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A GENERAL SYSTEM OF GENERALIZED NONLINEAR MIXED
COMPOSITE-TYPE EQUILIBRIA IN HILBERT SPACES

Hui-Ying Hu1 and Lu-Chuan Ceng2*

Abstract. Very recently, Ceng and Yao [L. C. Ceng, J. C. Yao, A relaxed
extragradient-like method for a generalized mixed equilibrium problem, a gen-
eral system of generalized equilibria and a fixed point problem, Nonlinear
Anal., 72 (2009), 1922-1937, suggested and analyzed a relaxed extragradient-
like method for finding a common solution of a generalized mixed equilibrium
problem, a general system of generalized equilibria and a fixed point prob-
lem of a strict pseudocontractive mapping in a Hilbert space. In this paper,
based on the authors’ iterative method, we introduce a modification of the
relaxed extragradient-like method for finding a common solution of a gener-
alized mixed equilibrium problem with perturbed mapping, a general system
of generalized nonlinear mixed composite-type equilibria and a fixed point
problem of a strict pseudocontractive mapping in a Hilbert space, and then
obtain a strong convergence theorem. Utilizing this theorem, we establish
some new strong convergence results in fixed point problems, variational in-
equalities, mixed equilibrium problems and systems of generalized nonlinear
mixed composite-type equilibria in Hilbert spaces.

1. INTRODUCTION

It is well known that the equilibrium problem includes, as special cases, vari-
ational inequalities, optimization problems, minimax problems, Nash equilibrium
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problems in noncooperative games, saddle point problems, fixed point problems
and complementarity problems. Up to now it has been widely studied by many
authors; see, for example, [3, 4, 16-21] and the references therein.

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖. Let C be
a nonempty closed convex subset of H and S : C → H be a mapping on C. We
denote by F (S) the set of fixed points of S and by PC the metric projection of H
onto C. Moreover, we also denote by R the set of all real numbers. Consider the
following generalized mixed equilibrium problem with perturbed mapping, which
consists of finding x̄ ∈ C such that

(1.1a) Θ(x̄, y) + ϕ(y)− ϕ(x̄) + 〈(F + T )x̄, y − x̄〉 ≥ 0, ∀y ∈ C,

where F : C → H is a nonlinear mapping, T : C → H is a perturbed mapping,
ϕ : C → R is a function and Θ : C × C → R is a bifunction. We denote by
GMEP the set of solutions of problem (1.1a). Here some special cases of problem
(1.1a) are stated as follows:

If T = 0, then problem (1.1a) reduces to the following generalized mixed
equilibrium problem of finding x̄ ∈ C such that

(1.1b) Θ(x̄, y) + ϕ(y)− ϕ(x̄) + 〈Fx̄, y − x̄〉 ≥ 0, ∀y ∈ C,

which was recently introduced and studied by Peng and Yao [1]. The set of solutions
of problem (1.1b) is denoted by GMEP (Θ , ϕ, F ). Subsequently, Yao, Liou and
Yao [2] also considered this problem.

If F = 0, then problem (1.1b) reduces to the following mixed equilibrium
problem of finding x̄ ∈ C such that

Θ(x̄, y) + ϕ(y)− ϕ(x̄) ≥ 0, ∀y ∈ C,

which was considered by Ceng and Yao [3]. The set of solutions of this problem
is denoted by MEP.

If ϕ = 0, then problem (1.1b) reduces to the following generalized equilibrium
problem of finding x̄ ∈ C such that

(1.2) Θ(x̄, y) + 〈Fx̄, y − x̄〉 ≥ 0, ∀y ∈ C,

which was studied by Takahashi and Takahashi [4].
If Θ = 0, ϕ = 0 and F = A, then problem (1.1b) reduces to the following

classical variational inequality problem of finding x̄ ∈ C such that

(1.3) 〈Ax̄, y − x̄〉 ≥ 0, ∀y ∈ C.
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The set of solutions of problem (1.3) is denoted by VI(A,C). The variational in-
equality problem has been extensively studied in the literature; see [5-15] and the
references therein. Recently, in order to solve problem (1.1b), Peng and Yao [1] de-
veloped a CQ method. They established some strong convergence results for finding
a common element of the set of solutions of problem (1.1b), the set of solutions of
problem (1.3), and the set of fixed points of a nonexpansive mapping.

On the other hand, let C be a nonempty closed convex subset of a real Hilbert
space H . Let G1, G2 : C × C → R be two bifunctions, B1, B2, T1, T2 : C → H
be four nonlinear mappings and ψ1, ψ2 : C → R be two functions. Consider the
following problem of finding (x̄, ȳ) ∈ C ×C such that

(1.4)

{
µ1G1(x̄, x)+〈µ1(B1+T1)ȳ+x̄−ȳ, x−x̄〉≥µ1ψ1(x̄)−µ1ψ1(x), ∀x∈C,
µ2G2(ȳ, y)+〈µ2(B2+T2)x̄+ȳ−x̄, y−ȳ〉≥µ2ψ2(ȳ)−µ2ψ2(y), ∀y∈C,

which is called a general system of generalized nonlinear mixed composite-type
equilibria where µ1 > 0 and µ2 > 0 are two constants. We denote by � the set of
solutions of problem (1.4).

Next we present some special cases of problem (1.4) as follows:

If G1 = G2 = Θ , B1 = B2 = A, T1 = T2 = T and ψ1 = ψ2 = ϕ, then
problem (1.4) reduces to the following problem of finding (x̄, ȳ) ∈ C×C such that

(1.5)

{
µ1Θ(x̄, x)+〈µ1(A+T )ȳ+x̄−ȳ, x−x̄〉≥µ1ϕ(x̄)−µ1ϕ(x), ∀x∈C,
µ2Θ(ȳ, y)+〈µ2(A+T )x̄+ȳ−x̄, y−ȳ〉≥µ2ϕ(ȳ)−µ2ϕ(y), ∀y∈C,

which is called a new system of generalized nonlinear mixed composite-type equi-
libria where µ1 > 0 and µ2 > 0 are two constants.

If C = H, G1 = G2 = 0 and ψ1 = ψ2 = ϕ, then problem (1.4) reduces to the
following new system of generalized nonlinear mixed variational inequalities: Find
(x̄, ȳ) ∈ H ×H such that

(1.6)

{ 〈µ1(B1 + T1)ȳ + x̄− ȳ, x− x̄〉 ≥ µ1ϕ(x̄) − µ1ϕ(x), ∀x ∈ H,

〈µ2(B2 + T2)x̄+ ȳ − x̄, y − ȳ〉 ≥ µ2ϕ(ȳ) − µ2ϕ(y), ∀y ∈ H,

where µ1 > 0 and µ2 > 0 are two constants, which is introduced and considered
by Kim and Kim [29].

If T1 = T2 = 0 and ψ1 = ψ2 = 0, then problem (1.4) reduces to the following
general system of generalized equilibria: Find (x̄, ȳ) ∈ C × C such that

(1.7)

{
G1(x̄, x) + 〈B1ȳ, x− x̄〉 + 1

µ1
〈x̄− ȳ, x− x̄〉 ≥ 0, ∀x ∈ C,

G2(ȳ, y) + 〈B2x̄, y − ȳ〉 + 1
µ2
〈ȳ − x̄, y − ȳ〉 ≥ 0, ∀y ∈ C,
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where µ1 > 0 and µ2 > 0 are two constants, which is introduced and studied by
Ceng and Yao [30]. We denote by Ω the set of solutions of problem (1.7).

If T = 0 and ϕ = 0 in problem (1.5), then problem (1.5) reduces to the following
new system of generalized equilibria: Find (x̄, ȳ) ∈ C ×C such that

(1.8)

{
Θ(x̄, x) + 〈Aȳ, x− x̄〉 + 1

µ1
x̄− ȳ, x− x̄〉 ≥ 0, ∀x ∈ C,

Θ(ȳ, y) + 〈Ax̄, y − ȳ〉 + 1
µ2
〈ȳ − x̄, y − ȳ〉 ≥ 0, ∀y ∈ C,

where µ1 > 0 and µ2 > 0 are two constants, which is introduced and considered
by Ceng and Yao [30].

If G1 = G2 = Θ , B1 = B2 = F, T1 = T2 = T, ψ1 = ψ2 = ϕ and x̄ = ȳ,
then problem (1.4) reduces to problem (1.1a).

If G1 = G2 = 0, then problem (1.7) reduces to the following general system of
variational inequalities: Find (x̄, ȳ) ∈ C ×C such that

(1.9)

{ 〈µ1B1ȳ + x̄− ȳ, x− x̄〉 ≥ 0, ∀x ∈ C,

〈µ2B2x̄+ ȳ − x̄, y − ȳ〉 ≥ 0, ∀y ∈ C,

where µ1 > 0 and µ2 > 0 are two constants, which is introduced and studied by
Ceng, Wang and Yao [22].

If B1 = B2 = A, then problem (1.9) reduces to the following new system of
variational inequalities: Find (x̄, ȳ) ∈ C ×C such that

(1.10)

{ 〈µ1Aȳ + x̄− ȳ, x− x̄〉 ≥ 0, ∀x ∈ C,

〈µ2Ax̄+ ȳ − x̄, y − ȳ〉 ≥ 0, ∀y ∈ C,

where µ1 > 0 and µ2 > 0 are two constants, which is defined and studied by Verma
[23] (see also [24]).

If x̄ = ȳ, then problem (1.10) reduces to the classical variational inequality
(1.3).

We remark that Zeng and Yao introduced a system of variational inequalities in
[25] similar to but different from (1.9). Recently, Ceng, Wang and Yao [22] intro-
duced and studied a relaxed extragradient method for finding solutions of problem
(1.9). It is clear that the authors’ results unifies and extends many results in the
literature. Later on, Yao, Liou and Yao [2] proposed a new iterative method based
on the relaxed hybrid method and the extragradient method for finding a common
element of the set of solutions of problem (1.1b), the set of fixed points of a strictly
pseudocontractive mapping and the set of solutions of problem (1.9).

Very recently, Ceng and Yao [30] introduced and considered a relaxed extragradient-
like method for finding a common element of the set of solutions of problem (1.1b),
the set of fixed points of a strictly pseudocontractive mapping and the set of so-
lutions of problem (1.7). The authors’ results [30] include, as special cases, the
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corresponding ones of Takahashi and Takahashi [4], Ceng, Wang and Yao [22],
Peng and Yao [1], and Yao, Liou and Yao [2].

