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TWO GENERALIZED STRONG CONVERGENCE THEOREMS OF
HALPERN’S TYPE IN HILBERT SPACES AND APPLICATIONS

Wataru Takahashi, Ngai-Ching Wong* and Jen-Chih Yao

Abstract. Let C be a closed convex subset of a real Hilbert space H. Let A
be an inverse-strongly monotone mapping of C into H and let B be a maximal
monotone operator on H such that the domain of B is included in C. We introduce
two iteration schemes of finding a point of (A -+ B)~10, where (A+ B)~10 is the
set of zero points of A+ B. Then, we prove two strong convergence theorems of
Halpern’s type in a Hilbert space. Using these results, we get new and well-known
strong convergence theorems in a Hilbert space.

1. INTRODUCTION

Let H be a Hilbert space and let C' be a nonempty closed convex subset of H.
Let N and R be the sets of positive integers and real numbers, respectively. Let
f:C xC — R be a bifunction and let A be a nonlinear mapping of C' into H. Then,
a generalized equilibrium problem (with respect to C) is to find & € C such that

(1Y) f(&,y) +(Az,y—2) >0, VyeC.
The set of such solutions Z is denoted by EP(f, A), i.e.,
EP(f,A)={t € C: f(#,y)+ (AL,y — &) 2 0, vy € C}.

In the case of A =0, EP(f, A) is denoted by EP(f). Inthe case of f =0, EP(f, A)
is also denoted by VI(C, A). This is the set of solutions of the variational inequality
for A; see [15] and [19]. Let T" be a mapping of C into H. We denote by F'(T') the
set of fixed points of 7. A mapping 7' : C — H is nonexpansive if

[Tz =Tyl < llz —yl, Ve,yeC.
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For a nonexpansive mapping 7 : C' — C, the iteration procedure of Halpern’s type is
as follows: v € C, ;1 € C and

Tyl = apu+ (1 — ap)Tz,, VYneN,

where {«,} is a sequence in [0, 1]; see [10]. Let « > 0 be a given constant. A
mapping A: C — H is said to be a-inverse-strongly monotone if

(¢ —y, Az — Ay) > || Az — Ay|*, Va,yeC.

A multi-valued mapping B on H is said to be monotone if (x — y,u — v) > 0 for all
x,y € dom(B), u € Bz, and v € By, where dom(B) is the domain of B. A monotone
operator B on H is said to be maximal if its graph is not properly contained in the graph
of any other monotone operator on H. For a maximal monotone operator B on H and
r > 0, we may define a single-valued operator .J, = (I+rB)~': H — dom(B), which
is called the resolvent of B for » > 0. The resolvent of B for » > 0 is nonexpansive,
see [23]. A mapping U : C — H is a strict pseudo-contraction [7] if there is &k € R
with 0 < k < 1 such that

Uz = Uyl* < [la = yl* + k(I = U)z = (I = U)yl*, Va,yeC.

We call such U a k-strict pseudo-contraction. A k-strict pseudo-contractionU : C — H
is nonexpansive if & = 0. A mapping 7' : C — H is quasi-nonexpansive if F(T) # ()
and

|Tu—v|| <||lu—v||, YueC, ve F(T).

If S:C — H is a nonexpansive mapping, then 7 — S is %-inverse-strongly monotone,
where T is the identity mapping. A nonexpansive mapping S : C — H with F'(S) # ()
is quasi-nonexpansive; see [23]. We also know that if U : C' — H is a k-strict pseudo-
contraction with 0 < k < 1, then A =T —-U is a %-inverse-strongly monotone
mapping; see, for instance, Marino and Xu [14]. Zhou [29] proved the following strong
convergence theorem of Halpern’s type for strict pseudo-contractions in a Hilbert space.

Theorem 1. Let H be a Hilbert space and let C' be a nonempty closed convex
subset of H. Let k£ be a real number with0 < k <1 and let U : C — H be a k-strict
pseudo-contraction such that F(U) # 0. Let {z,} C C be a sequence generated by
uweC,z1=x2¢cC and

Yn = PC[ﬁnxn + (1 - ﬁn)an]v
Tpnt1 = Q4+ (1 — ap)yn, Vn €N,
where {a,,} € (0,1) and {a,, } C (0, 1) satisfy

o0

o0
a, — 0, E oy = 00, E |y, — 1] < o0,
n=1

n=1
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Ek<pB,<b<1, and Z‘ﬁn_ﬁn—f—l‘ < 00.
n=1

Then, {z,} converges strongly to zo = Pp(ryu, Where Pr gy is the metric projection
of H onto F(U).

