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GENERAL NATURAL RIEMANNIAN ALMOST PRODUCT AND
PARA-HERMITIAN STRUCTURES ON TANGENT BUNDLES

Simona-Luiza Druta-Romaniuc

Abstract. We find the almost product (locally product) structures of general
natural lift type on the tangent bundle of a Riemannian manifold. We get the
conditions under which the tangent bundle endowed with such a structure and
with a general natural lifted metric is a Riemannian almost product (locally
product) or an (almost) para-Hermitian manifold. We give a characterization
of the general natural (almost) para-Hermitian structures, which are (almost)
para-K#hlerian on the tangent bundle.

1. INTRODUCTION

Geometric structures on (the total space of) fiber bundles have been object of
much study since the middle of the last century. The latest papers in this field are
related to natural fiber bundles over manifolds (e.g. see [1, 14-16, 21-28, 32]). The
natural lifts of the metric g, from a Riemannian manifold (), g) to (the total space
of) its tangent or cotangent bundles, induce new (pseudo) Riemannian structures,
with interesting geometric properties, some of them studied by the present author
(e.g. in [9, 10]). To avoid a possible confusion, we mention that in the sequel the
total space of the tangent bundle will be frequently called tangent bundle.

Maybe the best known Riemannian metric on the tangent bundle is that intro-
duced by Sasaki in 1958 (see [31]), but in most cases the study of some geometric
properties of the tangent bundle endowed with this metric led to the flatness of the
base manifold. In the next years, the authors were interested in finding other lifted
structures on the tangent bundles, with quite interesting properties. The results in
[14-16], concerning the natural lifts, allowed the extension of the Sasaki metric to
the metrics of general natural lifted type (see [25]), leading to interesting geometric
structures studied in the last years (see [1, 26-28]), and to interesting relations with
some problems in Lagrangian and Hamiltonian mechanics (e.g. see [6]).
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Many authors considered almost product structures and almost para-Hermitian
structures (called also almost hyperbolic Hermitian structures) on the tangent and
cotangent bundles (see [4, 5, 7, 8, 12, 13, 18, 29, 33]).

The theory of Riemannian almost product structures was initiated by K. Yano in
[33]. In 1983, A. M. Naveira made a classification of these structures, with respect
to their covariant derivatives, obtaining 36 classes (see [24]). Having in mind these
results, M. Staikova and K. Gribachev obtained, in 1992, a classification of the
Riemannian almost product structures, for which the trace vanishes (see [30]). The
basic class corresponds to the nonintegrable almost product structures, studied in
some recent articles, such as [17].

In 1988, C. Bejan gave a classification of the almost para-Hermitian structures.
She obtained 36 classes, up to duality, and the characterizations of some of them
(see [3]). A classification a la Gray-Hervella was given in 1991, by P. M. Gadea
and J. Mufioz Masqué, in [11], where 136 classes, up to duality, were obtained.

The present paper aims to determine the almost product structures P of general
natural lift type on the tangent bundle 7'M of a Riemannian manifold M and the
conditions under which the tangent bundle endowed with a structure of this type
and with a general natural lifted metric GG is a Riemannian almost product (locally
product) manifold or an (almost) para-Hermitian manifold.

The best known class of almost para-Hermitian structures is that of the almost
para-Kéhler structures (see [2]), characterized by the closure of the associated 2-
form. In the last section of this paper we shall characterize the general natural
(almost) para-Kihler structures on the tangent bundle of a Riemannian manifold.

The manifolds, tensor fields and other geometric objects considered in this paper
are assumed to be differentiable of class C*° (i.e. smooth). The Einstein summation
convention is used throughout this paper, the range of the indices h, i, j, k, [, m,r,
being always {1,...,n}.

2. PRELIMINARY RESULTS

Let (M, g) be a smooth n-dimensional Riemannian manifold and denote its
tangent bundle by 7 : TM — M. The total space T'M has a structure of 2n-
dimensional smooth manifold, induced from the smooth manifold structure of M.
This structure is obtained by using the local charts on 7'M induced from the lo-
cal charts on M. If (U,p) = (U,a',...,2") is a local chart on M, then the
corresponding induced local chart on TM is (7~1(U), ®) = (r—Y(U), 2, ..., 2",
y',...,y"), where the local coordinates x%,y7, for i, = 1,..., n, are defined as
follows. The first n local coordinates of a tangent vector y € 7 (U) are the local
coordinates in the local chart (U, o) of its base point, i.e. z* = 2% o 7, by an abuse
of notation. The last n local coordinates 3/, j = 1,...,n, of y € 7~ 1(U) are the
vector space coordinates of y with respect to the natural basis in 77 ()M defined



General Natural Riemannian Almost Product Structures 499

by the local chart (U, ). Due to this special structure of differentiable manifold
for T'M, it is possible to introduce the concept of M-tensor field on it (see [20]),
called by R. Miron and his collaborators distinguished tensor field or d-tensor field
(e.g. see [6] and [19]).

