TAIWANESE JOURNAL OF MATHEMATICS
Vol. 14, No. 6, pp. 2181-2201, December 2010
This paper is available online at http://www.tjm.nsysu.edu.tw/

CONVERGENCE CRITERION OF THE FAMILY OF EULER-HALLEY
TYPE METHODS FOR SECTIONS ON RIEMANNIAN MANIFOLDS

Jin-Hua Wang

Abstract. The family of Euler-Halley type methods is extended for sections
on Riemannian manifolds. Its convergence criterion is established under the
assumption that the sections’ covariant derivatives satisfy a kind of Lipschitz
condition. Applications to special cases such as the classical Kantorovich’s
type condition, the v-condition, Smale’s analysis condition are provided.

1. INTRODUCTION

Newton’s method and its variations are the most efficient methods known for
solving systems of nonlinear equations in Banach space setting. One of the main
results on Newton’s method is the well-known Kantorovich’s theorem ([17, 18]),
which has the advantage that Newton’s sequence converges to a solution under very
mild conditions. Another important result on Newton’s method is the Smale’s point
estimate theory in [42] (see also [40]). In this theory, the notion of an approximation
zero was introduced and the rule to judge an initial point to be an approximation
zero was provided, depending only on the information of the nonlinear operator at
the initial point. Other results on Newton’s method such as the estimates of the radii
of convergence balls were given by Traub and Wozniakowski [27] and Wang [32]
independently. A big step in this direction was made by Wang in [34, 45], where
Kantorovich’s theorem and Smale’s theory were unified and extended. To extend
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and improve the Smale’s ~-theory and a-theory of Newton’s method for operators
in Banach spaces, Wang introduced in [33, 36] the notion of the ~-condition, which
is weaker than the Smale’s assumption in [42] (see also [40]) for analytic operators.

Recall that there are several kinds of cubic generalizations for Newton’s method.
The most important two are the Euler method and the Halley method; see for ex-
ample, [2, 5, 6, 15, 16]. Another more general family of the cubic extensions is the
family of Euler-Halley type methods in Banach spaces, which includes the Euler
method and the Halley method as its special cases and has been studied extensively
in [13, 14, 38]. In particular, Han established in [14] the cubic convergence of this
family for operators satisfying the v-condition. Furthermore, in [38], a unified con-
vergence criterion is presented under a kind of Lipschitz condition, which includes
the ~-condition as a special case and extends the corresponding results in [14].

Recently, the main interests are focused on numerical problems posed on man-
ifolds arising in many natural contexts such as eigenvalue problems, symmetric
eigenvalue problems, invariant subspace computations, optimization problems with
equality constraints and so on; see for example [10, 12, 23, 25, 26, 28, 31]. For such
problems, one often has to compute solutions of a system of equations or to find
zeros of a vector field on a Riemannian manifold. Newton’s method is one of the
most famous methods to approximately solve these problems. The Kantorovich’s
theorem [17, 18] has been extended for Newton’s method on Riemannian manifolds
in [11]. The extensions of the famous Smale’s «a-theory and ~-theory in [42] to
analytic vector fields on Riemannian manifolds were done in [8]. In the recent pa-
per [21], we extended the notion of the v-condition to vector fields on Riemannian
manifolds and then established the ~-theory and a-theory of Newton’s method for
the vector fields on Riemannian manifolds satisfying the ~-condition, which con-
sequently extends the results in [8]. Other extensions about Newton’s method on
Riemannian manifolds have been done in [20, 22, 29].