In this paper, motivated by the generalized equilibrium problem and Zhou’s theorem
(Theorem 1), we first pove a strong convergence theorem for finding a zero point of
A + B, where A is an inverse-strongly monotone mapping of C into H and B is a
maximal monotone operator on H such that the domain of B is included in C. For
eample, if A =1 — U, where U is a strict pseodo-contraction, and B is the indicator
function of C, then this result generalizes Zhou’s one. Furthermore, we prove another
strong convergence theorem which is different from the above form in a Hilbert space.
Using these results, we get new and well-known strong convergence theorems in a
Hilbert space.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product ( -, - ) and norm || - ||, respectively.
For z,y € H and A € R, we have from [23] that

21) [P+ (= Nyl = Azl (= Dyl = A= V)l -y
All Hilbert spaces satisfy Opial’s condition, that is,
liminf ||z,, — u|| < liminf ||z, — v||

if z, — uw and u # v; see [16]. Let C be a nonempty closed convex subset of a
Hilbert space H. The nearest point projection of H onto C is denoted by P, that
is, ||z — Pox| < |Jlz —y| for all z € H and y € C. Such P¢ is called the metric
projection of H onto C. We know that the metric projection P¢ is firmly nonexpansive,
ie.,

(2.2) |Pcx — Poy||* < (Pex — Poy, © — y)

forall z,y € H. Furthermore (x — Pox,y — Pcxz) < Oholdsforallz € Handy € C;
see [21]. Let o« > 0 be a given constant. A mapping A: C' — H is said to be a-inverse-
strongly monotone if (x — y, Az — Ay) > o ||Az — Ayl forall 2,y € C. Itis known
that || Az — Ay|| < (1/a) |jz — y|| for all z,y € C if A is a-inverse-strongly monotone;
see, for example, [25]. Let B be a mapping of H into 277, The effective domain of
B is denoted by dom(B), that is, dom(B) = {z € H : Bx # 0}. A multi-valued
mapping B on H is said to be monotone if (z —y,u —v) > 0 for all z,y € dom(B),
u € Bz, and v € By. A monotone operator B on H is said to be maximal if its
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graph is not properly contained in the graph of any other monotone operator on H.
For a maximal monotone operator B on H and r > 0, we may define a single-valued
operator J, = (I +rB)~': H — dom(B), which is called the resolvent of B for r.
Let B be a maximal monotone operator on H and let B0 = {x € H : 0 € Bx}. Itis
known that the resolvent .J, is firmly nonexpansive and B=10 = F(.J,) for all » > 0.
It is also known that ||Jyxz — J,z|| < (J]A — p| /A) [|& — Jaz|| holds for all A, > 0
and x € H; see [9, 21] for more details. As a matter of fact, we know the following
lemma [20].

Lemma 2. Let H be a real Hilbert space and let B be a maximal monotone
operator on H. For » > 0 and = € H, define the resolvent J,.x. Then the following

holds:
s—1

(Jox — Jyx, Jox — ) > ||Jsz — Joz||?
forall s,t >0and x € H.

Furthermore, for a mapping A of C into H, we know that F(J\(I — \A)) =
(A+ B)~'o for all A > 0; see [4]. We also know the following lemmas:

Lemma 3. ([18]). Let{z,} and {y,,} be bounded sequences in a Banach space and
let {5,,} be a sequence in [0, 1] such that 0 < liminf,, . 5, < limsup,,_,. Bn < 1.
Suppose z,+1 = (1 — Bn)yn + Bnxy, for all n € N and lim sup,,_, o (||yn+1 — Ynll —
|Zn+1 — znl]) < 0. Then, lim, oo ||yn — 2] = 0.

Lemma4. ([2, 28]). Let {s,} be a sequence of nonnegative real numbers, let {c,, }
be a sequence in [0, 1] with ">, a;,, = oo, let {3,} be a sequence of nonnegative
real numbers with > >, 3, < oo, and let {v,,} be a sequence of real numbers with
lim sup,,_,~, ¥» < 0. Suppose that

Sn+1 < (1 - an)sn + apyn + ﬁn

foralln=1,2,.... Then lim, . s, = 0.

3. INVERSE-STRONGLY MONOTONE MAPPINGS

Let H be a Hilbert space and let C' be a nonempty closed convex subset of H.
A mapping U : C — H is called a widely strict pseudo-contraction if there is a real
number k£ € R with k& < 1 such that

(3.1) Uz = Uyl* < [la = yl* + k(I = U)x — (I = U)yl®

for all x,y € C. Such a mapping U is called a widely k-strict pseudo-contraction.
We know that a widely k-strict pseudo-contraction is a strict pseudo-contraction [7] if
0 < k < 1. A widely k-strict pseudo-contraction is also a nonexpansive mapping if
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k = 0. Conversely, we have that if T : C — H is a nonexpansive mapping, then for
any n € N, U = 7T+ %I is a widely (—n)-strict pseudo-contraction. As in Zhou
[29], we obtain the following result.

Lemma 5. Let H be a Hilbert space and let C' be a nonempty closed convex subset
of H. Letk < 1landletU : C — H be a widely k-strict pseudo-contraction such that
F(U) # 0 and let Pc be the metric projection of H onto C. Then, F(PcU) = F(U).

Proof. Take z,v € C with PcUz = z and Uv = v. Then we obtain from (2.1)
and (2.2) that
2||z — v||? = 2||PcUz — PoUv||?
<2(Uz—Uv, PcUz — PoUv)
=2(Uz—v,z—v)
= Uz —o|* +lv = 2> = |Uz = 2|” = [Jo — v|?
and hence
Iz = v]|* + [U2 — 2|* < |Uz - ]|
Since U is a widely strict pseudo-contraction, we have that
Iz =l + |Uz = 2| < |Uz —o||* < ||z —o||* + k|| z = U||?
and hence (1 —k)||Uz — 2||> < 0. From 1 —k > 0, we have |Uz — z|]> < 0 and then
Uz = z. This completes the proof. ]

We also know that a mapping A : C — H is called inverse-strongly monotone if
there exisis o > 0 such that

