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POSITIVE SOLUTIONS FOR A PREDATOR-PREY INTERACTION
MODEL WITH HOLLING-TYPE FUNCTIONAL RESPONSE AND
DIFFUSION

Yunfeng Jia, Jianhua Wu and Hong-Kun Xu*

Abstract. We deal with a predator-prey interaction model with Holling-type
monotonic functional response and diffusion and which is endowed with a sec-
ond homogeneous boundary condition. Via spectrum analysis and bifurcation
theory, we investigate the local and global bifurcation solutions of the model
which emanate from a positive constant solution by taking the growth rate as
a bifurcation parameter. Basing on the fixed point index theory, we prove the
existence of positive steady-state solutions of the model.

1. INTRODUCTION

Both mathematicians and ecologists are concerned with the dynamics of bio-
logical populations via the partial differential equation method, in particular, of the
reaction-diffusion systems derived from the interactions among several species which
have extensively been investigated recently. Predator-prey models are however an
important branch of the reaction-diffusion systems (see, for example, [3, 4, 5, 11,
12, 14,17, 20, 24]). In predator-prey models, functional responses of the predator to
the prey density play a critical role, which refers to the change in the density of prey
attached per time unit and predator unit as the prey density changes. In general,
the functional response, denoted by p(u), is monotone (see [4, 6, 7, 9, 10]) and
continuously differentiable on [0, 00). Examples of functional response functions
are

2 2

au au au au
p(u) 0 p(u) T bhru p(u) = m7 p(u) = m7

where a, b, r are positive constants, with a denoting the maximal growth rate of
species, and b the half-saturation constant. These functional responses are usually
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said to be of Holling-type I, 11, 11l and IV, respectively. The dynamics of Holling-type
predator-prey models are interesting and have therefore been extensively studied. For
more details of response functions, the reader can consult the references [2, 5, 8,
10, 20].

In [1, 5], the authors used the Holling-type Il response p(u) = 2% for studying

— btu
the dynamic behavior of the system of the ordinary differential equations (ODES)

ut:rlu(l—g)— auvj t>0,
k b+u
(1.1) v
v =1ro0(l — —), t>0,
cu

where the variables « and v represent the concentrations or densities of the two
species (and so are usually assumed to be non-negative), the constants »; and ro are
the birth rates of » and v respectively, k is the prey environmental carrying capacity,
c is a measure of the food quality of prey for conversion into predator births, a is
the maximum number of prey that can be eaten by a predator per time unit, and b
is the saturation value that corresponds to the number of prey necessary to achieve
one half of the maximum rate a. All these parameters r1, ro, ¢, k, a, b are assumed
to be positive.

Mathematical properties and ecological meaning of the ODE model (1.1) have
been investigated qualitatively and numerically in order to explain mutual interac-
tions between populations such as mite and spider mite, lynx and hare, sparrow
and sparrow hawk, and so on. A lot of interesting phenomena, such as stable limit
cycles, semi-stable limit cycles, bifurcations, global stability of constant positive
solutions and of periodic solutions have also been studied (see [1, 4, 5, 13, 23]).

Note that the densities of prey and predator are spatially inhomogeneous in a
bounded domain © ¢ R with smooth boundary. Thus, instead of (1.1), we are led
to the following reaction-diffusion system

u auv
—d1Au = 1—-)— Q t>0
up — diAu = riu( k) A ;
v

—doAv = 1——), € Q, t >0,

1.2) vy — do Av = rou( cu) x
Ont = Opv =0, x € 01, t>0,
u=wug>0,Z0,v=vy > 0,#0, x € Q, t=0,

where d1, do denote the diffusion rates of u, v, respectively, and 9, is the derivative
in the direction of outer normal to 9.

The main purpose of this paper is to study the positive steady-state solutions
of (1.2), that is, the existence of nonconstant positive classical solutions of the
following elliptic system
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u auv

—diAu = 1- 4 0
1Au riu( k) T r €,
(1.3) —doAv = rou(l — 1), x € Q,
cu
anu = 871'0 = 07 x € 0f).

In [21], the authors investigated system (1.3) for a simplified version. They gave
a priori estimates of the upper and lower bounds, the non-existence and existence of
positive non-constant solutions of the model. However the existence conditions for
positive solutions in the literature seem complicated. In the present paper, we shall
focus our attention on the local and global bifurcation solutions which emanate from
a positive constant solution by taking the growth rate as a bifurcation parameter.
Furthermore, we also discuss the stability of the constant positive solution. The
existence result of positive steady-state solutions of the model is proved via the
fixed point index theory.

The organization of this paper is as follows. In Section 2, we analyze the long
time behavior of system (1.2). Section 3 is devoted to the stability of the unique
constant positive solution. The existence and the structure of bifurcation solutions
emanating from the constant positive solution are investigated in Section 4. Finally,
in Section 5, by using the fixed point index theory, we prove the existence of positive
steady-state solutions of the model.