In particular, in [22], one kind of the L-average Lipschitz condition is intro-
duced for covariant derivatives of sections on Riemannian manifolds which includes
mappings and vector fields as special cases. Then, a convergence criterion of New-
ton’s method and the radii of the uniqueness balls of the singular points for sections
on Riemannian manifolds which is independent of the curvatures, are established
under the assumption that the covariant derivatives of the sections satisfy this kind
of the L-average Lipschitz condition. Some applications to special cases including
the Kantorovich’s condition and the ~-condition as well as the Smale’s a-theory
are provided. In particular, the result due to Ferreira and Svaiter in [11] is extended
while the results due to Dedieu, Priouret and Malajovich in [8] are improved sig-
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nificantly. Moreover, Alvarez, Bolte and Munier introduced in [1] a Lipschitz-type
radial function for the covariant derivative of vector fields and mappings on Rie-
mannian manifolds, and established a unified convergence criterion of Newton’s
method on Riemannian manifolds, applications of which to analytic vector fields
and mappings give first a curvature-free generalization of Smale’s a-theory in Eu-
clidean space setting, which improves significantly the corresponding results in [8]
and [21]. On the other hand, the Kantorovich’s theorem and Smale’s a-theory and
~-theory for Newton’s method on Lie groups have also been given in [31] and [23],
respectively.

Very recently, in [30] the family of Euler-Halley type methods are extended
to vector fields on Riemannian manifolds, and the cubic convergence criterion of
this family for vector fields is established under the assumption that its covariant
derivatives satisfy the ~-condition.

Motivated by the works of [22] and [30], we study the family of Euler-Halley
type methods for sections on Riemannian manifolds. A convergence criterion of the
family of Euler-Halley type methods is established under the assumption that the
sections’ covariant derivatives satisfy a kind of Lipschitz condition. Applications
to special cases such as the classical Kantorovich’s type condition, the ~-condition,
Smale’s analysis condition are provided. In particular, in the case when the sections
are vector fields, the corresponding results due to [30] are extended.

The rest of the paper is organized as follows. In section 2 we present some
basic notions and preliminaries on Riemannian manifolds which will be used in the
sequel. The convergence criterion of the family of Euler-Halley type methods for
the sections on Riemannian manifolds whose covariant derivatives satisfy a kind of
Lipschitz condition is established in Section 3, and applications to special cases are
given in Section 4.

2. NOTIONS AND PRELIMINARIES

Throughout this paper, M denotes a real complete connected m-dimensional
Riemannian manifold. Let p € M and let 7),A/ denote the tangent space at p to
M. Let (-, -), be the scalar product on 7}, M with the associated norm || - ||,. The
subscript p is usually deleted whenever there is no possibility of confusion. For any

two distinct elements ¢, p € M, let ¢ : [0,1] — M be a piecewise smooth curve
1

connecting ¢ and p. Then the arc length of c is defined by i(c) := / | ()| dt,

0
and the Riemannian distance from ¢ to p by d(q, p) := inf.[(c), where the infimum
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is taken over all piecewise smooth curves ¢ : [0, 1] — M connecting ¢ and p. Thus
(M, d) is a complete metric space by the Hopf-Rinow Theorem (cf. [4, 9, 19]).

Noting that M is complete, the exponential map at p, exp, : T,M — M is
well-defined on 7,M. Recall that a geodesic in M connecting ¢ and p is called a
minimizing geodesic if its arc length equals its Riemannian distance between ¢ and p.
Note that there is at least one minimizing geodesic connecting ¢ and p. In particular,
the curve ¢ : [0,1] — M connecting ¢ and p is a minimizing geodesic if and only
if there exists a vector v € T, M such that |lv]| = d(q,p) and c(t) = exp,(tv) for
each ¢ € [0, 1].

Let xk € NU {oo,w}. Let V denote the Levi-Civita connection on M and let
c: R — M be a C%-curve, where C* means smooth or analytic in the case when
Kk = 0o Or w, respectively. Then we use F... to denote the parallel transport on
tangent bundle T'M along ¢ with respect to V.

In the remainder of this section, we shall describe simply the notions of sections,
connections and parallel transports as well as some relative facts. For the details, the
readers are refereed to [22] and some text books, for example, [7, 39]. Throughout
the whole paper, we shall always assume that £ and M are C*-manifolds. Let 7 :
E — M be a C*-vector bundle. The set of all C*-sections of the C*-vector bundle
m is denoted by C*(M, E). In the particular cases when x = oo, or w, a C*-section
¢ is a smooth section or an analytic section, respectively. Let C*(7T'M) denote the set
of all the C*-vector fields on M and C*(M) the set of all C*-mappings from M to
R, respectively. Let D : C%(M, E) x C*(TM) — C*~1(M, E) be a connection on
the vector bundle , i.e., forevery X, Y € C*(TM), {,n € C*(M, E), f € C*(M)
and A € R, the following conditions are satisfied:

Dxiry§ =Dx&{+ fDyE, Dx(§+An)=Dx{+ ADxn
and Dx(f¢) = X(f)E+ fDx&.