(32) af| Az — Ay|]® < (z —y, Az — Ay)

for all z,y € C. Such a mapping A is called a-inverse strongly monotone. Recently,
Hojo, Takahashi and Yao [11] also introduced a class of nonlinear mappings in a
Hilbert space which contains the class of generalized hybrid mappings: A mapping
U : C — H is called extended hybrid if there are o, 3, € R such that

a(l+7) Uz —Uy|? + (1 —a(l +7))|z - Uyl
(3.3) < B+ an)|Uz—ylI> + (1= (B+ay)|lz—yl
—(a = B)yllz = Uzl]* —~lly — Uy|)?

for all x € C. Such a mapping U is called (o, 3, v)-extended hybrid. In [11],
they proved the following theorem which represents a relation between the class of
generalized hybrid mappings and the class of extended hybrid mappings in a Hilbert
space; see also [12] and [26].
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Theorem 6. Let C be a nonempty closed convex subset of a Hilbert space H and
let o, 3 and ~ be real numbers with v # —1. Let 7" and U be mappings of C' into H
suchthatU = }WT+17 I. Then,for14+~ > 0,7 :C — Hisan («a, 3)-generalized
hybrid mapping if and only if U:C — H isan («, 3, v)-extended hybrid mapping.
In this case, F(T') = F(U).

Now, we deal with some properties for inverse-strongly monotone mappings in a
Hilbert space.

Lemma 7. Let H be a Hilbert space and let C' be a nonempty closed convex subset

of H. Let « > 0 and let A, U and T be mappings of C' into H suchthatU =1 — A
and T'= 2a U + (1 — 2«a)1. Then, the following are equivalent:

(a) A is an a-inverse-strongly monotone mapping, i.e.,

alAx — Ay|)* < (z —y, Ax — Ay), Vz,y € C;
(b) U is a widely (1 — 2«)-strict pseudo-contraction, i.e.,
Uz = Uy|* < llz =yl + (1 = 20)[|(1 = U)z = (I = U)y|*, Vaz,yeC;
(¢) Uisa(1,0,2a — 1)-extended hybrid mapping, i.e.,
20(|Uz — Uy|* + (1 - 2a) ||z - Uy|®
< (2a = D|[Uz -yl +2(1 — a) |z - y?
—(2a = 1)|lz = Uz|* = 2a = 1)|ly - Uy|*, Va,yeC;
(d) T is a nonexpansive mapping.

In this case, Z(A) = F(U) = F(T), where Z(A) = {u € C: Au=0}.

Proof. Let us show (@) <= (b). We have that for all =,y € C,
al|Az—Ay|)? < (z —y, Az — Ay)
20| Az — Ay||* < 2(z —y, Az — Ay)
=20 Az — Ay|® < ||z —y|* + Az — Ay|® — |lo — Az — (y — Ay)||?
e — Az — (y - AY)|* < |z —y)* + (1 - 20)|| Az — Ay|]®
= (|Uz = Uyl* < llz =yl + (1 = 20) | (I = U)z — (I = U)y|*.
Let us show (b) < (c). Since
I(I-U)z — (I = Uyl = llz —y — (Uz = Uy)|®
= ||z = yll” + |Uz = Uy|? = 2(z — y, Uz — Uy)
= |la —y|I* + |Uz — Uyl
— = Uyl® = lly = Uz|* + |z = Uz|* + |ly - Uy|?
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for all x,y € C, we have that

Uz = Uy|? < llz = ylI* + (1 = 20)| (I = U)a — (I = U)y]®
= |Uz = Uyl < |l = yl* + (1 = 20) (= — y|* + |Uz — Uy|®
—llz = UylP* = ly = Uz|* + ||l = Uz|* + |ly = Uy?)
20Uz — Uy|* + (1 - 2a) ||z — Uy||?
< (2o - 1)Uz — y|* + 2(1 - o) |z — y|?
—(2a =1z - Uz|* - (2a = D)y - Uyl

Let us show (b) < (d). We have that for all z,y € C,

| Tz — Ty|* < ||z — y|?

—2aUz + (1 — 2a)z — 2aUy — (1 — 2a)yH2 < |lx — yHQ
20Uz — Uyl]* + (1 - 20)||z — y?

—2a(1—=2a)|(I =)z — (I -U)y|* -z —y|* <0
—=2a||Uz — Uy|)? - 20|z — y]|?

—20(1=2a)|(I-U)z— (I -U)y|*><0
Uz - Uy|* = o —y|* - 1 -2a)|(I = V) — (I - V)y|* <0
= |Uz—Uy|* < [lz — ylI* + (1 = 20)||(I = U)z — (I = U)yl|>.

Finally, let us show Z(A) = F(U) = F(T). In fact, we have that for u € C,
Au=0=Uu=u—Au=u= Tu=2aUu+ (1 —2a)u=u.
We can also show the reverse implication. This completes the proof. |

Remark 1. Let « > 0 and let A: C' — H be a-inverse-strongly monotone. Then,
it is obvious that for any § € R with 0 < 5 < 2a, A'is g-inverse-strongly monotone.
So, we have from Lemma 3.1 that

T=I-BA=1-0(I-U)=p8U0+(1-p8)1I
iS nonexpansive.
Using Lemma 7, we can get the following important result.
Lemma 8. Let H be a Hilbert space and let C' be a nonempty closed convex subset

of H. Let k be a real number with k < 1 and let A, U and T be mappings of C' into
Hsuchthat U =1 — AandT = (1 —k)U + kI. Then, the following are equivalent:

(a) A is a L5E-inverse-strongly monotone mapping;
(b) U is a widely k-strict pseudo-contraction;

(¢) Uisa (1,0, —k)-extended hybrid mapping;

(d) T is a nonexpansive mapping.
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In this case, Z(A) = F(U) = F(T).