2. LoNG TiME BEHAVIOR OF SOLUTIONS OF SYSTEM (1.2)

For system (1.2), we analyze the long time behavior of its solutions.

Theorem 2.1. Suppose that (u,v) satisfies (1.2). Then, for any ¢ > 0, the
rectangle [0, k + ¢) x [0, ck + ¢) is a global attractor for all solutions of (1.2) in
R?.

Proof.  Since (u,v) = (u(x,t),v(x,t)) is a solution of (1.2), u satisfies

u —diAu < ru(l — %), x € Q, t>0,
Opu = 0, x € 09, t>0,
u = wug>0,%#0, x € (), t=0.

Let 2, (¢) be a solution of the ODE system
21(t) =riz1(1 — %), t>0,
z1(t) = max guo(w,t), t=0.

Then lim;_, 21(t) = k. From the comparison principle of parabolic equations, it
follows that u(z,t) < z1(t); hence

lim supmax u(z,t) < k.
t—+oo x€N
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As a result, for any small enough £ > 0, there exists 7' > 0, such that u(x, t) < k+¢
for all x € Q and ¢ > T. It then follows that v satisfies

v
—dyAv < 1— cQ,  t>T,
UVt 200V S 7"2’[)( C(k—f—é‘))’ x =
opv = 0, x € 09, t>T,
v(z,t) > 0, z € 9, t="T.

Let w;(t) be a solution of the ODE system

{ wi(t) = rawi(1- —=—),  t>T,

(k+e)
w1 (t) = max, g v(z,1), t="T.

Then limy—, o w1 (t) = c¢(k+e). By the comparison principle we know that v(x, t) <
w1 (t), which leads to

lim sup max v(z,t) < c(k + €).
t—+4o0 z€Q

Since ¢ > 0 is arbitrary, we get that limsup,_, , ., max, gv(z,t) < ck and the
result of the theorem then follows. ]

On the other hand, we also have the following persistent property.

Theorem 2.2. Suppose that 4 < 1. If (u, v) satisfies (1.2), then

k k
liminfminu(z,t) > k(1 — ack ,  liminfminv(z,t) > ck (1 — ack )
t—+00 £ brq t—=+00 zcQ brq

Proof. Obviously, we see that « satisfies

k
u — diAu > ru gk Y , x € Q, t>0,
b?"l k
Ohu = 0, x € 09, t>0,
u = ug>0,#0, x € €, t=0.

k
zé(t):rlzg<1—£—2>, t>0,

22(t) = min, g uo(x,t), t=0.
Then lim; o 20(t) = k (1 — %) in view of % < 1. 1t follows from the com-

parison principle that w(z, t) > z2(t), and then

lim inf minu(z,t) > k <1 — gk) .
t—=+00 ze) brq



Positive Solutions for a Predator-prey Interaction Model 2017

As a result, forany 0 < e < k < — M) there exists 7' > 0, such that

brq
k
u(z,t) >k <1 — %) —€
forall z € Q and t > T. Thus, v satisfies
v —doAv > rou | 1— v , T € €, t>T,
c <k <1 — %) — 5)
v = 0, x € 09, t>T,
v(z,t) 0, x € Q, t="T

>
Assume that ws(t) is a solution of the ODE system

wh(t) =rows | 1 — t>T,

((mmy-g)

wo(t) = min, g v(w,1), t="T.

Then limy o wa(t) = ¢ <k <1 — %) — g). By the comparison principle we get
v(z,t) > we(t), and then
lim inf minwv(z, t) > ¢ <k <1 — gk) — 5) .
t—+00 zc) brq
Setting £ — 0 yields
lim inf min v(z, t) > ck <1 - gk) ,
t—+00 2cQ bry

and the proof is then completed. ]

3. STABILITY OF CONSTANT POSITIVE SOLUTION

In this section, we establish the stability of the constant positive solution of the
system (1.3). Note that the system (1.3) has a unique constant positive solution
(u1,v1) given by

(r1 — ack — br1) +\/(r1 — ack — bry)2 + 4bkr?

A =
(3 ) uy 2

V1 = CUq.

Suppose {u; : ¢ = 0,1,2,---} is the set of eigenvalues of —A on Q with
homogenous Neumann boundary condition. Let X; be the eigenspace corresponding
to the eigenvalue p;. We now show that the constant positive solution (uq,v1) is
asymptotically stable under a mild condition (see condition (3.2) below).
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Theorem 3.1. Let o = uy <% — (b‘fs;P) and (= ;2. If

(3.2) max {—1"2, d2_1 <d1r2 - 2\/m>} < a,

then the constant positive solution (u 1, v1) is asymptotically stable.

