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CONVERGENCE THEOREMS FOR VARIATIONAL INEQUALITIES
EQUILIBRIUM PROBLEMS AND NONEXPANSIVE MAPPINGS BY
HYBRID METHOD

Shahram Saeidi

Abstract. In this paper, we introduce iterative schemes for finding a common
element of the set of common fixed points for a left amenable semigroup of non-
expansive mappings, the set of solutions of the variational inequalities for a family
of a-inverse-strongly monotone mappings and the set of solutions of a system of
equilibrium problems in a Hilbert space. We establish weak and strong conver-
gence theorems for the sequences generated by our proposed schemes. Moreover,
we present various applications to the additive semigroup of nonnegative real
numbers and families of strictly pseudocontractive mappings.

1. INTRODUCTION

Let C be a nonempty closed convex subset of a Hilbert space H. A mapping 7" of
C'into C is called nonexpansive if

[Tz =Tyl < |l —yll, Va,yeC.

We denote by Fiz(T) the set of fixed points of T
T is strictly pseudocontractive if there exists x with 0 < x < 1 such that

1T = Tyll* < llo = yl* + sl|(I = T)z = (I = T)y|?, Va,y € C.

If £ =0, then T is nonexpansive.
Let F' : C'x C — R be a bifunction. The equilibrium problem for F' is to determine
its equilibrium points, i.e., the set

EP(F):={zeC:F(x,y) >0, Yy € C}.
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Let G = {F;}icr be a family of bifunctions from C' x C to R. The system of
equilibrium problems for G = {F}; },c is to determine common equilibrium points for
G = {F}ier, 1.€., the set

(1.2) EPG):={zeC: Fi(x,y)>0,VyeC, Viecl}.

Many problems in applied sciences, such as monotone inclusion problems, saddle point
problems, variational inequality problems, minimization problems, Nash equilibria in
noncooperative games, vector equilibrium problems, as well as certain fixed point
problems reduce into finding some element of EP(F'); see [3, 10, 11]. The formulation
(1.1), extends this formalism to systems of such problems, covering in particular various
forms of feasibility problems [2, 9].

Recall that a mapping A : C — H is called a-inverse-strongly monotone [4], if
there exists a positive real number « such that

<A‘T - Ay,(II - y> > (XHA(I,' - AyH27 vay eC.

It is easy to see that if A : C — H is a-inverse-strongly monotone, then it is a
L ipschitzian mapping.

Let A: C — H be a mapping. The classical variational inequality problem is to
find u € C such that

(1.2) (Au,v —u) >0, YveC.

The set of solutions of variational inequality (1.2) is denoted by VI(C, A). Put A =
I—T,where T :C — H is a strictly pseudocontractive mapping with . It is known
that A is 15%-inverse-strongly monotone and A=(0) = Fiz(T) = {z € C : Tz = x}.

Recently, weak and strong convergence theorems for finding a common element of
EP(F), VI(C,A) and Fiz(T), have been studied by many authors (see e.g., [6, 7,
8, 12, 13, 15, 16, 18, 20, 21, 22, 25] and references therein).

In this paper, motivated by [18, 20], we introduce iterative algorithms for finding
a common element of the set of common fixed points for a left amenable semigroup of
nonexpansive mappings on C, the set of solutions of a system of equilibrium problems
EP(G) forafamily G = {F; : i = 1,..., M} of bifunctions from C'x C into R and the
set of solutions of variational inequalities VI(C, A;) for a family {A4;:j =1...N}
of a-inverse-strongly monotone mappings from C' into H. We establish some weak and
strong convergence theorems for the sequences generated by our proposed algorithms.
We obtain our strong convergence results via the hybrid method; see [16]. Various
applications to the additive semigroup of nonnegative real numbers and the families of
strictly pseudocontractive mappings are also presented.

2. PRELIMINARIES

Let C' be a nonempty closed and convex subset of H. Let F': C x C — R be a
bifunction. Given any r > 0 and = € H, the operator J!" : H — C defined by
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1
JE(x):={z ¢ C:F(z,y)—i—;(y—z,z—@ >0, VyeC}
is called the resolvent of F.

Lemma 2.1. ([10]). Let C be a nonempty closed convex subset of H and let
F :C x C — R satisfy
Al) F(z,z) =0 for all z € C;

(
(A2) F is monotone, i.e. F(z,y)+ F(y,x) <0 forall z,y € C;
(A3) for all z,y,z € C,

lign ioan(tz +(1—=t)z,y) < F(z,y);

(A4) forall z € C, y — F(z,y) is convex and lower semicontinuous.
Then:

(1) JF is single-valued;
(2) JE is firmly nonexpansive, i.e.

”fo_ JrFyH2 < <J7,FII,'— J7’Fy7x_y>7 vay € H7
(3) Fiz(JF) = EP(F);
(4) EP(F) is closed and convex.