Theorem CY. (see [30, Theorem 3.1]). Let C be a nonempty closed convex
subset of a real Hilbert space H . Let Θ , G1, G2 : C×C → R be three bifunctions
satisfying conditions (H1)-(H4) and ϕ : C → R be a lower semicontinuous and
convex function with assumptions (A1) or (A2), where

(H1) Θ(x, x) = 0, ∀x ∈ C;

(H2) Θ is monotone, i.e., Θ(x, y) + Θ(y, x) ≤ 0, ∀x, y ∈ C;

(H3) for each y ∈ C, x 	→ Θ(x , y) is weakly upper semicontinuous;

(H4) for each x ∈ C, y 	→ Θ(x , y) is convex and lower semicontinuous;

(A1) for each x ∈ H and r > 0, there exist a bounded subset Dx ⊂ C and yx ∈ C
such that for any z ∈ C \Dx,

Θ(z, yx) + ϕ(yx) − ϕ(z) +
1
r
〈yx − z, z − x〉 < 0;

(A2) C is a bounded set.

Let the mappings F, B1, B2 : C → H be α-inverse-strongly monotone, β̃1-inverse-
strongly monotone and β̃2-inverse-strongly monotone, respectively. Let S : C → C
be a k-strictly pseudocontractive mapping such that Ξ :=F (S)∩Ω∩GMEP(Θ , ϕ,F )
�=∅. For fixed u∈C and x0∈C arbitrary, let {xn}⊂C be a sequence generated by

(1.11)




Θ(zn, z) + ϕ(z)− ϕ(zn)

+〈Fxn, z − zn〉 + 1
λn

〈z − zn, zn − xn〉 ≥ 0, ∀z ∈ C,

G2(un, u) + 〈B2zn, u− un〉 + 1
µ2
〈u− un, un − zn〉 ≥ 0, ∀u ∈ C,

G1(yn, y) + 〈B1un, y − yn〉 + 1
µ1
〈y − yn, yn − un〉 ≥ 0, ∀y ∈ C,

xn+1 = αnu+ βnxn + γnyn + δnSyn, ∀n ≥ 0,

where µ1 ∈ (0, 2β̃1), µ2 ∈ (0, 2β̃2), and {λn} ⊂ [0, 2α], {αn}, {βn}, {γn}, {δn} ⊂
[0, 1] satisfy the following conditions:

(i) αn + βn + γn + δn = 1 and (γn + δn)k ≤ γn for all n ≥ 0;

(ii) limn→∞ αn = 0 and
∑∞

n=0 αn = ∞;

(iii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1 and lim infn→∞ δn > 0;

(iv) limn→∞( γn+1

1−βn+1
− γn

1−βn
) = 0;

(v) 0< lim infn→∞ λn≤ lim supn→∞ λn<2α and lim infn→∞(λn − λn+1)=0.
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Then, {xn} converges strongly to x̄ = PΞu and (x̄, ȳ) is a solution of problem
(1.7), where

G2(ȳ, y) + 〈B2x̄, y − ȳ〉 +
1
µ2

〈y − ȳ, ȳ − x̄〉 ≥ 0, ∀y ∈ C.

Throughout this paper, suppose that S is a k-strictly pseudocontractive self-
mapping on a nonempty closed convex subset C of a real Hilbert space H . Inspired
by Takahashi and Takahashi [4], Ceng, Wang and Yao [22], Peng and Yao [1],
Yao, Liou and Yao [2], Kim and Kim [30], Ceng and Yao [29], we introduce a
new relaxed extragradient-like algorithm for finding a common solution of problem
(1.1a), problem (1.4) and the fixed point problem of S,



zn = T
(Θ,ϕ)
λn

(xn − λn(F + T )xn),

yn = T (G1,ψ1)
µ1

[T (G2,ψ2)
µ2

(zn − µ2(B2 + T2)zn)

−µ1(B1 + T1)T
(G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn)],

xn+1 = αnu+ βnxn + γnyn + δnSyn, ∀n ≥ 0,

where Θ , G1, G2 : C × C → R satisfy conditions (H1)-(H4), ϕ, ψ1, ψ2 : C →
R are three lower semicontinuous and convex functions with assumption (A1) or
(A2), F, B1, B2 : C → H are α-inverse-strongly monotone, β̃1-inverse-strongly
monotone and β̃2-inverse-strongly monotone, respectively, and T, T1, T2 : C → H
are η-Lipschitz continuous, η1-Lipschitz continuous and η2-Lipschitz continuous,
respectively, and then derive a strong convergence result. Utilizing this theorem, we
establish some new strong convergence theorems in several aspects:

(1) problem (1.1a), problem (1.4) and the fixed point problem of nonexpansive
mapping S;

(2) the mixed equilibrium problem, problem (1.4) and the fixed point problem of
k-strictly pseudocontractive mapping S;

(3) problem (1.3), problem (1.4) and the fixed point problem of k-strictly pseu-
docontractive mapping S;

(4) problem (1.1a), problem (1.4) and the fixed point problem of k-strictly pseu-
docontractive mapping S, where F = T = (I − A)/2 and A is κ̃-strictly
pseudocontractive mapping on C;

(5) different conditions imposed on the iterative parameters {αn}, {βn}, {γn},
{δn}, {λn}.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖ · ‖, and let
C be a nonempty closed convex subset of H . We write xn ⇀ x to indicate that
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the sequence {xn} converges weakly to x. xn → x implies that {xn} converges
strongly to x. We denote by ωw({xn}) the weak ω-limit set of {xn}. For every
point x ∈ H , there exists a unique nearest point of C, denoted by PCx, such that
‖x− PCx‖ ≤ ‖x− y‖ for all y ∈ C. Such a PC is called the metric projection of
H onto C. We know that PC is a firmly nonexpansive mapping of H onto C, i.e.,

〈x− y, PCx− PCy〉 ≥ ‖PCx− PCy‖2, ∀x, y ∈ H.

It is also known that, PCx is characterized by the following property:
〈x− PCx, y − PCx〉 ≤ 0, ∀x ∈ H and y ∈ C.

In a real Hilbert space H , it is well known that
‖λx+ (1− λ)y‖2 = λ‖x‖2 + (1 − λ)‖y‖2 − λ(1− λ)‖x− y‖2

for all x, y ∈ H and λ ∈ [0, 1].
A mapping S : C → C is called a strictly pseudocontractive if there exists a

constant 0 ≤ k < 1 such that

(2.2) ‖Sx− Sy‖2 ≤ ‖x− y‖2 + k‖(I − S)x− (I − S)y‖2, ∀x, y ∈ C.

In this case, we say that S is a k-strict pseudocontraction. A mapping A : C → H

is called α-inverse-strongly monotone if there exists α > 0 such that

〈x− y, Ax− Ay〉 ≥ α‖Ax− Ay‖2, ∀x, y ∈ C.

It is obvious that any inverse-strongly monotone mapping is Lipschitz continuous.
Meantime, observe that (2.2) is equivalent to

(2.3) 〈Sx−Sy, x−y〉 ≤ ‖x−y‖2− 1− k

2
‖(I−S)x− (I−S)y‖2, ∀x, y ∈ C.

From [26], we know that if S is a k-strict pseudocontractive mapping, then S
is Lipschitz continuous with constant 1+k

1−k , i.e., ‖Sx− Sy‖ ≤ 1+k
1−k‖x− y‖ for all

x, y ∈ C. We denote by F (S) the set of fixed points of S. It is clear that the class of
strict pseudocontractions strictly includes the one of nonexpansive mappings which
are mappings S : C → C such that ‖Sx− Sy‖ ≤ ‖x− y‖ for all x, y ∈ C.

In order to prove our main results in the next section, we need the following
lemmas and propositions.

Lemma 2.1. (see [3]). Let C be a nonempty closed convex subset of H . Let
Θ : C×C → R be a bifunction satisfying conditions (H1)-(H4) and let ϕ : C → R
be a lower semicontinuous and convex function. For r > 0 and x ∈ H , define a
mapping T (Θ,ϕ)

r : H → C as follows:

T (Θ,ϕ)
r (x) = {z ∈ C : Θ(z, y) + ϕ(y)− ϕ(z) +

1
r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C}

for all x ∈ H . Assume that either (A1) or (A2) holds. Then the following statements
hold:
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(i) T (Θ,ϕ)
r (x) �= ∅ for each x ∈ H and T (Θ,ϕ)

r is single-valued;

(ii) T (Θ,ϕ)
r is firmly nonexpansive, i.e., for any x, y ∈ H ,

‖T (Θ,ϕ)
r x− T (Θ,ϕ)

r y‖2 ≤ 〈T (Θ,ϕ)
r x− T (Θ,ϕ)

r y, x− y〉;

(iii) F (T (Θ,ϕ)
r ) = MEP (Θ , ϕ);

(iv) MEP (Θ , ϕ) is closed and convex.

Remark 2.1. If ϕ = 0, then T (Θ,ϕ)
r is rewritten as T Θ

r .

Lemma 2.2. Let C be a nonempty closed convex subset of H . Let G1, G2 :
C×C → R be two bifunctions satisfying conditions (H1)-(H4) and let the mappings
B1, B2 : C → H be β̃1-inverse-strongly monotone and β̃2-inverse-strongly mono-
tone, respectively, and T1, T2 : C → H be η1-Lipschitz continuous and η 2-Lipschitz
continuous, respectively. Let µ1 ∈ (0, 2β̃1) and µ2 ∈ (0, 2β̃2), respectively. Let
ψ1, ψ2 : C → R be two lower semicontinuous and convex functions with assump-
tion (A1) or (A2). Then, for given x̄, ȳ ∈ C, (x̄, ȳ) is a solution of problem (1.4)
if and only if x̄ is a fixed point of the mapping Γ : C → C defined by

Γ (x) = T (G1,ψ1)
µ1

[T (G2,ψ2)
µ2

(x− µ2(B2 + T2)x)

−µ1(B1 + T1)T (G2,ψ2)
µ2

(x− µ2(B2 + T2)x)], ∀x ∈ C,

where ȳ = T
(G2,ψ2)
µ2 (x̄− µ2(B2 + T2)x̄).

Proof. Observe that{
µ1G1(x̄, x) + 〈µ1(B1 + T1)ȳ + x̄− ȳ, x− x̄〉 ≥ µ1ψ1(x̄) − µ1ψ1(x), ∀x∈C,
µ2G2(ȳ, y) + 〈µ2(B2 + T2)x̄+ ȳ − x̄, y − ȳ〉 ≥ µ2ψ2(ȳ)− µ2ψ2(y), ∀y∈C,

�


x̄ = T
(G1,ψ1)
µ1 (ȳ − µ1(B1 + T1)ȳ),

ȳ = T
(G2,ψ2)
µ2 (x̄− µ2(B2 + T2)x̄)

�
x̄=T (G1,ψ1)

µ1
[T (G2,ψ2)
µ2

(x̄−µ2(B2+T2)x̄)−µ1(B1 +T1)T (G2,ψ2)
µ2

(x̄−µ2(B2+T2)x̄)].