Denote by V the Levi Civita connection of the Riemannian metric g on M.
Then we have the direct sum decomposition

2.1) TTM =VTM & HTM

of the tangent bundle to 7'M into the vertical distribution VT'M = Ker 7, and
the horizontal distribution HT M defined by V (see [34]). The set of vector fields
{%, ce %} on 7~ (U) defines a local frame field for VT M, and for HT M we

have the local frame field {2r, . . ., 52 }, where 2 = 2 —ng%, Ip = y*re,
and I'", (z) are the Christoffel symbols of g.
The set {%, %}i’ j—Tm» denoted also by {d;, 9;}, ;_75, defines a local frame

on T'M, adapted to the direct sum decomposition (2.1).
Consider the energy density of the tangent vector y with respect to the Rieman-
nian metric g,

1 1 1 ; -
(2.2) t=slyl* = 59w 9) = Soa(@)y'y", v er(U).
Obviously, we have ¢ € [0, 00) for all y € T'M.

We shall use the following lemma, which may be proved easily.

Lemma 2.1. Ifn > 1 and u,v are smooth functions on T'M such that

ugij + vg0igoj = 0, or ud] + vy’ go; = 0,
on the domain of any induced local chart on TM, then v = 0, v = 0. We used
the notation go; = yhghi.

3. ALMOST PRODUCT STRUCTURES OF GENERAL NATURAL LIFTED TYPE ON T M

In this section we shall construct an (1, 1)-tensor field P, obtained as general
natural lift of the metric g, from the base manifold to the tangent bundle 7'M, and
we shall get the conditions under which P defines an almost product structure on
the tangent bundle.

Let us recall some general definitions concerning almost product and almost
paracomplex manifolds.

An almost product structure J on a differentiable manifold M is an (1,1)-
tensor field on M such that J2 = I. The pair (M, .J) is called an almost product
manifold. An integrable almost product manifold is usually called a locally product
manifold.
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An almost paracomplex manifold is an almost product manifold (M, J), such
that the two eigenbundles associated to the two eigenvalues +1 and —1 of J,
respectively, have the same rank. Equivalently, a splitting of the tangent bundle
TM into the Whitney sum of two subbundles T M of the same fiber dimension
is called an almost paracomplex structure on M.

Authors like C. Bejan, V. Cruceanu, A. Heydari, S. Ianus, S. Ishihara, 1. Mihai,
C. Nicolau, V. Oproiu, L. Ornea, N. Papaghiuc, E. Peyghan, and K. Yano, considered

almost product structures on the tangent and cotangent bundles of a manifold M.

Let V be a linear connection on M and denote by X" and X the vertical
and horizontal lift of the vector field X € 7 (M) to the tangent bundle M. The
simplest almost product structures on 7'M, denoted by P and () are defined by the
relations

(3.1) PxV)=Xx" PpxH")=-xH1,

(32) QxV)=x" Qux") =xV.

The structure P is a paracomplex structure if and only if V has vanishing curvature,
while () is paracomplex if and only if V has both vanishing torsion and curvature.
These structures have been extended to the case of a nonlinear connection, and to the
specific case of a nonlinear connection defined by a Finsler, Lagrange or Hamilton
structure.

Let us introduce a natural 1st order lift of g to 7'M, by the relation:

53 PXI = a1(t)X) + bi(t)gr(y) (X, )y — as(t) X, — ba(t)gr(y) (X, 9)y,)
PX) = a3(t) X)) + b3(t)g-y) (X, 9)yy + az(H) X1 + ba(t)gry) (X, v)y,)

VX € TH(TM), Vy € TM, where a,, and b, are smooth functions of the energy
density t, for « = 1, 4.