Recall the metric (nearest point) projection P~ from a Hilbert space H onto a
closed convex subset C' of H is defined as follows: given = € H, Pox is the only
point in C' with the property

|z~ Pox|| = inf{||z — y| : y € C}.
It is known that Px is a nonexpansive mapping and satisfies:
(2.1) |Pcx — Pey|? < (Pcx — Poy,x — ), Vx,y € H.
P¢ is characterized as follows:
y=Pox <= (r—y,y—2) >0, Vze C.
In the context of the variational inequality problem, this implies that
(2.2) ueVI(C,A) <= u= Po(u— AAu), VA > 0.

A set-valued mapping 7' : H — 2% is said to be monotone, if forall z,y € H, f € Tz,
and g € Ty imply that (f — g, > —y) > 0. A monotone mapping 7' : H — 2 is said
to be maximal, if the graph G(T") of T is not properly contained in the graph of any
other monotone mapping. It is known that a monotone mapping is maximal, if and only
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if for (z,f) e Hx H, (f —g,z—y) > 0,V(y,g9) € G(T) imply that f € Tx. Let
A : C — H be an a-inverse-strongly monotone mapping and let Nov be the normal
coneto C'atw e C, i.e,

Nev=A{we H : (v—u,w) > 0,Yu e C},

and define
{ Av+ Nov, v eC,
Tv =

g,v ¢ C.

Then T is maximal monotone and 0 € Tv if and only if v € VI(C, A) (see [13, 17]).
It is easy to show that for given \ € [0,2a], the mapping (I — AA) : C — H is
nonexpansive.

The following lemma is well known; see, for instance, [24].

Lemma 2.2. Let C be a closed convex subset of H and T : C' — C a nonexpansive
mapping with Fix(T) # @. If {z,} is a sequence in C' weakly converging to = and
if {(I —T)x,} converges strongly to y, then (I — Tz = y.

Lemma 2.3. ([22]). Let C be a nonempty closed convex subset of H. Let {z,}
be a sequence in H. Suppose that, for all y € C,

[zn+1 = yll < [l =yl

for every n € N. Then, { Po(x,)} converges strongly to some z € C.

Let S be a semigroup. We denote by (*°(S) the Banach space of all bounded real
valued functions on .S with supremum norm. For each s € S, we define I, and r, on
1°(S) by (Isf)(t) = f(st) and (rsf)(t) = f(ts) foreach t € S and f € [°°(S). Let
X be a subspace of [>°(.S) containing 1 and let X * be its topological dual. An element
w of X* is said to be a mean on X if ||u|| = p(1) = 1. We often write 1 (f(¢))
instead of x(f) for p € X*and f € X. Let X be left invariant (resp. right invariant),
ie. I5(X) C X (resp. rs(X) C X) for each s € S. A mean p on X is said to be
left invariant (resp. right invariant) if u(lsf) = u(f) (resp. p(rsf) = wu(f)) for each
se Sand f € X. X is said to be left (resp. right) amenable if X has a left (resp.
right) invariant mean. X is amenable if X is both left and right amenable. As is well
known, [*°(.S) is amenable when S is a commutative semigroup or a solvable group.
A net {u,} of means on X is said to be left regular if lim,, ||I¥1 — 1ol = 0 for each
s € S, where [7 is the adjoint operator of [; see, for instance, [14].

Let C be a nonempty closed and convex subset of H. A family S = {T'(s) : s € S}
is called a nonexpansive semigroup on C'if for each s € .S the mapping T'(s) : C — C
is nonexpansive and T'(st) = T'(s)T'(t) for each s,t € S. We denote by Fix(S) the
set of common fixed points of S. For a honexpansive mapping 7' : C — C, we denote
by F.(T') the e-approximate fixed points of T'; i.e., F.(T) ={z € C : ||z —Tz| < &}.
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If C is bounded, then F.(T) # @, for each ¢ > 0 (see [24]). For D C C, we denote
F.(T;D) = F.(T)ND.

The open ball of radius » centered at 0 is denoted by B,.. For a subset A of H, we
denote by ©oA the closed convex hull of A.

The following lemmas can be found in [23, 14, 19].

Lemma 2.4. Let f be a function of semigroup .S into a Banach space E such that
the weak closure of {f(t) : t € S} is weakly compact and let X be a subspace of
[°°(S) containing 1 and all the functions ¢t — (f(¢), = *) with * € E*. Then, for any
€ X*, there exists a unique element f, in E such that

(fur ™) = e (f(2), 27)

for all x* € E*. Moreover, if p is a mean on X then
[ t0anto e wis: te s).

We can write f, by [ f(t)du(t).

Lemma 2.5. Let C be a closed convex subset of a Hilbert space H, S = {T'(s) :
s € S} be a nonexpansive semigroup from C' into C' such that Fiz(S) # @ and let
X be a subspace of [°°(.S) such that 1 € X and let the mapping ¢t — (T'(t)z,y) be
an element of X for each x € C and y € H, and let ;» be a mean on X.