Corollary 2.1. (see [30, Lemma 2.2]). Let C be a nonempty closed convex
subset ofH . LetG1, G2 : C×C → R be two bifunctions satisfying conditions (H1)-
(H4) and let the mappings B1, B2 : C → H be β̃1-inverse-strongly monotone and
β̃2-inverse-strongly monotone, respectively. Let µ1 ∈ (0, 2β̃1) and µ2 ∈ (0, 2β̃2),
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respectively. Then, for given x̄, ȳ ∈ C, (x̄, ȳ) is a solution of problem (1.7) if and
only if x̄ is a fixed point of the mapping Γ : C → C defined by

Γ (x) = TG1
µ1

[TG2
µ2

(x− µ2B2x)− µ1B1T
G2
µ2

(x− µ2B2x)], ∀x ∈ C,

where ȳ = TG2
µ2

(x̄− µ2B2x̄).

Corollary 2.2. (see [22, Lemma 2.1]). For given x̄, ȳ ∈ C, (x̄, ȳ) is a solution
of problem (1.9) if and only if x̄ is a fixed point of the mappingG : C → C defined
by

G(x) = PC [PC(x− µ2B2x)− µ1B1PC(x− µ2B2x)], ∀x ∈ C,

where ȳ = PC(x̄− µ2B2x̄).

Remark 2.2. From the proof of Theorem 3.1 in Section 3, we know that if
G1, G2 : C × C → R are two bifunctions satisfying (H1)-(H4), the mappings
B1, B2 : C → H are β̃1-inverse-strongly monotone and β̃2-inverse-strongly mono-
tone, respectively, T1, T2 : C → H are η1-Lipschitz continuous and η2-Lipschitz
continuous, respectively, and ψ1, ψ2 : C → R are two lower semicontinuous and
convex functions with assumption (A1) or (A2), then Γ : C → C is a nonexpansive
mapping provided µ1 ∈ (0, 2β̃1) and µ2 ∈ (0, 2β̃2).

Throughout this paper, the set of fixed points of the mapping Γ is denoted by �.

Lemma 2.3. (see [27]). Let {xn} and {yn} be bounded sequences in a Ba-
nach space X and let {βn} be a sequence in [0, 1] with 0 < lim infn→∞ βn ≤
lim supn→∞ βn < 1. Suppose xn+1 = (1 − βn)yn + βnxn for all integers n ≥ 0
and lim supn→∞(‖yn+1−yn‖−‖xn+1−xn‖) ≤ 0. Then, limn→∞ ‖yn−xn‖ = 0.

Proposition 2.1. (see [30, Proposition 2.1]). Let C,H,Θ , ϕ and T (Θ,ϕ)
r be as

in Lemma 2.1. Then the following holds:

‖T (Θ,ϕ)
s x − T

(Θ,ϕ)
t x‖2 ≤ s− t

s
〈T (Θ,ϕ)
s x− T

(Θ,ϕ)
t x, T (Θ,ϕ)

s x− x〉

for all s, t > 0 and x ∈ H .

Corollary 2.3. (see [4, Lemma 2.3]). Let C,H,Θ and T Θ
r be as in Remark

2.1. Then the following holds:

‖TΘ
s x− TΘ

t x‖2 ≤ s− t

s
〈TΘ
s x− TΘ

t x, T
Θ
s x− x〉

for all s, t > 0 and x ∈ H .
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Lemma 2.4. (see [26]). Demiclosedness Principle. Assume that T is a k-
strictly pseudocontractive self-mapping on a nonempty closed convex subset C
of a real Hilbert space H . Then, the mapping I − T is demiclosed. That is,
whenever {xn} is a sequence in C converging weakly to some x∗ ∈ C (for short,
xn ⇀ x∗ ∈ C), and the sequence {(I − T )xn} converges strongly to some y (for
short, (I − T )xn → y), it follows that (I − T )x∗ = y. Here I is the identity
mapping of H .

Lemma 2.5. (see [26]). Assume that {an} is a sequence of nonnegative real
numbers such that

an+1 ≤ (1− γn)an + δn, ∀n ≥ 1,

where {γn} is a sequence in (0, 1) and {δn} is a sequence such that
(i)

∑∞
n=1 γn = ∞;

(ii) lim supn→∞
δn
γn

≤ 0 or
∑∞

n=1 |δn| <∞.

Then limn→∞ an = 0.

The following Lemma is an immediate consequence of an inner product.

Lemma 2.6. In a real Hilbert space H , there holds the inequality

‖x+ y‖2 ≤ ‖x‖2 + 2〈y, x+ y〉, ∀x, y ∈ H.

3. MAIN RESULTS

We are now in a position to prove the main result of this paper.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space
H . Let Θ , G1, G2 : C × C → R be three bifunctions which satisfy assumptions
(H1)-(H4) and ϕ, ψ1, ψ2 : C → R be three lower semicontinuous and convex
functions with assumption (A1) or (A2). Let the mappings F, B1, B2 : C → H be α-
inverse-strongly monotone, β̃1-inverse-strongly monotone and β̃2-inverse-strongly
monotone, respectively, and T, T1, T2 : C → H be η-inverse-strongly monotone,
η1-inverse-strongly monotone and η 2-inverse-strongly monotone, respectively. Let
S : C → C be a k-strictly pseudocontractive mapping such that F (S)∩GMEP ∩
� �= ∅. For fixed u ∈ C and x0 ∈ C arbitrary, let {xn} ⊂ C be a sequence
generated by

(3.1)




zn = T
(Θ,ϕ)
λn

(xn − λn(F + T )xn),

yn = T
(G1,ψ1)
µ1 [T (G2,ψ2)

µ2 (zn − µ2(B2 + T2)zn)

−µ1(B1 + T1)T
(G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn)],

xn+1 = αnu+ βnxn + γnyn + δnSyn, ∀n ≥ 0,
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where 0 < µ1 < min{β̃1, η1}, 0 < µ2 < min{β̃2, η2}, and 0 ≤ λn ≤ min{α, η},
{αn}, {βn}, {γn}, {δn} ⊂ [0, 1] satisfy the following conditions:

(i) αn + βn + γn + δn = 1 and (γn + δn)k ≤ γn for all n ≥ 0;

(ii) limn→∞ αn = 0 and
∑∞

n=0 αn = ∞;
(iii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1 and lim infn→∞ δn > 0;

(iv) limn→∞( γn+1

1−βn+1
− γn

1−βn
) = 0;

(v) 0 < lim infn→∞ λn ≤ lim supn→∞ λn < min{α, η} and limn→∞(λn −
λn+1) = 0.

Then, {xn} converges strongly to x̄ = PF (S)∩GMEP∩�u and (x̄, ȳ) is a solution of
problem (1.4), where ȳ = T

(G2,ψ2)
µ2 (x̄− µ2(B2 + T2)x̄).

Proof. We divide the proof into several steps.

Step 1. {xn} is bounded.
Indeed, take z ∈ F (S) ∩ GMEP ∩ � arbitrarily. Since z = T

(Θ,ϕ)
λn

(z −
λn(F + T )z) = Sz, F is α-inverse-strongly monotone and T is η-inverse-strongly
monotone, we know from 0 ≤ λn ≤ min{α, η} that for any n ≥ 0

‖(xn − z) − λn((F + T )xn − (F + T )z)‖2

= ‖1
2 [(xn − z) − 2λn(Fxn − Fz)] + 1

2 [(xn − z)− 2λn(Txn − Tz)]‖2

≤ 1
2‖(xn − z) − 2λn(Fxn − Fz)‖2 + 1

2‖(xn − z) − 2λn(Txn − Tz)‖2

= 1
2 [‖xn − z‖2 − 4λn〈xn − z, Fxn − Fz〉 + 4λ2

n‖Fxn − Fz‖2]

+1
2 [‖xn− z‖2 − 4λn〈xn − z, Txn − Tz〉 + 4λ2

n‖Txn − Tz‖2]

≤ 1
2 [‖xn − z‖2 − 4λnα‖Fxn − Fz‖2 + 4λ2

n‖Fxn − Fz‖2]

+1
2 [‖xn− z‖2 − 4λnη‖Txn− Tz‖2 + 4λ2

n‖Txn − Tz‖2]

= 1
2 [‖xn − z‖2 − 4λn(α− λn)‖Fxn − Fz‖2]

+1
2 [‖xn− z‖2 − 4λn(η − λn)‖Txn − Tz‖2]

= ‖xn − z‖2 − 2λn(α− λn)‖Fxn − Fz‖2 − 2λn(η − λn)‖Txn − Tz‖2

≤ ‖xn − z‖2,

and hence
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(3.2)

‖zn − z‖2

= ‖T (Θ,ϕ)
λn

(xn − λn(F + T )xn) − T
(Θ,ϕ)
λn

(z − λn(F + T )z)‖2

≤ ‖(xn − λn(F + T )xn) − (z − λn(F + T )z)‖2

= ‖(xn − z) − λn((F + T )xn − (F + T )z)‖2

≤ ‖xn−z‖2−2λn(α−λn)‖Fxn−Fz‖2−2λn(η−λn)‖Txn−Tz‖2

≤ ‖xn − z‖2,

Also, since z = T
(G1,ψ1)
µ1 [T (G2,ψ2)

µ2 (z−µ2(B2+T2)z)−µ1(B1+T1)T
(G2,ψ2)
µ2 (z−

µ2(B2 + T2)z)], and B1, B2, T1, T2 : C → H are β̃1-inverse-strongly monotone
and β̃2-inverse-strongly monotone, η1-inverse-strongly monotone and η2-inverse-
strongly monotone, respectively, we deduce from 0 < µ1 < min{β̃1, η1} and 0 <
µ2 < min{β̃2, η2} that for any n ≥ 0

(3.3)

‖yn − z‖2

= ‖T (G1,ψ1)
µ1 [T (G2,ψ2)

µ2 (zn − µ2(B2 + T2)zn)

−µ1(B1 + T1)T
(G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn)]

−T (G1,ψ1)
µ1 [T (G2,ψ2)

µ2 (z − µ2(B2 + T2)z)

−µ1(B1 + T1)T
(G2,ψ2)
µ2 (z − µ2(B2 + T2)z)]‖2

≤ ‖[T (G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn)

