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HYPERSURFACES IN NON-FLAT LORENTZIAN SPACE FORMS
SATISFYING L) = At +b

Pascual Lucas* and H. Fabidn Ramirez-Ospina

Abstract. We study hypersurfaces either in the De Sitter space S} € R} or in
the anti De Sitter space H} ™' R 2 whose position vector ¢ satisfies the con-
dition Ly = At + b, where Ly, is the linearized operator of the (k + 1)-th mean
curvature of the hypersurface, for a fixed k = 0,...,n—1, Aisan (n+2) x (n+2)
constant matrix and b is a constant vector in the corresponding pseudo-Euclidean
space. For every k, we prove that when A is self-adjoint and b = 0, the
only hypersurfaces satisfying that condition are hypersurfaces with zero (k + 1)-
th mean curvature and constant k-th mean curvature, open pieces of standard
pseudo-Riemannian products in ST (S7*(r) xS~ (v/1 — r2), H™ (—r)xS"*—™
(V1+72), S7(V1—1r2) xS"™(r), H™(—vr2 — 1) x S*~™(r)), open pieces
of standard pseudo-Riemannian products in Ht (HP(—r) x S"~™(v/r2 — 1),
H™(—vV14+72) x ST7™(r), SP*(Vr2 —=1) x H*™(—r), H" (V1 —12?) X
H"~™(—r)) and open pieces of a quadratic hypersurface {z € M ! | (Rx,z) =
d}, where R is a self-adjoint constant matrix whose minimal polynomial is
t? +at +b, a®> — 4b < 0, and M2 *! stands for S7™ c R?*2 or Hyt Ry 2
When the k-th mean curvature is constant and b is a non-zero constant vector,
we show that the hypersurface is totally umbilical, and then we also obtain a
classification result (see Theorem 2).

1. INTRODUCTION

It is well known that the Laplacian operator of a hypersurface M"™ immersed into
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R™*+1 is an (intrinsic) second-order linear differential operator, which arises naturally as
the linearized operator of the first variation of the mean curvature for normal variations
of the hypersurface. From this point of view, the Laplacian operator A can be seen as
the first one of a sequence of operators {Ly = A, Ly, ..., L,_1}, where Ly stands for
the linearized operator of the first variation of the (k + 1)-th mean curvature Hy1,
arising from normal variations of the hypersurface. Here, the k-th mean curvature
Hj, is nothing but s;/C}', where sj, is the k-th elementary symmetric function of the
principal curvatures and C}} is the binomial coefficient (see, for instance, [18]). These
operators are given by Li(f) = tr(P, o V?2f), for a smooth function f on M, where Py
denotes the k-th Newton transformation associated to the second fundamental form of
the hypersurface, and V2 denotes the self-adjoint linear operator metrically equivalent
to the hessian of f. In particular, when k& = 1 the operator L is nothing but the operator
O introduced by Cheng and Yau in [7] for the study of hypersurfaces with constant
scalar curvature. Note that, in this context, the scalar curvature of M is nothing but
en(n —1)H,, where Hy stands for the second mean curvature and € = +1 depends on
the causal character of the normal vector (see next section for details).

From this point of view, and inspired by Garay’s extension of Takahashi theorem
and its subsequent generalizations and extensions ([1-3, 6, 8, 10, 12]), Alias and
Gurbtiz initiated in [4] the study of hypersurfaces in Euclidean space satisfying the
general condition L1 = At + b, where A € R(t1)x("+1) i5 3 constant matrix and
b € R*! is a constant vector. They show that the only hypersurfaces satisfying that
condition are open pieces of hypersurfaces with zero (k + 1)-th mean curvature, or
open pieces of a round sphere S™ (), or open pieces of a generalized spherical cylinder
S™(r) x R™™™, with k + 1 < m < n — 1. Following the ideas contained in [4], we
have completely extended to the Lorentz-Minkowski space the previous classification
theorem obtained by Alias and Giirbiiz. In the Lorentzian ambient space, the k-th mean
curvature of M, Hy, is defined by C}' Hj, = (—¢)*ay, where ¢ = +1 is the sign of
M and ay, denotes the coefficient of the characteristic polynomial Qg (¢) of the shape
operator S corresponding to "~ In particular, the following classification result was
given in [14, Theorem 1].

Theorem A. ([14]). Let v : M — L™*! be an orientable hypersurface immersed
into the Lorentz-Minkowski space 1."11, and let Ly, be the linearized operator of the
(k+1)-th mean curvature of M, for some fixed k = 0,1, ...,n—1. Then the immersion
satisfies the condition Lip = Ay +b, for some constant matrix A € RTDx(+1) g
some constant vector b € LY, if and only if it is one of the following hypersurfaces
in Ln—f—l..

(1) a hypersurface with zero (k + 1)-th mean curvature;

(2) an open piece of the totally umbilical hypersurface St (r) or H"(—r);

(3) an open piece of a generalized cylinder ST*(r) x R"~™, H™(—r) x R™™™, with
E+1<m<n—10r L™ xS ™(r), withk+1<n-m<n-1
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In [5], and as a natural continuation of the study started in [4], Alias and Kashani
consider the study of hypersurfaces M™ immersed either into the sphere S**! ¢ R"+2
or into the hyperbolic space H"*! C R’f+2 whose position vector ¢ satisfies the
condition Ly = At + b, for some constant matrix A € RM™t2)X("+2) and some
constant vector b € Rg”, q = 0, 1. They show the following two results:

Theorem B. ([5]). The immersion v satisfies the condition Ly = Ay, for
some self-adjoint constant matrix A € RO2DX(H2) if and only if it is one of the
following hypersurfaces: (1) a hypersurface having zero (k+1)-th mean curvature and
constant k-th mean curvature; (2) an open piece of a standard Riemannian product
S™MV1—7r2) x S*™(r) € S™L, 0 < r < 1; (3) an open piece of a standard
Riemannian product H™(—+/1 + 12) x S*=™(r) C H"*L, r > 0.

Theorem C. ([5]). The immersion  satisfies the condition Ly = Ay + b,
for some self-adjoint constant matrix A € ROT2)x(+2) qnd some non-zero constant
vector b € R"2, if and only if it is one of the following hypersurfaces: (1) an open
piece of a totally umbilical round sphere S"™(r) C S**1, (2) an open piece of a totally
umbilical hyperbolic space H"(—r) C H"™, r > 1; (3) an open piece of a totally
umbilical round sphere S™(r) C H"*Y, r > 0, (4) an open piece of a totally umbilical
Euclidean space R" C H"HL,

The hypersurfaces studied in Theorems B and C are Riemannian, and thus their
shape operators are always diagonalizable. However, when the ambient space is a
Lorentzian space form S’f“ or H’f“, the shape operator of the hypersurface needs not
be diagonalizable, condition which plays a chief role in the Riemannian case. In this
paper we extend, to the indefinite case, the results obtained in [5] for hypersurfaces
immersed either into the sphere or into the hyperbolic space. For the sake of simplifying
the notation and unifying the statements of our main results, let us denote by M?*!
either the De Sitter space ST C R?™2 if ¢ = 1, or the anti De Sitter space H} ™ C
Rg“ if c=—1. In this paper, we are able to give the following classification result.