If we write 7'(11)z instead of [ Tyxzdp(t), then the following hold.

(i) T(w) is a nonexpansive mapping from C' into C.

(if) T(u)x = x for each z € Fix(S).
(iil) T(u)x € co{Tyx : t € S} for each z € C.
(iv) If wis leftinvariant, then T'(x) is a nonexpansive retraction from C onto F'iz(S).

3. STRONG CONVERGENCE

The following is our main strong convergence result.

Theorem 3.1. Let C be a nonempty closed convex subset of a Hilbert space H, let
S ={T(t): t € S} be a nonexpansive semigroupon C, let G = {F;: j=1,..., M}
be a finite family of bifunctions from C' x C into R which satisfy (A1)-(A4), let
A={A;:k=1...N} be a finite family of a-inverse-strongly monotone mappings
from C into H, and let F := N} VI(C, Ax) N Fiz(S) N EP(G) # 2.

Let X be a left invariant subspace of [°°(.S) such that 1 € X, and the function
t — (T'(t)x,y) is an element of X for each x € C and y € H; and let {y,} be a
left regular sequence of means on X.
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Let {c,} be a sequence in [a, 1] for some a € (0,1), let {\j,,}&_; be sequences
in [¢,d] C (0,2a) and let {rj,n}j]‘il be sequences in (0, co) such that lim inf,, 7;,, > 0
for every j € {1,...,M}.

If {x,} is the sequence generated by z; = = € H,
Yn = (1 - an)xn + anT(Mn)vnv
Unp = Pc(I - )‘N,nAN) . Pc(I - )\Q’nAQ)PC(I - Al,nAl)un,
Up = Jﬂ{‘;’n .. .Jf}n Jgfnxn,

Con={z€H: yn— 2l < llzn — z[l},
Qn={2€H:(x,—2zx—x,) >0},

Znt1 = Po,ng,(2), Yn > 1,

then the sequences {z,} and {y,} converge strongly to Pz (x).

Proof. Take
Tw= gl gl gh vk e {1,..., M},
Jo =1,
and

PF = Po(I — \emAy) ... Po(I = ApnA2)Po(I — M pAy), V€ {1,...,N},

732 =1.
So, we can write
yn = (1 — )ty + anT(pn) PN TN 2.

We shall divide the proof into several steps.

Step 1. The sequence {z,} is well defined.

Proof of Step 1. The sets C,, and @,, are closed and convex subsets of H for
every n € N; see [20]. So, C, N Q,, is a closed convex subset of H for any n € N.

Let p € F. Since, for each k € {1,..., M}, JT{:kn is nonexpansive, and from Lemma
2.1 we have
(3.1) lun = pll = |72 @0 = pll = 172" 20 = T2l <l — p]|-

On the other hand, since A, : C — H is a-inverse-strongly monotone and Ay, €
[e,d] C [0,20a], Po(I — \.nAyg) is nonexpansive. Thus P2 is nonexpansive. From
(2.2), we have PY¥p = p. It follows that

(3.2) lon = pll = PR un = Pl < llun —pll < [l — pll-
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So, we have
lyn —pll = |(1 — an)(zn — p) + (T (pn)vn — p)||
< (= an)llzn = pll + anl| T (pn)vn — |l
(3.3)
< (1= an)|lzn = pll + anllve — pl|

It follows that p € C,,; thus, F C C,, for every n € N. Next, we show by induction

that
FCC,NQy

for each n € N. Since F c C; and Q1 = H, we get F C C; N Q1. Suppose that F C
Cr N Qy, for k € N. Then, there exists z;1 € C,, NQy, such that z,11 = Pc,g, ().
Therefore, for each z € C, N Q, we have

(Thy1 — 2,2 — 1) > 0.

So, we get
FCOCyNQrC Qk+1-

From this and F C C,, (¥n), we have
F C Cry1 N Qp1.

This means that the sequence {x,,} is well defined.

Step 2. The sequences {z,,}, {yn}, {TFz,}2, and {Pku,} | are bounded and

(3.4) lim ||z, —z| = ¢, forsomeceR.
n—oo

Proof of Step 2. From z,,,1 = Pc,nq. (), we have
|Tnt1 — z|| < ||z — z||, Vz € C,, N Qn.
Since Pr(z) € F C C, N Qy, We have
(3.5) [#n1 — || < |Pr(z) — ],

for every n € N. Therefore {x,} is bounded. So, from (3.1), (3.2) and (3.3), the
sequences {J¥x, ML, {PFu, }¥_, and {y,} are also bounded.
It is easy to show that z,, = Py, (x). From this and z,; € Q,, we have

[ =zl < |z = 2ngall;

for every n € N. Since {z,,} is bounded, there exists ¢ € R such that (3.4) holds.