−µ1(B1 + T1)T
(G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn)]

−[T (G2,ψ2)
µ2 (z − µ2(B2 + T2)z)

−µ1(B1 + T1)T
(G2,ψ2)
µ2 (z − µ2(B2 + T2)z)]‖2

= ‖[T (G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn) − T

(G2,ψ2)
µ2 (z − µ2(B2 + T2)z)]

−µ1[(B1 + T1)T
(G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn)

−(B1 + T1)T
(G2,ψ2)
µ2 (z − µ2(B2 + T2)z)]‖2

≤ 1
2‖[T

(G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn) − T

(G2,ψ2)
µ2 (z − µ2(B2 + T2)z)]

−2µ1[B1T
(G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn)

−B1T
(G2,ψ2)
µ2 (z − µ2(B2 + T2)z)]‖2

+1
2‖[T

(G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn)− T

(G2,ψ2)
µ2 (z − µ2(B2 + T2)z)]

−2µ1[T1T
(G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn)
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−T1T
(G2,ψ2)
µ2 (z − µ2(B2 + T2)z)]‖2

≤ 1
2 [‖T (G2,ψ2)

µ2 (zn − µ2(B2 + T2)zn) − T
(G2,ψ2)
µ2 (z − µ2(B2 + T2)z)‖2

−4µ1(β̃1 − µ1)‖B1T
(G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn)

−B1T
(G2,ψ2)
µ2 (z − µ2(B2 + T2)z)‖2]

+1
2 [‖T (G2,ψ2)

µ2 (zn − µ2(B2 + T2)zn) − T
(G2,ψ2)
µ2 (z − µ2(B2 + T2)z)‖2

−4µ1(η1 − µ1)‖T1T
(G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn)

−T1T
(G2,ψ2)
µ2 (z − µ2(B2 + T2)z)‖2]

= ‖T (G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn) − T

(G2,ψ2)
µ2 (z − µ2(B2 + T2)z)‖2

−2µ1(β̃1 − µ1)‖B1T
(G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn)

−B1T
(G2,ψ2)
µ2 (z − µ2(B2 + T2)z)‖2

−2µ1(η1 − µ1)‖T1T
(G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn)

−T1T
(G2,ψ2)
µ2 (z − µ2(B2 + T2)z)‖2

≤ ‖T (G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn) − T

(G2,ψ2)
µ2 (z − µ2(B2 + T2)z)‖2

≤ ‖(zn − µ2(B2 + T2)zn)− (z − µ2(B2 + T2)z)‖2

= ‖(zn − z)− µ2((B2 + T2)zn − (B2 + T2)z)‖2

≤ 1
2‖(zn − z) − 2µ2(B2zn −B2z)‖2 + 1

2‖(zn − z) − 2µ2(T2zn − T2z)‖2

≤ 1
2 [‖zn − z‖2 − 4µ2(β̃2 − µ2)‖B2zn − B2z‖2]

+1
2 [‖zn − z‖2 − 4µ2(η2 − µ2)‖T2zn − T2z‖2]

= ‖zn − z‖2 − 2µ2(β̃2 − µ2)‖B2zn −B2z‖2 − 2µ2(η2 − µ2)‖T2zn − T2z‖2

≤ ‖zn − z‖2.

Furthermore, from (3.1) we have

(3.4)
‖xn+1 − z‖ = ‖αn(u−z) + βn(xn−z) + γn(yn−z) + δn(Syn−z)‖

≤ αn‖u−z‖+ βn‖xn−z‖ + ‖γn(yn−z) + δn(Syn−z)‖.
Combining (2.2) with (2.3), we have

‖γn(yn − z) + δn(Syn − z)‖2

= γ2
n‖yn − z‖2 + δ2n‖Syn − z‖2 + 2γnδn〈Syn − z, yn − z〉

≤ γ2
n‖yn − z‖2 + δ2n[‖yn − z‖2 + k‖yn − Syn‖2]

+2γnδn[‖yn − z‖2 − 1−k
2 ‖yn − Syn‖2]



940 Hui-Ying Hu and Lu-Chuan Ceng

= (γn + δn)2‖yn − z‖2 + [δ2nk − (1− k)γnδn]‖yn − Syn‖2

= (γn + δn)2‖yn − z‖2 + δn[(γn + δn)k − γn]‖yn − Syn‖2

≤ (γn + δn)2‖yn − z‖2,

which implies that

(3.5) ‖γn(yn − z) + δn(Syn − z)‖ ≤ (γn + δn)‖yn − z‖.
From (3.2)-(3.5) it follows that

‖xn+1 − z‖ ≤ αn‖u− z‖ + βn‖xn − z‖ + ‖γn(yn − z) + δn(Syn − z)‖
≤ αn‖u− z‖ + βn‖xn − z‖ + (γn + δn)‖yn − z‖
≤ αn‖u− z‖ + βn‖xn − z‖ + (γn + δn)‖zn − z‖
≤ αn‖u− z‖ + βn‖xn − z‖ + (γn + δn)‖xn − z‖
= αn‖u− z‖ + (1 − αn)‖xn − z‖.

By induction, we obtain that for all n ≥ 0

‖xn − z‖ ≤ max{‖x0 − z‖, ‖u− z‖}.
Hence, {xn} is bounded. Consequently, we deduce immediately that {(F +T )xn},
{zn}, {yn}, {Syn} and {un} are bounded, where un = T

(G2,ψ2)
µ2 (zn − µ2(B2 +

T2)zn) for all n ≥ 0.

Step 2. limn→∞ ‖xn+1 − xn‖ = 0.
Indeed, define xn+1 = βnxn + (1− βn)wn for all n ≥ 0. It follows that

(3.6)

wn+1 −wn

=
xn+2 − βn+1xn+1

1 − βn+1
− xn+1 − βnxn

1− βn

=
αn+1u+ γn+1yn+1 + δn+1Syn+1

1 − βn+1
− αnu+ γnyn + δnSyn

1 − βn

=
αn+1u

1− βn+1
− αnu

1− βn
+
γn+1(yn+1 − yn) + δn+1(Syn+1 − Syn)

1− βn+1

+(
γn+1

1 − βn+1
− γn

1 − βn
)yn + (

δn+1

1 − βn+1
− δn

1 − βn
)Syn.

Observe that
‖γn+1(yn+1 − yn) + δn+1(Syn+1 − Syn)‖2

= γ2
n+1‖yn+1 − yn‖2 + δ2n+1‖Syn+1 − Syn‖2

+2γn+1δn+1〈Syn+1 − Syn, yn+1 − yn〉
≤ γ2

n+1‖yn+1 − yn‖2 + δ2n+1[‖yn+1 − yn‖2

+k‖(yn+1 − Syn+1) − (yn − Syn)‖2]
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+2γn+1δn+1[‖yn+1 − yn‖2 − 1−k
2 ‖(yn+1 − Syn+1) − (yn − Syn)‖2]

= (γn+1 + δn+1)2‖yn+1 − yn‖2 + [δ2n+1k − (1 − k)γn+1δn+1]

‖(yn+1 − Syn+1) − (yn − Syn)‖2

= (γn+1 + δn+1)2‖yn+1 − yn‖2 + δn+1[(γn+1 + δn+1)k− γn+1]

‖(yn+1 − Syn+1) − (yn − Syn)‖2

≤ (γn+1 + δn+1)2‖yn+1 − yn‖2,

which implies that

(3.7) ‖γn+1(yn+1 − yn) + δn+1(Syn+1 − Syn)‖ ≤ (γn+1 + δn+1)‖yn+1 − yn‖.
Next, we estimate ‖yn+1 − yn‖. From (3.1) we have

(3.8)

‖yn+1 − yn‖2

= ‖T (G1,ψ1)
µ1 (un+1 − µ1(B1 + T1)un+1)

−T (G1,ψ1)
µ1 (un − µ1(B1 + T1)un)‖2

≤ ‖(un+1 − µ1(B1 + T1)un+1) − (un − µ1(B1 + T1)un)‖2

= ‖(un+1 − un) − µ1((B1 + T1)un+1 − (B1 + T1)un)‖2

≤ 1
2‖(un+1 − un) − µ1(B1un+1 −B1un)‖2

+1
2‖(un+1 − un) − µ1(T1un+1 − T1un)‖2

≤ ‖un+1 − un‖2 − 2µ1(β̃1 − µ1)‖B1un+1

−B1un‖2 − 2µ1(η1 − µ1)‖T1un+1 − T1un‖2

≤ ‖un+1 − un‖2

= ‖T (G2,ψ2)
µ2 (zn+1 − µ2(B2 + T2)zn+1)

−T (G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn)‖2

≤ ‖(zn+1 − µ2(B2 + T2)zn+1) − (zn − µ2(B2 + T2)zn)‖2

= ‖(zn+1 − zn)− µ2((B2 + T2)zn+1 − (B2 + T2)zn)‖2

≤ 1
2‖(zn+1 − zn) − µ2(B2zn+1 − B2zn)‖2

+1
2‖(zn+1 − zn) − µ2(T2zn+1 − T2zn)‖2

= ‖zn+1 − zn‖2 − 2µ2(β̃2 − µ2)‖B2zn+1

−B2zn‖2 − 2µ2(η2 − µ2)‖T2zn+1 − T2zn‖2

≤ ‖zn+1 − zn‖2,



942 Hui-Ying Hu and Lu-Chuan Ceng

(3.9)

‖(xn+1−λn+1(F + T )xn+1)−(xn−λn(F + T )xn)‖
= ‖xn+1−xn−λn+1((F + T )xn+1

−(F + T )xn) + (λn−λn+1)(F + T )xn‖
≤ ‖xn+1−xn−λn+1((F + T )xn+1

−(F + T )xn)‖+ |λn+1−λn|‖(F + T )xn‖
≤ ‖xn+1−xn‖ + |λn+1−λn|‖(F + T )xn‖,

and

(3.10)

‖zn+1−zn‖
= ‖T (Θ,ϕ)

λn+1
(xn+1−λn+1(F + T )xn+1)−T (Θ,ϕ)

λn
(xn−λn(F + T )xn)‖

= ‖T (Θ,ϕ)
λn+1

(xn+1−λn+1(F + T )xn+1)−T (Θ,ϕ)
λn+1

(xn−λn(F + T )xn)

+T (Θ,ϕ)
λn+1

(xn−λn(F + T )xn)−T (Θ,ϕ)
λn

(xn−λn(F + T )xn)‖
≤ ‖T (Θ,ϕ)

λn+1
(xn+1−λn+1(F + T )xn+1)−T (Θ,ϕ)

