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EXISTENCE OF SOLUTIONS FOR A CLASS OF p-LAPLACIAN
SYSTEMS WITH IMPULSIVE EFFECTS

Peng Chen* and X. H. Tang
Abstract. By using the least action principle and the saddle point theorem,
some existence theorems are obtained for second-order p-Laplacian systems

with or without impulsive effects under weak sublinear growth conditions, we
improve some existing results in the literature.

1. INTRODUCTION

Consider the second-order p-Laplacian systems with impulsive effects

(0P 2i(0) = VE@u(), ae. t€[0,T],
w (0) — u(T) = 0(0) — a(T) — .
N () = i () - < >
Lij(u'(t)),i= LNy =12, .

where p > 1,T > 0,tp = 0 < t; < to < ... < by < tpp1 = Tyu(t) =
(ur(t), w?(t), .., uN(t)), Lij : R — R(i = 1,2,...,N;j = 1,2,...,m) are continu-
ous and and F' : [0,7] x RY — R satisfies the following assumption:

(A) F(t,z) is measurable in ¢ for every 2 € RY and continuously differentiable
in z for a.e. ¢ € [0,T], and there exist « € C(R*,R*) and b € L'([0,T],R")

such that
|F(t2)| < a(|z])b(t), |VE(t 2)| < a(lz])b(t)

for all z € RY and ae. t € [0, T].
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For the sake of convenience, in the sequel, we define A = {1,2,..., N}, B =
{1,2,...,m}.

When I;; = 0,p = 2, (1.1) reduces to the second order Hamiltonian system,
it has been proved that problem (1.1) has at least one solution by the least action
principle and the minimax methods (see [2, 7-9, 11, 12, 15-18, 20-22, 25, 26]).
Many solvability conditions are given, such as the coercive condition (see [2]), the
periodicity condition (see [20]); the convexity condition (see [7]); the subadditive
condition (see [15]); the bounded condition (see [8]).

When the nonlinearity V F'(¢, x) is bounded sublinearly, that is, there exist f, g €
LY([0,T], R") and a € [0,1) such that

(1.2) IVE(@,x)] < f@)|z|* + g(t)

for all z € RY and a.e. ¢ € [0, T)]. Tang [17] also proved the existence of solutions
for problem (1.1) when I;; = 0, p = 2 under the condition

T
(13) lim  |o]2° / F(t, 2)dt — +o0,
|z| =00 0
or
T
(1.4) lim \x\_%‘/ F(t,z)dt — —o0,
|| —-+o0 0

which generalizes Mawhin-Willem’s results under bounded condition (see [8]).
However, there exists F' neither satisfies (1.3) nor (1.4).
Let
27t
F(t,z) = sin (%) |7/ + (0.6T — t)|z*/2.

It is easy to see that

27t 3
sin (%) ‘ 2/ + 10.67 — tl]a]"/?

. 27t 3/4 3
SIH<T>‘+€> ‘fI," / +€—2

for all z € RY and ¢ € [0, 7], where ¢ > 0. The above shows (1.2) holds with

a =3/4 and
. (2mt T3
sin | = )| +¢ g(t) = =

ro=1(
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However, F(t, z) neither satisfies (1.3) nor (1.4). In fact,
T
20 / F(t, 2)dt
0

o [Tl (27N o 3/2 2
. sin (20 /4 4 (.67 — 1) 22| di = 0172
0

The above example shows that it is valuable to further improve (1.3) and (1.4).

Impulsive differential equations arising from the real world describe the dynam-
ics of processes in which sudden, discontinuous jumps occur. For the background,
theory and applications of impulsive differential equations, we refer the readers to
the monographs and some recent contributions as [1, 3, 4, 13, 20].

Some classical tools such as fixed point theorems in cones [1, 5, 19], the method
of lower and upper solutions [3, 23] have been widely used to study impulsive
differential equations.

Recently, the Dirichlet and periodic boundary conditions problems with impulses
in the derivative are studied by variational method. For some general and recent
works on the theory of critical point theory and variational methods we refer the
readers to [10, 14, 19, 27, 28]. Itis a novel approach to apply variational methods to
the impulsive boundary value problem (IBVP for short). For I;; # 0,7 € A, j € B,
some special cases of are studied (1.1) when the gradient of the nonlinearity grow
sublinearly by variational method, (see [28]).

Inspired by the above results [6, 15, 21, 22, 25, 26, 28], we devote to study the
existence of solutions for problem (1.1) under condition (1.2). Our results generalize
the previous work, which seems not to have been considered in the literature.

Throughout this paper, we let ¢ € (1, +o00) such that 1/p+1/¢q = 1.