1064 Shahram Saeidi

Step 3. limy, o0 |20, — Tpt1]] = 0.
Proof of Step 3. Since z,, = Py, (), znt1 € @Qpn and (z, + 2n41)/2 € Qn, We

have
Tn + Tn+1 2

Tt
1 1
=I5 = ) + 5 (@ = znn |

lz = znl? < lz -

1 1 1
= §Hx — 2 |* + §H$ — 21| — ZH% — Tn1 ||

So, we get

—_

1
Zln = nal < Slle = 22 = Sl =l

\V)

From (3.4), we obtain lim, .o ||2n — Zp41]|* = 0.
Step 4. lim,, o0 |2 — yn|| = 0.

Proof of Step 4. From z,,+1 € C,,, we have
20 = ynll < llon = 2npall + 201 = ynll < 2[2n — znga .
Now, apply Step 3.
Step 5. limy, o0 || JFz, — TF 2, || =0, Ve € {0,1,..., M —1}.

Proof of Step 5. Letp € F and k € {0,1,..., M — 1}. Since Jr,fjll is firmly
nonexpansive, we obtain

I — T
= T p = T Tl
< (r i T, — p, Tk, — p)
= S T = bl 4 T — bl = | T — T, Thaal?)
It follows that
175 @ = pl? < llen = pI* = | Twn = Tl

Therefore, by the convexity of |||, we have

lyn = plI* < (1 = an) |20 = pII* + anl| T (1n)vn — pl|?
< (1= an)llzn = plP* + o | Ty an - pl|?
< (1= an)llzn = pl* + anlllen = pl? = | T an — Ty aal?)

= |lzn — pH2 - O‘nqufxn - Jf+lwn!!2-
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Since {a,,} C [a, 1], we get
aijxn - JwanHQ < O‘nqufxn - JwanHQ
< lzn =2 = llyn = 2I* < llzn = yall Iz — pll + lyn — 1))-
From this and Step 4, we get the desired result.
Step 6. limy, e [|PFu, — PEFlu,| =0, Vk € {0,1,...,N — 1}.

Proof of Step 6. Since {A, : £ = 1...N} are a-inverse-strongly monotone, by
the the choice of {);,,} for given p € Fand k € {0,1,..., N — 1} we have

1P5 = pl?

= [|Pe(I = Me1,nAks1) Pt — Po(I = Mes1,nArs1)p))?

<N = MesrnArr1) Pl — (I = Mo Arsr)pl?

< [Phun = Pl + M1 Mkt1,n — 20) | A1 Py — Agiapl|?

< |l#n = plI? + ¢(d = 20) | A1 Prun — Aprap|.

From this, we have
lyn = pII? < (1—an)llzn—pl* + anl|T () P un — p|?

< (1—an)lzn = pl* + an| P un—p|?
< (1—an)[2n—pl*+an(|zn—plI* +¢(d—20) | Ap-1 Phun — Ak 1p]?)
= [l = plI* + e(d = 20) | Ap1 Py — Agsapl|*.

So,
(20 = d) || App1 Piun — Aggapl® < lzn = pl> = llyn — pl?

< lzn = ynll(lzn — 2l + lyn = pl)-
Since «, C [a, 1], we obtain
(3.6) 1Ak Prin = Apapl = 0 (n — o0).
From (2.1) and the fact that I — A1 ,Ak41 IS nOnexpansive, we have
1Pa un — plf?
= | Pe(I = Mey1.0Ak+1)Prun — Po(I = My nAgg1)pl>

S <(,P71—fun - )\k—l—l,nAk—l—l,Pj—fun) - (p - )‘k—l—l,nAk—l—lp)v ,qu—f—’—lun - p>

1
= S{I(PRun = AeyinAkirPrtn) = (0 = MssrnArpap) I + [ Pr o — pl)*

_H(Pﬁun - )‘k-i—l,nAk—i—lPﬁun) —(p- )‘/H—l,nAk—f—lp) - (PQ—H'UW - p)H2}
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IN

R T
—[[Pfun — Piun = My 1n(Ar 1Pt — Agap) |°}
= %{Hpﬁun —pl* + 1Py un = pl* = [PRun — Py
27k 4 10 (Pritinn, — Py, Ap i1 Py — Apap)
Ayl Ak Phun — Appapl*}.
This implies that
1PEwn = plI? < [[PRun — pl* = [|Phun — PY un|?
27k 410 (Poitin, — Py M, Ag a1 Pl — Apap)
Mgl Ak Phun — Apgap|)?
< lwn = plI* = 1Phun — Py un?
2010 (PR, — PR u,, A PR, — Agap).