λn+1
(xn−λn(F + T )xn)‖

+‖T (Θ,ϕ)
λn+1

(xn−λn(F + T )xn)−T (Θ,ϕ)
λn

(xn−λn(F + T )xn)‖
≤ ‖(xn+1−λn+1(F + T )xn+1)−(xn−λn(F + T )xn)‖

+‖T (Θ,ϕ)
λn+1

(xn−λn(F + T )xn)−T (Θ,ϕ)
λn

(xn−λn(F + T )xn)‖
≤ ‖xn+1−xn‖+ |λn+1−λn|‖(F + T )xn‖

+‖T (Θ,ϕ)
λn+1

(xn−λn(F + T )xn)−T (Θ,ϕ)
λn

(xn−λn(F + T )xn)‖.
So, from (3.8) and (3.10) it follows that

(3.11)

‖yn+1 − yn‖
≤ ‖zn+1−zn‖
≤ ‖xn+1−xn‖ + |λn+1−λn|‖(F + T )xn‖

+‖T (Θ,ϕ)
λn+1

(xn−λn(F+T )xn)−T (Θ,ϕ)
λn

(xn−λn(F+T )xn)‖.
Hence it follows from (3.6), (3.7) and (3.11) that

‖wn+1 − wn‖

≤ (
αn+1

1 − βn+1
+

αn
1 − βn

)‖u‖ +
‖γn+1(yn+1 − yn) + δn+1(Syn+1 − Syn)‖

1− βn+1

+| γn+1

1 − βn+1
− γn

1 − βn
|‖yn‖ + | δn+1

1 − βn+1
− δn

1 − βn
|‖Syn‖

≤ αn+1

1− βn+1
(‖u‖+ ‖Syn‖)+ αn

1− βn
(‖u‖+ ‖Syn‖)+ γn+1+δn+1

1−βn+1
‖yn+1−yn‖
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+| γn+1

1 − βn+1
− γn

1 − βn
|(‖yn‖+ ‖Syn‖)

≤ αn+1

1 − βn+1
(‖u‖+ ‖Syn‖) +

αn
1 − βn

(‖u‖+ ‖Syn‖)
+‖xn+1 − xn‖ + |λn+1 − λn|‖(F + T )xn‖
+‖T (Θ,ϕ)

λn+1
(xn − λn(F + T )xn) − T

(Θ,ϕ)
λn

(xn − λn(F + T )xn)‖
+| γn+1

1 − βn+1
− γn

1 − βn
|(‖yn‖+ ‖Syn‖).

Note that 0 < lim infn→∞ λn ≤ lim supn→∞ λn < min{α, η} and limn→∞(λn −
λn+1) = 0. Then utilizing Proposition 2.1 we have

(3.12) lim
n→∞ ‖T (Θ,ϕ)

λn+1
(xn − λn(F + T )xn) − T

(Θ,ϕ)
λn

(xn − λn(F + T )xn)‖ = 0.

Consequently, it follows from (3.12) and conditions (ii), (iv), (v) that

lim sup
n→∞

(‖wn+1 − wn‖ − ‖xn+1 − xn‖)
≤ lim sup

n→∞
{ αn+1

1 − βn+1
(‖u‖ + ‖Syn‖) +

αn
1 − βn

(‖u‖+ ‖Syn‖)
+|λn+1 − λn|‖(F + T )xn‖
+‖T (Θ,ϕ)

λn+1
(xn − λn(F + T )xn) − T

(Θ,ϕ)
λn

(xn − λn(F + T )xn)‖
+| γn+1

1 − βn+1
− γn

1 − βn
|(‖yn‖+ ‖Syn‖)}

= 0.

Hence by Lemma 2.3 we get limn→∞ ‖wn − xn‖ = 0. Thus,

(3.13) lim
n→∞ ‖xn+1 − xn‖ = lim

n→∞(1− βn)‖wn− xn‖ = 0.

Step 3. limn→∞ ‖(B1 +T1)un− (B1 +T1)u∗‖ = 0, limn→∞ ‖(B2 + T2)zn−
(B2 + T2)z‖ = 0 and limn→∞ ‖(F + T )xn − (F + T )z‖ = 0, where u∗ =
T

(G2,ψ2)
µ2 (z − µ2(B2 + T2)z).

Indeed, from (3.1) and (3.7) we get

‖xn+1 − z‖2

= 〈αn(u− z) + βn(xn − z) + γn(yn − z) + δn(Syn − z), xn+1 − z〉
= αn〈u− z, xn+1 − z〉 + βn〈xn − z, xn+1 − z〉

+〈γn(yn − z) + δn(Syn − z), xn+1 − z〉
≤ αn〈u− z, xn+1 − z〉 + βn‖xn − z‖‖xn+1 − z‖

+‖γn(yn − z) + δn(Syn − z)‖‖xn+1 − z‖
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≤ αn〈u− z, xn+1 − z〉 + βn‖xn − z‖‖xn+1 − z‖
+(γn + δn)‖yn − z‖‖xn+1 − z‖

≤ αn〈u− z, xn+1 − z〉
+βn

2 (‖xn − z‖2 + ‖xn+1 − z‖2) + γn+δn
2 (‖yn − z‖2 + ‖xn+1 − z‖2),

that is,

(3.14)
‖xn+1 − z‖2

≤ 2αn
1+αn

〈u−z, xn+1−z〉+ βn
1 + αn

‖xn − z‖2+
γn+δn
1+αn

‖yn − z‖2.

So, in terms of (3.2), (3.3) and (3.14), we have

‖xn+1 − z‖2

≤ 2αn
1+αn

‖u− z‖‖xn+1 − z‖ + βn

1+αn
‖xn − z‖2

+γn+δn
1+αn

[‖T (G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn) − T

(G2,ψ2)
µ2 (z − µ2(B2 + T2)z)‖2

−2µ1(β̃1 − µ1)‖B1T
(G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn)

−B1T
(G2,ψ2)
µ2 (z − µ2(B2 + T2)z)‖2

−2µ1(η1 − µ1)‖T1T
(G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn)

−T1T
(G2,ψ2)
µ2 (z − µ2(B2 + T2)z)‖2]

= 2αn
1+αn

‖u− z‖‖xn+1 − z‖ + βn

1+αn
‖xn − z‖2

+γn+δn
1+αn

[‖T (G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn) − T

(G2,ψ2)
µ2 (z − µ2(B2 + T2)z)‖2

−2µ1(β̃1 − µ1)[‖B1un − B1u
∗‖2 − 2µ1(η1 − µ1)‖T1un − T1u

∗‖2]

≤ 2αn
1+αn

‖u− z‖‖xn+1 − z‖ + βn

1+αn
‖xn − z‖2

+γn+δn
1+αn

[‖zn−z‖2−2µ2(β̃2−µ2)‖B2zn−B2z‖2−2µ2(η2−µ2)‖T2zn−T2z‖2

−2µ1(β̃1 − µ1)[‖B1un − B1u
∗‖2 − 2µ1(η1 − µ1)‖T1un − T1u

∗‖2]

≤ 2αn
1+αn

‖u− z‖‖xn+1 − z‖ + βn

1+αn
‖xn − z‖2 + γn+δn

1+αn
[‖xn − z‖2

−2λn(α− λn)‖Fxn − Fz‖2 − 2λn(η − λn)‖Txn − Tz‖2

−2µ2(β̃2 − µ2)‖B2zn −B2z‖2 − 2µ2(η2 − µ2)‖T2zn − T2z‖2

−2µ1(β̃1 − µ1)[‖B1un − B1u
∗‖2 − 2µ1(η1 − µ1)‖T1un − T1u

∗‖2]

= 2αn
1+αn

‖u− z‖‖xn+1 − z‖ + 1−αn
1+αn

‖xn − z‖2
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−γn+δn
1+αn

[2λn(α− λn)‖Fxn − Fz‖2 + 2λn(η − λn)‖Txn− Tz‖2

+2µ2(β̃2 − µ2)‖B2zn − B2z‖2 + 2µ2(η2 − µ2)‖T2zn − T2z‖2

+2µ1(β̃1 − µ1)‖B1un − B1u
∗‖2 + 2µ1(η1 − µ1)‖T1un − T1u

∗‖2].

Therefore,

2λn(α− λn)‖Fxn − Fz‖2 + 2λn(η − λn)‖Txn − Tz‖2

+2µ2(β̃2 − µ2)‖B2zn −B2z‖2 + 2µ2(η2 − µ2)‖T2zn − T2z‖2

+2µ1(β̃1 − µ1)‖B1un −B1u
∗‖2 + 2µ1(η1 − µ1)‖T1un − T1u

∗‖2

≤ 2αn
γn + δn

‖u− z‖‖xn+1 − z‖ +
1− αn
γn + δn

(‖xn − z‖2 − ‖xn+1 − z‖2)

≤ 2αn
γn+δn

‖u−z‖‖xn+1−z‖+
1−αn
γn+δn

(‖xn−z‖+‖xn+1 − z‖)‖xn−xn+1‖.

Since αn → 0, ‖xn − xn+1‖ → 0, 0 < lim infn→∞ λn ≤ lim supn→∞ λn <

min{α, η}, and lim infn→∞(γn + δn) > 0, we have

(3.15)




lim
n→∞ ‖B1un − B1u

∗‖ = lim
n→∞ ‖T1un − T1u

∗‖ = 0,

lim
n→∞ ‖B2zn − B2z‖ = lim

n→∞ ‖T2zn − T2z‖ = 0,

lim
n→∞ ‖Fxn − Fz‖ = lim

n→∞ ‖Txn − Tz‖ = 0.