Proof.  The linearized operator of system (1.3) at (uy,v1) is

2r1 abvy aul
—di A~ g
(3.3) ! et (b +uq)? b+ uq
) 7"2’[)% 2rov1
—— —do A — 19 +
cuy cuq

SinC(_a ri(1—"5) - b(—l:ﬁl =0and 11— 67;—11 = 0, the matrix (3.2) can equivalently be
rewritten as

N (r_l_ acuy ) auy <—d1A—|—a 3 >

(34) ko (b+u)?) b+u |=
—crg —doA+ry

—cry —daA+13

Thus, for each ¢ € {0,1,2,---}, the operator (3.4) is invariant on X, and u € R
is an eigenvalue of (3.4) on X; for some i if and only if x is the eigenvalue of the

matrix
A < dijp; + o B )
v —crg dopi+1r2 )
The determinant and trace of A; are
det A; = dldgug + (dQOé + dlrg)ui + TQ(Oé + Cﬁ)
and, respectively,
trA; = (dl + dg)uz + ro + .

So, we find that det A; > 0 and tr A; > 0 provided there hold the following two
inequalities:

(i) (dyor + dy72)? — 4dydora(a + ¢f) < 0;

(i) a > —rs.

The inequality (i) holds if and only if there hold

d;l(dlrg — 24/ dldgrgcﬁ) <a< d;l(dlrg + 24/ dldgrgcﬁ).

Meanwhile, it is obvious that det A; > 0 for a > 0. Therefore, if condition (3.2)
holds, then we must have det A; > 0 and tr A; > 0. In this case, the eigenvalues
of A; have positive real parts, and therefore (uy, v1) is asymptotically stable. ]
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Remark 3.2. Suppose that condition (3.2) holds. Then
(i) Fori =0, det Ag = ro(a+ ¢f) and tr Ag = o + ro. If

(4 19)% < dro(a + ¢f),
then the real parts of eigenvalues of Ay are Re u = %(a + r9) > 0. While if
(o4 19)% > dro(a + ¢f),

then

<(a +19) 4+ (a +72)2 — dry(a + cﬁ)) >0,

<(a +1r9) = (a+712)2 — dry(a + cﬁ)) > 0.

Repy =

N — DN

Rep_ =
(i) Fori > 1,if (tr 4;)? < 4det 4;, then
1 1
Repsr = §tr A = 5((611 + do)p; + 12 + ) > 0.

If (trA;)? > 4det A;, then

1
Rejus = 5 <trAZ~ 4 /(tr A;)? — 4 det AZ) >0,

Reu_ = % <trAZ — \/(U‘AZ‘)Q — 4 det Az) > 0.

The above facts show that if condition (3.2) holds, there must exist a constant
0 > 0 independent of ¢ and such that Re . > ¢ for all ¢ = 0,1,2,---. Therefore,
all eigenvalues of (3.4) are in the half plane {x : Re u > §}.

4. EXISTENCE OF BIFURCATION SOLUTION EMANATING FROM (w1, v1)

In order to apply the bifurcation theory to study the existence of positive so-
lutions, we take r; as a parameter and discuss the local bifurcation solutions of
(1.3) which bifurcate from (u1,v1). The local bifurcation theory will be used to
give a precise description for the structure of a positive solution near the bifurcation
point, and the global bifurcation analysis describes the curve trend as the bifurcation
parameter varies. Theorem 3.1 shows that (u,v1) is asymptotically stable when
condition (3.1) holds. So, in this case, there exist no bifurcation solutions emanating
from (ug,v1). In view of this reason, in order to discuss bifurcation solutions of
(1.3), we assume that « satisfies the condition

(4.2) a< max{—rg, d2_1 <d1r2 - 2\/m>} .
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Theorem 4.1. Set

didop? + d ;
4.2) o = ot + 17"2/%""7"2667 i>0.
ro + dap;

Assume that
() a= o, for some i(, where « is given as in Theorem 3.1.
(i) a; # «a; for all i # j.

Then (Uy; ) is a bifurcation point of the system (1.3) as long as p ;, is a simple
eigenvalue of —A on  with the homogenous Neumann boundary condition. [Here
Ui = (u1,v1)7 is the constant positive solution of (1.3) with « ; and v; being given
in (3.1)].