Remark that in the case when a3(t) = a4(t) = 1, and the other coefficients
vanish, we have the structure given by (3.1), and when the only nonzero coefficients
are aj(t) = ax(t) = 1, we get the structure defined by (3.2).

In the following, all the computations are done by using the expressions with
respect to the adapted frame {d;,0;}, ;_17 on T'M. Thus (3.3) becomes
(34) Ps; = ('PYlo; - (*P)ls;, PO, = (*P)]o; + CPYs;,
where the M —tensor fields involved as coefficients have the forms
(3.5) (*P)! = aa(t)8] + ba(t)y’ goi, Vo = T, 4.
is

The matrix associated to P with respect to the adapted frame {0;, 0;}, j=Tm 1

5 P:<—<3P>z’ ('Py] )
| epy (P )
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In the following theorem we give the conditions under which the above (1, 1)—tensor
field P is an almost product structure on the tangent bundle.

Theorem 3.1. The natural tensor field P of type (1,1) on T M, given by (3.3),
defines an almost product structure on T'M, if and only if a 4 = a3, by = bz, and
the coefficients a1, az, asz, by, by and bz are related by

(3.7) aap=1—a3, (ay+ 2th)(ag+ 2thy) = 1 — (a3 + 2tb3)>.
Proof. We have to solve the following system
CPY(CP) + (‘PN (P)i =/, =CPY(*P)i + (*P)I(*P); =0,
—CPRCP)+ (PRCP) =0, CPY(P) + (1P (*P); = §.

Replacing (3.5) and taking into account the relation y’gg; = 2t, the second and
third equation become, respectively

—ai(ag — a4)5lj + [b1(ag — az) — (bg — by)(ay + 2tb1)]y’ gor = O,

—ag(ag — a4)(5lj + [bg(a4 — ag) — (bg — b4)(a2 + thg)]ngol =0.

Using Lemma 2.1, both relations lead to a3 = a4 and bs = by. Then, the first
and fourth equations in the studied system take the same form

(3.8) (a1a2 + a% — 1)5; + [bl(ag + thg) + a1by + agbs + bg(ag + thg)]ngol =0.

This relation holds if and only if the two coefficients involved are zero. From the
vanishing condition of the first one, we have the first relation in (3.7). We obtain
also the second relation in the statement of the theorem if to the first coefficient we
add the second one, multiplied by 2¢. Thus the theorem is proved.

Remark 3.2. If we take ag = b; = bo = b3 = 0 and some particular values for
a1 and a9, such that ajas = 1, we obtain the almost product structures studied in
[12] and [29].

Now we characterize the general natural locally product structures on the tangent
bundle, i.e. the integrable general natural almost product structures on 7'M

Theorem 3.3. Let (M, g) be an n-dimensional connected Riemannian manifold,
with n > 2. The general natural almost product structure P on T M is integrable
(i.e. P is a locally product structure on T M) if and only if (M, g) has constant
sectional curvature c, and the coefficients b1, ba, b3 are given by:
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ata) + aic+ 3ajaic — 2atabet + 2axc’t — 2agaic’t

b =
! a1 (a1 — 2a)t + 2asct + 4akyct?)

)

(a2+2aht)(2a1aza3c—a?al —4a) asazct—2alct —6aZalct)

l

1
by = —I[2ala3—asah—
2 2a3[ 27320 a3 —2ay1ayt+2ayasct—4a) asct? —8azalct?

ataly — 2aiasazc + 4alasazet + 2act + 6a3asct

by = .
3 a3 — 2a1ait + 2ayazct — 4alazct? — 8agzalet?

Proof. The integrability of an almost product structure P on 7'M is characterized
by the vanishing condition of its Nijenhuis tensor field N p, defined by

Np(X,Y) = [PX, PY] - P[PX,Y] — P[X, PY] + [X,Y],

for all the vector fields X and Y on T'M.
From the condition Np(0;,0;) = 0 we obtain, by using Lemma 2.1, that the
horizontal component of this Nijenhuis bracket vanishes if and only if

aga’g + 2agby — agbs
2(as + tbs) ’

3.9 ah =

and the vertical component vanishes if and only if

(3.10) (arah, — a1by — 2a5bst) (6] g0; — 6 g0i) — a3y" Ry
+azboy*y' (g0i Ry — 90;Riq) = 0.