From this, we have

lyn = plI* < (1= an)llen = plI* + anll Py g — plf?
< (1= an)llzn = pl? + anfllen = plI? = [ Prun — Py un|?
+2X e t1,0 PRy, — PP, Apii PR, — Ajiap)}
< lzn = plI* = anl|Prun — Pt un?
20410 | PRt — P || A Pryn — Agsaplls
which implies that
aHPgun - 7’/§+1unHZ < O‘nHPgun - Pﬁ+1un”2 < ||z, _pH2 — [lyn —p”2
210l Prn — Py | Arp1 Prun — Apsapl)-
Hence it follows from Step 4 and (3.6) that ||PFu,, — P*+1u,|| — 0.
Step 7. limy,— oo |2 — T'(t)x,|| = 0, ¥Vt € S.
Proof of Step 7. Let p € F and put
My = max{||z,, — p|| : n € N}.

Set D ={yeC:|y—pl < My} Weremark D is a bounded closed convex set,
{x,} € D and it is invariant under the mappings {7 : k = 1,..., M and n € N},
{PF.:k=1,...,Nandn € N} and S. We will show that



Convergence Theorems 1067

(3.7) limsup sup || T'(pn)y — T(#)T (1n)y|| =0, Vt € S.
n—oo yeD

Our proof of (3.7) follows the lines of a proof in [1]. Lete > 0. By [5, Theorem 1.2],
there exists 6 > 0 such that

(3.8) (@F5(T(t); D)+ Bs} N C C E.(T(t); C), Vt € 8.

By [5, Corollary 1.1], there also exists a natural number N such that

. T(t's)y — T(t T(t's)y)| < 6,
(3.9) N+1Z ts)y - N+1Z 2

forall t,s € Sand y € D. Lett € S. Since {u,} is left regular there exists ng € N
such that ||y, — I pal| < 6/(Mo + ||pl|) for n > ng and i = 1,..., N. Then we have

supHT i)Y /N+1ZT (t's)ydpn(s)|

1 A
= 5ap o n)s(T y <) T \Pn)s\ Q{7 | 1 T(t's)y, z
(3.10) yegHZle\(uH (s)y, 2) (u)<N+1; (tis)y, 2)|

< v N 1 Zg;gg Hszhlpl |(kn) (T (8)y, 2) — (l:iﬂn)s<T(3)y, 2)|

< max |, = Gipn || (Mo + [lpl]) < 6, Vn 2 no.

-----

On the other hand, noting Lemma 2.4, we have

N

1 XL 1 A
/ N1 ;T(t’s)ydun(s) € o{ — ;T(t)’(T(s)y) cseSh.

From (3.8), (3.9), (3.10) and the above, we have

T(uny—/N+1ZTt’ )ydpin(s) /N+1ZT75’ )ydpin(s))

E{co{ Z:TtZ sly:s€St+Bs}nC

C {wFs (Tt > D)+ Bs}NC C R(T(1);C).

for all y € D and n > ng. Therefore

lim sup sup || T(1)T (pn)y — T (pn)yl| < €.
n yeD
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Since € > 0 is arbitrary, we get (3.7).
Now, observe that
aHxn - T(Mn)vnH < aonn - T(Mn)vnH

= ||lzn — ynl| — 0, @SN — oo.

So,
|z — T'(pn)vn|| — 0, asn — oco. (3.11)

Let ¢ € S and € > 0. Then there exists § > 0 which satisfies (3.8). From (3.7)
and (3.11), there exists kg € N such that T'(u,)y € F5(T(t); D), Yy € D, and
|z — T'(pin)vn|| < 6 for all n > ky. Therefore,
zn, =T (pn)vn + (5 — T (pn)vn)
€ {F5(T'(t); D)+ Bs} N C C F(T(1); C),
for all n > ko. This shows that limsup,, ||z, — T(t)z,|| < &, and since ¢ > 0 is
arbitrary, we get lim,, . ||z, — T'(t)xy| = 0.
Step 8. The weak w-limit set of {z,,}, wy(x,), is a subset of F.

Proof of Step 8. Let zg € wy,(z,,) and let {z,,,, } be a subsequence of {z,} weakly
converging to z. From Steps 5 and 6, we obtain also that

k
jnmxnm — 20,

forall k€ {1,...,M}, and
,qu—fmunm — 20,
forall £ € {1,..., N}. In particular, u,,, — zo and v,,, — zo. We need to show that
zp € F. First, we note from xz,,, — zo and Lemma 2.2, zy € Fiz(S).
Now, we prove z € NN, VI(C, A;). For this purpose, let k € {1,..., N} and T
be the maximal monotone mapping defined by

Apz+ Ngz, ze€CC,
Tkx =
a, z ¢ C.

For any given (z,u) € G(T}), hence u — Az € N¢z. Since Pru,, € C, by the
definition of N, we have

(3.12) (z = PFuy,u— Apz) > 0.
On the other hand, since P*u,, = Po(P ¥ 1u, — Ak n AxPE1uy,), we have
(z = PEuy, Pru, — (PFLu, — N APEu,)) > 0.