Theorem 1. Let ) : M — M+ ¢ Rg“ be an orientable hypersurface immersed
into the space form M1, and let Ly, be the linearized operator of the (k+1)-th mean
curvature of M, for some fixed k = 0,1,...,n — 1. Then the immersion satisfies the
condition Ly = A, for some self-adjoint constant matrix A € R(2)x(n+2) it gpd
only if it is one of the following hypersurfaces:

(1) a hypersurface having zero (k + 1)-th mean curvature and constant k-th mean
curvature;

(2) an open piece of a standard pseudo-Riemannian product in ST : ST (r) x

S (v = 72), H™(—1) x ST (VT +12), H™ (=72 — 1) x S (r).
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(3) an open piece of a standard pseudo-Riemannian product in HY T : HY(—r) x
S (V7 — 1), (/T4 1) x S1-"(r), SP(VZ —T)x H"(=r), H"
(=vI—72) x H-m ().

(4) an open piece of a quadratic hypersurface {x € M C R!*? | (Rx,x) = d},
where R is a self-adjoint constant matrix whose minimal polynomial is t* +at+b,
a? — 4b < 0.

Finally, in the case where A is self-adjoint and b is a non-zero constant vector, we
are able to prove the following classification result.

Theorem 2. Let ) : M — M+ ¢ Rg“ be an orientable hypersurface immersed
into the space form M1, and let Ly, be the linearized operator of the (k+1)-th mean
curvature of M, for some fixed k = 0,1, ..., n—1. Assume that Hy, is constant. Then
the immersion satisfies the condition Ly = Ay + b, for some self-adjoint constant
matrix A € R2DX(+2) gnd some non-zero constant vector b € Rg“, if and only if:

(1) ¢ = 1 and it is an open piece of a totally umbilical hypersurface in S’f“ C R’f“:
S*(r), r> 1, H*(=r), r > 0; S}(r), 0 <r < 1; R™

(i1) ¢ = —1 and it is an open piece of a totally umbilical hypersurface in H’f“ C
ROT2: HY (=), 7> 1, H*(—r), 0 < r < 1; SP(r), r > 0; R},

2. PRELIMINARIES

In this section we recall some formulae and notions about hypersurfaces in Lorentzian
space forms that will be used later on. Let Rg” be the (n + 2)-dimensional pseudo-
Euclidean space of index ¢ > 1, whose metric tensor (, ) is given by

q n+2
2 2
()==D dai+ ) daj,
i=1 Jj=q+1
where 2 = (z1,...,2,12) denotes the usual rectangular coordinates in R"*2. The

pseudo-Euclidean De Sitter space of index ¢ and radius r is defined by
+10y +2 _ .2
SZ (r)_{xeRg ‘ <(I,‘,(I,‘>—’I" }7
and the pseudo-Euclidean antiDe Sitter space of index ¢ and radius —r is defined by
2
HZ‘H(—r) ={z e RZL (x, ) = —r2}.

Throughout this paper, we will consider both the case of hypersurfaces immersed into
Lorentzian De Sitter space ST = S77!(1), and the case of hypersurfaces immersed
into Lorentzian anti De Sitter space H?™' = H}*'(~1). In order to simplify our
notation and computations, we will denote by M”*! the De Sitter space S’f“ or the
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anti De Sitter space H’f“ according to ¢ = 1 or ¢ = —1, respectively. We will use
Rg“ to denote the corresponding pseudo-Euclidean space where M *! lives, so that
qg=1ifc=1and g = 2 if ¢ = —1. Then its metric is given by

(,) = —da} + cdol +dal + -+ da? .,

and we can write
M ={z e R | —af+cas+a5+-- +ap,, =ch

It is well known that ST C R and H'™! < R4 are Lorentzian totally umbilical
hypersurfaces with constant sectional curvature +1 and —1, respectively.

Let ¢ : M — M2F! C Rg” be a connected orientable hypersurface with Gauss
map N, (N, N) =¢ = +1. Let V°, V and V denote the Levi-Civita connections on
Rg“, M2+ and M, respectively. Then the Gauss and Weingarten formulae are given
by

(1) V&Y = VxY +e(SX,Y)N — c(X,Y) 1,
and
SX = -VxN =-VLN,

for all tangent vector fields X,Y € X(M), where S : X(M) — X(M) stands for
the shape operator (or Weingarten endomorphism) of M, with respect to the chosen
orientation V.

Let B={E1, Es,...,E,+1} be a (local) frame in M’g“. Without loss of gener-
ality, we will say that B is an orthornormal frame when

<E1,E1>:—1 and <E1,Ej>:0, j=2,....,n+1,
(B, Ej) =655, 2<i,j<n+1;

and we will say that B is a pseudo-orthornormal frame, when the following conditions

are satisfied:
<E1, E2> = —1 and <E1, E1> = <E2, E2> = 0,

(Ei,Ej) =0, i=1,2, j=3,...,n+1,
(Ei, Ej) =i, 3<i,j<n+1.

It is well-known (see, for instance, [17, pp. 261-262]) that the shape operator .S of
the hypersurface M can be expressed, in an appropriate frame, in one of the following

types:
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k —b! 0
K1 0 b K,:
K S
LS~ . . IL S~ Tk . b0
. A
0 . | .
" 0 |
_ | -
P O: O Kk 0 0: 0
1 w! 0« 1|
o -1 0 k1
I S =~ K3 IV S& |—eem o [ .
I . |h4
| . |
' ) |
0 i 0 : Kn,

In cases I and II, S is represented with respect to an orthonormal frame, whereas in

cases III and IV, the frame is pseudo-orthonormal.

The characteristic polynomial QQs(t) of the shape operator S is given by

Qs(t) =det(t] — ) =Y at"™*, withag = 1.
k=0

Making use of the Leverrier—Faddeev method (see [13, 9]), the coefficients of Qg(¢)

can be computed, in terms of the traces of S7, as follows:

k
1 ,
() ak = 7 E ap—itr(S?), k=1,...,n, withag=1.
j=1

Bearing in mind the type of shape operator S, we can see that the coefficients of Qg()

for S of types I, Il and IV, are given by

n
ay = — E Ri,
=1

n
ar = (=1)* Zml---mk, kE=2,...,n,

11 <<l

3)

whereas if S is of type II then they are given by

n
ay = — Z R,
=1
“4)

11 <<l 1< <igog
ij #1,2

n n
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If S is of type II or III, then we consider that k1 = ko = k, and if S is of type IV we
consider that k1 = k9 = k3 = k. From now on, we will write

n n
— E . . J _ E . .
My, = Kiy + s Ky, and Mk - Kiy « o Kiy,

11 <<t i< ¢<J”
i
J

where k € {1,...,n} and J C {1,...,n}. Observe that
(6) P =y, and = Kgp™ A+ pm,
where p* stands for ulgm}.

Then the coefficients aj, of characteristic polynomial Qs (), given in equations (3)
and (4), can be easily written as follows

(7) ap = (—1)kuk, in cases I, III, IV;
(8) ap = (—1)’“(% + bQMi’_ZQ), in case IL

We use here that 4, = 1 and p, =0 if k& < 0.
The k-th mean curvature or mean curvature of order k of M is defined by

n
) (k) Hy = (—¢)*ay,
!
where <Z> = m In particular, when k& = 1,
nHy = —eay = etr(9),

and so H; is nothing but the usual mean curvature H of M, which is one of the most
important extrinsic curvatures of the hypersurface. The hypersurface M is said to be
k-maximal in M+ if H 1 = 0. On the other hand, H; defines a geometric quantity
which is related to the (intrinsic) scalar curvature of M. Indeed, it follows from the
Gauss equation of M that its Ricci curvature is given by

(10) Ric(X,Y) = (n—1)c(X,Y)+nH; (SX,Y) - (SX,SY), X, Y eX(M),
and then, from (2), the scalar curvature Scal=tr(Ric) of M is

(11) Scal =n(n —1)c+ 5( —atr(S) — tr(52)> =n(n—1)(c+¢eHy).