Since the curvature of the base manifold does not depend on y, we differentiate
with respect to 3* in (3.10). From the value of this derivative at y = 0, we get

(3.11) Ry = (07 gkj — 67 ki),

where
_ a1(0)

as(0)

1

(a2(0) = 02(0)),

which is a function depending on z*, ..., 2™ only. According to Schur’s theorem, c
must be a constant when n > 2 and M is connected.

Now, from the vanishing conditions of the vertical and horizontal components
of Np(d;,d;) we obtain the expressions of a} and af

arby — C(l + 30,% + 4tagbg)
a1 + 2tby

a1bs + 26a2(a3 + tbg)

3.12 =
( ) “ a1 + 2tby

/!
) a’3:

Replacing the obtained value of af in (3.9), and using the relations (3.7) we
have

2
r 2agbg — a261 — CAy

3.13
( ) @2 a1 + 2tby
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The vertical component of the mixed Nijenhuis bracket Np(0;, ;) vanishes
when we replace the values of @) and af from (3.12) and a5, from (3.13). The same
values fulfill also the relation

(3.14) aiay + ajas = —2azay,

obtained by differentiating the first of the relations (3.7) with respect to ¢.

Solving the system given by (3.9) and (3.12), with respect to by, bo, b3, and
taking into account the relation (3.14), we obtain the expressions in the statement,
which satisfy the vanishing conditions of all the components of the Nijenhuis tensor
field Np. Thus the almost product structure P on T'M is integrable.

Example 3.4. When a3, b1, b, bs vanish and ay = % = a(L?), where L? = 2t,
the relation (3.13) becomes of the form 2a' = —ca®. Using the notations of A.
Heydary and E. Peyghan, the characterization of the first locally product structure
constructed in [12] is proved. In an analogous way, we can obtain the other locally
product structures in the mentioned paper and in [29].

Remark 3.5. Considering a; = (11—2 = +/2t, ag = by = by = b3 = 0, the relation
(3.10) becomes
(01 gk — 6F gri)y" + Riyy® =0,
which implies that the base manifold has constant sectional curvature —1, and [29,

Theorem 12] is proved, since all the other components of the Nijenhuis tensor
vanish.

4. RIEMANNIAN ALMOST PRODUCT AND ALMOST PARA-HERMITIAN TANGENT BUNDLES

The theory of Riemannian almost product structures was initiated in 1965 by
K. Yano and developed by A. M. Naveira, M. Staikova, K. Gribachev, D. Mekerov,
etc. On the other hand, the almost para-Hermitian structures, classified by C. Bejan,
then by P. M. Gadea and J. Muiloz Masqué, were studied by many authors.

A Riemannian manifold (M, g), endowed with an almost product structure .J,
satisfying the relation

(4.1) g(JX, JY) = eg(X,Y), VX, Y € Tj (M),
is called a Riemannian almost product manifold if ¢ = 1, or an almost para-
Hermitian manifold if ¢ = —1.

In the sequel we shall obtain the conditions under which the tangent bundle
TM, endowed with the almost product structure P determined in the previous
section and with a metric G of general natural lift type, is a Riemannian almost
product manifold, or a para-Hermitian manifold.
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Recall the expression of the semi-Riemannian metric G of general natural lift
type on T'M, considered by V. Oproiu in [25]:

G(X;{v YyH) - Cl(t)g’r(y) (Xv Y) + dl(t)g’r(y) (Xv y)gT(y)(Ya y),
(42) G(Xg)/v vi) = CZ(t)gT(y) (X7 Y) + dQ(t)gT(y) (X7 y)gT(y)(Y7 y)7
G(Xg)/v YyH) = C3(t)g’r(y) (X7 Y) + d3(t)g’r(y) (X7 y)gT(y)(Y7 y)7

VX,Y € TNTM), Yy € TM, where c,, do with a = 1,3, are six smooth
functions of the energy density on 7M.
The conditions for G to be nondegenerate are assured if

crco — 3 #0,  (c1+ 2tdy)(co + 2tdy) — (e3 + 2tds)* # 0.
The metric G is definite positive if
(4.3) c142td; >0, ca+2tdy >0, (c1+2tdy)(co+2tdy) — (c3+2tds)? > 0.
Now we prove the following theorems.

Theorem 4.1. The tangent bundle of a Riemannian manifold M, endowed with
the metric G and the almost product structure P of general natural lift type, is
a Riemannian almost product manifold if and only if the coefficients of G and P
satisfy the relations

a1Cy — aoC1 = 2a363,
(a1 + thl)(CQ + Qtdg) — (a2 + 27562)(61 + Qtdl) = 2(a3 + 2tbg)(€3 + Qtdg).