So
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k, _ ph-1
Patn = Po_tn | 4 pEu,) > 0.
)\k,n

By (3.12) and the a-inverse monotonicity, we have

(z — Pﬁun,

<Z - bermunm? u> Z <Z - bermunm? Ak-2,'>
Z <Z - Pj’fmunm? Ak-2,'>

P/’{L: unm B P/’{L:_lunm
k—1
m )\k m +Ak‘73nm unm>
;M

k k
= <Z - anunnw AkZ - Akfpnmunm>

k k k—1
+<Z - an unm ? Akfpnm unm - Akfp unm>

k
- <Z - an unm7

'm
k k—1
Pk,‘ anunm - an unm
- <Z - Nm, unm ) )\ >
k k e
Z <Z - anunnw Akfpnmunm - Akfpnm unm>
k k—1
Pk,‘ anunm - an unm
—<Z - nmunmv )\ >
knm

Since | PETMz,, — PE1TM ez, | — 0, PF

o Un, — 20 and {Ay:k=1,...,N}are
Lipschitz continuous, we have

lim (z — Pﬁmunm, u) = (z — zp,u) > 0.

m—00

Again since T} is maximal monotone, hence 0 € Tyzg. This shows that zo €
VI(C, Ag). From this, it follows that

20 € NN, VI(C, A).
Now, we note that by (A2) for giveny € C and k € {0,1,..., M — 1}, we have

1
Thol <y - jq—lf+1xn7 jq-lf+1xn - jq-lfxn> Z Fk—l—l(yv j?'lf+1xn)'
+1,n
Thus
jk+1x m - jk x m
(3.13) (y— Titly, ot M= > Fy (y, T ).

rkf‘f'l,nm

By condition (A4), F;(y,.), Vi, is lower semicontinuous and convex, and thus weakly
semicontinuous. Step 5 and condition lim inf,, r;,, > 0 imply that

k+1 k
jnm xnm - jnmxnm

rkf‘f'l,nm

— 0,

in norm. Therefore, letting m — oo in (3.13) yields
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ka+1 (y7 ZO) S 117’}}1 ka-f'l(y? jﬁ:lxnm) S 07

forally e C and k € {0,1,..., M — 1}. Replacing y with y; := ty + (1 — t)zo with
t € (0,1) and using (A1) and (A4), we obtain
0= Fiot1 (Y2, yt) < tFey1(ye, y) + (1 = ) Fioga (%1, 20) < tFhs1(ye,y).

Hence Fy1(ty + (1 —t)20,y) >0, forall t € (0,1) and y € C. Letting ¢t — 0T and
using (A3), we conclude Fji1(zo,y) > 0, forall y € C and k € {0,...,M — 1}.
Therefore

M
20 € (| EP(Fy) = EP(G).
k=1

Step 9. The sequences {z,,} and {y,} converge strongly to Pr(x).

Proof of Step 9. Let zg € wy(z,,) and let {z,,,, } be a subsequence of {z,} weakly
converging to z. From (3.5) and Step 8, we have

[ = Pr(z)]| < [lz = zol| < liminfy oo |2 — 2,

< limsupy, oo || = 2, [| < [l = Pr(2)]].

Hence
Jim ||z =z, [| = [z = 20l| = ||z = Pr(z)].

Since zg € F and H is a Hilbert space, we obtain
Tn,, — 20 = Pr(z).

Since zy € wy(z,) Was arbitrary, we get z,, — Pr(x). ]

4. Weak CONVERGENCE

The following is a weak convergence theorem.

Theorem 4.1. Let C, S, G, A, F, X, {im}, {Mantioy and {rn;}02, be as in
Theorem 3.1. Let {«,,} be a sequence in [a, b] for some a,b € (0, 1).
If {z,} is the sequence generated by 1 =z € H and Vn > 1,
Tn+l = (1 - an)xn + anT(Mn)vnv
Up = Pc(I - )‘N,nAN) . Pc(I - )\Q’nAQ)PC(I - Al,nAl)un,

— 7FM Fy 1k
Up = Jpd T2 T T,

then the sequence {z,} converges weakly to zo € F, where zy = lim,,—,oo Pr(z,).
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Proof. We will apply the notations used in proof of Theorem 3.1.
Step 1. {z,} is bounded and lim,,_, ||z, — p|| exists for all p € F.
Proof of Step 1. Let p € F. Then

[2nt1 = pll = [[(1 = an)(zn — p) + (T (pn)vn = p)||
1) < (1= an)llzn = pll + anlIT (pn)vn — pll
< (L= an)llzn = pll + anllvn — pll
< [lzn —pll-
From this, we obtain that {x,,} is bounded and