3. THE NEWTON TRANSFORMATIONS

The k-th Newton transformation of M is the operator P, : X(M) — X(M)
defined by



1180 Pascual Lucas and H. Fabidan Ramirez-Ospina

k
Po=S o ;50
j=0

Equivalently, P, can be defined inductively by
(12) Po=1 and P.=arl+ SoP;_;.

Note that by Cayley-Hamilton theorem we have P, = 0. The Newton transforma-
tions were introduced by Reilly [18] in the Riemannian context; its definition was
Py, = (—1)*P,. We have the following properties of Py (the proof is algebraic and
straightforward).

Lemma 3. Let ¢ : M™ — M"*! be a hypersurface in the Lorentzian space form
M2FL. The Newton transformations Py, satisfy:
(a) Py is self-adjoint and commutes with S.
(b) tr(Pk) = (n — k)ak = ¢ Hp.
(¢) r(So Py) = —(k+ 1)ags1 = eckgHpr1, 1 <k <n-1
(d) tr(52 o Pk) = a10k4+1 — (k + 2)ak+2 = Ck(nHlHk—H — (n — k- 1)Hk+2),
1<k<n-2

Here, the constants ¢y, and Cy. are given by

o = (=) (n — k) (Z) = (—e)F(k + 1)<kil> and  Cj = ki’“l.

In the following lemma we present two properties of the Newton transformations.
For any differentiable function f € C°°(M), the gradient of f is the vector field V f
metrically equivalent to df, which is characterized by (Vf, X) = X (f), for every
differentiable vector field X € X(M). The divergence of a vector field X is the
differentiable function defined as the trace of operator VX, where VX (V) := Vy X,

that is, . g
div(X) = (VX) = 3 g% (Vi X, B,
i3
{E;} being any local frame of tangent vectors fields, where (g*/) represents the inverse
of the metric (gi;) = ((E;, Ej)). Analogously, the divergence of an operator T :
X (M) — X(M) is the vector field div(7") € X(M) defined as the trace of V7', that
18,

div(T) = te(VT) = > ¢ (VE,T)E;,
2

where VT'(E;, E;) = (Vg,T)E;.

Lemma 4. The Newton transformation Py, for k =0,...,n — 1, satisfies:
(a) tr(VxSoPy) =—X(ars1) = — (Varsr, X) = eCp (VHpqr, X).
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(b) div(F;) = 0.
The proof can be found in [14].

Bearing in mind this lemma we obtain
div(Pp(V f)) = tr(Py o V2f),

where V2f : X(M) — X(M) denotes the self-adjoint linear operator metrically
equivalent to the Hessian of f, given by

<V2f(X),Y>:<VX(Vf),Y>, X,YE:{(M).

Associated to each Newton transformation P, we can define the second-order linear
differential operator Ly : C>°(M) — C°°(M) given by

(13) Li(f) = tr(P, o V2f).

When k£ = 0, Lg = A is nothing but the Laplacian operator; when &k = 1, L is the
operator O introduced by Cheng and Yau, [7].

An interesting property of Ly is the following. For every couple of differentiable
functions f,g € C*°(M) we have

(14 Li(fg) = div(Py o V(fg)) = div(Py o (gVf+ fVyg))
= gLi(f) + fLr(g) +2(P(V ), Vg).

4. EXAMPLES

The goal of this section is to show some examples of hypersurfaces in the Lorentzian
space form M1 satisfying the condition Ly = Aw)+b, where A is a constant matrix
and b is a constant vector. Before that, we are going to compute L; acting on the
coordinate components of the immersion ), that is, a function given by (a, 1), where
a € Rg“ is an arbitrary fixed vector.

A direct computation shows that
(15) Viey)=a' =a—e(a, NN —c{a, )1,

where a” € X(M) denotes the tangential component of a. Taking covariant derivative
in (15), and using that V%a = 0, jointly with the Gauss and Weingarten formulae, we
obtain

(16) VxV{a,¢)=Vxa' =e(a,N)SX — c(a, ) X,
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for every vector field X € X(M). Finally, by using (13) and Lemma 3, we find that

Ly {a,) =e{(a,N)tr(P; o S) —c{a, ) tr(Py o)

(17)
= cpHpt1 (a, N) — ccpHy (a, V).

Then we can compute Li as follows,

Lito = (Lu(Ou (s €0))s -, Li(Gusz (s nsa)))
= Cka—H (51 <61, N> ) 5n+2 <en+2, N>>

(18)
—CCk;Hk; (51 <617 w> 3oy 5n+2 <en+27 ¢>>
= cgHp 1 N — cepHy,
where {ej,...,e,42} stands for the standard orthonormal basis in Rg“ and 9; =
<ez~, ei>.

Example 1. An easy consequence of (18) is that every hypersurface with Hxq =0
and constant k-th mean curvature Hj, trivially satisfies Ly = Ay + b, with A =
—ccpHy I,y € ROVFDX(42) and p = 0.

Example 2. (Totally umbilical hypersurfaces in M?*1). As is well known, totally
umbilical hypersurfaces in M”*! are obtained as the intersection of M?™! with a
hyperplane of Rg”, and the causal character of the hyperplane determines the type
of the hypersurface. More precisely, let a € Rg“ be a non-zero constant vector with
{a,a) € {1,0,—1}, and take the differentiable function f, : M"*! — R defined by
fa(x) = {a,x). Tt is not difficult to see that for every 7 € R with (a,a) — ct® # 0,
the set

M= fil(r) ={z e M{™! | (a,2) =7}
is a totally umbilical hypersurface in M?*!, with Gauss map

1
O Mww e 7T

and shape operator

CT

(19 N = g =

Now, by using (9) and (7), we obtain that the k-th mean curvature is given by

(ecT)k
| (@, a) — cr?|F/2°

(20) Hy = k=0,...,n,
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where ¢ = (N, N) = £1. Therefore, by equation (18), we see that M, satisfies the
condition Ly = Ay + b, for every k =0,...,n — 1, with

k+1

k(o2 2
+c|{a,a) —c
A Crleer) (em® + | (g, a) — eT?)) s and b= ck(gcr) .
[{a,a) — er2| 272 [{a,a) — cr2|+2)/2
In particular, b = 0 only when 7 = 0, and then Mj is a totally geodesic hypersurface
in M HL,

It is easy to see, from (19), that M, has constant curvature

2
Keer T
(a,a) — et

and it is a Riemannian or Lorentzian hypersurface according to (a, a) — c72

or positive, respectively.

is negative

Now we will see the different possibilities.
e Case c=1. Then M, Cc M = S7™! € R?™ and we have:

(i) If (a,a) = —1, then K = 1/(72+ 1), ¢ = —1, and M, is isometric to a round

sphere of radius V72 + 1, M, = S" (V72 + 1).

(i) If (a,a) =0, then 7 # 0, K = 0, ¢ = —1, and M, is isometric to the Euclidean
space, M, = R".