Proof. For fixed r9, k, a, b, ¢, we define a nonlinear operator F': X xR—Y
by

—di1Au — riu + %uQ + % "
U
F(U;r) = rov? ; U:<v>7
—do AV — 19U + ——
cu

where X = C2*(Q)xCy*(Q),Y = C*(Q), Cr*(Q) = {u € C*>*(Q) : dyulon =
0},a € (0,1),U € X. Thus, we see that U is the solution of the boundary value
problem

F(U;r) =0, z€Q; 0,U=0, z€d

if and only if U is a solution of (1.3). Therefore F(Uy;r1) = 0, and the Fréchet
derivative Fyy of F at (Uy;ry) is

2 b
—d A=y Sty L12 i
Fo (Unsm) = k (b+u1) b+ u;
UML) = _rgv% CdA +2r2v1
cu? 2 2T e
A+ a 3
- —cra —doA + 12

= FU (Ul;()é),

where « and (3 are given as in Theorem 3.1.
We next show that A = 0 is an eigenvalue of Fy(U;; «). Indeed, assume that
A is an eigenvalue of Fy;(Uy; o) and (¢, )7 is a corresponding eigenfunction with

expansions
o Ti o Ti
0= iy, V=Y bijpij,

i=0 j=1 i=0 j=1
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where 7; > 1 is the multiplicity of the eigenvalue p; of —A, and ¢;; are the
normalized eigenfunctions corresponding to z;. The sequence {y;;},7 > 0,1 < j <
7; constitutes a complete orthonormal basis for L?(£2). Noticing —Ay;; = pwipij,
we have

oo T A—dip; — o -8 ) <aij>
ij = 0.
;; < Cra )‘_d2Mz‘—T2 bij Pij
Since A is an eigenvalue of Fi;(Uy; a), A solves the characteristic equation
(4.3) N2—((dr+da) pig+0rig+ra) Adidapg +(daoviy+dira) prig+r2(aiy +cB) = 0.

By assumption (i), we find that the constant term of (4.3) equals 0. Hence
0 is an eigenvalue of Fy (Uy; ). This shows that Fyy (Uy; «) is degenerate and
(o, )T € N(Fy (Uy; «)), where N (Fyy (Uy; o)) is the kernel space of Fyy (Uy; ).

Since p;, is simple, 7, = 1. In this case, v;); = wi,1 =: @i,. Simple
calculations give that

oo —swon{( 2 )} = (10 Jou),

and dImN(FU (Ul; Oé)) =1.

Now we consider codim R(Fyy (Uy; @), where R(Fy (Uy; o)) is the range space
of Fy (Ul; Oé).

Since the conjugate operator Fy; (Uy; o) of Fyy (Ur; ) is

" —d1A + « —cr
FU(U“O‘):< s —dQA-Qm>’

the matrices F}; (Uy; ) and Fy (Uy; o) have the same characteristic polynomial.
Thus, Fy; (Uy; ) is also degenerate. By direct calculations, we get

N (F}; (U @) = span { < ii ) } = span { < dw:"i o ) @io} ;

and dim N (F}; (Uy; «)) = 1. Therefore, noticing
R(Fy (Ur; o)) = (N (Ej (Urs )™
we must have codim R(Fy(Up; o)) = 1.

2uy _
On the other hand, since the Fréchet derivative Fy,., (Uy; @) is ( k 0 1 8 )

()= (5 9)(2)- (29 ()
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We claim that (24 — 1) ( g

) ¢ R(Fy (Uy; o). As a matter of fact, suppose

on the contrary that (24 — 1) ( g ) € R(Fy (Uy; «)). Then the system

{ —diAu+au + v = (2L —1) p,

—doAv + 19V — crou =0

is solvable. Multiplying the first and second equations by ¢ and ), respectively,
and integrating over 2, we get

2
<ﬂ— 1) / oldr = /(—dlAu—i—au—i—ﬂv)apdx
k Q Q

(4.4) /( d1Ap + ap)udz —|—ﬂ/ vodx

—ﬁ/w—uw

0= /(—dgA’U + rov — crou)hdx
0

and

(4.5) = /Q(—dgAw + royp)vdx — crg/Quwda:

= crg/Q(vap —wp)dzx

By (4.4) and (4.5) we know that [, p?dx = 0, and so ¢ = 0. This is a contradiction

since ¢ is an eigenfunction. We have therefore proved that (2“1 — 1) ( g ) ¢
R(Fy (Uy; «)). Consequently, we can apply the Crandall-Rabinowitz’s bifurcation

theorem [16] to get our assertion that (Uy; «) is a bifurcation point of (1.3). |

The Crandall-Rabinowitz’s bifurcation theorem implies that there exist sq >
07 v (_307 30) - R? (wlan)T : (_307 30) — X, Y, wWiw2 € Cl(_307 30) satiSfy_
ing
7(0) =0, (wiw2)" € R(Fy (Uy;a)), wi(0) =ws(0) =0.
Now let u(s) = u1+s(p4wi(s)) = u1 —sBpi, +0(s), v(s) = v1+s(+wa(s)) =

) =
v+ (di prig +0vy )ig +0(s), 1(s) = r1+7(s), U(s) = (w, )" Then (U(s); r1(s))
is the unique positive solution of the equation

F(U;r) =0, z€Q; 0,U=0, z€d
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near (Uy; ) and U (s) is the solution of (1.3). That is, the zero set of F' only consists
of two curves (Uy; «) and (U(s);r1(s)) in a neighborhood of the bifurcation point
(Ul; Oé).