(4.2) lim ||z, — p|| exists.
n—oo

Step 2. limy, .o || TF2, — TF12,|| =0, Vk € {0,1,..., M —1}.
Proof of Step 2. For p € F, as in Step 5 of Theorem 3.1, we get
1T 2 = pll* < Nl = pl? = | T¥zn — Ty,
forall k£ € {0,1,..., M — 1}. Therefore, by (4.1), we have
|zn41 = 2l* < (1= an)llzn —p|* + anllvn —p|?
< (1 —an)lz, _pH2 + anHJf—'—lxn _pH2
< (1 —ag)llzn = pl* + anfllen = pl* = | T5wn — Ty e}
< |l = plI? = all Tyan — Tn .
Applying (4.2), we have
aqufxn - jf—i—lxnw
< lzn = pl1? = llzns1 — pl* — 0.
So, we get the desired result.
Step 3. limy, o0 | PFuy, — P u,| =0, VE € {0,1,...,N — 1},

Proof of Step 3. For p € F and k € {0,1,..., N — 1}, as in Step 6 of Theorem
3.1, we get

PR+ = plI* < llzn — plI* + e(d = 20) | Ap 1 Pun — Arsapl®.
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From this and (4.1), we have
|zn41 = pl* < (1 = an)llen — ol + anllon — pl|?
< (1= ag)llzn — pl* + an| Py un —p]®
< (1= an)len = pl* + an{llzn —pl* + e(d = 20) || Ap 1 Prun — Arsap]®}
= [l — p* + e(d — 20)an | Ap 1 Prun — Aprap]*.

So,
c(2a — d)anHAkHPﬁun — Ak+1pH2

< llew = pII* = llznsr = plI* = 0.
Since 0 < a < a4, We obtain
(4.3) 1Ak Prin = Apapl = 0 (n — o0).
Again, like that in Step 6 of Theorem 3.1, we have
1PE un = plI* < Nz = pl* = [Phun — Po |
210 (PRuy — PE Y, A1 PR, — Agap).
Then, from this and (4.1), we have
lzns1 = plI* < (1= an)llen = plI? + anl| Py up — plf?
< (1= an)llzn = plI? + an{llzn = plI? = [ Prun — Ppun?
2410 (Pt — P un, A1 Prun — Aggap)}
< lzn = pl* = al| Prug — Py tuy |
2010/l Prvten — Py g ||| A P, — Apapl,
which implies that
al| Prun — PR unl* < llzn = pll* = llzn41 — p]?
+20 10| PRt — P || A Pryn — Agsap]|-
Hence it follows from Step 1 and (4.3) that || PFu,, — PF+1u,| — 0.
Step 4. limy, o0 ||z — T'(ttn)vn|| = 0.

Proof of Step 4. Note that for p € F we have

2n 1 =pl1* = [[(1 = an)(@n = p)+an(T () on — p)|I?
= (1_O‘n)Hxn_pH2+anHT(Mn)vn _pH2_O‘n(1_an)Hxn_T(Mn)vnH2
<(1- an)Hxn_pH2+O‘nan _pH2_O‘n(1_an)Hxn_T(Mn)vnH2

< Hxn_pH2 —ap(l — ap)||lzy — T(Mn)vnH2-
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So, from (4.2), we have
a(l = b)||lzn — T(Mn)vnHQ < an(l—ap)l|zn — T(Mn)vnHQ
< [z = plI* = Jzns1 — pl* — 0, asn — .
Now, from a,b € (0, 1) we obtain

|z — T'(pn)vn|| — 0, @S n — oo.

Step 5. limy, o0 ||2n, — T'(t)x,|| = 0, forall ¢t € S.

Proof of Step 5. The proof is the same as Step 7 of Theorem 3.1; the only difference
is that the assertion (3.11) in that proof follows here from Step 4.

Step 6. {z,,} converges weakly to z € F, where zy = lim,,—,oc Pr(zy,).

Proof of Step 6. Applying Steps 2, 3 and 5, by a proof similar to Step 8 of Theorem
3.1, we can show that the weak w-limit set of {x,,}, wy(xy), is a subset of F.

Now, (4.2) and the Opial’s property of Hilbert space imply that w,, (x,,) is singleton.
Therefore, x,, — zo for some z5 € F.

Let z,, = Pg(zy,). Since zy € F, we have

(T — 2Zny 20 — 20) > 0.

using ||zn+1—20]| < [|zn—20| (¥n € N) and Lemma 2.3, we have that {z, } converges
strongly to some gy, € F. Since x,, — zg, we have

(20 — Yo, Yo — 2z0) > 0.

Therefore, we obtain zp = yp = lim,,—co Pr(x,). |

5. APPLICATIONS

In this section, we deduce algorithms for a finite family of (non-self) strictly pseu-
docontractive mappings, as an application of the proposed algorithms. Moreover, we
present various applications to the additive semigroup of nonnegative real numbers.

