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TRANSFERENCE OF BILINEAR OPERATORS BETWEEN JACOBI
SERIES AND HANKEL TRANSFORMS

Enji Sato

Dedicated to Professor Yuichi Kanjin on his 60th birthday

Abstract. Fan-Sato[8] proved a tranceference theorem with respect to the
multilinear operators on R™. Also Blasco-Villarroya[3] proved the similar
result with repect to the biilinear operators on Z2. In this paper, we prove
a tranceference theorem of the bilinear operators between Jacobi series and
Hankel transforms.

1. INTRODUCTION

Let0 < p,q,r <oowith1/p=1/q+1/r, and m(&, n) a bounded measurable
function. The bilinear operator 7' from LY(R) x L"(R) to LP(R) is defined by

T(fg)@) = [ mi&)Ealn)e = e,

where f(&) = [ f(z)e 2% dx. Recently, Lacey-Thiele ([11-13]) developed the
study of the multilinear operators. They proved that the operator T is bounded if
1 <gqr<oo, p>2/3 m&n) = sgn+an), a« € R\{0,1}, and solved
the problem with respect to the cauchy integral. The study of those operators was
started by Coifman-Meyer (cf. [4-6]). Also we would like to hope that the readers
refer to [9].

Now Fan-Sato[8] proved the de Leeuw type Theorem with respect to the mul-
tilinear operator on R". Also Blasco-Villarroya [3] proved the de Leeuw type
Theorem with respect to the bilinear operators on Z x Z.

In this paper, we treat the bilinear operators on Jacobi orthogonal systems and
those on the modified Hankel transforms. Then we show a tranceference theorem
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among those orthogonal systems. The study of the transference thorem between
Jacobi orthogonal system and the modified Hankel transform was begun by lgari
[10]. After that, Connett-Schwartz [7] showed the weak type, and Betancor-Stempak
[2], Stempak [16] developed the study. Also we refer to [14] and [15] in which we
had the similar results.

Now we introduce the notations about Jacobi polynomials and the modified

Hankel transforms. Let P\ )(x) be the Jacobi polynomial of the degree n and the
order («, 3), o, > —1. It is defined by

(=" a*

P! 8 p(a,B) —
(1—2)°(1+2) Ped(e) =

(1 _ (I,')n+a(1 +x)n+ﬂ}_

Then the system {Pé(’"ﬂ )(cos 0)}°°_, is an orthogonal system with respect to L?((0,
7),v), where du(6) = (sin/2)2%+(cos 0/2)25+1d9. When we define ¢{** > 0
by
(1) 2 = [ (P cos0) (o),
0

{tﬁf‘iﬂ)Péa’ﬂ)(cos 0)}°°, is a complete orthonormal system of L?((0, w),v). Also
let f(n) be defined by

f(n) = /0 " F(O)HD P cos 0)du(60)

for f € L'((0,7),v), and || f||»(,) the norm of f in LP((0,7),v) (1 < p < o0),
where LP((0,7),v) is the usual LP-space with respect to the measure v. For o >
—1, let LP((0, c0), ) be the LP-space on (0, co) with respect to du(x) = z2*+dx,
and || f| () the norm of f in LP((0, 00), u1). Also for f € L'((0, 00), )

Hof(z) = /0 " () Talay)du(y),

where J,(z) = Jo(x)/x and J, is the Bessel function of the first kind. Moreover,
for any bounded continuous function ¢(u,v) in [0, 00) x [0,00), let T' = T, be
defined by

T(f, 9)(x) = / / (11, 0) Hoe () Mo (0) To(10) To (20 s () d ()
(0,00) % (0,00)

(f,g € C>(0,00)),and e > 0
T.(F, G)(0) = g (en, em) F(n) G (m)t P P (cos 01l Pl (cos )

n,m=>0

(F, G € C2(0,m)).
Let « = = —1/2. Then we have that dv(0) = df is the Lebesgue measure
n [0, 7), du = dx the Lebesgue measure on the real line, {1212 p(=1/2:-1/2)