Remark 4.2. In Theorem 4.1, the condition o; # «; for any integer ¢ #
J is essential. In fact, if a; = «; for some ¢ # j, then it can’t ensure that
dim N (Fy (Uy;«)) = 1. This can be easily seen from the proof above. By (4.2)
we can find that a;; = o for i # j if and only if

didara(p; + p;) + didspipy + dirs = cfBdars.

Remark 4.3. If © is one dimensional, then all x; are simple and (Uy; ) is
always a bifurcation point of (1.3) when o = o, for some 4y and «; # «; for any
i .

Theorem 4.1 gives a precise description for the structure of positive solutions
near the bifurcation point. But it provides no information on the bifurcating curve
far from the equilibrium. In the following, we investigate the positive solutions of
(1.3) by considering global bifurcation. The global bifurcation result shows that

the bifurcation curve reaches to infinity. For simplicity, we suppose that 2 is one
dimensional, say © = (0, 1).

Theorem 4.4. Suppose that the assumptions of Theorem 4.1 hold. Then the
bifurcation curve I';, of the positive bifurcation solution (u, v) of (1.3) which occurs
at (Uy; «) tends to infinity.

Proof. For 2 = (0, 1), system (1.3) becomes the following ordinary differential
equations system

—dy’ = ru(l— %) — b"’i”u, z e (0,1),
(4.6) —dyp" = mﬂl—£p7 z € (0,1),
u o= v =0, x=0,1.

Obviously, system (4.6) also has the unique positive constant solution (uq, vy).
Consider the eigenvalue problem

!
—¢" = pp, x€(0,1)
4.7)
o = 0, x=0,1.
It is well know that all eigenvalues p;,i = 0,1,2,---, of (4.7) are simple and all

eigenfunctions {(;}5°, of (4.7) constitute an orthonormal basis in L2((0, 1)).
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Let @ = u — u1,? = v — v1. Then system (4.6) can be written as

—dy@" + ot + Bo 4 f(@,0) = 0, x€(0,1),
(4.8) —do¥" — croli+ 1o + §(0,0) = 0, x€(0,1),
@=% =0, =01,

where f(@,?) and (@, ) are higher order terms of @ and @. Thus, the unique
constant solution (uy,v1) of (4.6) shifts to the unique constant solution (0,0) of
(4.8).

For w(z) € C(]0,1]), assume that v = G1(w) and v = G2(w) are solutions of
the problems
div” +au=w, z€(0,1), =0 =01,
and
dov” —rov =w, x € (0,1), V=0, x=0,1,
respectively, where o < 0 in view of Theorem 4.1. Then (u,v) € C%([0,1]) x
—1 1
C2(]0,1]) is unique, and the operators G'; = <d1%+a> ,Go= <d2%—r2>

are compact.
Set

U= (a,v), E={(uv)uveC?[0,1]), v =2 =0, 2=0,1}.

Then (4.8) can be interpreted as the equation

(4.9) U=G(a)(U)+ H(U),

where
o 20&G1 ﬂGl
G(a) o < —CTQGQ 0 )

and H are compact on E, G(a)(U) = (2aG1(a) + G1(0), —craGa(a)), H(ﬁ) =

(G1(f), G2(3)) = o(|U]).
In order to apply Rabinowitz’s global bifurcation theorem [15], we should verify
following facts:

(i) 1is an eigenvalue of G(«) with algebraic multiplicity one;

(ii) for any sufficiently small ¢ > 0, the fixed point index index( — G(a) —
H,(0,0)) satisfies

(4.10) index(! — G(a—¢) — H,(0,0)) # index(I — G(a+¢) — H, (0,0)).
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For any ¢, € C%([0,1]) x C?([0,1]), it is easy to verify that ( ? ) €

N(G(a) — I) if and only if ( i ) € N(Fy (Uy;a)). Thus,

N(G(a) - I) = N(Fy (U1; ) = span { ( e L ) go} |

This shows that 1 is an eigenvalue of G(«) indeed and dimN (G(«) — I) = 1.
Now, we consider N(G*(«) — I), where G*(«) is the conjugate operator of
G(a).

Let ( i ) € N(G*(a) — I). Then we have

2aG1p — craGoyp = ¢, BG1o = 1P.
Using the definitions of G1, G5 we get
da" = (20d datra)p+ (2027 d  do =205 ra—cra)tp,  did = Bo—an.

Write ¢ = > aipi, v = > .2 bii, where {p;}22 is the set of eigenfunc-

tions of (4.7) in L?((0,1)). Then >.2°, C; ( a’f ) ©; = 0, where

bi

Ch— 2ad1_1d2 + 19 + do; 20¢2ﬁ_1d1_1d2 — 2087y — crg '
! Ié; —a 4 dip

A direct calculation yields
detC; = dldgu? + (d17“2 + dga)ui + Tg(cﬁ + a).