(iii) If (a,a) = 1, then either |[7| > 1, K = —1/(72 — 1), e = —1, and M, is
isometric to the hyperbolic space of radius —v/72 — 1, M, = H"(—v72 — 1),
or |[7| <1, K =1/(1—-72),e =1, and M, is isometric to a De Sitter space of

radius v1 — 72, M, = S7(V1 — 72).
e Case c= —1. Then M, ¢ M?*! = H™! ¢ R?™ and we have:

(i) If (a,a) = —1, then either |7| > 1, K = 1/(r> = 1), e = 1, and M, is
isometric to a De Sitter space of radius V72 — 1, M; = ST(V72 — 1), or |7| < 1,
K =—-1/(1-7%),e=—1, and M, is isometric to a hyperbolic space of radius

—V/1 =72, M, = H* (-1 — 72).

(ii) If (a,a) = 0, then 7 # 0, K = 0, ¢ = 1, and M, is isometric to the Lorentz-
Minkowski space, M, = R7Y.

(iii) If (a,a) = 1, then K = —1/(t2 + 1), ¢ = 1, and M, is isometric to the
Lorentzian hyperbolic space, M, = H}(—v/72 +1).
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Example 3. (Standard pseudo-Riemannian products in M?*1). Let f : M7+t —
R be the differentiable function defined by

f(w):C$%+51<—$%+$§+---+$zn+1> +52<x72n+2+"'+x721+2>7

where m € {1,...,n} and 41, 02 € {0, 1} with §; +d2 = 1. In short, f(z) = (Dz, z),
where D is the matrix D = diag[d1, 1,7 ...,01,02,...,02]. Then, for every r > 0 and
p = £1 with 72 — ¢p # 0, the level set M™ = f~1(pr?) is a hypersurface in M1,
provided that (d1, 92, p, ) ¢ {(0,1,—1,1),(1,0,1,—1)}.
The Gauss map is given by
Vf(x) 1

= = Xr — C’I"2(I,'
@) NG = G~ — (Da — per’a),

and the shape operator is

g -1 [((51 — per?) I,

r |P - c7"2| (02 — pch)In_m] '

In other words, M™ has two principal curvatures

per? — 6y per? — 5y
o= =

with multiplicities m and n — m, respectively. In particular, every mean curvature Hy,
is constant. Therefore, by using (18) and (21), we get that

R1 = and Ro =

Lk‘w = Ck‘Hk‘-f-lN o w - CCkaw = (Awlv 9¢27 )‘w:ﬂv ceey )‘wmv Mwm-f—lv ceey M¢n+2>7

where
H _ 2 H 1-— 2
\ — kt1(01 — per®) cepH, g — Ck Nl ceHy,
T |P—c7"2| r |p—cr2|
and 2
H 0o —
= cCk k+1( 2 — per?) — cepHy.
r |p — cr2|

That is, M™ satisfies the condition L1 = Ay+b, with b=0and A = diag[\, 6, A, ...\,

T
The following two tables show the different hypersurfaces in M7+,
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Case ¢ = 1: Standard products in ST+

01 | 02| p Hypersurface S
[ V12 1
1]o] 1] spe)xsm(/i—r?) pdm 0
0 Amlem)
m n—m 2 - 1_+7’21'm 0
1|0 | —1| H™(—r)xS""(/1+72) r ,
| 0 Inelem]
_r
ol L srvi=R xsm =
m(— 2 _ n—m _re—1
H™(—v/r2 — 1) x S*™(r) 0 rmln_m
Case ¢ = —1: Standard products in H’f“
01 | 02 | p Hypersurface S
VR 0
1| 0| =1] HP(—r)xS"™m(/r2=1) rome
0 ﬁln—m
011 H™(—v/1 + 72) x SI™ Vi 0
(=v1472) xS (r) VITZ
0 —Ilhm
.
ol 1| -1 STH(vr2 = 1) x H*™(—r) |r2—1|Im , 0
m(__ 2 n—m/ (__ re—1
H™(—v1—17r2) x H"™(—r) 0 rmfn_m

Example 4. (A quadratic hypersurface with non-diagonalizable shape operator).
The hypersurfaces shown in Examples 2 and 3 have diagonalizable shape operators.
However, since we are working in a Lorentzian space form, it seems natural thinking
of hypersurfaces with non-diagonalizable shape operator satisfying Ly = Ay + b.
Let R be a self-adjoint endomorphism of R}*2, that is, (Rx,y) = (x, Ry), for all
x,y € Rg“. Let f : M?*! — R be a quadratic function defined by f(x) = (Rz, z),
and assume that the minimal polynomial of R is given by ug(t) = t?+at+b, a,b € R,
with a? — 4b < 0. Then, by computing the gradient in M2 at each point z € M"*!,
we have Vf(r) = 2Rz — 2¢f(z)z.

Let us consider the level set M = f~!(d), for a real constant d. Then, at a point
x in M, we have

(Vf(2),Vf(z))=4(R* x) — dcf(z)* = —depg(cd),

where we have used that R?2 = —aRx —bx. Then, for every d € R with pg(ed) # 0,
M = f~1(d) is a Lorentzian hypersurface in M?*!. The Gauss map at a point  is
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given by
1
and thus the shape operator is given by
1
(23) SX = —W(RX — CdX),

for every tangent vector field X. From here, and bearing in mind that R?> +aR+bI = 0,
we obtain that

2 _ 1 a c g2
S*X = rR(cd)\(( +2cd)RX + (b—d*)X),

for every tangent vector field X. At this point, it is very easy to deduce that

a+ 2cd n b+ d? + acd
g (cd)|!/? [ur(cd)|
is the minimal polynomial of S, and that every k-th mean curvature is constant. On
the other hand, since the discriminant of pg(¢) is not positive, the shape operator is
non-diagonalizable.
Finally, from (18), we obtain that Ly = At, where A is the matrix given by

4 ckHp o, ( crHpy1cd
\ur(cd)[H/2 g (cd)[H/2

ps(t) = t°

+ ccka) 1.

5. FIRST RESULTS

In this section we need to compute LV, and to do that we are going to compute
the operator Lj acting on the coordinate functions of the Gauss map N, that is, the
functions (a, N) where a € Rg“ is an arbitrary fixed vector. A straightforward
computation yields

V{a,N)=—Sa".

From Weingarten formula and (16), we find that
VxV{a,N)=-Vx(Sa") = —(VxS)a" —S(Vxa')
= —(V,78)X —e{a,N)S?’X + ¢(a,¢) SX,
for every tangent vector field X. This equation, jointly with Lemma 3 and (13), yields
Ly (a, N)= —tr(Py o V,75) —¢ {a, N) tr(Py 0 %) +c (a, ) tr(Py 0 S)
(24) = —cC}, <VHk+1, aT> —eCr(nH1Hp41—(n—k—1)Hg12) (a, N)
+ecep Hiy1 (a, ) .
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In other words,
(25) LyN = —C,VHys1 — eCh (mamark+1 (n—k— 1)Hk+2> N + e Hy 1.
On the other hand, equations (14) and (17) lead to
Li(Lk (a,v¥)) = ck Hpp1 Lk, (@, N)+ Li(ciHi41) (@, N)+2¢,(Pe(VHp11),V{a, N) )
— cepHi Ly, (a, ) — Li(ccp Hy) (a, ) — QCck<Pk(VHk), V {a, ) >,
and by using again (17) and (24) we get that
Li(Ly {a,v) )= —eckCrHi1(VHpy1,a)
—2¢((S 0 Py)(VHpt1), a) — 2ccp(Pe(VHy), a)
— [56’ka+1 (nHlHkH —(n—Fk— 1)Hk+2)
+ ceHpHpy1 — Li(Hgy1)]ce{a, N)
+ [EcckH,iLl + ckHlf — ch(Hk)]ck (a, ).
Therefore, we get

Ly (Lkw) = —ec,CrHi41VHpp1 — 2¢(S o Pi)(VHyy1) — 2cc,. Py (V Hy,)
— [ECkH/H_l (nHlHk-H —(n—k— 1)Hk+2)

(26)
+ccyHyHpy1 — Lis(Hi1) | ek N
+[€cckH,§+1 + ckHlf — ch(Hk)]ckw.
Let us assume that, for a fixed k = 0,1,...,n — 1, the immersion ¢ : M" —

M7+ satisfies the condition
27 Ly = Ap +b,

for a constant matrix A € R("+2*("+2) and a constant vector b € R?+2. Then we
have Ly (L) = ALy, that, jointly with (26) and (18), yields
Hyp1 AN—cHyAY =—eCy Hy 1V Hi 1 —2(S 0 Py)(VHp 1) —2¢Pu(V Hy)
—[eCrHpy1 (nH1 Hyy1 — (n — k — 1) Hpyp)
+ecyHyHiy1 — Li(Hi41)| N
+[ecerHp(q + e Hf — cLi(Hy,) 9.