Transference of Bilinear Operators between Jacobi Series and Hankel Transforms 1563

(cosf) = /T cosnb, £(0 \/7f0 0) do, f(n \/7f0 0) cosnfdf (n =

1,2,---), and H_y o f(z) \/7f0 y) cos zydy. In this case, the transference
theorem about the bilinear operators Whlch we state later is showed by Fan-Sato[8].
In this article, we generalize the transfernce theorem about the bilinear operators in
the cases of «, 3 > —%. Here, we state our result in precise:

Theorem. Let1 < p,q,r < cowithl/p=1/q+1/r, o, > —1/2,and ¢(u,v)
a bounded continuous function on [0, co) x [0, co). If there exists a constant C' > 0
such that for any € > 0

HTE(Fv G)HLP(V) < CHFHL‘Z(V)HGHL’"(V) (F7 G e CSO(Ovﬂ))v
then there exists a constant C' > 0 such that
UT(f, I ey < CllflzagllgllLry (fs g9 € C(0,00)).

In §3, we will show that 7" is a bounded bilinear operator from L9((0, 00), 1) X
L"((0,00), p) to LP((0, c0), ), when {7 }.~o are uniformly bounded from L?((0,
m),v) x L"((0,7),v) to LP((0,7),v).

Throughout this paper, we may use varying a constant C' = Cg ... Which
depends only on a,b,c,---. Also we use the notation O, ....(x) which means

‘ Oa,b,c,--- (J?) ‘ < C b
—= | < Cape,oes
2. SOME LEMMAS

In this section, we prove some Lemmas for our Theorem, whose essential idea
depends on Igari[10]. After that, we will give the proof of Theorem by showing
some steps in §3. First for f,g € C°(0, M), let M and e be positive numbers
such that f,g € Cg°(0,00) and /e > M, and we define f.(0) = f(6/e) and
g=(0) = g(0/e). Also for ¢(u,v), let

G(0/e,1)¢)
1 s .
@ = Z d(en, em) f-(n)G-(m) D) PLled) (cos )18 pled) (cos 6).
n,m=>0
Then, by the assumption of Theorem, there exists a constant C' > 0 such that
(2) G0/, 1/e)l| Loy < CllfellLollgellLrw)-

Moreover, by Fatou’s lemma and the change of variable § = e,

</ limionf\ Z d(en, em) f-(n) G- (m) @D PlB) (coseT)

0 n,m=>0

1/p
<l P (cos ) [ dir ) < 1| | agullal 2o
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Also for a fixed number K > 0, there exists g > 0 such that

©) X (0,6) ()G (7, 1/ Loy < Cll N Loy 19 L)

(0 < & < gg), by 8 = e7 the change of variable and simple calculation in (2).
Here, we prepare the following which is proved by Stempak[16] and the estimates
of Jacobi polynomial[17]. we omit the proof.

Lemma 2.1. (cf. [16; p. 486]). Let n be a fixed natural number, and £ > 0.
Then we have

()
#0208 P(B) (o5 0) (sin 6/2) T/ (cos §/2) 01/
0(0) if (Cn™ ' <0<m—¢)
= (nh)2J,(nb) +
(n0)"/=Jo(n0) 0(0°+1/2p0-1/2) if (0 < 9 < Cn))
(i)
£{8) plB) (cos 0) (sin 0/2) 22+ (cos 0/2) 20+
0(004-1—3/2) if (C’n_l <O0<m-— 8/)
= V2nJ, (n)(6/2) + -
n (n )( / ) 0(02a+1na—1/2) if (0 <0< Cn—l)
(iii)
2@ plesd) (cos )
O(0Y/2~ag®) if (Cn ' <f <7 —¢)
— (26/0)°V2nJ,(nf) + : -
(2¢/0)*V2nJo(nb) { O(n*1/2e%) if (0 <0 < Cn™1),

where £’ is a fixed number with 0 < ¢/ < 7 and C is a constant.