2. PRELIMINARIES AND THE VARIATIONAL SETTING

In this section, we recall some basic facts which will be used in the proofs of our
main results. In order to apply the critical point theory, we construct a variational
structure. With this variational structure, we can reduce the problem of finding
solutions of (1.1) to that of seeking the critical points of a corresponding functional.

Let W,* be the Sobolev space

W%’p = {u:[0,7] — R | u is absolutely continuous,
u(0) =u(T), @ e LP([0,T],RY)},

it is a reflexive Banach space with the norm defined by

1

lull = lellyzo = (Jo Da@IP + ue)P] dr)”
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for u € WP,
Let us recall that

NN
full = ([ uopar)” and Jul = ma fuco

We have the following fact.
Take v € W}’p and multiply the two sides of the equality

@) S (a0 Pi(0) = TF(, u(t),

by v and integrate from 0 to T

| aorawy ooy = [ (F@u@). v

0 0

The first term is now
| aor-aoy o=~ [ (awr-2aw), o)
0 j=0"t

and

ti+1

((a(t)[P~2a(t)’, v(t))dt

tj

= (la(t5 )P alty), v(tyy) — (a)P2at)), o))

= 3 ()P a7 5 0) = i) P2 (5 0'(0)

- (Ja(t)[P~2u(t), o(t))dt.

Hence,
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Combining with (2.1), we get

3 NI~ L))t (¢ T'tp—Q't o(t))dt TVFt 1), v(t)))dt=0
Zzzxu(]))vuw/o (Ja(t)[P~2a(t), o()) +/0< (t, u(t), v(t)))dt=0.

j=1i=1

Considering the above, we introduce the following concept for the solution for
problem (1.1).

Definition 2.1. We say that a function u € WW,-” is a weak solution of problem
(1.1) if the identity

T

T m N
/0 (JiOP2a(e), o(0)dt+ 33 Ty (ui )i (1)) = - /O (VF(t, u(t)), ot))dt

j=1i=1

holds for any v € W,”.
The corresponding functional ¢ on W%’p given by

T T m_ N ul(t5)
0y F0=>/ \u(t)\de/O F(t,u(t))dt—i—ZZ/o Ly (t)dt

P Jo

7j=11:=1
= P(u) + ¢(u),
where . .
v =~ /0 () Pdt + /0 F(t, u(t))dt
and v o
m u(t;
OE S /0 I, (t)dt.

j=1 i=1
It follows from assumption (A) that ¢ € Cl(W%’p, R). By the continuity of Z;;,i €

A,j € B, one has that ¢ € C1(W,*,R). Thus, ¢ € CY(W,?,R). For any
v e W', we have

<Pu)v> = / (liO)P=2a(e), s+ 3 S Ty (1) (1))
(2.3) 0 =1 i=1

T
+/ (VE(t,u(t)),v(t))dt.
0
By Definition 2.1, the weak solutions of problem (1.1) correspond to the critical

points of ¢.
To prove our main results, we need the following useful lemma, see [29].
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Lemma 2.1. Letu € W,” and [ u(t)dt = 0. Then

1/q T 1/p
(2.4) uuuoos(qf—l) (/0 \u@)\pds) |

and
T
@5) [ utsypas < o | ateras
where
1
(26) O(p.q) = / [T+ (1 — 5)T /g,
0

Proof. Fix t € [0,T1], for every 7 € [0, T, one has

(2.7) u(t) = u(r) + /tu(s)ds.
Set
(2.8) Hs) = { ?’_Of : § i <T.

Integrating (2.7) over [0, T'] and using the Hélder inequality, we obtain

/ d7+// §)dsdr
S/O/T\u(s)\dsdT—i—/t /t li(s) | dsdr

:/ts\u( )\ds—i—/ (T — 8)|i(s)|ds
/¢ Ji(s)|ds
([

1 1 11/ Y
q+ q+ q
BCESIA </ fis) ) '

Since t9*t! + (T — )9+t < T+ for t € [0, 77, it follows from (2.9) that (2.4)
holds.

Tu(t) =

2.9)
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On the other hand, from (2.9), we have

T /0 ot < m ( /O ' \u(s)\pds> /0 et (o pyeripplagy

T1+p(a+1)/q T 1
- : P q+1 _ o\atlip/a
< (/O li(s)| ds)/o (91 4 (1 — )77 ]P/ds

_T70W,q) [T
——(q+1)p/q/o i) Pds.

Then (2.5) holds. The proof is completed. ]
3. MAIN RESULTS AND THEIR PROOFS
Theorem 1.1. Suppose that (A) holds and F, I;; satisfy the following conditions:
(1) Foranyie A,j € B,

(3.1) Iz‘j(t) >0, VteR,

(F1) There exist f,g € L'([0,T], R*) and a € [0, p — 1) such that
3.2) |VE(t, z)| < f(t)|z]* + g(t)

for all z € RY and a.e. t € [0, T];
(F2)

o T g T q
(33) lim i [o] /0 Ftajt> s (/0 f(t)dt) .