Take i = ig in det C;. Then it is exactly the case that A = 0 in (4.3). Therefore C;
is degenerate for i = ig. By a simple calculation we get

N(G*(e) — I) = span {( _aiojﬁdl% ) %} .

Clearly, <_ai° + dipg ©;, and ( =8 ) 4, are not orthogonal to each

- ) " dy iy + i
_/8 ) * _ 1 _
other, so ( dutio + 0%) i, € (N(G*(a) = I))~ = R(G(«) — I), and therefore,

N(G(a) — I) N R(G(a) — I) = {0}.
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Further, N((G(a) — I)?) = N(G(«) — I), and for any positive integer n, we have

By the definition of algebraic multiplicity of eigenvalues, we know that the algebraic
multiplicity of eigenvalue 1 is just dimu22, N(G(«) — I)™. This proves that 1 is
an eigenvalue of G/(«) with algebraic multiplicity one.

If « # «; is in a neighborhood of «;, then the operator I — G(«) : E — E'is
non-degenerate and (0, 0) is an isolate fixed point of (4.9). Thus, by the definition
of the fixed point index in [22], the index of I — G(«) — H at (0, 0) is given by

index(I — G(a) — H, (0,0)) = deg(I — G(), B, (0,0)) = (—1)",

where B is a sufficiently small ball centering at (0,0), and v is the sum of the
algebraic multiplicities of all positive eigenvalues of G(«) — I.
In the following, we claim that (4.10) holds.

Let x be an eigenvalue of G(«) with eigenfunction ( Z ) then we have

pdie” = (2 — pop + By,  pdo” = —crop + pray.

Write Y= Z;’io a;Pi, 'lﬂ = Z;’io bztpz Then

i (2 —pa+ pdip; B % ), =0
—cry pre + pdap; bi )7

=0
Thus, all the eigenvalues of G(«a) consist of the roots of the characteristic equation

2 cfirs )
(4.11) (dip; — @)p” + 2au + e 0, ¢>0.
If 1 is a root of (4.11), taking p = p; in (4.11), then we get o; = o, and S0 ¢ = j
by our assumption. Therefore, without counting the eigenvalues corresponding to
i = j in (411), G(«) — I has the same number of positive eigenvalues for all
a — «;, and they also have the same multiplicities. For the case i = j, the two
roots of (4.11) are

_ —dip —«

wo)=1,  jia) = <1

dip; — «
(Note that o < 0). So () < 1 as &« — «;. Since the root of (4.11) is increasing
in a, we must have

wla—e) <1, pla+e)>1.
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for small . Consequently, G(« + ¢) — I has exactly one more positive eigenvalue
than G(a — ¢) — I does. By a similar argument above we can show that this
eigenvalue has algebraic multiplicity one. This proves (4.10).

Using the bifurcation theorem in [15], we know that the bifurcation curve I';,
which occurs at (Uy; «) either tends to infinity or meets some other bifurcation point.
In the following, we claim that the first alternative must occur. For convenience of
use later, we denote such bifurcation point by (Uy; ay,).

Assume that I';, dose not reach to infinity. Then I';, must meet another bifur-
cation point, say (Ui; «v, ), and can not meet other bifurcation point (Uy; «y,) for
19 > 11.

Consider the problem

u auv

1
dyu'" 1——)— =0 0, —
1u +r1u( k) b+u ) we(?]f)?
(4.12) dov” + rov(1 — ﬁ) = 0, z€(0, %),
=o' = 0 =0, —.
U v , X s
If U is the solution of (4.12), then using U, we may construct a solution of (4.6)
by a reflective and periodic extension. For example, let , = £,n=0,1,2,--- &k
and

Uz) = Ul@=o2m), 20 < < Tonp,
U(x2n+2 - fI:), Ton+1 S x S Ton+2-

Then = € [0,1] and U(z) is a solution of (4.6). Clearly, (Uy; cy, ) is also a bifur-
cation point of (4.12). Denote by I';, the bifurcation curve which emanates from
(Uy; iy ). Then by the same argument above it is easy to show that I}, either
reaches to infinity or meets some other bifurcation point (Uy; a4, ), i3 > 1. If the
latter alternative occurs, then it shows that T'; meets (Uy; a;,) too. It is an obvious
contradiction. Therefore, I';, reaches to infinity, and then by the extension again
we know that I';, reaches to infinity too. The proof is accomplished. |

5. NONEXISTENCE AND EXxISTENCE OF NONCONSTANT POSITIVE SOLUTIONS

This section is devoted to the study of nonexistence and existence of noncon-
stant positive solutions of system (1.3). We shall prove that system (1.3) has no
nonconstant positive solutions if the effective diffusion rates are suitably large.