Step 4. limn→∞ ‖Syn − yn‖ = 0.
Indeed, using the firm nonexpansivity of T(G1,ψ1)

µ1 and T
(G2,ψ2)
µ2 , we get from

(3.2) and (3.3)

‖un − u∗‖2

= ‖T (G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn)− T

(G2,ψ2)
µ2 (z − µ2(B2 + T2)z)‖2

≤ 〈(zn − µ2(B2 + T2)zn) − (z − µ2(B2 + T2)z), un− u∗〉
= 1

2 [‖(zn − µ2(B2 + T2)zn) − (z − µ2(B2 + T2)z)‖2 + ‖un − u∗‖2

−‖(zn − µ2(B2 + T2)zn) − (z − µ2(B2 + T2)z)− (un − u∗)‖2]

≤ 1
2 [‖zn − z‖2 + ‖un − u∗‖2 − ‖(zn − un)

−µ2((B2 + T2)zn − (B2 + T2)z) − (z − u∗)‖2]

≤ 1
2 [‖xn − z‖2 + ‖un − u∗‖2 − ‖(zn − un) − (z − u∗)‖2

+2µ2〈(zn − un) − (z − u∗), (B2 + T2)zn − (B2 + T2)z〉
−µ2

2‖(B2 + T2)zn − (B2 + T2)z‖2],
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and

‖yn − z‖2

= ‖T (G1,ψ1)
µ1 (un − µ1(B1 + T1)un) − T

(G1,ψ1)
µ1 (u∗ − µ1(B1 + T1)u∗)‖2

≤ 〈(un − µ1(B1 + T1)un) − (u∗ − µ1(B1 + T1)u∗), yn − z〉
= 1

2 [‖(un− µ1(B1 + T1)un) − (u∗ − µ1(B1 + T1)u∗)‖2 + ‖yn − z‖2

−‖(un − µ1(B1 + T1)un) − (u∗ − µ1(B1 + T1)u∗) − (yn − z)‖2]

≤ 1
2 [‖un − u∗‖2 + ‖yn − z‖2 − ‖(un − yn) + (z − u∗)‖2

+2µ1〈(B1 + T1)un − (B1 + T1)u∗, (un− yn) + (z − u∗)〉
−µ2

1‖(B1 + T1)un − (B1 + T1)u∗‖2]

≤ 1
2 [‖xn − z‖2 + ‖yn − z‖2 − ‖(un − yn) + (z − u∗)‖2

+2µ1〈(B1 + T1)un − (B1 + T1)u∗, (un− yn) + (z − u∗)〉].
Thus, we have

(3.16)

‖un − u∗‖2 ≤ ‖xn − z‖2 − ‖(zn − un) − (z − u∗)‖2

+2µ2〈(zn−un)−(z−u∗), (B2+T2)zn−(B2+T2)z〉
−µ2

2‖(B2 + T2)zn − (B2 + T2)z‖2,

and

(3.17)
‖yn − z‖2 ≤ ‖xn − z‖2 − ‖(un − yn) + (z − u∗)‖2

+2µ1‖(B1+T1)un−(B1+T1)u∗‖‖(un−yn)+(z−u∗)‖.
In terms of (3.3), (3.14) and (3.16), we have

‖xn+1 − z‖2 ≤ 2αn
1 + αn

〈u− z, xn+1 − z〉 +
βn

1 + αn
‖xn − z‖2

+
γn + δn
1 + αn

[‖xn − z‖2 − ‖(zn − un) − (z − u∗)‖2

+2µ2〈(zn − un) − (z − u∗), (B2 + T2)zn − (B2 + T2)z〉].
So, we obtain

γn + δn
1 + αn

‖(zn − un) − (z − u∗)‖2

≤ 2αn
1 + αn

‖u− z‖‖xn+1 − z‖ +
1 − αn
1 + αn

‖xn − z‖2 − ‖xn+1 − z‖2

+
2µ2(γn + δn)

1 + αn
‖(zn − un) − (z − u∗)‖‖(B2 + T2)zn − (B2 + T2)z‖
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≤ 2αn
1 + αn

‖u− z‖‖xn+1 − z‖ + (‖xn − z‖ + ‖xn+1 − z‖)‖xn − xn+1‖

+
2µ2(γn + δn)

1 + αn
‖(zn − un)− (z − u∗)‖‖(B2 + T2)zn − (B2 + T2)z‖.

Since lim infn→∞ γn+δn
1+αn

> 0, αn → 0, ‖xn+1 − xn‖ → 0 and ‖(B2 + T2)zn −
(B2 + T2)z‖ → 0, we conclude that

(3.18) lim
n→∞ ‖(zn − un)− (z − u∗)‖ = 0.

Utilizing (3.14) and (3.17), we have

‖xn+1 − z‖2 ≤ 2αn
1 + αn

〈u− z, xn+1 − z〉 +
βn

1 + αn
‖xn − z‖2

+
γn + δn
1 + αn

[‖xn − z‖2 − ‖(un − yn) + (z − u∗)‖2

+2µ1‖(B1 + T1)un − (B1 + T1)u∗‖‖(un − yn) + (z − u∗)‖].
It follows that

γn + δn
1 + αn

‖(un − yn) + (z − u∗)‖2

≤ 2αn
1 + αn

‖u− z‖‖xn+1 − z‖ + (‖xn− z‖ + ‖xn+1 − z‖)‖xn − xn+1‖

+
2µ1(γn + δn)

1 + αn
‖(B1 + T1)un − (B1 + T1)u∗‖‖(un− yn) + (z − u∗)‖,

which implies that

(3.19) lim
n→∞ ‖(un − yn) + (z − u∗)‖ = 0.

In addition, from the firm nonexpansivity of T(Θ,ϕ)
λn

, we have

‖zn − z‖2 = ‖T (Θ,ϕ)
λn

(xn − λn(F + T )xn) − T
(Θ,ϕ)
λn

(z − λn(F + T )z)‖2

≤ 〈(xn − λn(F + T )xn)− (z − λn(F + T )z), zn− z〉

=
1
2
[‖(xn − λn(F + T )xn) − (z − λn(F + T )z)‖2 + ‖zn − z‖2

−‖(xn − λn(F + T )xn) − (z − λn(F + T )z)− (zn − z)‖2]

≤ 1
2
[‖xn−z‖2+‖zn−z‖2−‖xn−zn−λn((F+T )xn−(F+T )z)‖2]

=
1
2
[‖xn − z‖2 + ‖zn − z‖2 − ‖xn − zn‖2

+2λn〈(F + T )xn − (F + T )z, xn − zn〉
−λ2

n‖(F + T )xn − (F + T )z‖2],
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which implies that

(3.20) ‖zn−z‖2 ≤ ‖xn−z‖2−‖xn−zn‖2+2λn‖(F+T )xn−(F+T )z‖‖xn−zn‖.

From (3.3), (3.14) and (3.20), we have

‖xn+1 − z‖2

≤ 2αn
1 + αn

〈u− z, xn+1 − z〉 +
βn

1 + αn
‖xn − z‖2

+
γn + δn
1 + αn

‖zn − z‖2

≤ 2αn
1 + αn

〈u− z, xn+1 − z〉 +
βn

1 + αn
‖xn − z‖2

+
γn+δn
1+αn

[‖xn−z‖2−‖xn−zn‖2+2λn‖(F+T )xn−(F+T )z‖‖xn − zn‖].

It follows that

γn + δn
1 + αn

‖xn − zn‖2

≤ 2αn
1 + αn

‖u− z‖‖xn+1 − z‖ +
1 − αn
1 + αn

‖xn − z‖2

−‖xn+1 − z‖2 +
2λn(γn + δn)

1 + αn
‖(F + T )xn − (F + T )z‖‖xn− zn‖

≤ 2αn
1 + αn

‖u− z‖‖xn+1 − z‖ + (‖xn − z‖ + ‖xn+1 − z‖)‖xn+1 − xn‖

+
2λn(γn + δn)

1 + αn
‖(F + T )xn − (F + T )z‖‖xn− zn‖.

Hence, we deduce immediately that

lim
n→∞ ‖xn − zn‖ = 0.

Thus, from (3.18), (3.19) and (3.20), we conclude that

(3.21) lim
n→∞ ‖zn − yn‖ = 0 and lim

n→∞ ‖xn − yn‖ = 0.

So, from (3.1), (3.13) and (3.21), we have

lim
n→∞ ‖Syn − xn‖ = 0 and lim

n→∞ ‖Syn − yn‖ = 0.

Step 5. lim supn→∞〈u− x̄, xn− x̄〉 ≤ 0 where x̄ = PF (S)∩GMEP∩�u.
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Indeed, take a subsequence {yni} of {yn} such that

(3.22) lim sup
n→∞

〈u− x̄, yn − x̄〉 = lim
n→∞〈u− x̄, yni − x̄〉.

Without loss of generality, we may assume that yni ⇀ w. First, it is clear from
Lemma 2.4 that w ∈ F (S). Second, let us show that w ∈ �. Utilizing Lemma 2.1
we have for all x, y ∈ C

‖Γ (x)− Γ (y)‖2

= ‖T (G1,ψ1)
µ1 [T (G2,ψ2)

µ2 (x− µ2(B2 + T2)x)

−µ1(B1 + T1)T
(G2,ψ2)
µ2 (x− µ2(B2 + T2)x)]

−T (G1,ψ1)
µ1 [T (G2,ψ2)

µ2 (y − µ2(B2 + T2)y)

−µ1(B1 + T1)T
(G2,ψ2)
µ2 (y − µ2(B2 + T2)y)]‖2

≤ ‖T (G2,ψ2)
µ2 (x− µ2(B2 + T2)x)− µ1(B1 + T1)T

(G2,ψ2)
µ2 (x− µ2(B2 + T2)x)

−[T (G2,ψ2)
µ2 (y − µ2(B2 + T2)y)−µ1(B1+T1)T

(G2,ψ2)
µ2 (y−µ2(B2+T2)y)]‖2

= ‖T (G2,ψ2)
µ2 (x− µ2(B2 + T2)x)− T

(G2,ψ2)
µ2 (y − µ2(B2 + T2)y)

−µ1[(B1 + T1)T
(G2,ψ2)
µ2 (x− µ2(B2 + T2)x)

−(B1 + T1)T
(G2,ψ2)
µ2 (y − µ2(B2 + T2)y)]‖2

≤ ‖T (G2,ψ2)
µ2 (x− µ2(B2 + T2)x)− T

(G2,ψ2)
µ2 (y − µ2(B2 + T2)y)‖2

−2µ1(β̃1 − µ1)‖B1T
(G2,ψ2)
µ2 (x− µ2(B2 + T2)x)

−B1T
(G2,ψ2)
µ2 (y − µ2(B2 + T2)y)‖2

−2µ1(η1 − µ1)‖T1T
(G2,ψ2)
µ2 (x− µ2(B2 + T2)x)

−T1T
(G2,ψ2)
µ2 (y − µ2(B2 + T2)y)‖2

≤ ‖T (G2,ψ2)
µ2 (x− µ2(B2 + T2)x)− T

(G2,ψ2)
µ2 (y − µ2(B2 + T2)y)‖2

≤ ‖(x− µ2(B2 + T2)x)− (y − µ2(B2 + T2)y)‖2

≤ ‖x− y‖2 − 2µ2(β̃2 − µ2)‖B2x− B2y‖2 − 2µ2(η2 − µ2)‖T2x− T2y‖2

≤ ‖x− y‖2.