Then problem (1.1) has at least one solution which minimizes the functional ¢ on
WP,

Theorem 1.2. Suppose that (A) and (F1) hold, and the following conditions are
satisfied:

(12) There exist a;;,b;; > 0 and §;; € (0,1),~ € [0, ) such that
(3.4) |1; ()] < aij + bij|t|"P5, for every t € R,i € A, j € B;
(1I3) Foranyie A,j € B,

(35) Iz‘j(t)t <0, VteR,
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(F3)

. 3 T (p+2q)2an < T >q
11m qo _—— .
@8 lmsw /0 Pt a)ar < ~LL20E /0 Ft)dt

Then problem (1.1) has at least one solution in W ;"

Remark 1.1. When I;; = 0, problem (1.1) degenerates to the corresponding
ones for second order ordinary differential system, Theorem 1.1 and Theorem 1.2
still hold and we generalize the previous work [17].

Replaced by the condition

(F1’) There exist f, g € L'([0,T], R*) such that
3.7) IVE(t,2)| < f()|z] + g(t)
for all z € RV and a.e. t € [0, 7).

Zhao and Wu [25, 26] proved the existence of solutions for problem (1.1) with
p = 2 with no impulisive effects, that is, condition (F1) reduces to linearly bounded
gradiant condition, based on this case, we generalize the results.

Theorem 1.3. Suppose that (A), (11) hold, and the following conditions are
satisfied:

(f)

T 21—p T -p/q
(38) /Of(t)dt< - <q+_1> ;

(F4) There exist f,g € L'([0,T], R") such that
(3.9) IVE(t, )] < f(t)|z[P~ + (1)
for all z € RY and ae. t € [0,T];

(F5)

T
lim inf \x\_p/ F(t,z)dt
0

|z| =00

(3.10) a/p
> 2 < Tp/q _ > </T f(t)dt>q '
q \ (q+ 1)p/a—2v=1pTP/a [ f(t)dt 0
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Then problem (1.1) has at least one solution which minimizes the functional ¢ on
WP,
Theorem 1.4. Suppose that (A), (13), (F4), and that
(14) There exist a;;,b;; > 0 and 3;; € (0,1),v € (0,1) such that
(3.11) |1; ()] < aij + bij|t|"P5, for every t € R,i € A, j € B;
(F6)

T
limsup|z|™? / F(t,z)dt
0

|z| =00

_ 2°(p+1)T T q
qg+1)(p—1—2r71( Llp/qfo (/0 f(t)dt> .

Then problem (1.1) has at least one solution in WT’p.

(3.12)

Remark 1.2. When I;; = 0,p = 2, problem (1.1) degenerates to the corre-
sponding ones for second order ordinary differential systems, Theorem 1.3 holds
and generalize the previous work [25, 26].

For the sake of convenience, we denote

M, = /f . MQ:/OTg(t)dt.

= max a;;, b= max b;;.
i€A,jJEB i€A,jJEB

1/
Proof of Theorem 1.1. By (F2), we can choose an a; > < 7 +1> " such that

T 29 q
(3.13) lim inf \x\_qo‘/ F(t,x)dt > qal ML
0

|z| =00

It follows from (2.4), (2.5) and Young inequality that

‘ /0 "Rt ut) — Pt @)t

T 1
/0 (VF(t,u+ su(t)), ﬂ(t))dsdt‘

ow s [ [ oo [ [ ool

/f +\u<>\>\u<>\dt+/ o(t) ] dt
T 0 T
2% (|a]ifloo + [|]1%) /0 St + [0 /0 g(t)dt

| /\

IN
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= 27 M| ||l + 2" My[|a]| & + Moo

L P Qqaa({ 9|59 « ~llet1 ~
< S lEllee + == Ml + 22 MAJalls + Moo
1
TP/ 2qo‘aff
< ol
T \14 '
+ <—> MQHUHLP.

qg+1
Hence we have by (11) and (3.14)

T (t1)/q
a2 ()T Al

T T
p(u) = il + /0 (F(t.u(®) ~F(t. ) de+ [ Flt,a)de + o)

0

Y

1 T .
(1—9 - m [kali®
(3.15) pailg

T (at+1)/gq T 1/q '
_9o <q+_1) M, HuHoc—i—l <q+_1) Mo |4 e

T 929
+(|afP)ae/r (\a\—qa/ F(t, @)dt — qa’qu)
0

In Sobolev space Wy, for u € W2, |ju|| — oo if and only if (|a” + ||a%,)"/? —

oo, (F2) and (3.15) show that ¢(u) — +o0 as ||u|| — oo. Similar to the proof of
Lemma 3.1 in [28], ¢ is weakly lower semi-continuous on W}’p, by Theorem 1.1
and Corollary 1.1 in [8], ¢ has a minimum point on W.LP, which is a critical point

of ¢, we complete the proof of Theorem 1.1.