For any ¢ € L'(£2), we denote by % the averaged value of ¢ over ©, that is,

_ 1/
=1 [ pdx.
€ Jao

Theorem 5.1. Assume the following conditions
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2 2 9 2
1 ak crob®ry

5.1 dy > — — _— =
G Y * <2()> * <2(br1 — ack)2>
and

1 2
(5.2) do > — <7"2 + —) .

H1 H1

Then system (1.3) does not admit any nonconstant positive solutions.
Proof. For any y,z € R and s > 0, using the Cauchy inequality [18] we get

1
(5.3) yz < —y? + 522
4s
In particular, taking s = ;%1’ we get
1
yz < &yQ + —22.
4 H1

Let (u,v) be a nonconstant positive solution of (1.3). Then we have v < k and
v < ck. Multiplying the two equations of (1.3) by u — 7 =: £ and v — 7 =: 7,
respectively, and then integrating over €2 and using the inequality (5.3), we obtain

dy /Q VEPde = /Q <r1u (1 ~ %) ~ b"f;) £dz
D) () -

_ T g abvé _aun
_/Q<r15_k(u+u)£ b+ ) (b+u) b+u)'€dw

. _7"_1 — abv 2 . ﬂ

= [ (= o ) e e
1 . abvu 9 ak

S/§2<r1—?(U+U)—m>fd$+/g‘?£n‘dx

21.2
1
grl/,g?dx+ak2’“/52dx+— n2dz
Q 4b Q 1 Jo

and
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9 crob?r?
d ——=—¢nd
r2/Qn T / (brq — ack)Qf?7 o

9 crab?r? / /
d il
r2/§2ndx+< 2(bry — ack)? ) §dr +

Therefore, by the Poincaré inequality [19], we have

d1u1/§2dx+d2u1/n2dx§d1/ \Vf\de—i—dg/ |Vn|2da
Q Q

a2k2u1 cr262r1 2 9
< _—c = d d
_<r1—|— 42 +M1< 2(bry — ack)? ) /5 x+<r2+ﬂ>/§2n v

which contradicts our assumptions. Therefore, (1.3) does not admit any nonconstant
positive solutions under the assumptions (5.1) and (5.2). ]

IN

IN

We next turn to investigate the existence of positive solutions via the fixed point

index theory. Put U = ( Z ) and U; = ( Zl ) . Let
1

D= ( T ) F(U) = ( r1u7521v(1%_) _)m ) b= ( o )

cu

Then the Fréchet derivative of F' at U; is Fi7(Uy) = B. Hence (1.3) can be rewritten
as

(5.4) —~AU =D7'F(U), zecQ 0,U =0, x€dq.
Thus, U is a solution of (5.4) if and only if U satisfies the equation
U-(I-A"YD'FU)+U)=0

Let H((dy,ds);U) =U — (I —A)~Y(D~'F(U)+U). Then the Fréchet derivative
of H is

Hy((dy,d2);Ur) =1~ (I —A)" YD 'B+1).
As the same as that of in Section 3, we see that, for each i € {0,1,2,---},
Hy((dy,da); Uy) is invariant on X;; moreover, £ is the eigenvalue of Hy ((d1, da);
U1) on X; if and only if £(1 + ;) is the eigenvalue of the matrix

_ —adyt —pdy!
I-D'p= (M "% 1 = M.
Hi < crodyt i —rady ! !

The determinant and the trace of M, are given by

1
det M; = ﬁ(dldgug — (d17"2 + dga)ui + 7"2(06 + Cﬂ))
142
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and respectively,
tr M; = 2p; — ady' — rody .

Now let

((dh, )i ) = o (dhdagi = (darz + dza) + 7ol + ).
Suppose that
(5.5) (dyrg + docr)? > 4dydara(a + cf).

Then the equation h((di,ds); ) = 0 has two different real roots denoted by
iy (di, d2), p—(d, da), where

(dirg + doct) + /(dir2 + daa)? — 4dydara(a + cB)

M‘f’(dlv d2) - 2d1d2 7
(dv,do) = (dy7g 4 doa) — \/(dyra + da)? — 4dydara(a + ¢ff)
p—(ay, az il '

Set A = {MOv M1, p2, - } and
R=R(dy,do) = {pp: >0, u_(dr,dg) < p < puy(dy,d2)}.

In order to calculate index(H ((dy, d2), -); U1), we first need a lemma. Recall that
7; > 1 is the multiplicity of each u;,7i =0,1,2,---.

Lemma 5.2. [20]. Suppose that A((d1,ds); p;) # 0 for any p; € A. Then
indeX(H((dlv d2)7 )7 Ul) = (_1)07

where

Yoo RNA#D,
0= Hi €ERNA
0, RNA=0.

Particularly, if h((d1,d2); 1) > 0 for any p > 0, then o = 0.
We are now in a position to state and prove the main result of this section.