This shows that Γ : C → C is nonexpansive. Note that

‖yn − Γ (yn)‖ = ‖T (G1,ψ1)
µ1

[T (G2,ψ2)
µ2

(zn − µ2(B2 + T2)zn)

−µ1(B1 + T1)T (G2,ψ2)
µ2

(zn − µ2(B2 + T2)zn)] − Γ (yn)‖
= ‖Γ (zn) − Γ (yn)‖
≤ ‖zn − yn‖ → 0.
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According to Lemma 2.4 we obtain w ∈ �.
Next, let us show that w ∈ GMEP . From zn = T

(Θ,ϕ)
λn

(xn − λn(F + T )xn),
we know that

Θ(zn, y)+ϕ(y)−ϕ(zn)+〈(F+T )xn, y−zn〉+ 1
λn

〈y−zn, zn−xn〉 ≥ 0, ∀y ∈ C.

From (H2) it follows that

ϕ(y)−ϕ(zn)+ 〈(F +T )xn, y− zn〉+
1
λn

〈y− zn, zn−xn〉 ≥ Θ(y, zn), ∀y ∈ C.

Replacing n by ni, we have

(3.23)
ϕ(y)− ϕ(zni) + 〈(F + T )xni , y − zni〉

+〈y − zni ,
zni−xni
λni

〉 ≥ Θ(y, zni), ∀y ∈ C.

Put zt = ty + (1 − t)w for all t ∈ (0, 1] and y ∈ C. Then, we have zt ∈ C. So,
from (3.23) we have

〈zt − zni , (F + T )zt〉
≥ 〈zt − zni , (F + T )zt〉 − ϕ(zt) + ϕ(zni) − 〈zt − zni , (F + T )xni〉

−〈zt − zni ,
zni−xni
λni

〉 + Θ(zt, zni)

= 〈zt − zni , (F + T )zt − (F + T )zni〉 + 〈zt − zni , (F + T )zni − (F + T )xni〉
−ϕ(zt) + ϕ(zni) − 〈zt − zni ,

zni−xni
λni

〉 + Θ(zt, zni).

Since ‖zni − xni‖ → 0, we have ‖(F + T )zni − (F + T )xni‖ → 0. Further, from
the monotonicity of F + T , we have 〈zt − zni , (F + T )zt − (F + T )zni〉 ≥ 0. So,
from (H4), the weakly lower semicontinuity of ϕ, zni−xni

λni
→ 0 and zni ⇀ w, we

have

(3.24) 〈zt −w, (F + T )zt〉 ≥ −ϕ(zt) + ϕ(zw) + Θ(zt ,w),

as i→ ∞. From (H1), (H4) and (3.24), we also have

0 = Θ(zt , zt) + ϕ(zt)− ϕ(zt)

≤ tΘ(zt, y) + (1− t)Θ(zt, w) + tϕ(y) + (1− t)ϕ(w)− ϕ(zt)

= t[Θ(zt, y) + ϕ(y)− ϕ(zt)] + (1 − t)[Θ(zt, w) + ϕ(w)− ϕ(zt)]

≥ t[Θ(zt, y) + ϕ(y)− ϕ(zt)] + (1 − t)〈zt −w, (F + T )zt〉
= t[Θ(zt, y) + ϕ(y)− ϕ(zt)] + (1 − t)t〈y − w, (F + T )zt〉,
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and hence

0 ≤ Θ(zt, y) + ϕ(y) − ϕ(zt) + (1− t)〈y − w, (F + T )zt〉.
Letting t→ 0, we have, for each y ∈ C,

0 ≤ Θ(w, y) + ϕ(y)− ϕ(w) + 〈y − w, (F + T )w〉.
This implies that w ∈ GMEP . Now, we show that w ∈ F (S). Indeed, since
tni ⇀ w and ‖Stni − tni‖ → 0 due to (3.19), utilizing Lemma 2.5 we have
(I − S)w = 0 and hence w ∈ F (S). Therefore, w ∈ F (S) ∩GMEP ∩ �. This
together with (3.21) and the property of metric projection, implies that

lim sup
n→∞

〈u− x̄, xn− x̄〉 = lim
i→∞

〈u− x̄, xni − x̄〉
= 〈u− x̄, w− x̄〉 ≤ 0.

Step 6. xn → x̄ as n→ ∞.
Indeed, from (3.2), (3.3) and (3.14), we have

‖xn+1 − x̄‖2 ≤ 2αn
1 + αn

〈u− x̄, xn+1 − x̄〉 +
βn

1 + αn
‖xn − x̄‖2

+
γn + δn
1 + αn

‖xn − x̄‖2

= (1− 2αn
1 + αn

)‖xn − x̄‖2 +
2αn

1 + αn
〈u− x̄, xn+1 − x̄〉.

It is clear that
∑∞

n=0
2αn

1+αn
= ∞. Hence, applying Lemma 2.5 to the last inequality,

we immediately obtain that xn → x̄ as n→ ∞. This completes the proof.

Utilizing Theorem 3.1, we obtain several strong convergence results in a Hilbert
space.

Corollary 3.1. Let C be a nonempty closed convex subset of a real Hilbert space
H . Let Θ , G1, G2 : C × C → R be three bifunctions which satisfy assumptions
(H1)-(H4) and ϕ, ψ1, ψ2 : C → R be three lower semicontinuous and convex func-
tions with assumption (A1) or (A2). Let the mappings F, B 1, B2 : C → H be α-
inverse-strongly monotone, β̃1-inverse-strongly monotone and β̃2-inverse-strongly
monotone, respectively, and T, T1, T2 : C → H be η-inverse-strongly monotone,
η1-inverse-strongly monotone and η 2-inverse-strongly monotone, respectively. Let
S : C → C be a nonexpansive mapping such that F (S) ∩GMEP ∩ � �= ∅. For
fixed u ∈ C and x0 ∈ C arbitrary, let {xn} ⊂ C be a sequence generated by



zn = T
(Θ,ϕ)
λn

(xn − λn(F + T )xn),

yn = T (G1,ψ1)
µ1

[T (G2,ψ2)
µ2

(zn − µ2(B2 + T2)zn)

−µ1(B1 + T1)T (G2,ψ2)
µ2

(zn − µ2(B2 + T2)zn)],

xn+1 = αnu+ βnxn + γnyn + δnSyn, ∀n ≥ 0,
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where 0 < µ1 < min{β̃1, η1}, 0 < µ2 < min{β̃2, η2}, and 0 ≤ λn ≤ min{α, η},
{αn}, {βn}, {γn}, {δn} ⊂ [0, 1] satisfy the following conditions:

(i) αn + βn + γn + δn = 1 and (γn + δn)k ≤ γn for all n ≥ 0;
(ii) limn→∞ αn = 0 and

∑∞
n=0 αn = ∞;

(iii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1 and lim infn→∞ δn > 0;
(iv) limn→∞( γn+1

1−βn+1
− γn

1−βn
) = 0;

(v) 0 < lim infn→∞ λn ≤ lim supn→∞ λn < min{α, η} and lim infn→∞(λn −
λn+1) = 0.

Then, {xn} converges strongly to x̄ = PF (S)∩GMEP∩�u and (x̄, ȳ) is a solution of
problem (1.4), where ȳ = T

(G2,ψ2)
µ2 (x̄− µ2(B2 + T2)x̄).

Corollary 3.2. Let C be a nonempty closed convex subset of a real Hilbert space
H . Let Θ , G1, G2 : C × C → R be three bifunctions which satisfy assumptions
(H1)-(H4) and ϕ, ψ1, ψ2 : C → R be three lower semicontinuous and convex
functions with assumption (A1) or (A2). Let the mappings B 1, B2 : C → H
be β̃1-inverse-strongly monotone and β̃2-inverse-strongly monotone, respectively,
and T1, T2 : C → H be η1-inverse-strongly monotone and η 2-inverse-strongly
monotone, respectively. Let S : C → C be a k-strictly pseudocontractive mapping
such that F (S) ∩MEP ∩ � �= ∅. For fixed u ∈ C and x0 ∈ C arbitrary, let
{xn} ⊂ C be a sequence generated by




Θ(zn, y) + ϕ(y)− ϕ(zn) + 1
λn

〈y − zn, zn− xn〉 ≥ 0, ∀y ∈ C,

yn = T
(G1,ψ1)
µ1 [T (G2,ψ2)

µ2 (zn − µ2(B2 + T2)zn)

−µ1(B1 + T1)T
(G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn)],

xn+1 = αnu+ βnxn + γnyn + δnSyn, ∀n ≥ 0,

where 0 < µ1 < min{β̃1, η1}, 0 < µ2 < min{β̃2, η2}, and {λn} ⊂ (0,∞), {αn},
{βn}, {γn}, {δn} ⊂ [0, 1] satisfy the following conditions:

(i) αn + βn + γn + δn = 1 and (γn + δn)k ≤ γn for all n ≥ 0;
(ii) limn→∞ αn = 0 and

∑∞
n=0 αn = ∞;

(iii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1 and lim infn→∞ δn > 0;
(iv) limn→∞( γn+1

1−βn+1
− γn

1−βn
) = 0;

(v) 0 < limn→∞ λn ≤ lim supn→∞ λn<∞ and limn→∞(λn− λn+1)=0.

Then, {xn} converges strongly to x̄ = PF (S)∩MEP∩�u and (x̄, ȳ) is a solution of
problem (1.4), where ȳ = T

(G2,ψ2)
µ2 (x̄− µ2(B2 + T2)x̄).
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Proof. In Theorem 3.1, for all n ≥ 0, zn = T
(Θ,ϕ)
λn

(xn−λn(F +T )xn) is
equivalent to

Θ(zn, y)+ϕ(y)−ϕ(zn)+〈(F+T )xn, y−zn〉+ 1
λn

〈y−zn, zn−xn〉 ≥ 0, ∀y ∈ C.

Now, put F = T ≡ 0. Then it follows that

Θ(zn, y) + ϕ(y)− ϕ(zn) +
1
λn

〈y − zn, zn − xn〉 ≥ 0, ∀y ∈ C.

Observe that for all α, η ∈ (0,∞) and x, y ∈ C

〈x− y, Fx− Fy〉 ≥ α‖Fx − Fy‖2 and 〈x− y, Tx− Ty〉 ≥ η‖Tx− Ty‖2.

So, taking α and η in (0,∞) such that 0 < lim infn→∞ λn ≤ lim supn→∞ λn <
min{α, η}, we obtain the desired result by Theorem 3.1.