Proof of Theorem 1.2. Suppose that {U,,} C W}’p is a (PS) sequence of .
In a way similar to the proof of Theorem 1.1, we have

T
[ o). autonar
0
< 2° M [t || tn oo + QO‘MlHﬁan‘O"'l + Ma||tin oo

1 ~ P 24 O60’2 q qo « a+1
< —llanll% + . ——= M|t |* + 2 M ||an |55 + M|t [
2
(3.16) TP/4
<

~ pab(q+1)p/a

T (a+1)/q 1
+204 <q_'_—1> Ml”’u,nHOH—

T 1/q '
+ <—) M2HunHLp-

q+1

2q°‘aq B
[ n I s . 2 M{|a, |
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1/
By (3.16), we can choose ap > (%) * such that

(3.17)

/OT(VF(t, un(t)), in(1))d t'

1 . 29°qd
< (3481 lanlty + ZLnttia, e +

813

for all u,, where Ms is a positive constant dependent of the arbitrary positive

number 47.

By (12) and Lemma 2.1, we have

IN

IN

IN

IN

j=1i=1
m N
<3 (@ A+ bl ()59 ()]
J=11i=1
m N
SN ai + bigla (1) + @ (8) %)@k (1)
J=11i=1
m N
amN|[iinloo + b3 D 2% ([ + [ |2 |1 o
j=11i=1
T\ 29
amN (—) il + 22 ZZﬁu\unW
q+1
7j=11:=1
i i1
b3S ﬁ”H BT 42303
j=11i=1 J=1l1=1
T \ Y4 20},
o () it Z2 S
7j=1 =1
m_ N /q T p(a—B;)
/sz < T )p / . 1]
+2%b U |Pdt
Y| () e

VB +1

p/a T P

m N
+290 3 Y

J=11i=1

which follows there exists do > 0 such that
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m N a

R » . 2 b 3
D D s ()i ()] < Salinll + == mN a7 + M
j=1 i=1

for all u,, where M, is a positive constant dependent of the arbitrary positive
number 5.
Hence we get

ltnll = (¢ (un), tn)

T m N
— Jial?, + /0 (VE(t, un(t)), ()t +3° S Loy (u (8)) 8 (1)
(3.18) ¢ =t
p—1 ) ) 21%q3 _
> —— =61 ) Junllh, — M{|a,|*
> ( L= 61 ) il — 2
y p Qab T
_52HunHLP — TmN\un\ — M3 — M4.

On the other hand, by (2.5), we have

1/p

TPO(p, . .
TPOW |y i o < Sl + Ms,

3.19 | <
(319) o

1+

It follows from (3.18) and (3.19) that there exists Mg > 0 dependent of 41, ds, d3
such that

Y|P 21%a3 9| |qe
Un |7 < M|y,
L 1 1
(3.20) q <—p — 01 — 02 — 53)
' 2°bmN
+ = || + M.

Q<I%—51—52—53)

It follows from (3.17) that

/0 Pt wn(t)) — F(t an))dt'

(3.21) _

/OT /OIWF(@ i +san<t>>,an<t>>dsdt‘

1 P 2903 1 a1~ g0
< (2o ol + 2 g 4

Combining with (2.2), (3.20), (3.21) and (I3), we have
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T

L. r _ _
Plun) = linll + /0 (F (b, wn(t)) — F(t, )] dt + /0 F(t, ) dt + ¢(ur)

2 29%q4 T
< (1—9 +51) |tn |7, + . M{’\ﬁn\qo‘—i—/ F(t, uy,)dt + Ms
0

(2 + pb1)27a3
pQ<I%1—51—52—53>

IN

29 q
MY+ =220

(2 + p61)2°bmN
pq <I%—51—52—53>

T
Hal e [ FG %)dt] T | 7740
0

for some positive constant M; dependent of 41, ds, 3.
We claim that {|a,|} is bounded. In fact, if {|u,|} is unbounded, we may
assume that, going to a subsequence if necessary, |u,| — +o00, n — +oo.
Let
(2 +pd1)
(B2 =61 — 62 — 03)

G (01, 02,03) =

when 41, d2, 93 are small enough, it is easy to see that G(d1, d2, d3) is monotone
increasing for every variable. Furthermore, we have

2p
G(él, 52, 53) - E

lim
((51,(52,(53)—>(0+,0+,0+)
It follows from (F3) that
o(up) — —o00, n — oo.
which contradicts the boundedness of {¢(u,,)}. Hence {Jan\} is bounded, it follows
from (3.19) and Lema 2.1 that {u,} is bounded in W, going if necessary to a
subsequence, we can assume that
(3.22) Up —ug in WP,
by Proposition 1.2 in [8], we have

(3.23) u, — ug in C([0,T],RY).