(28)
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On the other hand, from (27), and using again (18), we have

A = e Hyy 1N — cepHyp — b7 — e (b, NYN — ¢ (b, 1)) 1

9) .
= —b + [Cka—i—l —€<b,N>}N— [CCka+C<b,'¢>]'¢,

where b" € X(M) denotes the tangential component of b. Finally, from here and (28),
we get
Hy 1 AN = —Cy Hyjo VHjy1—2(S 0 P)(VHpy1) —2¢Po(VHy) —cHpb T
—[eCrHpy1(nH1Hpy1 — (n — k — 1) Hp0)
+ecHy (b, N) — Ly (Hyi1)] N
+[ecerHEy — Hy (b, ¥0) — cLi(Hy) 1.

(30)

5.1. The case where A is self-adjoint

If we take covariant derivative in (27), and use equation (18) as well as Weingarten
formula, we have

31 AX = —c;Hi 15X — ce Hk X + ¢, (VHyy1, X) N — cc, (VHy, X) 9,
for every tangent vector field X, and therefore
(AX)Y) = (X, AY),

for every tangent vector fields X,Y € X(M). Therefore, A is self-adjoint if and only
if the following conditions hold

(32) (AX, ) = (X, A),
(33) (AX,N) = (X, AN),
(34) (AN, ) = (N, A},

for every vector field X € X(M). From (31) and (29), we easily see that (32) is
equivalent to

(35) V (b,9)=b" = ¢, VHy,
and so (b, 1) — ¢ Hy, is constant on M. A direct consequence is that

(36) crLk(Hy) = Ly (b, ) = [cxHyyr (b, N) — o Hy, (b, )],
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that, jointly with (29) and (28), yields
Hyi1 (AN, Q) = e, HE 1 + cepHi — Li(Hy) + cHy (A, 1)
= ecHp 1 + ceHE — [Hyy1 (b, N) — cHy, (b, 1) ]
—|—ch[ — e Hy, — (b, w>]
= ccpH}yy — Hyy (b, N)
= Hy11 (N, AY).
Therefore, at points where Hy1 # 0, equation (32) implies equation (34). Even more,

if Hig11 # 0 then from (31), (30) and (35), it is easy to see that equation (33) is
equivalent to

2

Hiy

___C (QPk(VHk) + CkaVHk).
Hiy

(80 P)(VHpi1) + e(k + 2)Cp VHi
(37)

The following auxiliar result is the key point in the proof of the main theorems.

Lemma 5. Let ¢p : M — M?*! C Rg” be an orientable hypersurface satisfying
the condition Ly = Av+b, for afixed k =0,1,...,n—1, some self-adjoint constant
matrix A € RO2)x(+2) gnd some constant vector b € Rg”. Then Hjy, is constant if
and only if Hy41 is constant.

Proof.  Let us assume that Hy, is constant, and consider the open set
Uppr = {p € M | VH},,(p) # 0}.

Our goal is to show that Uy is empty. If Uy41 is not empty then, from (37), we have
that

e(k+2)Cy
2

Then reasoning exactly as Lucas and Ramirez in [14, Lemma 9] (starting from equation

(26) in [14]) we conclude that H is locally constant on U}, 1, which is not possible.

The proof in [14] also works here word by word, with the only difference that here
Hj, is constant, and then (31) reduces now to

(38) (S0 Py)(VHpi1) = — Hy11VHpyr on Uy

AX = —CkH/H_lSX —cep Hp X + ¢ <VHk+1,X>N.

Therefore, now we have AE; = —cj(Hpy1k; + cHy)E;, for m+ 1 < i < n (see
the last part of the proof of [14, Lemma 9]). Since Hy is constant, that makes no
difference to the reasoning.
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Conversely, let us assume that Hy; is constant, and suppose that the open set
Vi ={p € M | VH(p) # 0}

is non-empty. First, let us consider the case where Hy 1 = 0. Then, from (35) and
(36), equation (30) reduces to

—2¢Py(VHy) — ccy HVHy, — ecHy, (b,N) N = 0,

and so (b,N) = 0 on Vi. From (29), we have (AN,¢)) = (N, Ay)) = 0 and
(AN, X) = (N,AX) = 0, and then AN = AN, ie., N is an eigenvector of A
with corresponding eigenvalue A = ¢ (AN, N). In particular, A is locally constant on
V. Therefore,

AX = —CCkaX — CCk <VHk, X> 'Lﬂ,

AN = AN,

Ap = —=b" — (cepHy + ¢ (b, ) = —cx VHy, — (2cciHy + o),
where o = ¢ (b,9)) — ccpHy, is also locally constant on V. Then since tr(A) =
—ncepHg + A — 2cc, H, — « s constant, this implies that Hy, is locally constant on

V., which is a contradiction.
Let us consider now that Hy1 is a non-zero constant. Then, from (37), we get

(39) Pu(VH) + Dy H,VH, =0 on V,

where Dy, = ¢;/2. From now on, we will follow a similar reasoning to that given in
[14, Lemma 9]. The proof continues according to the type of the shape operator S.

Case 1. S is of type L. Consider {E1, Eo, ..., E,,} a local orthonormal frame of
principal directions of S: SE; = k;F;, i = 1,...,n. The vector field VHj can be
written as

n
VHy =Y & (VHy, E)E;, & = (E;, E;),
=1

and thus from [14, Proposition 4] we get
n .
Pu(VH) = > & (VHy, Ey) ((—1)’%)@.
i=1
Then equation (39) is equivalent to

<VHk, EZ> <Dka + (—1)kuz> =0 on Vg,
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for every i € {1,...,n}. Therefore, for each i such that (VHy, E;) # 0 on Vi, we
have

(40) (—1)kui = —Dk Hk.

We claim that (VHy, E;) = 0 for some i. Otherwise, (40) holds for every i, which
implies
n

n
tr(Py,) = Zei (PyE;, Ey) = Z(—l)kﬂi = —nDyHy.
i=1 i=i
But then, from Lemma 3, we obtain that H; = 0 on Vg, which is not possible.
Now re-arranging the local orthonormal frame if necessary (or even taking another
orthonormal frame of principal directions), we may assume that there exists some
m € {1,...,n— 1} such that

(VH, E;) #0fori=1,...,m, and k1 < -+ < K.

(41)
(VHp, E;) =0fori=m+1,...,n.
Claim 1. For every subset J C {1,...,m} we have
J_ k+1
(42) ! = (=1)*"' Dy Hy.