Note that connections on the vector bundle 7 exist because M is a C*-Riemannian
manifold with countable bases (cf. [39] for the case when x = oo and its proof
for the general case is similar). For any ({, X) € C*(M, E) x C*(T'M), Dx¢ is
called the covariant derivative of ¢ with respect to X. Since D is tensorial in X,
the value of Dx¢ at p € M only depends on the tangent vector v = X (p) € T,M.
Hence, the mapping D¢(p) : T,M — 7~ 1(p) given by

2.1)

(2.2) Dé(p)v := Dx&(p) for each v € T,M

is well-defined and is a linear map from 7, M to =~ '(p).
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Let ¢c : R — M be a C*-curve. For any a,b € R, define the mapping
Pc,c(b),c(a) : W_I(C(a)) - W_I(C(b)) by

Pc,c(b),c(a)(v) - nv(c(b)) for each v € W_I(C(a))7

where 7, is the unique C*-section such that D ;yn, = 0 and n,(c(a)) = v. Then
P.... is called the parallel transport on vector bundle E along c. In particular, we
write P, ,, for P. 4, in the case when c is a minimizing geodesic connecting p and
q. Moreover, for a positive integer i, 7, stands for the map from (7~'(¢))" to
(7~1(p))* defined by

7312,q('ul ) = Ppqv1 - -+ Ppqvi, V(vg, -, v) € (TqM)i.

The next definition of higher order covariant derivative for sections follows from
[22]. Let k& < x be a positive integer and let £ be a C"-section. Recall that D is a
connection on the vector bundle 7 : £ — M and V is the Levi-Civita connection on
M. Then the covariant derivative of order & can be inductively defined as follows.

Define the map D¢ = D¢ : (CH(TM))! — C*1(M, E) by

(2.3) DE(X) =Dx¢ foreach X € C*(TM),
and define the map D¥¢ : (C*(TM))* — C**(M, E) by

DFE(Xy, -+, Xpo1, Xi) = Dx, (DF71E(Xy, -+, Xpo1))

(2.4) S
= DX VX X, Xe)
i=1

for each Xy, .-+, Xy_1, X € C*(TM). Then, in view of the definition and thanks
to (2.1), one can use mathematical induction to prove easily that D*¢(Xy, - - -, X})
is tensorial with respect to each component X, that is, & multi-linear map from
(C*(TM))* to C**(M, E), where the linearity refers to the structure of C*(M)-
module. This implies that the value of D*¢(Xy,---, X3) at p € M only depends
on the k-tuple of tangent vectors (vy,---,vx) = (X1(p), -, Xk(p)) € (TpM)’“.
Consequently, for a given p € M, the map D*¢(p) : (T,M)* — E,, defined by

(25) DFé(p)or - vk =DFE(X, -+ Xi)(p) forany (vy, - vp) € (T,M)F,

is well-defined, where X; € C*(T'M) satisfy X;(p) = v; foreach i = 1,--- k.
Let pg € M be such that D&(po)~! exists. Thus, for any piece-geodesic curve c
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connecting po and p, DE(po) 1 Pe e pPE(p) is @ k-multilinear map from (7, )*
to T, M. We define the norm of DE(po) ™ Pep, pP¥E(p) by

| Df(pO)_lpcvpo,pDkf(p) [|= sup || Df(pO)_lpc,po,ppkg(p)vlw T Uk Hpov

where the supremum is taken over all k-tuple of vectors (vi,---,v) € (T,M)*
with each ||v;|[, = 1. Furthermore, for any geodesic ¢ : R — M on M, since
Vesc(s) =0, it follows from (2.4) that

(2.6)  D*(c(s))(¢(5))" = Dy (D 1&(c(s))(¢/(5))" 1) for each s € R.
The following lemma plays a key role in this paper.