It follows from (2.3) and the Halder inequality that
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(3.24)
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(¢ (un) = ¢'(uo), un — uo)

_ /0 i (£)[P 2 (i (1), () — 0(t))dt

- /O o (£) P2 it (), i (£) — tto(£) )t
— /OT(VF(t, un(t)) = VE(t,uo(t)), un(t) — ug(t))dt

= !!un!!p+IIUO!!p—/O [t (8)[P 2 (G (1), o (£) )t

- /O o (1) P2 it (1) i (1))
- /O (VF(tun(8)) — VE(t, wg(8)), un(t) — up(t))dt

T T
> [P+ uo]”— /O i (8) P it (1)t — /O it (£) [P (1)

= [ (VP un(0) = TF (a0, (6) — wo (e

1/p 1/q
> lun? + fluol” — / ot \pdt) / it \pdt)

1/p 1/q
< |, (t) [Pt < |0 (t)|Pdt

—/ (VE(t, un(t)) = VF(t, uo(t)), un(t) — uo(t))dt

1/p
= flunll” + lluoll” — (/0 (o ()P + [uo(£)["] dt)

1/q

</OT [fitn ()P + |un(t) |Pdt] dt)
) (/OTU%<t>\p+\un<t>\p] ) h { P B 1

- /O (VF(un(8)) — VE(t, ug(8)), un(t) — up(6))dt

= |lunll” + lluol” = lluolllun|P~" = [|unl[uoll*~

- /O (VE(un(8)) — VE(t, wg(8)), un(t) — up(t))dt

= (lunll?= = lluolP~") (funll = [luol)

- /O (VE(t, wnt)) — Yt uo(t)), un(t) — o (6))dt.
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It follows from (2.3) and (3.24) that

(' (un) — @' (u0), un — uo)

> (unllP™ = lluol®™") (lunll — lluoll)
(3.25) _ /0 T(v F(t,un(t)) — VF(t, ug(t)), un(t) — uo(t))dt
_ZZ i ( = Iij (up(t5))) (up (£5)) — up(t;)))-

817

From (3.22)-(3.25), (A) and the continuity of I;;, it follows that |lu,| — ||u| in

WP, Thus, ¢ satisfies the P.S. condition.

In order to use the saddle point theorem ([12], Theorem 4.6]), we only need to

verify the following conditions:

(A1) ¢(z) — —oc as |z| — oo in RY,

(As) @(u) — +oc as ||ul| — oo in WP, where W, = {u € WP | a=0}.

In fact, by (3.6), we get

T

(3.26) / F(t,z)dt — —oc0 as |z| — oo in RY.
0

From (I13) and (3.26), we have
T

o(z) = / F(t,z)dt + ¢(x) — —oco as || — oo in RY.

0

Thus (A1) is easy to verify.
Next, for all u € W%’p, by (F1) and Lemma 2.1, we have

T

[ F 0 - <nﬂ

/ (VF(t, su(t (t))dsdt'
/ mmmWHﬁ+/gwmww
0 0

M [ul| 8 + Mallullo

T (at+1)/q N T 1/q '
<q_'_—1> MlH’u,H +1 <H—1> MQH’U,HLP

(3.27)

IN

A

IN
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It derives from (12) that

’(t]

\—\ZZ/O (t)dt|

jlzl

u' (t;
5 [ s

(3.28) j=li=t

N
i1
amN || oo +bZZ ]| 27

j=1i=1

T \ /4 ' m N p il  Ras
mN(m) rruumbzz( ) il 1"

J=11i=1

IN

IN

IN

It follows from (2.2), (3.27) and (3.28) that

1 p T T
= Sl + /0 (F(t, u(t)) — F(t, 0))dt + /0 (£, 0)dt + o(u)

1 T (at+1)/q T 1/q
> il — | —— Myllal|gt = (=)  Mallill
(3.29) P qg+1 g+1
T 1/q m N T M ’Yﬁij+1
o <q+—1) lille 030" ( ) il "

j=1i=1

T
+ / F(t,0)dt
0

for all uw € W,”. By Lemma 2.1, |[u|| — oo in W if and only if ||i > — oc.
So we obtain o (u) — +oo as ||ul| — oo in W,” from (3.29), i.e. (Ay) is verified.
The proof of Theorem 1.2 is complete.