We will prove (42) by induction on the cardinality card(.J) of the set J. For
card(J) = 1, equation (42) is nothing but (40). Let us assume that (42) holds for
every set J with card(J) = 1,2,...,p < m, and take a set Jo = {j1,...,Jps1} C
{1,...,m} with cardinality p + 1 < m. Let J; and J, be the two sets of cardinality
p such that

JO = {j17j37 o '7jp+1}u{j2} = {j27j37 e '7jp+1}u{j1}'

-~ -~

J2 Jl

By using the induction hypothesis applied to J; and Jy, we have uk‘]l = uk‘]? =
(—=1)**1DyHj,. Now, bearing in mind (6), from the first equality of last equation

we obtain
Jo _

Rl i = g+ g,
and by using (41) we get ukJO_I = 0, and so uk‘]l = uk‘]? = M;JO- That concludes the
proof of the Claim 1.
Finally, from (31) and (41) we have AFE; = n;F;, i = m + 1,...,n, where
1n; = —cpHpy1k; — cep Hy 1s a constant eigenvalue of the constant matrix A. On the
other hand, from (42) for the set J = {1,..., m}, we have

Z (772‘1 + ccka) e (mk + ccka)

<i1<--<1
(—D)* Dy H, = Koy - Ky, = LSS
11 1k k
m<iy <---<ig ( - Ck‘HkH—I)
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In other words,
(-1 'DyHy = By + B1Hy + - - - + By HY,

for certain constants B;. Therefore, Hj is locally constant on V), which is a contra-
diction. This finishes the proof in the Case 1.

Case 2. S is of type II. Let {Ey, Eo, ..., E,} be an orthonormal frame giving
the canonical form of S: SEy = kE1 + bEs, SEy = —bE | + kE5, and SE; = k; Ej;,
1 > 3. The gradient V Hy, can be written in this basis as follows

VHi = —(VHy, E1) By + (VHy, E3) By + > (VHy, Ey) E;
=3

and then from [14, Proposition 5] we get
Pu(VHy) = ~(=1)* (VHy, By) (5l By + byl B )
+ (=) (VHy, B} (= bl By + i) Bp)
- (—1)kzn: (VHy, E;) (MZ + b%ifj) E;.
=3

Now, bearing in mind (39), we obtain the following equations on Vj:

(VHy, 1) (DiHy 4 (=1)*u} ) + (VHy, Ba) (=)0, =0,

(V Hy, Es) (Dka n (—1)%) — (VHy, E) (=1)Fbul2 =0,
(VHy, Ei) (Dl + (—)M(ul +6200%0)) =0, fori=3,...,n.
Therefore, if (VHy, E1) # 0 or (VHy, E2) # 0 then we have
(43) (=1)*u! = —DpHy and pl? =0.
Moreover, for every i = 3,...,n, such that (VHj, E;) # 0, we have
(44) (—1)F(ul + 0% = — Dy Hy.
We claim that (VHy, E;) = 0 for some i. Otherwise, (43) holds and (44) is true for

every ¢ > 3. Thus, we deduce

n
tr(Py) = — (PLE1, B1) + (PuEa, By) + > (PcE;, Ey)
=3

n
= (=D)%u + (=% +) (=D (il +0°pup%") = —nDy Hy.
=3
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But this means, from Lemma 3(b), that H = 0 on Vg, which is a contradiction.

Observe that when (V Hy, E;) # 0 for some ¢ > 3, then (after re-arranging the local
orthonormal frame if necessary) we may assume that there exists some m € {3,...,n}
such that

(VHy, E;) #0fori=3,...,m, and kg < -+ < K.

(45)
(VHp, E;) =0fori=m+1,...,n.

Claim 2. If (VHy, E1) = (VHy, E2) = 0, then for every non-empty subset J C
{3,...,m} we have

(46) pl + % = (=1 D Hy,

k-2
where m € {3,...,n} is the number such that (45) holds.

We will show (46) by induction on the cardinality of set J, card(.J). If card(.J) = 1,
then (46) is nothing but (44). Let us assume that (46) holds for subsets J with
card(J) = 1,2,...,p < m — 2, and take a set Jo = {j1,...,5p+1} C {3,...,m}
with cardinality p + 1 < m — 2. Let J; and J, be the sets of cardinality p such that

JO = {j17j37 o '7jp+1}u{j2} = {j27j37 e '7jp+1}u{j1}'

J2 Jl

By the induction hypothesis applied to J; and Jo we have
VS = P+ V% = (1) D Hy,
and then, by using (6) in the first equality, we get
J 2 1,2,J0) _
(vaz - Kjl)(uk0—1 +b HZs O) =0.

But kj, # kj, (see (45)), and so ukJO_I + 2129 = 0. This yields

k—3
Ji 2,120 _ ,,J2 2,12,Jo _ , Jo 2,.1,2,J
we =+ b Ho = Hy +b A b Ko

and the proof of the Claim 2 finishes.

Claim 3. If (VHy, E1) # 0 or (VHy, Es) # 0, then for every J C {3,...,m}
(admitting J = () we have

(47) (a) p 7 =0,
(48) (b) ph?! = (=1)*"' D Hy,

where m € {3,...,m} is the number such that (45) holds.
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[We note here that if there is no number m > 3 such that (45) holds, then this claim
only refers to J = ().] First, we prove (a) by induction on card(J). If card(.J) =
then (47) is nothing but the second equation of (43). Let us assume that (47) holds for
subsets J with card(J) = 0,1,...,p < m — 2, and take a set Jo = {j1,...,Jp+1} C
{3,...,m} with cardinality p+ 1 < m — 2. Let J; and J, be the sets of cardinality p
such that

Jo="{j1.- -, dp} U{dpr1} = {1 s dp—t1s Jpr1 } U{lp}-
J Ta
1 2

By the induction hypothesis applied to J; and Jo, we have ul 201 = [ 1,2,J2 = 0. Now,

by using (6), we get (kj,,, — “Jp)“i 270 = 0, and from (45) we obtain ul 2Jo =,
That leads to p %70 =yt = 22> and the proof of (a) finishes.

The proof of (b) is similar and is also made by induction on card(.J). If card(J) = 0
since u = u 2y /wk " then (48) follows by using the first equation of (43) and the
claim (a) Let us assume that (48) holds for subsets J with card(J) = 0,1,...,p <
m—2 and take a set Jy = {jl, .. .,jp+1} C {3,...,m} with cardinality p+1 < m—2.
Let J; be the set of cardinality p such that

Jo = {d1s- s dp} Wdpr1}-
J
1

By the induction hypothesis applied to J1, and bearing in mind (47), we have ul 21—

K10 4 p?J0 = 270 and this finishes the proof of Claim 3.
Observe that if J # (), then equations (46) and (48) lead to

Mlin _MkJ+b2Mi 22J (—1)*+L Dy Hy.