Next we show the following:

Lemma 2.2. (cf. [10]). Let ,n, K be positive numbers with Ke < =, and N
a fixed natural number. Then there exists 0 < § < 1 such that forany n < 7 < K,

N[1/e]
Z fo(n)tl®) plaB) (cos er)
n=0
N[1/e]
= Z He f (n) Tu(ner)(ne)?* e + Op, k(Ne®) (0 < < 7 < K),
n=0

where Oy, x depends only on f, 7, K.
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Proof. Let supp f bein [n’, M’] C (0, M). then by Lemma2.1 and the change
of variable § = 7 with the the behavior of Hankel transform and Bessel function
at origin and infinity, we have

(e fe(n)) (27 P\ (cos )
= (Mo f(n2) Ta(ner) (ne) %+ e 4+ 04(=7))
N O((er)/?=ac®) if (Cn~ ' <er <m—¢)
<21V 2ndafner) + { O(n*=1/2¢2) if (0<er<Cn™t), -

Hence, we estimate each part, and obtain the desired result. We omit the details. m
It is easy to see next result by Lemma2.2.

Lemma 2.3. Let ¢,7, K be positive numbers with Ke < 7, and N a fixed
natural number. Then we have the following:

(i) forany 0 < 6 < 1, we have

N[1/¢]

Z | - (n)tleB) plB) (cos 1)
n=1
N[1/é]

= > [Haf(n8)Ta(ner)|(ne)** e + Oppx (Ne®) (0 < <7 < K),

n=1
where Oy, x depends only on f, 7, and K.
(i) for any natural number n, and 7 (0 < n < 7 < K), we have
Fe(n)tl P {0 (cos )

- Haf(nE)Ja(neT)(ng)Qo‘Hg + Ctpr(n, e, 1),
where
Cnxe if (Cn~t<er<m—¢)

Cpnxn®@e® ™ if (0 <er < Cn7t),

Cini(ne )= {
and C, ¢’ are fixed numbers with 0 < ¢’ < 7.

3. THE PROOF OF THEOREM

We have seven steps for the proof of Theorem. For a natural number N, we
define
N[1/e]
GN(9/e,1)e) = Z d(en, em) f-(n)g-(m) D) PLed) (cos 6) (5 Plesd) (cos §),

n,m=0
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and

HN(/e,1/e) = G(0/e,1/e) — GN(/e,1)¢).

Step 1. For any 1 < s < oo, there exists a constant Cy,,, ks > 0 such that

@ | Z | f ()t D P (cos o) || Lo iy < Cranic,sN 72
N[1/e]

In fact, we estimate

K o]
= / (> |fmtl® Pl (coser)|)r>dr.
T ON[1/e+1

By the change of variable 7 = 6/¢ and the estimate
|tL0) plesB) (cos ) (sin 0/2)* /% (cos 0/2)5+1/2| < ©

(cf.[1]), we have

o0

eK
I < Cg_(2a+2)/ 9(2a+1)(1—8/2)d0><( Z ‘fe(n)‘)s
en N[1/e]+1

o0

< Cparse” TV L))

N[1/e]+1

Here, we remark

o0

3 |fi(n)] < ONTY2e0t12,
N[1/e]+1

because we have

o0 o0 o0

S RIS DY )

N[1/e]+1 N[1/e]+1 N[1/e]+1

and (3141 [nf=(n)|?)1/2 < C=* by lgari’s method[10;p.203]. Therefore, we
have
I< Cg—(a+1/2)s€(a+1/2)sN—s/2 _ CN_8/2,

and get the desired result (4).

Step 2. Let g,m, K be positive numbers with Ke < 7, and N a fixed natural
number. Then there exists C' = C 4,k > 0 and 0 < § < 1 such that

(5) HHN(Tv 1/€)HLP([77,K],M) < C(N_1/2 + N1/2€6)7
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where C' is independent of ¢, N.
In fact, we divide H (7, 1/¢) into the three parts:

HN(r,1/¢)
n[l/€] 00

= Z Z d(en, em) f(n) G- (m)t P PP (cos e )t P (cos e)

n=0 m= N[l/e]—f—l
N[1/e]

+ Z Z d(en, em) f-(n) G- (m)t P PP (cos e) @B P(B) (cos 1)

m=0 n=N[1/e]+1

+ Z d(en, em) f-(n) G- (m)t P PP (cos e) (@B p(B) (cos er)
n,m=N[1/e]+1

=2 t2at s

say.