Proof of Theorem 1.3. By (f) and (F5), we can choose an ag € R such that

1/p
Tr/q
(3.30) as > <(q - 2P—1pM1TP/q> > 0,
and
T 2Pad
(3.31) lim inf \x\_p/ F(t,x)dt > =—2M].
|z|—+o00 0 q

It follows from (F4), Lemma 2.1 and Young inequality that



Existence of Solutions for a Class of p-Laplacian Systems with Impulsive Effects 819

; (F(t,u(t)) — F(t, ﬁ))dt‘

' / I(VF(t, i + sii(t)), ﬂ,(t))dsdt‘
g/ /f i + sa(t)P " Ja(t) \dsdt+// ()] dsdt
2p1/0f<>(\u\p1+\u<>\p 1)\u<>\dt+/0 g(t) la(t)] dt

T T
27~ (JafP~! HﬂHoo+HﬂH€o)/0 f(t)dt+HﬂHoo/O g(t)dt
2PN [P | oo + 2P M 1B + Moo

IN

IN

(3.32) -

1 p 2 ag q|5|P p—1 ~1|1P ~
apHuH . —=M{|ul? + 27" My |||/, + Moa|a o

| /\

p
TP/1

pag(q+1)r/a
) T \P/1 T \14 '
vomtan () il + () i

TP/q T \P/4
= ———— 27 [ — 1P
<pa§(q+1)p/q * ! <q—|—1> > iz

9P a4 T 1/q '
+—q3Mf"L_L‘p+ <—q ) MQHUHLP.

IN

) 2Pqd ~
[l 7, + T?’Mf\u\p

Hence we have by (11) and (3.32)

1. T T
p(u) = Z;lluuiﬁ/o [F(t, u(t))— dt+/0 F(t, w)dt+¢(u)
> E_L/q p1M1<T> "UJH
(3.33) ~ \p  pas(qg+1)p/a q+1
. T \ 14 '
()l

T 2
+\a\p(\a\—p | . >dt—%M§)-

As ||lu|| — oo if and only if (|a@|P + ||u|/z»)'/P — oo, the above inequality and
(3.31) and (3.33) imply that p(u) — +oo as |lu| — oo. Similar to the proof of
Theorem 1.1, ¢ has a minimum point on W%’p, which is a critical point of . The
proof of Theorem 1.3 is complete.
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Proof of Theorem 1.4. Suppose that {U,,} C W}’p is a (PS) sequence of (.
In a way similar to the proof of Theorem 1.3, we have

/OT(VF(t, un(t)), n(t))d tl

TP/q T \P/4
< | —= qop-lpp (_= 0[P
- <pa§(q + 1)p/a + ! <q + 1) > lienllzs

9P - T 1/q '
+T4Mf‘un‘p—|— <m> Mg”’U,nHLP,

7\ /4
we can choose a4 > <q+—1> such that

/OT(VF(t, un(t)), n(t))d t‘

1 T \"9 2% 4 T \'
< [ =+27th (| — |V 4+ —2 MY, P+ —— ) M|
< <p+ (5) >HunHLp+ St + () Malialoe

which means that

/OT(VF(t, un(t)), n(t))d t‘

1 T \P/4 9P
< | =427 | — 51 | Nanllt + =—2M{ |, |P + Mj.
< <p+ (Z) - ) JinlF + 40 P+ 1
for all w,, where M} is a positive constant dependent of the arbitrary positive
number ¢.
By a fashion similar to the proofs of Theorem 1.2, we have

ltnll = (&' (un), tin)

= Jinl,+ /0 (VE(t, un(t)), ()t S Tig (u (8)) 8 (1)

J=1 =1
(3.34) bl roe N
T — 2P Ml <m> - 51 H’U’TLHII),?

271 _ . or=1p
_—4M1q‘un‘p - 55”'“71”][7,17 -

Y

mN [P — M),

On the other hand, by Lemma 2.1, we have

1/p

TPO(p, ) .
TPOW D) | 11w < Syl + M2,

1+
(g+ 1)/

(3.35) | <
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It follows that there exists Mg > 0 dependent of &/, 65 and &5 such that

D4
2Pay

_ p/q
o (52— (35) " - - 04— 3y

2P~ 1pymN
p/q
p< oy () —53—55—53)

In a way similar to the proof of Theorem 1.1, we have

[ [P < M|, |?
(3.36)

+ |t |PY + M5,

T

(o) - P a)

(3.37)