Lemma 2.1. Let ¢ : R — M be a geodesic and Y a C* vector field on M
such that V()Y (c(s)) = 0. Then, for each k£ =0, 1,2,

Pee(0),ety P E(())Y (e(t))* = D*E(c(0)) Y (¢(0))"

(2.7) t

T /0 Pec(onete) (D E(e(s)) (e(5)) ¢ (5))ds.
In particular,

Prctoyety DRE(e(t)) (1) = DFE(e(0))(0)F
(2.8)

T / Pectoye(o(DFHLE(e(5)) (¢ (5))+)ds.
0

Proof.  Equality (2.7) results from [22] for the case when k& = 0. Below, we
will show that equality (2.7) is true for the case when k£ = 1, that is,

Prcto) oo DEC(D)Y (e(1)) = DE(e(0))Y (c(0))
T /0 Pectoy (o (DHE(c(5))Y (c(5))(5))ds,

while the proof for the case when & = 2 is similar and so is omitted here. To this
end, let n = DE(Y). Since (2.7) is true for k = 0, it follows that

(2.9)

(210) Pc,c(O),c(t)n(C(t)) - 77(0(0)) + A Pc,c(O),c(s)(Dn(C(s))CI(S))dS'
By (2.4) (with £ = 2), one has
(D?E(c(5))Y (c(5))c/(s) = Der(s



Convergence Criterion of the Family of Euler-Halley Type Methods for Sections 2187

thanks to the assumption that V()Y (¢(s)) = 0. This combining with (2.10) yields
(2.9). The proof of the lemma is complete. ]

We conclude this section by extending the family of Euler-Halley type methods
from vector fields in [30] to sections on M. Let & € C?(M, E) and py € M. Then
the family of Euler-Halley iterations with parameter A € [0, 2] and initial point pg
for solving £(p) = 0 is defined as follows.

(211) Pn+1 = Tf,)\(pn) = eprn (uf(pn) + vf,)\(pn))v n = 07 17 27 Ty

where
ug(p) = —DE(p) " E(p),

ver(p) = —%Df(p)_17925(p)u§(p)Qg,x(p)ug(p),
Qea(p) = {Ir,m + 5DE(p) ' D2 (p)ue(p)} 1,
and Iz, is the identity on 7}, M.

3. CoNVERGENCE CRITERION

For a Banach space or a Riemannian manifold Z, we use Bz(p, r) and Bz (p, r)
to denote respectively the open metric ball and the closed metric ball at p with radius
r, that is,

Bz(p,r):={q€ Z| d(p,q) <r} and Byz(p,r):={q€ Z|d(p,q) <r}.

We often omit the subscript Z if no confusion caused.

Let L be a positive nondecreasing integrable function on [0, R], where R is a
R

positive number large enough such that (R — u)L(u)du > R. The notion of
Lipschitz condition with the L average forooperators from Banach spaces to Banch
spaces was introduced in [45] by Wang for the study of Smale’s point estimate
theory. The following definition extends this notion to sections on Riemannian
manifold M, which is taken from [22]. Let 7 : E — M be a C''-vector bundle
and ¢ a C'-section of this vector bundle. Throughout the whole paper, we always
assume that po € M is such that DE(pg)~! exists. In the remainder, for each
p,q € M we use I, , to denote the set of all geodesics in A/ connecting p and gq.

Definition 3.1. Let R > r > 0. Then DE(po) ~1DE s said to satisfy the 2-piece
L-average Lipschitz condition in B(pg, r), if, for any two points p, g € B(py, ),
c1 € I'p, p @ minimizing geodesic and ¢, € I'y, 4, we have
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l(C1)+l(02)
(3.2) 1| DEWO) P pop(Pespa DE(@) Pry gp — DEWD)) |1 < /l L Hwaw
C1
The majorizing function h defined in the following, which was first introduced
and studied by Wang (cf. [45]), is a powerful tool in our study. Let ro > 0 and
b > 0 be such that

(3.2) /OTO L(u)du=1 and b= /OTO L(u)udu.