First we estimate || >, By Lemma 2.3(i),

p
HL”([W,K],M)'

N1/e]
(6) Z fo(n)tlP) plsd) (coser) || < Crax(1+ N (n<7<K),

and

12210 (1610

< Crpr(L+ NI > ge(m)ti D PP (cosem) 1 1.
m=N|[1/e]

< Cpgmr(1+ NeyPN—P/2
by (6) and Step 1. Therefore, we obtain
(7) HZ1H§@([77,K],M) < Cf79n7,K(N_1/2 + N2,
We similarly get
(8) 1222 “Iz,p([n,K],u) < Crgmr (N2 4 N2,

Next we estimate || > 5 || zr([y, k],)- BY the Schwarz inequality and Stepl, we have
that
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11225 HLP([W,K],M)
p
K & .
<c / S e Ped) coser)
m N[1/e]+1
. p
Yo ge(m)tig PP (coser)| | dp
N[1/e]+1
oo p
<C| > 1P Pl (coser)|
N[1/e]+1 L2°([n,K],u)
<Y 1)t B (cos en) 11 sy g1 0
N[1/e]+1
= CrgnrpN "
Then, we obtain
(9) 11225 Hip([n,z(],u) < CrgmrpN 7,

and by (7), (8), and (9)

HHN(T71/€)HLP([77,K],M)
< 121 llo(m e T 1222 e x1m + 11 228 Le (.0
< Cng’n7K(N_1/2—|—N1/2€6 +N_1).

Step 3. There exist {¢;} with ¢; | 0(j — oo0) and G(7) a function such that
G(r,1/ej) — G(7)

in the weak™* topology in LP((0, K), p) for all K > 0.
In fact, we get the above result by (3) and the diagonal argument.

Step 4. There exists a subsequence {¢;,} of {¢;} and G (7) a function such
that
GN(r,1/ej,) = GN(7)

in the weak* topology in LP([n, K], ) forany N and 0 < n < K.
Because by Step2, there exist {<} a subsequence of {¢;} and HN(7) a function
such that

HY(7,1/ey) — HY(7)
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in the weak* topology in LP([n, K], ) forall N and 0 <n <7 < K, and
(10) HHNHLP([W,K],M) < Cfvg,anN_l/Q-
Also by (3) and Step2, we have

1G™ (7, 1/€)X (. 1) (T | £y

< |G (7, 1/€)X (. 10) ()| oy + I (7, 1/)X 0, 10) (T | Lo

< Ol fl|aqullgll L + CNTH2 4 NVZ0),
since G(7,1/¢) = GN(7,1/¢) + HN(7,1/¢). So we obtain

HGN(Tv 1/5)X(n,K)HLP(u) < ON,f9mK-
Then there exist a subsequence {¢;,} of {¢;} and G¥ () a function such that
GN(r,1/ej,) — GN(r)

in the weak* topology in LP([n, K], u) forall 0 < n < K and G = GN + HV,

Step 5. For a fixed 7 > 0, we have
lim G (7,1/¢)
e—0

:/o /0 O (u, v)Hof (1) Ta(T) Hag(v) Ta(rv)dp(u)dp(v) (= GN (7).