If moreover, the conditions in Theorem 3.3 hold, then (T M, G, P) is a Riemannian
locally product manifold.

Proof. With respect to the adapted frame {d;, 0;}
the form

for e = 1, (4.1) has

ij=1n’

(44) G(P6;, Po;) = G(5:,6;), G(Pd;, PO;) = G(d;,0;), G(Pd;, P5;) = G (s, ;).

Replacing in (4.4) the expressions of the almost product structure P and of the
metric G, and using Lemma 2.1, we have that the coefficients of g;; and go;go;
vanish. From the vanishing conditions of the coefficients of g;; we get the following
homogeneous linear system in ¢;, c2, c3

(a3 — 1)c1 + a2co — 2a1a3c3 = 0,
(4.5) a3cr + (a3 — 1)ea + 2aza3c3 = 0,

—asc1 + arco — 2azcz = 0.
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It is easy to see that the rank of the system (4.5) is 1, due to the first relation in
(3.7), then the first relation in the statement holds.

The vanishing conditions for the coefficients of gg;go; in (4.4) lead to a more
complicated system. Multiplying the equations of the new system by 2¢, and then
adding the corresponding equations from (4.5), we obtain:

[(ag + 2tb3)2 — 1]51 + (a1 + 2tb1)252 — 2(@1 + 2tb1)(a3 + 2tb3)53 =0,
(4.6) (CLQ + 2td2)251 + [(ag + 2tb3)2 — 1]52 + 2(@2 + 2tb2)(a3 + 2tb3)53 =0,
—(ag + 2tb2)5’1 + (a1 + 2tb1)52 — 2(@3 + 2tb3)53 =0,

where we denoted by S1, S, Ss3, the unknowns c¢; + 2tdy, co + 2tds, c3 + 2tds.
Since the second relation in (3.7) holds, the rank of the above system is equal to 1, and
the second relation in the statement of the theorem is true.

az
the definitions of P and G vanish, the systems (4.5) and (4.6) are satisfied, and we obtain
the results in [29, Theorem 11]. Taking Remark 3.5 into account, [29, Theorem 12] is also
proved.

Remark 4.2. If we consider ¢y = + = \/2_1?, c3 = \/g , and the other coefficients in

Theorem 4.3. The family of general natural Riemannian metrics G on T M such that
(TM, G, P) is an almost para-Hermitian manifold, is given by (4.2), provided that its
coefficients are related to the coefficients of the almost product structure P of general
natural lift type by the following proportionality relations

Cc1 C2 c3 c1 + 2td; . + 2tds _c3 + 2tds

4.7 — = = =\ = — =
.7 a1 as as ’ a1 + 2tby as + 2tby as + 2tbs

= A+ 2tu,

where the proportionality coefficients X > 0 and A+ 2ty > 0 are functions depending on t.
If moreover, the base manifold is a space form, and b1, ba, b3 have the expressions given
in Theorem 3.3, then (T'M, G, P) is a para-Hermitian manifold.

Proof. We use the local adapted frame {8;,0;}i j=1,..n. The metric G is almost
para-Hermitian with respect to the almost product structure P if and only if the following
relations are fulfilled

(x)G(Pd;, Pé;) = —G(4;,905), G(PO;, PO;) = —G(0;,0;), G(PO;, Pd;) = —G(9;, 6;).

By using Lemma 2.1 we obtain that the coefficients of g;; and go;go; in (*) must vanish.
Imposing this condition for the coefficients of g;; it follows that the parameters c;, c2, and
cs, in the definition of the metric G, satisfy the homogeneous linear system

(a2 +1)cy + afea — 2a1a3c3 = 0,
(48) a%cl + (CL% + 1)02 + 2@2@303 = 0,
—asazcy + araszco + 2a1a2c3 = 0.

The rank of the system (4.8) is 2, and its nontrivial solutions satisfy the first relation
in (4.7).