For 8 > 0, define the majorizing function h by

(33) h(t) = B—t+ /OtL(u)(t _w)du foreach 0 <t < R.
Some useful properties are described in the following proposition; see [45].

Proposition 3.1. The function % is monotonic decreasing on [0, o] and mono-
tonic increasing on [ro, R]. Moreover, if 5 < b, h has a unique zero respectively in
[0, 7] and [ro, R], which are denoted by r; and r;.

The following lemma is taken from [22] and about estimation of the norm of
the inverse D¢(q)~! around the point po which is useful in this paper.

Lemma 3.1. Let 0 < r < rq and suppose that DE(pg) ~ D¢ satisfies the 2-piece
L-average Lipschitz condition in B(po, 7). Let p,q € B(po,7), let ¢; € Ty, ,, be
a minimizing geodesic and ¢y € T',, such that I(cq) + I(c2) < 7. Then, DE(g)~t
exists and

IDE(q) _173027617177301 vp,pon(pO) |
(3.4) 1 -1

1 T Liygy | W) + i)

We still need the following two lemmas. Below, we always assume that £ is a
C?-section.

Lemma 3.2. Let p,g € M, v € T,)M and c € T, , be such that c(t) = exp,, tv
for each t € [0, 1]. Then

PepgDE(Q) Pe.g.p = DE(p) + D*E(p)v
(3.5) 1 ) ) )
+ /0 (P ety DHE(c()) P2, — DRE(p) s
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Proof. By (2.8) (with £ = 1), we have

1
(36)  Pep De(a) (1) = DEM)E(0) + /0 PopetoyD2E(e(5)) (¢/(5))?ds.

Since ¢/(1) = Pegpv, ¢(8) = Peo(s)pv and ¢'(0) = v, it follows from (3.6) that

1
Pc,p,qu(Q)Pc,q,p = 'Df(p) + /0 Pc,p,c(s)D2£(C(3))Pc%c(s),pvdsv
which implies (3.5). This completes the proof of the lemma. |
Lemma 3.3. Let 0 < r < ry. Suppose that

3.7) IDE(po) ' D¢ (po) || = L(0)
and
I DE(p0) ™ Pes pop (PeaipaDE(Q) Py 4. — DXE(D)) |
< L(l(c1) + U(e2)) — L(l(cn))

holds for all p, g € B(po,r), c1 € 'y, , @ minimizing geodesic and ¢, € I'y, , such
that [(c1) + I(c2) < r. Then the following assertions hold.

(3.8)

(i)
(3.9) 1D€(P0) ™' Perpo.p PeaipgD2E(a) || < 1 (Uer) + U(e2)).-
(i) For each q € B(po, ), DE(q) ! exists and
—1
-1
HDf(Q) ,PCQ,(LP,PCl,PvaDg(pO)H < h’(l(cl) + Z(CQ)) .

Proof. Note that
Df(po)_lpa po.pPes ,pqu2f(Q)Pc22,q,ch21 PsP0
(3.10) = D&(po) ' D*E(po) + DE(po) T (PepopD*E(P) P2y — D*E(p0))
+DE(P0) " Pey pop (Pezpa DXE(@) P2y 4 p — D2E(D)) P2 4

Since P2 and P2

g 1 .p.po Are isometries, by (3.7) and (3.8), we have from (3.10)
that

IDE(P0) ™" Per o o PezpaD*E(a) |
< L(0) + L(I(c1)) = L(0) + L(I(c1) + Ucz)) — L(I(c1))
= L(l(c1) +(e2))
= h'(l(c1) + U(c2)),
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which implies (i). To prove (ii), by Lemma 3.1, it is sufficient to show that
DE(po) 1 DE satisfies the 2-piece L-average Lipschitz condition in B(pg, 7). To
do this, let p, g € B(po, ), let ¢; € 'y, , be a minimizing geodesic and ¢ € T’y ,
such that I(c1) + I(c2) < 7. Let vy € T;,M be such that ca(t) = exp,, tvs for each
t € [0,1], ¢ = exp, v2, and [lva|| = I(c2). Hence, it follows from Lemma 3.2 that

Per paPE(G) Pey q.p = DE(D) + D*E(p)v2
(3.11) 1 , , ,
[ P PN P 1y~ D€,
Noting that by (3.9) one has

IDE(p0) ™ Per po.pDE(P)I| < B (U(c1)) = L(I(c1)).