Corollary 5.1. Let C, S, G, X, {un}, {an} and {rn,j}jj‘il be as in Theorem 3.1.
Let = {1} :j =1...N} be a finite family of strictly pseudocontractive mappings
with 0 < k < 1 from C into C such that F := Fiz(S) N Fiz(¢¥) N EP(G) # @ and
{Aen}i, be sequences in [c,d] C (0,1 — k).

If {x,} is the sequence generated by 1 =z € H and Vn > 1,
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Yn = (1 —an)n + T (pn)vn,

Un = ((L=AN)IHANDTN) - (L= ) T+ 20 T2) (1 =M1 ) T+ A1 11 ) U,
wn = JE TSR TS

Cn ={z€H:|yn— 2| < llan -2},

Qn ={z€H:(x,—z,x—x,) >0},
Tni1 = Fe,nQ.(2),
then the sequences {z,} and {y,} converge strongly to Pz (x).

Proof. Put A; = I — T, for every j € {1,...,N}. Then 4; is 15%-inverse-
strongly monotone. We have that Fixz(7}) is the solution set of VI(C, A;); i.e.,
Fiz(T;) = VI(C, A;). Therefore, Fiz(y) = NY_,VI(C, Ax) and it suffices to apply
Theorem 3.1. ]

Corollary 5.2. Let C, S, G, X, {n}, {an} and {r, ;}7L, be as in Theorem 4.1.
Let = {7} :j =1...N} be a finite family of strictly pseudocontractive mappings
with 0 < k¥ < 1 from C' into C such that F := Fiz(S) N Fiz(¢y) N EP(G) # @ and
{Men i, be sequences in [c,d] C (0,1 — k).

If {x,} is the sequence generated by 1 =z € H and Vn > 1,

Tn+l = (1_an)xn + anT(Mn)vnv
Uy = ((1_)‘N,n)l+)‘N,nTN) e ((1 — )\Q’n)I—I—)\Q’nTg)((l—Al’n)I—l—)\l’nTl)un,

— 7Fm Fy 7Fy
Un = Jp b T T T,

then the sequence {z,} converges weakly to zy € F, where zy = lim,,—,oc Pr(zy,).

Remark 5.3. We may put
Un — Pc(I — )‘Nﬂ’b(I — TN)) .. Pc(I — )\Q’n(I — TQ))Pc(I — )‘l,n(I — Tl))un,
in the schemes of Corollaries 4.1 and 4.2, and obtain schemes for families of non-self
strictly pseudocontractive mappings.

Corollary 5.4. Let C, G, A, {an}, {rn;}iL; and {Ag,}5_, be as in Theorem
31 Let S = {T(t) : t € Ry} be a strongly continuous semigroup of nonexpansive
mappings from C into C and F :=N{_ VI(C, Ax) N Fiz(S) N EP(G) # 2.

If {x,} is the sequence generated by z; = = € H,

1 [t
Yn = (1 — )y + ant—/ T(s)vpds,

n

0
Up = Pc(I - )\anAN) e C(I - )\Q’nAQ)PC(I - Al,nAl)un,
T Y L
Cn ={z€H:yn— 2l < |lzn — 2[l},
Qn ={z€H:(x,—z,x—xy) >0},

Tny1 = Po,n@,(2), Yn > 1,
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where {¢,,} is an increasing sequence in (0, co) such that lim,,_., ¢, = oo, then the
sequences {x,} and {y,} converge strongly to Pr(x).

Proof.  For n € N, define u,(f) = & ;" f(t)dt for each f € C(Ry), where
C(R) denotes the space of all real valued bounded continuous functions on R with
supremum norm. Then, {u,} is a regular sequence of means [24]. Further, for each
x € C, we have T'(u,)x = % Ot" T'(s)xds. Now, apply Theorem 3.1 to conclude the
result. ]

Corollary 5.5. Let C, G, A, {an}, {rn;}iL; and {Ax,}5_, be as in Theorem
41. Let S = {T'(t) : t € R.} be a strongly continuous semigroup of nonexpansive
mappings from C into C and F := N2_, VI(C, Ax) N Fiz(S) N EP(G) # 2.

If {x,} is the sequence generated by z; = = € H,

Tny1 = (1 —ap)zy, + anan/ exp(—ans)T(s)vpds,
0
Up = Pc(I - )\anAN) . Pc(I - )\Q’nAQ)PC(I - Al,nAl)un,

— 7FMm F 7k
Up =Sy a, V>

where {a,} is a decreasing sequence in (0, co) such that lim,, .o, a, = 0, then the
sequence {x,,} converges weakly to zy € F, where zo = lim,, . Pr(zy).

Proof.  For each n € N, define i, (f) = an [, exp(—ant) f(t)dt for each f €
C(Ry). Then, {u,} is a regular sequence of means [24]. Further, for each z € C, we
have T (pun)x = ry [y~ exp(—rnt)T(t)zdt. Now, apply Theorem 4.1 to conclude the
result. [ ]
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