/ (VF(t, uy + stn(t)), (t))dsdtl

IN

) T \P/ opgd
+2p M1< 1) + 01 | nlls, + =2 M|, |P + M.
P + q

Combining with (2.2), (3.36) and (3.37), we have

T

L. r _ _
Plun) = linll + /0 Pt (0)) = F(t wa)) e+ [ Pt + o)

0
9 . T \P/4 '
< (1—9 +2P7 My (m) + 01 ) llnll},

2 a4 T !
M, P+ /F(t,an)dt+M3
0

r/q
(2 + 8l + 207 1ph, (q%) ) 2941

< M
-1 1 p/q , , ,
pa (25t — 2= ()" - o - 8 —
2Pag - . T - -
+—M] + |a,|7? F(t,u)dt]| |u,|?
q 0
22~ 1pymN
¥ m @l + M

_ p/q
p<pp1 210, () —53—55—(%)

for some positive constant M7 dependent of 47, 65 and d5.

We claim that {|a,|} is bounded. In fact, if {|u,|} is unbounded, we may
assume that, going to a subsequence if necessary, |u,| — +o00, n — +oo.

Let
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) _'_p(si 4 9op— 1]\4—1 <q+1>P/q
H( i,éé,éé): /4
R (q%) — 8 — o — o
when 41, 05, 05 are small enough, it is easy to see that H (4}, d5,d%) is monotone
increasing for every variable. Furthermore, we have

9 + 2P~ lpM1< )p/q
q+1

R
_1_2p 1]\4’1 <q+1>pq

1, 55 3500, o, 0+)H( 0 %) =
It follows from (3.12) that
o(up) — —o00, n — oo.
which contradicts the boundedness of {(u,)}. Hence {|a,|} is bounded, going if
necessary to a subsequence, we can assume that
(3.38) Up —ug in WP,

Similar to the proof of Theorem 1.2, we can easily verify that ¢ satisfies the
P.S. condition, we only need to verify (A;) and (As). It is easy to verify (A;) by
(13) and (F6). In what follows, we verify that (Ag) holds also. For all v € W}’p,
by (1.12) and Sobolev’s inequality, we have

/0 Rt - F 0)]dt|

T 1
/0 (VF(t, su(t)), u(t))dsdt‘

1 T T
(3.39) <= [ sompa+ [ auae
M
< =Ll + Mol
p/q
My < T ) 1/q
g+l T .
< 17 i _
< Vil + () Ml
Similar to the proof in (3.28), It derives from (12) that
Z(t]
o(u)| = \ZZ/ (1)t
J=1 =1
T 1/q
(340) S amN <q_'_—1> H’LL(t)HLp

1
2BigHL VB +1

"n> 1(Q+1) 0

J=11i=
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It follows from (f), (2.2), (3.39) and (3.40) that
1 . T T
plw) = Slilfy + [P u(0) = Fe0de+ [ (.0t + o)

p/q
Ml q+1> T l/q
ol = () Ml

Vi
AL
=
==
/—\

(3.41)

m N T 'yﬁig'-&-l 2B T
—bZZ(q+1) el o +/0 F(t,0)dt

for all uw € W,*. |Ju|| — oo in W if and only if ||i)L» — co. So we obtain
o(u) — 400 as |Jul| — oo in WP from (3.41), i.e. (Ay) is verified. The proof of
Theorem 1.4 is complete.

4. EXAMPLES
In this section, we give some examples to illustrate our results.
Example 4.1. LetT =2, N=3, t1=1, p= %, q=3, consider the second-order
p-Laplacian systems with impulsive effects

< (W1?) = VE@u(), ae. te0,T]

(4.1) u(0) — u(2) = u(0) — (2) 0,

let

I;(t) = 3,00 = 3. Itis easy to see that
10 912
VE(t,2)] < —[0.5T —#] |27 + 2 ‘§T2—t2 |27+ [R(t)]

10 76
< 7(\0.5T —t|+ )27+ = |h(t)]

The above shows (3.2) holds with o = 3/7 and

3 F) = (05T =t +2), () = + Ih(t)
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and

sren (7o)

9
277 (T /10 3
= — (10.5T — ¢ dt
s [ (Fuost-avaa)

_ 10\* 74 T3+3T2+3T32+3
=\7) 3\6sa " 16" 4 ° ")

If T4 < 64 x (%)3 = 21.952, we choose £ > 0 sufficient small such that

T 3 3 4 3 2 3
T 10\°1T* /T 3T 3T
liminf |z| ™3 | F dt = — ) (e 2 3.
la{'_)inoo\x\ /0 (t,x) 7 > <7> 3 <64+ et ¢ te

This shows that (3.3) holds. By Theorem 1.1, problem (4.1) has at least one solution.

