh(t)) — F(t, u(t)) |dedr|11]
0 0

for some c3 >0 (by Fubini’s theorem)

<es [ UG+ o) - Ny el
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where N7(v)(-) = f (-, v(-)) for all v € Wpef (0, ).
From (28) and the dominated convergence theorem, we see that

/ IN A+ 7h) = N(u)lladr — 0 as [|hl] - oo,
lw(h)|
= —2= — 0 as||h]| — oo,
1A
= ¢'(u) = A(u) — Ny (u).

But A(-) is continuous and from the above argument it is clear that Nf(-) is
continuous too. Therefore 3 € C* (Wpef (0, b)). ]

Now we are ready to produce nontrivial positive solutions for problem problem (1).
Proposition 3.6. If hypotheses H hold, then problem (1) has a solution uo €

Cy \ {0},

Proof. Propositions 3.3, 3.4, and the Weierstrass theorem imply that there is a
ug € Wy (0, b) such that

(29) P(ug) = inf[P(u) 1 u € WpgP(0,b)] =

Note that, if u, # 0, then
Sut) = LV ie + Litp "5
Plug) = ZIlug Yl + Zluglly = | F(tug )t

= %H(ué)’Hi - /ObF(t ug)dt  (see (5))

1 1 b b

< Sl + 2l s - /O F(t, ud )dt — /0 £t 0)(—ug
(see (9))

= @(uo),

which contradicts (29) (recall ug € Wper (0,b)). Therefore u, = 0 and so ug > 0.
_ Next we show that ug # 0. By virtue of hypothesis H(iv) and the definition of
A1(9) (see (4)), we see that we can find u € W,}e’%’ (0,b) such that

(30) @l [ olapae<o and Jal, =1
(a0}

Replacing @ with |u| € Wple’%’(o, b) if necessary, we may assume that w > 0, u # 0
(see (30)).
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For >0, we have
1
F(t,z) = / diF(t rT dr—/ f(t, rz)xdr,
tw ftrx f(,x)/lpld lf(tx)
0

(31) rp—1 rp—1 p P~ 1

(see hypothe5|s H(ii)),

= liminf —— F(t,z) > 19 o(t) foraa. teT.
z—0t xP

For r € (0, 1] small, we will have ru( ) €10,1] forall teT. Then

F(t,rut) 1 70 1 e o
" 7, f(t,s)ds > 7, f(t,1)sP" ds
(see hypothesis H(ii)),
(32)

> %f(t, 1)a(t)”
> —%f(t,nuauzo-

By hypothesis —%f(-, 1)||al/% € LY(T). Because of (32), we can apply Fatou’s
lemma and using (31), we obtain
F(t,ru) 1

lim inf / g~ L[ goavde
o0t Jazoy 7 P J{az0}

1”17’”2—/ Mdt<0 for r € (0,1) small (see (30)),
p 0 P

o(ru)<0 for r e (0,1)small  (recallw > 0),
m = @(ug) <0 =2(0) (see (29)),
= Ug 7& 0.

R

From (29) and Proposition 3.5, we have
@' (ug) =0,
= A(ug) = Ny(ug) with Ny(u)(-) = f(-,u(-)) forall ue WP (0,b)
(recall ugp > 0 and see (5)),
N { ~ ()" 2u(8)) = £ (t.uo(®)) ae. on T, }
u0(0) = ug(b), uy(0) = uf(b) with ug € C(T)
(see Kyritsi-Papageorgiou [7]). [ |

(33)
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In fact we can improve the conclusion of this proposition, by strengthening a little
hypothesis H(i). So, the new hypotheses on f(¢, x) are:

H': f:T xR — R is a Carathéodory function such that

(i) for all z > 0, there exists M >0 such that for all z > M, f(,x) € L>(T)
and

f(t,z) <a)(1+2P7Y) foraateT, all z >0, witha € LY(T),;

hypotheses H'(ii), (iii), (iv) are the same as the corresponding hypotheses H(ii),
(iii), (iv).
_Proposition 3.7. If hypotheses H " hold, then problem (1) has a solution u, €
intCy.
Proof. From Proposition 3.6 we already have a positive solution uy € C,y \ {0}.