In fact, since we have

GN(r,1/e)= Z d(en, em) f-(n) G- (m) D PLed) (cos er) (P Plah) (cos eT)

n,m=>0

and Lemmaz2.3(ii), we obtain

GN(r,1/e)
N[1/e]

= Z d(en, em)Ho f (1) Ta(ne) (ne)** M reHog(ne) Tu(ne) (ne)** e
n,m=>0
N[1/e]

+ Z d(en, em)Hof (1) Ju(ne)(ne)**teCy, x(m, e, 7)
n,m=1
N[1/e]

+ Z d(en, em)Hag(me) Tu(me)(me)?*eCy ) (0, e, 7)
n,m=1
N[1/e]

+ Z d(en,em)Cyp k(n,e,7)Cqn (M, e, 7)+ Of g pn k(Ne)
n,m=1

=L+ +1Is+ 14+ Of,g,n,K(NE)v say.
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Then, by the definition of the Riemann integral we obtain that

N N
lim Iy :/0 /0 O(u, V) Hof () Ta(TU) Hag(v) To(T0)dp(u)dp(v).

e—0

Also by Lemma 2.3(ii) we get that Iy =13 =0y, , c(Ne°), and I4=0y ;. , ((Ne?)?)
(0 < & < 1). Then, we have

1 N = u, v u TU v TU u V).
tim G (7,1/2) = / /ONX(ON)# 0 Ha () T (70 Hang (0) T (r0)dpa(aa) s (v)

Step 6. We have
7) :/0 /0 P(u, V) Hof (u) Ta(Tu)Hag(v) Ta(tv)dp(u) p(v) a.e. 7.

In fact, let 0 < 7' < K’ be fixed. Since {|G"(r,1/e)|}. is uniformly bounded
on [, K'] by (6), we have

lim | GN(r,1/¢j,)h /GN (1)

k—oo

for any h € C°(n/, K'). Then by the Lebesgue’ s convergence theorem and Step5
we have

[ e
/ // () To(Tu)Hag(v) To(Tv)dp(uw) w(v) Yh(r)dp(T)

for any h € C°(0, o), and

w e / / 6(1t, V) (1) T (710 Ha g (0) Ta(r0) dps(w) () ace..

Here, there exists {NV;}; such that HYi(7) — 0 a.e. 7 by (10). Therefore, we
remark

(12) GNi(1) = G(7) a.e. T,

since we have G = GV + HV.
Now for any natural number N, let

FN(uv ’U) - ¢(u7 U)Hocf(u)jag(v)ja(Tv)X(O,N)X(O,N)(uv ’U).
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It is known that

Hof(z) = O(@™) (£=1,2,-)(x — o0),
Hof(z) = 0(1) (z — 0),

Jof(z) = O(z®) (z — 0), and

Jof(z) = 0(z7Y2) (# — o0).

By those properties, there exists F' € L((0, c0) x (0, 00), 1 x ) such that |F| <
F (0 <7 < K).Then, by Lebesgue’s convergence theorem and (11), we have

lim GNi (1)
w3
= U, V) Hao f () T (Tu)Hag(v) To(T0)dp(u) p(v).
[ o 200 ) Tar)Hag )T
After all, we have
Gﬁ%j/AMWmmfmwﬂmﬂWwawawdeMwwwweT

by (11), (12), and (13).

Step 7. This step completes the proof of Theorem. For the sake of this, we use
all notations in the former steps. Let h € C¢°(0, 00) with supp h C [n, K] (0 <
n < K). By Step2 and Step4, we have

K
/<ﬂh&@Mﬂw&)
n
< I\l 911 1l Lo + 1 (7 17 (0,16 1L o 0.5
< C"f"LQ(M)"QHLT(M)HhHLﬂ(M) + Cn,K,f,g(]\/v_l/2 + N1/256)"hHLp/((o,K),du)-

Then, by e — 0 and Steps 5 and 6, we have

< C"fHLq(M)"gHLT(M)HhHLp/(M) + Ong,mK(N_l/2)7

| e hrducr)

and

| cmrdutr)

by N = N; — oo(j — o0). Therefore, we obtain

< Cl S zago gl el L )

G Louy < ClllLago gl ey,
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and
ITCf 9| 2oy < Cl I zagn 19l -
We finish our proof. -

Remark. The reverse transference Theorem of Igari’s Theorem[10] is an un-
solved problem, since Igari[10] proved the transference theorem. The converse
transference Theorem of our Theorem is not known, too.
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