This, together with (3.8) and (3.11) implies that

”D£(p0)_17361,p03p(7)62=p7q,D£(q)PC%%p — D&

1
< L(l(er)oa] + /0 IDE(0) ™ Par (P pents)
D2(ca(5)) P2, 1,5 — DRE(P) 2l

(3.12)
1
< L(l(c1)) ozl +/0 (L(l(c1) + sllv2]l) = L(I(c1))) vzl ds
1(01)+l(02)
= / L(u)du,
Ie1)

which implies that D¢ (pg) ~1 D¢ satisfies the 2-piece L-average Lipschitz condition
in B(po, ). This completes the proof of the lemma. |

Let {¢,} denote the sequence generated by the Euler-Halley iteration (with pa-
rameter A\ € [0, 2]) for h(¢) with initial point ¢; = 0, that is,

th+1 = Th7>\(tn) =1, + uh(tn) + 'Uh,A(tn)7 n=0,1,2,---,

where
un(t) = —h' ()~ h(t)

o) = — () R (1 un () Q1) un (1)
Qua(t) = (1 + %h’(t)_lh”(t)uh(t))_l.

Then the following lemma holds from [38].
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Lemma 3.4. Suppose that 3 < b. Then, for each ¢ € [0, r4],
(i) 0 < Hp(t) = n'(t)72R"(t)h(t) < 1;

(it) Tha(t) € [0,71] and Ty, x(t) is monotonically increasing on [0, ] for each
A€ 0,2];

(i) £ < Tha(0).

(iv) {t,} is increasing monotonically and convergent to r ;.
The following lemma is taken from [13]; see also [38].

Lemma 3.5. Forany n =0,1,2,---,

i) = " ()12 = Nuntn) + v (1) Yo ()
1 T
+/0 /0 (R (tn + $(tny1 — tn)) — B (tn) YdsdT (tny1 — tn)?.

The similar expression for sections is described in the following lemma, whose
proof is similar to that of [30, Lemma 3.2] where the expression for vector fields
is presented, and so is omitted hear. Recall that

Pn+1 :eprn(uf(pn) +’U§,>\(pn))7 n = 071727"' .
Lemma 3.6. Let n be a nonnegative integer and write

(3.13) Wy, = Ug(pn) + v A(Pn)-

Let c,, be the curve defined by c,(t) := exp,, (tw,) for each ¢ € [0,1]. Then

Pewpnpnir & (Prt1)
= D) (2 Nuelpn) + ver(pa) e r(pn)

1 pr
+/0 /0 (Pcnvpnvcn(s)D2£(Cn(s))PCQn,cn(’T),pn - DQf(pn))widsdT

In the remainder of this paper, we always assume that ¢ is a C? section and that
po € M such that DE(pg) ! exists. Recall that 3 =|| DE(po) ~L¢(po) ||, b and 7y
are given by (3.2) and Proposition 3.1, respectively. Then the main theorem of this
paper is stated as follows.
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Theorem 3.1. Let 5 < b. Suppose that conditions (3.7) and (3.8) hold in
B(po,?“l), i.e.,
ID€(po) ™ D2 (po) | = L(0)

and

1 DE(P0) ™ Per pop(Pespa D*E(0) Py g p = D2EW)) IS L(Uer) +U(e2)) — L(I(e))

holds for all p, ¢ € B(pg, 1), c1 € I'y, , @ minimizing geodesic and c» € I',, ; such
that I(c1) + I(c2) < r1. Then the sequence {p,,} generated by (2.11) with initial
point pg is well-defined for all A € [0, 2] and converges to a singular point p * of £
in B(po, r1). Moreover,

d(p*,pn) < 11—ty

Proof. It is sufficient to show that the sequence {p,,} generated by (2.11) with
initial point py is well-defined for all A € [0, 2] and satisfies

d(pn; 1) < |lug(n)ll + g A(Pn) | < tnir —tn

foreachn =0, 1,---. To do this, we will use mathematical induction to prove that
the generated sequence {p,,} is well-defined and the following statements hold for
eachn=0,1,---:

(@) [lug(pn)ll < un(tn);

(b) Qex(pn) exits and [|Qe x(pn) || < Qna(tn);
(c) llvea(pa)ll < vra(tn);
(d)

d) d(pn, pt1) < lJwnll < [lug(pa) | + lloea(pn)ll < tnga — tn, where wy, is
defined by (3.13).

Indeed, in the case when n = 0, (a) results from
(3.14) lug(po) | = |DE(po) ™ €(po) | = B = un(to).

Since ¢ty = 0, one has h'(ty) = —1 and h”(ty) = L(0). This, together with (3.7),
(3.14) and Lemma 3.4(i) implies that

= %Di(po)‘lDQfE(po)u&(po)H < —%h’(to)_lh"(to)%(to) <L

Then, using the Banach Lemma, Q¢ (po) exits and

1
1+ 30/ (to)~1h" (to)un(to)

Qe A(Po)|l < = Qn,(to)-
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Thus, (b) and (c) follow. As [wo| < [ug(po)ll + llvea(po)ll <1 —to < 5 due to
the fact that (a) and (c) hold for n = 0, and p; = exp,, (wo), we have

d(po, 1) < [[woll < [[ug(po) || + [lve A (po) || < 1 = to-

Therefore, (d) holds for n = 0. Now assume that py, - - -, pr+1 are well-defined
and that (a)-(d) are true for n =0,1,---, k. Then,

(3.15) d(pr, Pr+1) < llwil] < Jlug(pr)ll + lve (i)l < ter — tk
and
(3.16) d(po, Pr+1) < thyr <71

Below, we will show that (a)-(d) are true for n = £+ 1. Letc € I'y,,, be a
minimizing geodesic. Define the curve ¢ by cx(t) := exp,, (twg),t € [0,1]. By
(3.16) and Lemma 3.3(ii), D&(pr41) ! exists and

(3-17) HDf(pk-H)_lPCk,pk-»-lapk © Pcvpk,png(pO)H < _h/(tk+1)_1-

By Lemma 3.6, one has
HDg(pO)_IPcvpo,pk © Pck,pk,pk+1f(pk+l) ”
1 _
< S IDEPO) ™ Pepo p D2 (PR)II{(2 = M) [[ue(pr)|

(3.18) Hlvea@e) [ Hive (el

1 T
+/ / Df(pO)_IPc,po,pk
o Jo

(1 ck,pk,ck(s)r 25(6145(5))1 c2 CE(T), [:25(19]{;))'[1)]%:[5 :l °
k k( )pk
Noting that by Lemma 3.3(i), we have

(3.19) IDE(po) ™" Pepo,p D*E(pi) || < B (te) < B (tr)

By induction assumptions, one has

ue(Pr)ll < un(tr),  [lvea@i)ll < vpa(te) and  [Jwg|l < tpgr — tie
Combining this with (3.19), (3.18) and (3.8) gives that

HDg(pO)_IPcvpo,pk © Pck,pk,pk+1f(pk+1) |

< %h”(tn){(Q — )\)uh(tn) + Uh,)x(tn)}vh,k(tn)

1 T
+/0 /0 (R (tn + $(tns1 — tn)) — B (tn) YdsdT (tni1 — tn)?,
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which implies

(3-20) HDf(pO)_IPcvpo,pk © Pck,pk,pk+1f(pk+l)u < h(tk—i—l)v

thanks to Lemma 3.5. Since

[ug(prra)ll = || = DE(prs1) " E(prsa) |
< HDg(pk-l-l)_lPCk,pkH,pk © Pcvpk,png(pO) |