Now, we can use (6) to get u/ = pl*7 + 2kpl%7 4+ x2ul-%7. Putting this into last

1,2,J _

w57 = 0, and as a consequence of Claim

equation we obtain 2ku%7 + (k% 4 b?)p

3(a) we deduce %7 = 0, for every non-empty set .JJ C {3,...,m}.
Finally, from (31) and (45), we have AE; = n;E;, for i = m + 1,...,n, where
1n; = —cpHg+1K; — ccpHy, is a constant eigenvalue of the constant matrix A. As a

consequence we deduce

Z (772‘1 + ccka) e (mr + ccka)
1,...,m m<iy < <iy

m<ig <---<ip

(= cxHps1)"
= Bo + B1Hy + -+ -+ B.Hp,

for certain constants B;. To finish the proof in Case 2, we distinguish two subcases.
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.1) If (VHy, Ey) = (VHy, E3) = 0, let V' be the plane spanned by {E1, Es}.
Since we have

AE = —cp(Hpp1k + cHy) By — e Hp 1 DE>,
AEy = ¢t Hp1bEy — cp(Hp1k + cHy) Eo,

then V' is an invariant subspace, and thus the operator A|y has constant invariants
0 = tr(A|y) and § = det(A|y), which are given by

0= —QCk(H/H_lKV + cHy),
B = cp(Hpi1k + cHy)? + cpHE b
Thus, we can find constants 6;, B; such that
2k = 0y + 01 Hy,
(50) 2 2 2
k*+b* = By + B1Hy, —I—Bng

On the other hand, by using (46) for J = {3,...,m}, we get

that, jointly with (49) and (50), yields
(=)' DyHy = Fo + FyHy, + - - + FHY,

for certain constants F;. Thus, Hy, is locally constant on Vj, which is a contradiction.

(2.2) If (VHy, E1) # 0 or (VHy, E3) # 0, then by using (48) for J = {3,...,m}
(or J = () if there is no number m > 3 such that (45) holds) we obtain that

(—)M'DypHy, = pl 2,

that jointly with (49) implies again that Hj is locally constant on Vi, which is a
contradiction. That concludes the proof in the Case 2.

Case3.S isof type IIl. Let {Ey, Es, ..., E,} be a pseudo-orthonormal frame giving
the canonical form of S: SE; = kFE1 + Eo, SEy = kFE>, and SE; = k;E;, i > 3.
The gradient V Hy, can be written, in this basis, as follows

n
VHy = —(VHy, Ey) By — (VHy, E1) By + Y _(VHy, Ey) E;
=3
and then from [14, Proposition 6] we obtain
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P(VHy) = —(=1)F (VHy, Bs) (,@El - MI}_{EQ) — (=1)* (VHy, By) ' B

+ (=D)"> (VHy, Ey) il ;.
=3

Thus, equation (39) yields the following system of equations on Vj:
(VHy, Er) (DiHy + (~1)*ul) = (VHy, Es) (—1)*ul2 =0,

(VHy, E) (Dka + (—1)kﬂi) =0,

(VHy, E;) ( DpHy, + (_1)%2) for i > 3.
Therefore, if (V Hy, Eo) # 0, then we get
(51) (—*u! = -DpH,  and  pl? =0,

and, for every ¢ = 3, ..., n such that (VHy, E;) # 0, we have
k i _
(52) (=1)"p;, = —DyHy.

We claim that (VHy, E;) = 0 for some i. Otherwise, equations (51) and (52) hold,
and then we get

n
tr(Py) = — (PoB1, Bo) — (PoEa, E1) + > (PuEi, Ey)
=3

n
= (=1Fu} + (=DFp; + > (—=1)*ul = —nDyHy.
=3

But this means, from Lemma 3(b), that H; = 0 on Vg, which is a contradiction.
Observe that when (V Hy,, E;) # 0, for some ¢ > 3, then (after re-arranging the local
orthonormal frame if necessary) we may assume that there exists some m € {3,...,n}
such that
(VHy, E;) #0fori=3,...,m, and kg < -+ < K.

(53)
(VHp, E;) =0fori=m+1,...,n.

Claim 4. If (VHy, E1) = (VHy, Es) = 0, then for every non-empty set J C
{3,...,m} we have
! = (=1)*' Dy Hy,.

Claim 5. If (VHy, E1) # 0 and (VHy, Ey) = 0, then for every non-empty set
J CA{1,3,...,m} we have

! = (=1)F Dy Hy.
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Claim 6. If (VHy, E2) # 0, then for every set J C {3,...,m} (admitting J = ()
we have
MI,Z,J — (—1)k+1Dka.

k

In Claims 5 and 6, m € {3,...,n} is the number such that (53) holds. If such
number m does not exist, then Claims 5 and 6 are only valid for J = {1} and J = 0),
respectively. These Claims can be proved similarly to Claims 1 and 3(b).

Finally, from (31) and (53), we have that AE; = n; F;, fori = m+1,...,n, where
1; = —cpHypy1/; — ccp Hy, is a constant eigenvalue of the constant matrix A. Then we
obtain that

(54) pb™ = By + BiHy, + - -+ B, H}, r>0,
for certain constants B; (see (49)). To finish the proof in this case, we distinguish three
subcases:

G.1) (VHy, Er) = (VHy, E) =0,

(3.2) (VHy, E1) # 0 and (VHy, E2) =0,

(3.3) (VHy, Ey) # 0.

Since the three subcases are similar, we will prove one of them, for example the
case (3.1). From (VHy, E2) = 0 and equation (31) we get AEy; = nFEs, where
n = —cxHg11k — cepHy is a constant eigenvalue of A. Thus, we can find two
constants g, 31 such that

(55) k= Bo + B1H.

On the other hand, from Claim 4 for the set J = {3,..., m}, we obtain that

that, jointly with (54) and (55), leads to
(—1)*"'DyHy = Go + G1Hy, + - -+ GiHY,

for certain constants GG;. Thus, Hy, is locally constant on V., which is a contradiction.
Subcases (3.2) and (3.3) can be proved in a similar way by using now Claims 5
and 6, respectively.

Case 4. Sis of type IV. Let {Ey, Eo, ..., E,} be a pseudo-orthonormal frame giving
the canonical form of S: SE, = kE1 — E3, SEy = kFEy, SE3 = Ey + kE3, and
SE; = k;F;, i > 4. We proceed as in Case 3 (bearing in mind [14, Proposition 7]) to
show that equation (39) is equivalent to the following equations on Vy:
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(VHy, By) (DiHict (—1) il ) +(V Hy, B) (~1) 02 — (VHy, ) (—1) %3 =0,
(VHy, ) (DyHy + (<1) ’“Mi) 0,

(VHy, Es) (DiHy + (=1)"ul) = (VHy, Bp) (=12 =0,

(VHy, E;) (Dka—i— (—1)*u Z) =0, for 1 > 4.

Thus, if (VHy, Eo) # 0, we get

(56) (-DFul = —DpHp,  p® =0 and  p-%=0.
However, if (VHy, Es) = 0 and (V Hy, E3) # 0, then we have

(57) (—1)fp),, =—DpH, and  p® =0.
Moreover, for every i = 4, ..., n such that (VHy, E;) # 0, we get

(58) (—1)*u} = —Dy.Hy,.

We claim that (V Hy, E;) = 0 for some i. Otherwise, (56) and (58) hold and then we
deduce

n
tr(Py) = — (PuEr, Ey) — (PrEy, B1) + (PuEs, Es) + > (PuE;, Ey)
=4

= (=1)"p! + (=1)Fu! +( 1+ Z )*ui = —nDy.Hy,

but this means, from Lemma 3, that H; = 0 on Vi, which is a contradiction.

If there is some ¢ > 4 such that (V Hy, E;) # 0, then (after re-arranging the local
pseudo-orthonormal frame if necessary) we may assume that there exists some number
m € {4,...,n} such that

(VH, E;) #0fori=4,...,m, and kg < -+ < K.

(59)
(VHp, E;) =0fori=m+1,...,n
Claim 7. If (VHy, E1) = (VHy, Es) = (VHy, E3) = 0, then for every non-empty
set J C{4,...,m} we have

! = (—1)F Dy Hy.