Proof.  Putting o = 15£ for k < 1, we have « > 0. Furthermore, we have
1-2a=1-(1—k) =k
This means (a) <= (b). Similarly, we obtain (b) < (c) < (d). [ |
Remark 2. Let k be a real number with & < 1. If U is a widely k-strict pseudo-

contraction, then for any ¢t € R with & < ¢ < 1, U is a widely ¢-strict pseudo-
contraction. So, we have from Lemma 8 that

T=>01-tU+tI
iS nonexpansive.

4, MAIN RESULTS

In this section, we first prove a strong convergence theorem which generalizes
Zhou’s theorem (Theorem 1) in a Hilbert space.

Theorem 9. Let H be a real Hilbert space and let C' be a closed convex subset of
H. Let o > 0. Let A be an a-inverse-strongly monotone mapping of C into H and let
B be a maximal monotone operator on H such that the domain of B is included in C'
Let Jy = (I +AB)~! be the resolvent of B for A > 0. Suppose that (A + B) ~10 # .
Letw € C, 1 =2 € C and let {z,,} C C be a sequence generated by
Tpg1 = apu + (1 — ay)Jdy, (2 — AAzy,)
for all n € N, where {\,} C (0,00) and {a,,} C (0, 1) satisfy

o0
0<a<A <2, Z\)\n—)\n+1\<oo,

n=1

o0 o0
lim o, =0, E a, =00, and E |41 — | < 0.
n—oo

n=1 n=1

Then {z,,} converges strongly to a point z( of (A + B)~10, where 2y = Patp)-10U-
Proof. Puty, = Jy, (2, — A\pAx,) and let z € (A + B)~'0. Then, we have
from z = Jy, (z — A\, Az) that

lyn — 2012 = | Ja, (@0 — AnAzy) — 2|2

= ||, (20 — AnAzn) — I, (2 — )\nAZ)HQ
< |Nxp — ApAxy) — (2 — )\nAz)H2

(4.1) = |(@n — 2) — Au(Az, — A2)]|?
= [|zn — ZH2 — 2\ (T — 2, Azyy — A2) + A2 || Ay, — Az”2
< Nz — 2|1* = 2hna || Ay — Az||> + 22 || Az, — Az|?
= |20 — 2|* + An(An — 20) || Az, — Az
< lzg — 2%



Strong Convergence Theorems 1159

From z,11 = apu + (1 — ay,)yn, We have

[2n41 = 2l = llan(u = 2) + (1 = an)(yn = 2)
<anflu—zll+ (1 - an) |lzn -z
Putting K = max{||u — z||, ||z1 — z||}, we have that ||z, — z|| < K for all n € N. In

fact, it is obvious that ||z, — z|| < K. Suppose that ||z — z|| < K for some k € N.
Then, we have that

ki1 — 2l < anllu = 2] + (1 = ap)lJxr — 2]
<opK+(1—ap)K
=K.

By induction, we obtain that ||z, — z|| < K for all n € N. Then, {x,} is bounded.
Furthermore, { Az, } and {y,,} are bounded. Putting u,, = x,, — A\, Ax,,, we have

Tnt2 = Tt = (g1 — an)u+ (1 = any1) Iy, 4 (T — Anp1ATng)
— (1= ap)dx, (T, — A\pAzy,)
= (an41 — an)u+ (1 = anp1t {In, 1 (Tng1 = AnprAznga)
= Dagrtn + Ia g Un — D tn + Iaunt — (1= an)Jy, tn.

So, we have from Lemma 2 that

[#n+2 — Tni |

< lansr = an| flull + (1 = ang1) [[Fn41 = Ans1Azngn — (20 — AndAay)|
+ (1 = ans1)[[ I tn — Intnll + [omgr — aml[|Ix, unl|

<lant1 = anl flull + (1 = ans)[[(1 = Any14) @41 — (I = App1A)Tn
+ (I — Ap1A)zy — (2 — NAzy) ||
+ (1 = ans1)[[ i tn — Intnll + [ongr — aml[|Ix, unl|

< lansr = an| flull + (1 = an) [|nia — @all + (At — Anll|Aza||
+ a1 = an[ | Ix, unll + ([, tn — I, unl|

< lansr = an| flull + (1 = an) [|zna — @all + (At — Anll|Aza ||

A+l — A
B =2l g, =
n

<ant1 — anl flull + (1 = an)l|znsr — 2ol + [Ang1 — Anl|| Azn |

+ ant1 — anll|Ix, unll +

nt1Un — Up |-

Antl — A
Flatnr — ] + 2220l g,

Using Lemma 4, we obtain that

(4.2) |Zn+2 — Tos1|l — 0.
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We also have from (2.1) that

|Zn+1 — an2 = |lan(u — zn) + (1 — an) (yn — xn)H2

= anHu - an2 + (1 - an)Hyn - an2 - an(l - an)”“ - ynH2
and hence

(1 = an)llyn — an2 = |zt — an2

— apllu — an2 + an(1 = ap)|lu — ynH2
From «,, — 0, we get
(4.3) Yn — Tp — 0.