Corollary 3.3. Let C be a nonempty closed convex subset of a real Hilbert
space H . Let G1, G2 : C × C → R be two bifunctions which satisfy assumptions
(H1)-(H4) and ψ1, ψ2 : C → R be two lower semicontinuous and convex functions
with assumption (A1) or (A2). Let the mappings A,B1, B2 : C → H be α-
inverse-strongly monotone, β̃1-inverse-strongly monotone and β̃2-inverse-strongly
monotone, respectively, and T1, T2 : C → H be η1-inverse-strongly monotone
and η2-inverse-strongly monotone, respectively. Let S : C → C be a k-strictly
pseudocontractive mapping such that V I(A,C)∩F (S)∩� �= ∅. For fixed u ∈ C
and x0 ∈ C arbitrary, let {xn} ⊂ C be a sequence generated by




zn = PC(xn − λnAxn),

yn = T
(G1,ψ1)
µ1 [T (G2,ψ2)

µ2 (zn − µ2(B2 + T2)zn)

−µ1(B1 + T1)T
(G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn)],

xn+1 = αnu+ βnxn + γnyn + δnSyn, ∀n ≥ 0,

where 0 < µ1 < min{β̃1, η1}, 0 < µ2 < min{β̃2, η2}, and 0 ≤ λn ≤ 2α, {αn},
{βn}, {γn}, {δn} ⊂ [0, 1] satisfy the following conditions:

(i) αn + βn + γn + δn = 1 and (γn + δn)k ≤ γn for all n ≥ 0;
(ii) limn→∞ αn = 0 and

∑∞
n=0 αn = ∞;

(iii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1 and lim infn→∞ δn > 0;
(iv) limn→∞( γn+1

1−βn+1
− γn

1−βn
) = 0;

(v) 0< limn→∞ λn≤ lim supn→∞ λn<2α and limn→∞(λn − λn+1)=0.
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Then, {xn} converges strongly to x̄ = PV I(A,C)∩F (S)∩�u and (x̄, ȳ) is a solution
of problem (1.4), where ȳ = T

(G2,ψ2)
µ2 (x̄− µ2(B2 + T2)x̄).

Proof. In Theorem 3.1, for all n ≥ 0, zn = T
(Θ,ϕ)
λn

(xn − λn(F + T )xn) is
equivalent to

Θ(zn, y)+ϕ(y)−ϕ(zn)+〈(F+T )xn, y−zn〉+ 1
λn

〈y−zn, zn−xn〉 ≥ 0, ∀y ∈ C.

Now, put Θ ≡ 0, ϕ ≡ 0 and F = T = 1
2A. Then, we obtain that

〈Axn, y − zn〉 +
1
λn

〈y − zn, zn − xn〉 ≥ 0, ∀y ∈ C, ∀n ≥ 0.

This implies that

〈y − zn, xn − λnAxn − zn〉 ≤ 0, ∀y ∈ C.

Hence it follows that PC(xn − λnAxn) = zn for all n ≥ 0.
In the meantime, F (= T ) is 2α-inverse-strongly monotone since it is easy to

see that
〈x− y,

1
2
Ax− 1

2
Ay〉 ≥ 2α‖1

2
Ax− 1

2
Ay‖2, ∀y ∈ C.

So, taking 2α in (0,∞) such that 0 < lim infn→∞ λn ≤ lim supn→∞ λn < 2α.
Thus, we obtain the desired result by Theorem 3.1.

Let A : C → C be a κ̃-strictly pseudocontractive mapping. For recent conver-
gence result for strictly pseudocontractive mappings, we refer to Zeng, Wong and
Yao [28]. Putting F = I −A, we know that for all x, y ∈ C

‖(I − F )x − (I − F )y‖2 ≤ ‖x− y‖2 + κ̃‖Fx − Fy‖2.

Note that

‖(I − F )x − (I − F )y‖2 = ‖x− y‖2 + ‖Fx − Fy‖2 − 2〈x− y, Fx− Fy〉.
Hence we have for all x, y ∈ C

〈x− y, Fx− Fy〉 ≥ 1 − κ̃

2
‖Fx− Fy‖2.

Consequently, if A : C → C is a κ̃-strictly pseudocontractive mapping, then the
mapping F = I −A is (1− κ̃)/2-inverse-strongly monotone.

Corollary 3.4. Let C be a nonempty closed convex subset of a real Hilbert
space H . Let Θ , G1, G2 : C ×C → R be three bifunctions which satisfy assump-
tions (H1)-(H4) and ϕ, ψ1, ψ2 : C → R be three lower semicontinuous and convex
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functions with assumption (A1) or (A2). Let A : C → C be a κ̃-strictly pseu-
docontractive mapping, B1, B2 : C → H be β̃1-inverse-strongly monotone and
β̃2-inverse-strongly monotone, respectively, and T 1, T2 : C → H be η1-inverse-
strongly monotone and η2-inverse-strongly monotone, respectively. Let S : C → C
be a k-strictly pseudocontractive mapping such that F (S) ∩ GMEP ∩ � �= ∅,
where F = T = (I −A)/2. For fixed u ∈ C and x0 ∈ C arbitrary, let {xn} ⊂ C
be a sequence generated by

(3.1)




zn = T
(Θ,ϕ)
λn

((1− λn)xn + λnAxn),

yn = T
(G1,ψ1)
µ1 [T (G2,ψ2)

µ2 (zn − µ2(B2 + T2)zn)

−µ1(B1 + T1)T
(G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn)],

xn+1 = αnu+ βnxn + γnyn + δnSyn, ∀n ≥ 0,

where 0 < µ1 < min{β̃1, η1}, 0 < µ2 < min{β̃2, η2}, and 0 ≤ λn ≤ 1 −
κ̃, {αn}, {βn}, {γn}, {δn} ⊂ [0, 1] satisfy the following conditions:

(i) αn + βn + γn + δn = 1 and (γn + δn)k ≤ γn for all n ≥ 0;

(ii) limn→∞ αn = 0 and
∑∞

n=0 αn = ∞;

(iii) 0 < lim infn→∞ βn ≤ lim supn→∞ βn < 1 and lim infn→∞ δn > 0;

(iv) limn→∞( γn+1

1−βn+1
− γn

1−βn
) = 0;

(v) 0 < limn→∞ λn ≤ lim supn→∞ λn < 1 − κ̃ and limn→∞(λn − λn+1) = 0.

Then, {xn} converges strongly to x̄ = PF (S)∩GMEP∩�u and (x̄, ȳ) is a solution of
problem (1.4), where ȳ = T

(G2,ψ2)
µ2 (x̄− µ2(B2 + T2)x̄).

Proof. Since A is a κ̃-strictly pseudocontractive mapping, the mapping I −A
is (1− κ̃)/2-inverse-strongly monotone. In Theorem 3.1, put F = T = (I −A)/2.
Then F (= T ) is (1 − κ̃)-inverse-strongly monotone. Moreover, we obtain that

zn = T
(Θ,ϕ)
λn

(xn − λn(F + T )xn)

= T
(Θ,ϕ)
λn

(xn − λn(I −A)xn)

= T
(Θ,ϕ)
λn

((1− λn)xn + λnAxn).

So, from Theorem 3.1, we obtain the desired result.

In (3.1), if we set αn = α′
n, βn = β′n, γn = γ ′nk and δn = γ ′n(1 − k) for all
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n ≥ 0, then we obtain the following algorithm

(3.25)




zn = T
(Θ,ϕ)
λn

(xn − λn(F + T )xn),

yn = T
(G1,ψ1)
µ1 [T (G2,ψ2)

µ2 (zn − µ2(B2 + T2)zn)

−µ1(B1 + T1)T
(G2,ψ2)
µ2 (zn − µ2(B2 + T2)zn)],

xn+1 = α′
nu+ β′nxn + γ ′n[kyn + (1− k)Syn], ∀n ≥ 0.

From Theorem 3.1 and (3.25), we have immediately the following corollary.

Corollary 3.5. Let C be a nonempty closed convex subset of a real Hilbert space
H . Let Θ , G1, G2 : C × C → R be three bifunctions which satisfy assumptions
(H1)-(H4) and ϕ, ψ1, ψ2 : C → R be three lower semicontinuous and convex
functions with assumption (A1) or (A2). Let the mappings F, B1, B2 : C → H be α-
inverse-strongly monotone, β̃1-inverse-strongly monotone and β̃2-inverse-strongly
monotone, respectively, and T, T1, T2 : C → H be η-inverse-strongly monotone,
η1-inverse-strongly monotone and η 2-inverse-strongly monotone, respectively. Let
S : C → C be a k-strictly pseudocontractive mapping such that F (S)∩GMEP ∩
� �= ∅. Let 0 < µ1 < min{β̃1, η1}, 0 < µ2 < min{β̃2, η2}, and 0 ≤ λn ≤
min{α, η}, {α′

n}, {β′n}, {γ ′n} ⊂ [0, 1] satisfy the following conditions:

(i) α′
n + β′n + γ ′n = 1 for all n ≥ 0;

(ii) limn→∞ α′
n = 0 and

∑∞
n=0 α

′
n = ∞;

(iii) 0 < lim infn→∞ β′n ≤ lim supn→∞ β′n < 1;
(iv) 0 < limn→∞ λn ≤ lim supn→∞ λn < min{α, η} and limn→∞(λn−λn+1) =

0.

For fixed u ∈ C and x0 ∈ C arbitrary, let {xn} ⊂ C be a sequence generated by
(3.25). Then the sequence {xn} converges strongly to x̄ = PF (S)∩GMEP∩�u and
(x̄, ȳ) is a solution of problem (1.4), where ȳ = T

(G2,ψ2)
µ2 (x̄− µ2(B2 + T2)x̄).

Proof. It is easy to see that

(i) αn + βn + γn + δn = α′
n + β′n + γ ′nk + γ ′n(1 − k) = 1 and (γn + δn)k =

[γ ′nk + γ ′n(1− k)]k = γ ′nk = γn;
(ii) limn→∞ αn = limn→∞ α′

n = 0 and
∑∞

n=0 αn =
∑∞

n=0 α
′
n = ∞;

(iii) 0 < lim infn→∞ β′n = lim infn→∞ βn ≤ lim supn→∞ βn=lim supn→∞ β′n<
1 and lim infn→∞ δn = lim infn→∞ γ ′n(1− k)> 0;

(iv) limn→∞( γn+1

1−βn+1
− γn

1−βn
) = limn→∞ k(

γ′n+1

1−β′
n+1

− γ′n
1−β′

n
) = limn→∞ k( α′

n
1−β′

n
−

γ′n+1

1−β′
n+1

) = 0.
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Hence, all conditions of Theorem 3.1 are satisfied. Therefore, the desired con-
clusion follows. This completes the proof.
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