Claim 8. [f (VHy, E1) # 0 and (N Hy, Eo) = (VHy, E3) = 0, then for every set
J C{4,...,m} we have
Mi"] = (—1)k+1Dka.
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Claim 9. If (VHy, Ey) = 0 and (VHy, Es) # 0, then for every set J C
{4,...,m} we have
MI,Z,J — (—1)k+1Dka.

k

Claim 10. [f (VHy, E3) # 0, then for every set J C {4,...,m} we have

(60) 23 = (=1)" Dy Hy.

k

In Claims 8, 9 and 10, m > 4 is the number such that (59) holds. If such number
does not exist, then these claims are valid only for J = ().

Claims 7, 8 and 9 can be proved analogously to Claims 1 and 3. Thus we are
going to prove Claim 10 by induction on the cardinality of J.

From (56) we get mui’i’g + uii’g = 0, and then

1 1,2 1,2 _ 12 _ 1,23 1,23 _ 1,23 1,2,3) _ 1,23
Hy = 1y, + S + Rl = 1y + ’%<_ Rl ) =H

From here and the first equation of (56), we obtain (60) for card(.J) = 0 (i.e. J = 0).
Let us assume now that (60) holds for every set J with card(J) =0,1,....,p <m—3
and take a set Jo = {j1,j2...,dp+1} C {4,...,m} with cardinality p+1 < m — 3.
Let J; and J, be the two sets of cardinality p such that

JO = {j17j37 o '7jp+1}u{j2} = {j27j37 e '7jp+1}u{j1}'

J2 Jl

By applying the induction hypothesis to J; and J2, we deduce

1,2,3,J1

1, = % = (=1)" Dy Hy.

By using (6) in the first equality we get (rj, — kj,)pu- %37 = 0, and from (59) we
obtain z}-%3/0 = 0. Thus p}%3/t = 12372 = 12350 “and the proof of the Claim
finishes.

Finally, from (31) and (59), we get AE; = n;F;, with ¢ = m + 1,...,n, where

1; = —cpHypy1K/; — cep Hy 1s a constant eigenvalue of the constant matrix A. Thus we
have
(61) Mi ..... m:BO+B1Hk++BrHI:7

for certain constants B; (see (49)). To finish the proof in this Case, we distinguish
four subcases:

4.1) (VHy, Ey) = (VHy, E9) = (VHy, E3) =0,
(4.2) <VHk, E1> 7& 0 and <VHk, E2> = <VHk, E3> = 0,
(4.3) <VHk, E2> =0 and <VHk, E3> 7& 0,
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(@.4) (VHj, Ez) # 0.

Since the four subcases are similar, we are going to prove one of them, the case (4.1).
From (VHy, Es) = 0 and (31) we get AEy = nEs, where n = —cpHy11k — cepHy,
is a constant eigenvalue of A. Then we have

(62) k= Bo + B1Hy,

for certain constants By and (3;. On the other hand, from Claim 7 for the set J =
{4,...,m}, we obtain

(—1)M Dy Hj, = g™ = gl 4 Srpl o™ 3rPpl ™ Bl
that, jointly with (61) and (62), leads to
(—D)*DeHy = Go + G1Hy. + - - - + G HF,

for certain constants ;. But this means that Hy, is locally constant on V., which is a
contradiction.

Subcases (4.2), (4.3) and (4.4) can be proved similarly by using now Claims 8§, 9
and 10, respectively.

In conclusion, from Cases 1-4 we deduce that the k-th mean curvature Hj is
constant, and so the proof of Lemma 5 finishes. ]

6. PrROOF OF THEOREM 1

We have already checked in Section 4 that each one of the hypersurfaces mentioned
in Theorem 1 does satisfy the condition Ly = A, for a self-adjoint constant matrix
A € RI2x(+2) - Conversely, let us assume that ¢ : M — MI*H C RI? satisfies
the condition Liy = A, for some self-adjoint constant matrix A € R(+2)x(n+2)
Since b = 0, from (35) we get that Hy, is constant on M, and from Lemma 5 we know
that Hy 1 is also constant on M.

Let us assume that Hy; is a non-zero constant (otherwise, there is nothing to
prove). From (18), (30) and (31), we have

(63) A = e Hyp 1 N — cepHytp,
(64) AX = —cpHp 15X — cep, Hip X,
(65) AN = aN + eccp Hg 117,

with « = —eCy(nHHp11 — (n — k — 1) Hy42). Taking covariant derivative in (65),
and using (64), we have

V% (AN) = (Va, X) N — aSX + eccp Hy 1 X,
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but also from (64) we obtain
VY% (AN) = A(VEN) = —A(SX) = cx Hp 152X + cep H SX.

From the last two equations we deduce that « is constant on M, and also that the shape
operator S satisfies the equation

Q cHy,

(66) S2 4 AS —ecl =0, A= = constant.

crHi1 * Hy 1
As a consequence, M is an isoparametric hypersurface in M?*! and the minimal
polynomial of its shape operator S is of degree at most two. We claim that M is not
totally umbilical. Otherwise, from Example 2 we get that it should be totally geodesic,
but this is a contradiction, since we are supposing that Hy; is a non-zero constant.
Thus, the minimal polynomial of S is exactly of degree two. If S is diagonalizable,
then M has exactly two distinct constant principal curvatures, and then it is an open
piece of a standard pseudo-Riemannian product (Example 3), [16, 20, 21].

Suppose now that .S is not diagonalizable, so that the minimal polynomial of S' is
given by pg(t) = t2 + M\t — ec, with discriminant dg = A\? +4ec < 0. From equations
(63)—(66) we easily deduce that the minimal polynomial of A is given by p(t) = >+
ait+ag, where a1 = 2ccHy, — Acp,Hp41 and ag = ciH,? — )\ccszH;ﬁLl — gcczHlf_H
are constants. Since the discriminant d4 of p14(¢) is given by d4 = c%H,fﬂdS, then A
also is not diagonalizable. Since (A, v) = —cpHy, is constant and p4(—cerHy) # 0,
then M is an open piece of a quadratic hypersurface as in Example 4. That concludes
the proof of Theorem 1.

7. PROOF OF THEOREM 2

We have already checked in Section 4 that each one of the hypersurfaces mentioned
in Theorem 2 does satisfy the condition Ly = Ay + b, for a self-adjoint constant
matrix A € R(M2)x("+2) and some non-zero constant vector b. Conversely, let us
assume that ¢ : M — M2+! C RIH2 satisfies the condition Lytp = Ay + b, for some
self-adjoint constant matrix A € R(™t2)*("+2) and some non-zero constant vector b.
Since Hj, is assumed to be constant on M, from Lemma 5 we know that Hy.; is also
constant on M. The case Hy; = 0 cannot occur, because in that case we have b = 0
(see Example 1).

Let us assume that Hj | is a non-zero constant. From (35) we obtain that b' = 0
and that the function (b, ) is constant on M. Now we use (34) to deduce that

CHk
Hiy

(b,N) = (b, 1) = constant.

Since b = £ (b, N) N + ¢ (b, 1) 1, taking covariant derivative in this equation we have
— (b N)SX +¢{b,) X =0,
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for any tangent vector field X. If (b, N) # 0, then M is totally umbilical (but not

total

ly geodesic). Otherwise, b = ¢ (b, 1) v and then (b, ¢)) = 0, but this implies b = 0.

That concludes the proof of Theorem 2.
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