From > "> 1 |An — Apt1| < oo, we have that {),,} is a Cauchy sequence. So, we have
An — Ao € [a,2a]. Putting u,, = z,, — A\yAzy, and y, = Jy, (I — A\, A)z,, We have
from Lemma 2 that

[ T30 (I = Ao A)zn = ynll = 100 (I = AoA)zn — Jx, (I = ApA)za|
= | Tng (T = AoA) 2y — Jng (I — AnA)n
(4.4) + Ing( = AA)xy — Iy, (I — AA)zy||
<N = Aod)zn — (I = AnA)nll + [ Irgun — Ix, unll
‘)‘0 — )‘n‘

< Ao = Anlll Azl + 2
0

| T tn — un| — 0.

We also have from (4.3) and (4.4) that
4.5)  lzn — In(I = AoA)znll < [lzn — yall + [[yn — Trg (I — AoA)zs| — 0.

We will use (4.4) and (4.5) later.

Put zo = Payp)-1ou. Let us show that limsup,,_, (v — 20, yn — 20) < O.
Put A = limsup,,_,., (v — po, yn — po). Then without loss of generality, there exists
a subsequence {yn, } of {y,} such that A = lim; .o (u — po, Yn, — po) and {y,,}
converges weakly some point w € C. From |z, — y,|| — 0, we also have that {x,, }
converges weakly to w € C. On the other hand, from A, — X\¢ € [a,2a], we have
An; — Ao € [a, 2a]. Using (4.4), we have that

HJ>\O(I - )‘OA)xni — Yn; H — 0.
Furthermore, using (4.5), we have that

Hxnz - J>\O(I - )\QA)anH — 0.
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Since Jy, (I — \pA) is nonexpansive, we have w = Jy,(I — A\gA)w. This means that
0 € Aw + Bw. So, we have

A = lim (u — 20, Yn, — 20) = (u — 20, w — 29) < 0.

11—
Since zy,11 — 20 = an(u — 20) + (1 — ) (yn — 20), We have
(4.6) Zn+1 — 20l” < (1= an)? lyn — 20l” + 2(cn(u — 20), Tns1 — 20)
< (1= o) lyn — 20l?
+ 20, (U — 20, Tpg1 — Tn + Ty — Yn + Yn — 20)-

Putting s,, = ||zn — 20|12, Yn = 2{u — 20, Tna1 — T + T — Yn +Yn — 20) and B, = 0
in Lemma 4, from >>° | o, = oo and (4.6) we have that z,, — z. This completes
the proof. [ |

Next, we prove another strong convergence theorem which is related to [19].

Theorem 10. Let C be a closed convex subset of a real Hilbert space H. Let
a > 0 and let A be an a-inverse-strongly monotone mapping of C into H and let B
be a maximal monotone operator on H such that the domain of B is included in C.
Let Jy = (I +AB)~! be the resolvent of B for A > 0. Suppose that (A + B) ~10 # (.
Letw € C, zy =2 € C and let {z,,} C C be a sequence generated by
Tn+l = ﬁnxn + (1 - ﬁn)(anu + (1 - an)Jkn(fL‘n - )\nAxn))
for all n € N, where {\,,} C (0,00), {#,} C (0,1) and {a,,} C (0,1) satisfy

0<a<A <2a lim(\, —Ap41) =0,
n—oo

o0
0<ce<p,<d<1, lima,=0 and Zan:oo.
n—oo f—

Then {z,,} converges strongly to a point z( of (A + B)~10, where zg = Patp)-10U-
Proof. Letz ¢ (A+ B)~'0. From z = J,,(z — A, Az), we obtain that
[ Tx, (@0 = An Ay ) — 2|
= [|Jx, (2n — AndAzy) — Jx, (2 — ApA2)|?
<@ = AAxy) — (2 — A\A2)|?
(4.7) = ||(2n — 2) — An(Az, — A2)|?
= |lzn — 2||* = 20 (2 — 2, Az — Az) + A2 || Az, — Az
< lan — 2))? = 20 || Azy, — Az|]* + X2 || Az, — Az
= ||&n — 2|I* + An(An — 2a) || Azy, — Az

< llan — 21
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Let y,, = apu + (1 — ap )y, (zn, — AnAzy,). Then we have

[gn = 2l = lan(u = 2) + (1 = an) (I, (20 = Andzn) = 2)||

<ap|ju—z|[+ (1 - an) |lzn = 2] -

Using this, we get

[0t — 2|
= [1Bn(zn — 2) + (1 = Bn)(yn — 2)
< Bnllzn — 2l + (1= Bn) lyn — 2|
< B llzn — 2l + (1 = Bo)(an lu — 2 + (1 = an) [lzn — 2]))
)

=(1—an(1=7)

Putting K = max{||z1 — z||, ||u — z||}, we have that ||z, — z|| < K for all n € N. In
fact, it is obvious that ||z, — z|| < K. Suppose that ||z — z|| < K for some k € N.
Then, we have that

lzer1 — 2] < (1= ar(l = B))l|zr — 2| + ar(l = Be)|lu — 2|
<(1—ar(1=Bp)K +ar(1 - 53K = K.