506 Simona-Luiza Druté-Romaniuc

From the vanishing condition for the coefficients of go;g0; in (*), we obtain a much
more complicated system, fulfilled by d;, d2, ds. In order to get a certain similitude with
the above system (4.8), fulfilled by c¢;, co, and c3, we multiply the new equations by 2t
and add the equations of the system (4.8), respectively. The new system may be written in
the following form

[(ag + 2tb3)2 + 1]51 + (a1 + 2tb1)252 — 2(@1 + 2tb1)(a3 + 2tb3)53 =0,
(ag + 2tb2)251 + [(ag + 2tb3)2 + 1]52 + 2(@2 + 2tb2)(a3 + 2tb3)53 =0,
—(a2+2tb2)(a3+2tb3)51+(a1 —|—2tb1)(a3 +2tb3)52 +2(a1 +2tb1)(a2+2tb2)5’3 =0,

where the new unknowns are S7, Sz, and S3, defined in the previous proof.

The nonzero solutions of the above system satisfy the second relation in (4.7).

Moreover, the conditions (4.3) are fulfilled, due to the properties (3.7) of the coefficients
of the almost product structure P.

Finally, the explicit expressions of the coefficients d;, ds, and ds, obtained from (4.7),
are

49 dy = by + u(al + 2tb1), dy = —Aby — M(ag + 2tb2), ds = A\bg + M(ag + 2tb3).

Example 4.4. In the case when a; = a3 = 1 and a3 = 0, it follows from (4.8) that
¢1 = —cg = 1. If the other coefficients involved in the definitions (3.3) and (4.2) vanish,
we obtain the almost para-Hermitian structure considered in [7].

Remark 4.5. When a; = (11—2 =2t 1 = -2, ¢y = 1, and the other coefficients in
the definitions of P and G vanish, the two systems in the above proof are satisfied, and
thus [29, Theorem 16] is proved. Taking into account Remark 3.5, we obtain the result
stated in [29, Theorem 18].

5. ALMOST PARA-KAHLER STRUCTURES OF GENERAL NATURAL LIFT TYPE ON T'M

Considering the 2-form 2 defined by the almost para-Hermitian structure (G, P) on
TM,
QUX,Y)=G(X, PY),

for all the vector fields X,Y on T'M, we obtain the following result:

Proposition 5.1. The expression of the 2-form §) associated to the general natural
almost para-Hermitian structure (G, P) on the tangent bundle is given by

Q(xy¥)) =0, (X ¥ =0
QX1 Y)) = =2(X),Y)) = Agr) (X, Y) + 1970 (45 X)) (0, V),

for every tangent vector fields X,Y € T;H(M), and every tangent vector y € T M.
In the local adapted frame {6;,0;}i j=1,...n on TM we have

(5.1 Q = (Agij + Hgoigoj)dx’ A Dy’ ,

where Dy* = dy* + T} hdxh is the absolute differential of y°.
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Next, by calculating the exterior differential of {2, we obtain:

Theorem 5.2. The almost para-Hermitian structure (G, P) of general natural lift type
on TM is almost para-Kdhlerian if and only if

p=X\.
Proof. The differential of (2 is
dQ = (d)\gi; + Mdgi; + dugoigo; + pdgoigoj + pgoidgo;) A dz' A Dy’
—(N\gij + 1goigo;)dx’ A dDy’ .
We first obtain the expressions of d\, du, dgo; and dDy’:
d\ = XNgonDy", dp=p'gonDy", dgoi = gniDy" + gonTydz”,
dDy" = %Rgikdxi A dz® + T Dyt A da*.

By substituting these relations into df2, using the properties of the exterior product, the
symmetry of g;; and I’fk, and the Bianchi identities, we get

1 i )
Q) = §(u — X)(gij90k — 90igir) Dy* A Dy' A da?.
Hence the structure (G, P) on T'M is almost para-Kahlerian (i.e. d2 = 0) if and only
ifu=MN\.

Remark 5.3. The family of general natural almost para-Kéhlerian structures on 7'M
depends on five coefficients, a1, as, b1, b3, and A, which must satisfy the supplementary
conditions a; > 0, ay + 2tby >0, A >0, A+ 2tu > 0.

Combining the results from the theorems 3.1, 3.3 and 5.2 we may state

Theorem 5.4. An almost para-Hermitian structure (G, P) of general natural lift type
on TM is para-Kdhlerian if and only if the almost product structure P is integrable (see
Theorem 3.3) and = N.

Remark 5.5. The family of general natural para-Kahlerian structures on 7'M depends
on three parameters, a;, agz, and A\, which must satisfy the supplementary conditions a; >
0, a; +2thby >0, A >0, A+ 2t\ >0, b; being given in Theorem 3.3.
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