By virtue of hypothesis H'(ii), for £ > max{]\//f, |luolleo } @and for a.a. t € {up>0}
we have

1(.8)
g

’LLQ(t)p_l > —Cg’LLQ(t)p_l for some c3>0

[t uo(t)) >

(see hypothesis H'(ii)).
Therefore from (33) we have
(lub ()P~ 2uf () < caup(t)P~ ae.on T
(recall ug(t) = 0 a.e. on T{ug = 0}, see [9]),
= ug € int5+ (by Vazquez [10]). [ |

4. UNIQUENESS OF POSITIVE SOLUTIONS

In this section we establish the uniqueness of the positive solution. In fact we show
that hypotheses H'(iii) and (iv) are both necessary and sufficient for the existence and
uniqueness of a positive solution for problem (1).

Proposition 4.1. If hypotheses H ” hold, then problem (1) has a unique positive
solution ug € intC,..

Proof. Letu,v e C, \ {0} be two positive solutions for problem (1). From the
proof of Proposition 3.7, we have that u, v € intCy. So,
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P ftu)

o up~l

= [y (o
(34) :/ P2 (o~ () )
=y~ [ ()

= [[I5 = l"|IP + /R(v,u)dt (see Section 2).
0

——=(uP —oP)dt

d¢ (by integration by parts)

Similarly interchanging the roles of « and v, we obtain

b b
(%) | e = g g+ [ R oe

Adding (34) and (35), we have

0> /Ob(f(t’ w _ f(t’”))(up _P)dt = /Ob[R(v,u) + R(u, 0)]dt > 0

up~1 pp—1

(see hypothesis H'(ii) and recall R(u,v), R(v,u) > 0).

It follows that R(u,v) = R(v,u) = 0 and so u = kv for some k£ > 0 (see
Allegretto-Huang [2]). The fact that for a.a. ¢ €T, + — Ll42) s strictly decreasing,
(see hypothesis H'(ii)), implies that £ = 1 and so u = v. ThIS proves the unigueness
of the positive solution ug € intCl;.. |

As we already mentioned, hypotheses ﬂ’(iii) and (iv) are also necessary for the
uniqueness of the positive solution ug € intC,..

Proposition 4.2. If f: T'x R — R is a Caratheodory function satisfying hy-
potheses H (i), (ii), and problem (1) has a unique positive solution u¢ € Cy \ {0},
then A\o(Yo) <0< Ag(¥) where

Jo(t) = lim fltz) and 9(t) = lim fltz)

s—0+ P11 z—+oo gP—1~

Proof. From Proposition 3.7, we know that ug € int@L. We have

bl - [ o

o(90)
o(%o) Tl

(see (4) and recall ug(t)>0 forall teT)
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b b
/ f(t, ’LLQ)’LLth —/ ﬁougdt
— J0

[luo |l
b
/ Dbt — / Dol
< 20 =0 (see hypothesis H'(ii)).
[[uol[7

So, we have proved that )\0(190) <0.

Let 5(t) = % Then 3 € L'(T) (see hypothesis H'(i)). Let u; €

int@+ be the LP-normalized eigenfunction corresponding to the eigenvalue Xo(ﬁ) (see
Binding-Rynne [4]). For k>0 large enough we will have uy < ku; = uy. As in the
proof of Proposition 4.1, we show that

f t uO p ~p Ip ~1p b ~
(36) — )t = [luglly — [lui ]l + ; R(uy, ug)dt.

b
(37) /( o(B) + B) (@} —Uf)’)dt:!ﬁl!!i—HU’oHiJr/o R(ug, ur)dt.

0

We add (36) and (37). Then
1y uo) _wydi = [ [R@ w))dt > 0.
@ [ (1t - (a0 )= st = [ G ) + Rl e > 0

By virtue of hypothesis H'(ii) we have

fltuw) St uolloo + 1)

up_1 (H’LLQHOO + 1)]7—1 - /B(t) a.e. on j—‘7
39 D i)
= #10 — B(t)>0 a.e. on 7.
Uy
Also since ug <up, we have
(40) (uf —af)(t)<0 forall teT.

Using (39) and (40) in (38), we infer that Xo(@ > 0. But note that 3 > ¥ (see
hypothesis H'(ii)) and so from (4) we have that 0 <Xo(5) < Ag(9). [ |

Summarizing the situation, we have the following definitive existence and unique-
ness theorem for problem (1).
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Theorem 4.3. If f : T xR — R is a Carathéodory function satisfying hypotheses
H ’(i), (i), then problem (1) has a unique positive solution uq € intC'.

if and only if

No(0) <0< Ag(¥),

where Jg(t) = lim &%) and 9(t) = lim L2

p—1 op—1

z—0t T—+00
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