[ = 2] + an(1 = Bn)lJu — z]].

By induction, we obtain that ||z, — z|| < K for all n € N. Then, {«,,} is bounded.
Furthermore, {Axz,}, {y,} and {Jy, (x, — A\,Ax,)} are bounded. Putting u, =
Ty — A\nAx,, we have
Ynt1 — Un = (Qpy1 — ap)u+ (1 — an+1)J>\n+1 (Tpy1 — A1 ATng1)
— (1= ap)Jdx, (zn, — A\pAzy,)
= (an41 — an)u+ (1= ang1){In 40 (Fns1 = Anp1 A1)
— D1 Un F Inpp Un — Inun + Inun} — (1 — o)y, Un-

So, we have from Lemma 2 that

[9n+1 = ynll < lontr — anlflul|
+ (1 = ang1)|zn41 — A1 Azngr — (20 — ApAzy)||
+ (1= an) [ a1 tn = In,unll + [angr — o[ Ix, uall
< loms1 — anlllull + [[zn+1 = 2ol + [Ant1 — Anl[| Az
+ lang1 = anl | Ix, unll + (| Ix, 4t — Iy, |
< loms1 — anlllull + [zn+1 = 2ol + [Ant1 — Anl[| Az

‘)\n—i—l - )\n‘

n

+ ant1 — anll|Ix, unll +
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It follows that
lm sup(||yn+1 — Ynll = l|[Tns1 — znl]) <0.

n—oo
From Lemma 3, we get
(4.8) Yn — Tp, — 0.
Consequently, we obtain

lim ||2p41 — 25l = lim (1= Bp)|lyn — 2 = 0.
n—00 n—00

Take \g € [a, 2a]. Putting u,, = x,—\, Az, and y,, = apu+(1—ay,)Jy, (I =X A)zy,
we have from Lemma 2 that

lonw + (1 = an) Jrg (I = Ao A)zn = ynll

= (1 —an)l[Irg(I = AoA)xp — JIn, (I = ApA)zn|
= (1 —ap)||Jrg(I — XoA)xp, — Ix,(I — A\pA)zp

(4-9) + Jko(I - )‘nA)xn - J>\n (I - )‘nA)an
< (1= an) {1 = MoA)Yen — (T — AaAYza | + [ Tagttn — Ja, ]}
Ao — A\n
< (1= an) {0 — AulllAza] + %mun ).

We also have

[ — Trg(T — AoAYz
< lzn = ynll + lyn — (anu + (1 = an)Jr, (I — AoA)zy)||
(4.10) + [Janu + (1 — an)JIng (I — AoA)zy, — Jag (I — Ao A)zy||
= [|zn — ynll + lyn — (nu + (1 — an)Jr, (I — AdgA)zy)||
+ aplu — Irg(I — AoA)zy .

We will use (4.9) and (4.10) later.

Put zo = Payp)-1ou. Let us show that limsup,,_, (v — 20, yn — 20) < O.
Put A = limsup,,_,., (v — po, yn — po). Then without loss of generality, there exists
a subsequence {yn,} of {y,} such that A = lim; .o (v — po, Yn, — po) and {y,,}
converges weakly some point w € C. From ||z, — y,|| — 0, we also have that
{zn,} converges weakly to w € C. On the other hand, since {\,} C (0, c0) satisfies
0 < a <\, < 20q, there exists a subsequence {)\nij} of {\,} such that {)\nij}
converges to a number Xy € [a, 2a]. Using (4.9), we have that

Hani]-u + (1 - O‘ni]-)JXo(I - )‘OA)xni]- - yni]- H — 0.

Furthermore, using (4.10), we have that
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Hxni]- - J>\O(I - )‘OA)xni]- H
< Hxnz] - yni]- H + Hyni]- - {ani]-u + (1 - O‘ni]-)JXo(I - )\QA)an]}H
+ Ocnij Hu — JXO(I — )\OA)xnij H — 0.

Since Jy, (I — \pA) is nonexpansive, we have w = Jy,(I — A\gA)w. This means that
0 € Aw + Bw. So, we have

A= lim<u—zo,yni]. — 20) = (u — 20, w — 2p) < 0.

j—00
Since vy, — po = an(u —po) + (1 — ayp)(Ja, (Tn, — AnAzy) — po), We have
1y — poll* = 20 (w — po, yn — po)
= (1= @) [, (n = Andza) = poll® = o2 lu = pol
< (1= o) | x, (@0 — AnAzn) = pol?
and hence
lyn = poll> < (1= an)? [|x, (@0 — AnAzn) — poll* + 200 (& — po, yn — po) -
From (4.7), we have
3 — poll* < (1 = a)? 20 — poll* + 20 (& — Po, Y — Do) -
This implies that
211 — poll?
< Bo Nl = pol* + (1 = B2) llgn — pol®
< B lle = poll* + (1 = B) (1 = @)? 2 = poll” + 2000 (& = po. g = po) )
= (ﬁn + (1= Bn)(1— O‘n)Z) |20 — p0H2 +2(1 = Bn)an (T — po, Yn — Po)
< (1= (1= Ba)an) [lzn = pol* +2(1 = Ba)an (& = po, yn — po) -

By Lemma 4, we obtain that x,, — pg. This completes the proof. ]

5. APPLICATIONS

Let H be a Hilbert space and let f be a proper lower semicontinuous convex
function of H into (—oo, co]. Then, the subdifferential 0 f of f is defined as follows:

of(x)={z€ H: f(x) +(z,y—z) < f(y), y€ H}
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for all x € H; see, for instance, [23]. From Rockafellar [17], we know that Of is
maximal monotone. Let C' be a honempty closed convex subset of H and let i be the
indicator function of C, i.e.,

) 0, xze€C,

ic(z) = {

oo, z¢C.