Example 42. LetT=03, N=5, t; =02, p=32, ¢ =3, consider the
second-order Hamiltonian systems with impulsive effects

%(\u(t)\lﬂu(t)) _ VRt ), ae. te 0],
(4.4) u(0) — u(0.3) = @(0) — u(0.3) = 0,
AGH(0.2) = 41(0.2+) — 41(0.27) = I;; (ui(0.2))9,i = 1,2, 3, 4,5,
let
(4.5) F(t,z) = (0.57 — ) |z|*%7 + (372 — %) |2|%7 + (h(t), 2),
Ii1(t) = 17, o= 3/7,6;1=1/3, h € L*([0, T],RY). It is easy to see that
IVE(t,z)| < 2 (10.5T —t| +¢) |27 + Z—f +[h(D)].
£6) = L (1057 — 1] +2) 27, (1) = 55 + 00,

T
@) el fy Fe)de = 1ol [ [0.57 — et
0
+ GTQ - t2> 2|7 + (h(t),x)] dt
= —T3/12+ (/T h(t)dt \x\—9/7x> .
0 )

Similar to the computation in Example 4.1, it is easy to verify that all the
conditions of Theorem 1.2 hold, by Theorem 1.2, problem (4.4) has at least one
solution.
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Example 43. LetT = 0.6,N = 3,t; = 0.5,p = g = 2, consider the
second-order Hamiltonian systems with impulsive effects

ii(t) = VF(t, u(t), ae. tel0,T),
(4.7) u(0) — u(0.6) = u(0) — u(0.6) = 0,
A1) = @i (0.57) — 4i(0.57) = (u¥(0.5))3,i = 1,2, 3.
Let
(4.8) F(t,z) = (0.6T — t)|z|> — t|z>/? + (h(t), z),
where h € LY([0, T],RN), I;;(t) = t3. It is easy to see that
V()| < 21067 — ]| + %ml/? + ()]

T2
< 2(]0.6T —t| +¢e)|z| + % + |h(t)]

for all x € RY and a.e. t € [0,T], where ¢ > 0. The above shows (1.12) holds
with

(4.9) f&)=2(0.6T—t|+¢), g(t)= o + |h(t)].
Observe that
T T
\w\‘Q/ F(t,z)dt = m—?/ [(0.6T—t)\x\2—t\x\3/2+(h(t),w)] dt
0 0
T
= 0.172% — 0.5T2|z| /% + (/ h(t)dt, \w\_2w> :
0

On the other hand, we have

T T
/ F(t)dt :2/ (10.6T — | + &) dt = 0.52T2 + 26T,
0 0

T 2
(/ f(t)dt) — (0.527% + 2¢T)” = 0.2704T* + 2.08¢T> + 4°T?,
0

and
372 [ f2(t)dt  T3(1.12T2 + 6.24T + 12¢2)

o2 (12 —r T f(t)dt) ~2m2[12 — T2(0.52T + 2¢)]

If T3 < 0.7, we choose ¢ > 0 sufficient small such that
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T
3
= 0.52T? + 2T < —
/Of(t)dt 0,527 22T < -

and

T
lim inf \x\_Z/ F(t,x)dt = 0.1T>
0

|| —+00
27(0.2704T* + 2.08¢T3 + 4£2T?)
3 —4T(0.52T2 + 2¢T)

These show that (3.8)-(3.10) hold. By Theorem 1.3, problem (4.7) has at least one
solution.

Example 4.4. Let T = 0.5,N = 5,¢t; = 0.4, consider the second-order
Hamiltonian systems with impulsive effects

ii(t) = VF(t,u(t)), ae. tel0,T],
w(0) — u(0.5) = @(0) — @(0.5) = 0,

(4.10) A A A
AG(0.4) = 41(0.4T) — 47(0.47)
= IZJ(’U,Z(OZL))”L = 17 27 teey N7] == 1, 2, ey,
(4.11) F(t,z) = (04T — t)|z|® + t|z? + (h(t), 2),

where h € L1([0, T],RY). It is easy to see that
3t
VE(t, z)| < 2(0AT —t]|z| + -[a]'/ + |n(t)]
T2
< 2(]04T —t| + &) |z| + e + |h(1)]

for all z € RN and a.e. t € [0, T], where ¢ > 0. The above shows (1.12) holds
with

(4.12) f@#)=2(04T —t|+¢), g(t)= 5 T | (t)].

Observe that

T T
‘x‘_2/ F(t,z)dt = \x\_Q/ [(0.4T—t)\x\2+t\x\3/2+(h(t),x)} dt
0 0
T
= —0.1T% 4+ 0.5T2z|7 /2 + (/ h(t)dt, \w\‘2w> :
0

Similar to the computation in Example 4.3, it is easy to verify that all the conditions
of Theorem 1.4 hold, by Theorem 1.4, problem (4.10) has at least one solution.
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