Theorem 5.3. Suppose that_zme%m 7; is odd and 7 € (pp, pip+1) for some
positive integer p. Then there exists d; > 0 such that (1.3) has nonconstant positive
solutions for dy > dj.

Proof. ~ We need to evaluate index(H ((d1, d2), - ); U1). By Lemma 5.2, we
know that the key ingredient in the calculation of this index is to seek the range of
w when h((dy,ds); p) < 0.
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It is easy to see that (5.5) holds and 4 (dy, d2) > p—(di,ds) > 0 when d; is
sufficiently large. Moreover
. r2 .
1 dy,ds) = — 1 _(dy1,ds) = 0.
g m e (dr, da) 4 gl K (d1,d2)
Hence, if Z—i € (fp, pp+1) for some positive integer p, then there must exist suitably
large dy such that

(5.6) tp < pra(di,d2) < ppr1, 0 < p(di,d2) <

for dy > do.

By the nonexistence result above, we know that there is d > dj such that (1.3)
has no nonconstant positive solutions when d; > d,d, = d. Meanwhile, we can
choose d large enough so that Z—i < 1. Thus, there must exist some d; such that

(5.7) 0< M—(dh d) < M+(d1, d) < U1

provided that d; > d§ (In fact, d only needs to satisfy dj > max{do, d}) . We
now prove that (1.3) has nonconstant positive solutions for all d; > d;;. We do this
by contradiction.

Suppose on the contrary that there exists dj such that (1.3) has no nonconstant
positive solutions for di > d.

Take d; = dj. For ¢ € [0, 1], we construct a homotopy operator by

tdy + (1 — t)d 0
D(t):< T tdg—i—(l—t)d)

and consider the problem
(5.8) —~AU =D Y)FU), ze€Q; 0,U=0, zco.

Obviously, U is a solution of (1.3) if and only if U is a solution of (5.8) (in this
case t = 1). Therefore, as the unique constant positive solution of (1.3), U; is also
the unique constant positive solution of (5.8).

It is clear that for each ¢ € [0, 1], U is a nonconstant positive solution of (5.8)
if and only if U is a positive solution of the equation

(5.9) U—-(I-A)"YDYt)FU)+U)=0.
In view of the previous discussions, it is easily known that the equation (5.9) has no
nonconstant positive solutions for ¢ = 0. Meanwhile, by our assumptions we also

know that (5.9) has no nonconstant positive solutions for ¢t = 1, d; = dj.
Now we set f(U,t) = U — (I — A)"Y(D~L(t)F(U) 4+ U). Then

f(U,1) = H((d1,d2); U),  f(U,0) = H((dy,d); U),
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and we have the Fréchet derivatives

Hy((di,d2); Ur) =T — (I = A)"H(D™'B +1)

™ Hy((dg, d); Uh) =1 — (I = A)" (D' B +1),
where Dy = ( C(l)é 2 ) . Using (5.6) and (5.7) we have
R(di,d2) NA = {p, po, - - ppt,  R(dg, d)N A= 0.
If >, crna i = i Ti IS 0dd, then by Lemma 5.2 we have
(5.10) index(f(-,1); Uy) = index(H ((d1,ds2),-); U1) = —1,
(5.11) index(f(-,0); Uy) = index(H ((d, dy),-); Ur) = 1.

If (u,v)isa positive solution of (1.3), then there must exist some £ > 0 such that
u,v > ¢ for x € Q. Let

§={(u,v) € X :e <u,v<max{k,ck} +¢}.

Then for ¢t € [0,1] and (u,v) € 98, where 98 is the boundary of 8, we have
f(U,t) # 0. Thus, the Leray-Schauder degree deg(f(-,t),§,0) is well defined, and
by the homotopy invariance on degree [22], we know that deg(f(-,¢),S,0) is a
constant. Therefore we have

(5.12) deg(f(-,0),8,0) = deg(f(-,1),8,0).

However, the equations f(U,0) = 0 and f(U,1) = 0 both have equal unique
positive solution Uy, by (5.10) and (5.11) we have

deg(f(7 1)7 87 0) = indeX(f(-, 1)7 Ul) = _17
deg(f(7 0)7 87 0) = indeX(f(-, 0)7 Ul) =1L
This obviously contradicts (5.12), and the proof is therefore complete. ]

Remark 5.4. Theorem 5.1 shows that when d, > Ml—l <r2 + M%) > ;—j and d;
is large, then (1.3) has no nonconstant positive solution. On the other hand, for the
existence res_ult, we also see that the condition 22 € (4, pp+1) in Theorem 5.3 for
some p > 1 implies that ds < Z—’i

Using the same techniques as above, we can similarly show that following result
holds.
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Theorem 5.5. Suppose that R(d1,d2) N A = {u;, ptj41, - - pj+p—1} for some
positive integers j,p > 1. 1f 37 g~ 7 is 0dd, then (1.3) has nonconstant positive
solutions.
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