Then, i is a proper lower semicontinuous convex function of H into (—oo, o] and
then the subdifferential di~ of i is a maximal monotone operator. So, we can define
the resolvent J, of dic for A >0, i.e.,

JIa = (I + )\a’ic)_lx
for all z € H. We have that for any z € H and z € C,

z=Jyr <=z €z+ANicz
< x € z+ AN¢z
< x— 2 € AN¢oz

1
<:>X<x—z,v—z>§0, YveC

= (r—20v—2)<0, Yvel
<— 2z = Por,

where N¢z is the normal cone to C at z, i.e.,
Nez={x € H: (x,v—2) <0, Yv e C}.

Now, using Theorems 9 and 10, we can obtain strong convergence theorems for
finding a solution of the variational inequality in a Hilbert space.

Theorem 11. Let C be a closed convex subset of a real Hilbert space H. Let
a > 0 and let A be an a-inverse-strongly monotone mapping of C' into H such that
VI(C,A)#0. Letue C, 21 =x € C and let {z,,} be a sequence in C' generated
by
Tnt1 = apu + (1 — ap) Po(z, — AAzy,)

for all n € N, where {\,} C (0,00) and {a,,} C (0, 1) satisfy

n—oo

xD
0<a<A <2, lim Y |A, = Appa] < o0,
n=1

o0 o0
lim o, = 0, E o, =00 and lim E |y, — 1| < o0
n= n=

Then {z,,} converges strongly to a point zo of VI(C, A), where zo = Py (¢ ayu.
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Proof.  Setting B = Jic in Theorem 9, we know that Jy, = P for all A,, > 0.
Furthermore, we have
2 € (A+0ic) 0= 0¢€ Az + dicz
<= 0¢€ Az + Nz
< —Az € N¢z
= (—Az,v—2) <0, YweC
— (Az,v—2) >0, Yvel
<= 2z e VI(C,A).
So we obtain the desired result by Theorem 10. ]
As in the proof of Theorem 11, we get the following theorem.
Theorem 12. Let C be a closed convex subset of a real Hilbert space H. Let

a > 0 and let A be an «a-inverse-strongly monotone mapping of C' into H such that
VI(C,A)#0. Letue C, 21 =x € C and let {z,,} be a sequence in C' generated

by
Tn+l = ﬁnxn + (1 - ﬁn){anu + (1 - Oén)PC(xn - )‘nAxn)}

for all n € N, where {\,} C (0,00), {#,} € (0,1) and {«,,} C (0, 1) satisfy
0<a<A <2a lim(\, —Ap41) =0,

o0
0<ce<p,<d<1, lima,=0 and Zan:oo.
n—oo o—

Then {z,,} converges strongly to a point zo of VI(C, A), where zo = Py (¢ ayu-

Using Theorems 11 and 12, we can obtain strong convergence theorems for widely
strict pseudo-contractions in a Hilbert space.

Theorem 13. Let H be a real Hilbert space and let C' be a closed convex subset
of H. Let k < 1. Let U be a widely k-strict pseudo-contraction of C' into H such that
F(U)#0. Letue C, x+1 =x € C and let {x,,} C C be a sequence generated by

Tpg1 = Qpuu+ (1 — ap) Pe{(1 — tp)Uzyp + thzn }
for all n € N, where {t,,} C (—o0,1) and {a,,} C (0, 1) satisfy

00
kStnSb<17 Z‘tn_tn+1‘<oov
n=1

o0 o0
lim o, = 0, E a, =00, and E |41 — | < 0.
n—oo

n=1 n=1

Then {z,,} converges strongly to a point zo of F'(U), where 29 = Pr(yu.
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Proof. ~ We know from Lemma 8 that I — U is 15—"C-inverse-strongly monotone.
Setting A=1—-U,a=1—-b,\,=1—1t, and 2a = 1 — k in Theorem 11, we get
fromk <t¢,<b<1lthat0<a<\, <20,

o0 o0
Z ‘)‘n—i—l - )‘n‘ = Z ‘tn—l—l - tn‘ < 0
n=1 n=1

and
T—-MA=T—(1—t,)I-U)=(1—-t,)U+t,I.

Furthermore, putting B = 0ic, we have from Lemma 5 that

zZ € (A+8ic)_1<:>0€Az+8icz
<= 0€z—Uz+ N¢z
< Uz—2z2€ Noz
= Uz—2zv—2)<0, VYvel
<— PoUz=2z
<~ Uz ==z

So, we obtain (A + dic)~'0 = F(U). Thus, we obtain the desired result by using
Theorem 11. ]

We obtain Zhou’s theorem (Theorem 1) by assumming 0 < k < 1 in Theorem 13.
As in the proof of Theorem 13, we also get the following theorem.

Theorem 14. Let H be a real Hilbert space and let C' be a closed convex subset
of H. Let k < 1. Let U be a widely k-strict pseudo-contraction of C' into H such that
F(U)#0. Letue C,zy =2z € C and let {z,} C C be a sequence generated by

Tnt1 = Pnn + (1 — Bn)(anu+ (1 — ap) Pe{(1 — t,)Uzxy, + tha,}
for all n € N, where {t,,} C (—o0,1), {8,} € (0,1) and {a,,} C (0, 1) satisfy
k<t,<b, lm (tn —tny1) =0,
0<ce<pfB,<d<1, lima,=0 and Zan:oo.
n=1
Then {z,,} converges strongly to a point zo of F'(U), where 29 = Pr(yu.

Next, using Theorems 9 and 10, we consider the problem for finding a solution of
the generalized equilibrium problem in a Hilbert space. For solving the equilibrium
problem, let us assume that the bifunction f : C' x C — R satisfies the following
conditions:
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(Al) f(z,xz)=0forall z € C,
(A2) f is monotone, i.e., f(z,y)+ f(y,x) <0 forall z,y € C;,
(A3) for all z,y,z € C,
limsup f(tz + (1 —t)z,y) < f(2,y);
t10
(A4) forall x € C, f(x,-) is convex and lower semicontinuous.

The following lemma appears implicitly in Blum and Oettli [5].
Lemma 15. ([Blum and Oettli]). Let C be a nonempty closed convex subset of H

and let f be a bifunction of C' x C into R satisfying (A1) — (A4). Let » > 0 and
x € H. Then, there exists z € C such that

1
f(z,y)—f—;(y—z,z—@zo, vyec

The following lemma was also given in Combettes and Hirstoaga [8].

Lemma 16. Assume that f : C' x C' — R satisfies (A1) — (A4). For » > 0 and
x € H, define a mapping T, : H — C as follows:

1
Trx:{zeC:f(z,y)—i—;@/—z,Z—@207 VyEC}

for all x € H. Then, the following hold:
(1) T, is single-valued;
(2) T, is a firmly nonexpansive mapping, i.e., for all z,y € H,
HTrx - TryH2 < <Trx —Try,x — y>§
(3) F(T;) = EP(f);
(4) EP(f) is closed and convex.

We call such T the resolvent of f for » > 0. Using Lemmas 15 and 16, we know
the following lemma [20]. See [1] for a more general result.

Lemma 17. Let H be a Hilbert space and let C' be a nonempty closed convex
subsetof H. Let f : C x C' — R satisfy (A1) —(A4). Let A be a set-valued mapping
of H into itself defined by

{{zeH:ﬂx,y)z@—x,zx VyeC}, z€C,
Afx:
0, z¢C.

Then, EP(f) = A;lo and Ay is a maximal monotone operator with dom(A ¢) C C.
Furthermore, for any z € H and r > 0, the resolvent 7', of f coincides with the
resolvent of Ay, i.e.,

Tox = (I+rAp) ta.
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Using Lemma 17, we obtain the following result.

Theorem 18. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let o > 0 and let A be an a-inverse- strongly monotone mapping of C' into H. Let
f be a bifunction from C' x C' to R satisfying (A1) — (A4) and let 7" be the resolvent
of f for A > 0. Suppose that EP(f, A) # 0. Let {x,,} be a sequence in C generated
byuwe C,zy =2 € C and

Tyl = apu+ (1 — ap) T, (I — AyA)xy,, Vn €N,
where {a,,} € (0,1) and {\,,} C (0, 00) satisfy

o0
0<a<A, <2 lim Z‘)‘”_)‘”“‘ < 00,
n—oo

n=1
o0 o0
lim o, =0, E o, = oo, and E |y, — 1] < 0.
n—oo
n=1 n=1

Then, {x,} converges strongly to Pgpr,ayu.

Proof.  For the bifunction f, we can define A; in Lemma 17. Putting B = Ay
in Theorem 9, we obtain from Lemma 17 that .J,, = T}, for all n € N. Furthermore,
we have that for A > 0,

z€(A+A) 0= 0€ Az + Ayz
= 0€ Nz + Nz
= 2 — ANz cz+ Nz
< z2=Tx(z — A\Az)

1
<:>f(z,y)+x<y—z,z—(z—)\Az)>20, Yy e C
<:>f(zvy)+<y_szz>Zov vyec
<= z€ EP(f,A).

So, we obtain the desired result by Theorem 9. ]

As in the proof of Theorem 18, we get the following theorem which is related to
[19, Theorem 4.1].

Theorem 19. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let o > 0 and let A be an a-inverse- strongly monotone mapping of C' into H. Let
f be a bifunction from C' x C to R satisfying (A1) — (A4) and let T" be the resolvent
of f for A > 0. Suppose that EP(f, A) # 0. Let {x,,} be a sequence in C generated
byuwe C,zy =2 € C and

Tot1 = Pnn + (1 — Bu){anu+ (1 — )T, (I — \yA)z,}, Vn €N,
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where {a,,} € (0,1), {8} C (0,1) and {A,} C (0, c0) satisfy

Then,

0<a< <2a lim(A,—Apy1)=0,

n—oo

o0
0<e<pB,<d<1, lim «a,=0and E o, = 00.
n—oo

n=1

{zn} converges strongly to Pgp(s ayu.
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