) HDg(pO)_lpcvpo,pk © Pck,pk,pk+1f(pk+1) |

< up(tps1)

due to (3.17) and (3.20), (a) is true for k + 1, that is,

(3.21) [|ue (Prr)ll < un(trrr)-

Note that

A _
I = 5DEPr+1) "D (pry1 ) ue(prs) |
A _
< B} IDE(Prs1) IPCk,pk-s-ka © Pcvpk,png(pO) |

IDE(P0) ™ Pepo i, © Pepipiin DX 1)l - [l (P

and
HDg(pO)_IPcvpo,pk © Pck,pk,pk+1D2f(pk+l)H < h”(tk—i—l)

due to Lemma 3.3(i). Thus, it follows from (3.17) and (3.21) that

A
| - §D€(pk+1)_1D2€(pk+1)u§(pk+1)H

(3.22) \
< —§h/(tk+1)_lh//(tk—f—l)uh(tk—I—l) <1,

where the last inequality is because of Lemma 3.4(i). Thus, by the Banach lemma,
(3.22) implies that Q¢ x(pr+1) exists and

A
QePry1) = [Tz, 1 + §D€(pk+1)_1D2€(pk+1)u§(pk+1))_1H
1

A
1+ §h/(tk+1)_lh//(tk+1)uh(tk+1)
= Qu(try1)-

(3.23) <



Convergence Criterion of the Family of Euler-Halley Type Methods for Sections 2195

Hence, py.o is well-defined and (b) is true for n = k + 1. Since

1
[vea(Pr+) ] = || = §Df(pk+1)_IDQf(pkH)ug(pk+1)Q§,A(pk+1)u§(pk+1)H

IN

1
SIDE@r+1) ™ D*E(prs1)ue (Pr) | Qe (Pr1) e (pra)

it follows from (3.22), (3.23) and (3.21) that

1
lvea(Pe+1)]| < _§h/(t/~c+1)_1h”(tk+1)uh(tk—H)Qh,x\(tk+1)uh(tk+1) = A (tht1)
which implies that (c) holds for k£ + 1. Consequently,

[kl < llug(Pra) [+ g AP+ | < Hlun(Ere DI+ loraEre )] = terz =t

Thus (d) is true for n = k& + 1. This completes the proof of the theorem. ]

4. APPLICATIONS

This section is devoted to applications of the result obtained in the previous
section. More precisely, applications to special cases such as the classical Kan-
torovich’s type condition, the ~-condition, Smale’s analysis condition are provided.
In particular, in the case when the sections are vector fields, the corresponding
results due to [30] are extended.

4.1. Theorem under Kantorovich’s condition

Let C and K be positive constants. Take
L(u) =C+ Ku for each u € [0, R].

Then, rq is the solution of the equation

/ L(u)du:/ (C’—i—Ku)du:C’ro—|—§K1~8:17
0 0

2
C+VC?+2K

To =
Thus,

To L] N/ (O2
b= / uL(u)du = / u(C + Ku)du = AC+2vC +2K).
0 0 3(C+VC? +2K)?
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In this case the majorizing function is

1 1
h(t) =3 —t+ §Ct2 + gKth

and r; < ro are its two positive solutions when 3 < b. Hence, the following
Kantorovich’s type theorem is obtained directly from Theorem 3.1.

Theorem 4.1. Suppose that

IDE(po) ' D*E(po)|| = C

and

| DEWO) ™ Per pop(PeapaD*E(@) P 4 p — D*E(p)) 1< Kl(c2)
holds for all p, g € B(po,r), c1 € I', , @ minimizing geodesic and ¢, € Iy, , such
that [(c1) + I(c2) < 71 If
2(C +2v/C? +2K)
3(C+VC?% +2K)?’
then the sequence {p,,} generated by (2.11) with initial point p is well-defined for
all A € [0,2] and converges to a singular point p* of £ in B(pg, r1).

B = ||DE(po)HE(po)|| <

4.2. Theorem under the ~v-condition

The ~-condition for operators in Banach spaces was first introduced by Wang
[36] for the study of Smale’s point estimate theory and extended to vector fields
on Riemannian manifolds in [21, 30]. In the remainder of this section, we shall
always assume that ¢ is a C3-section. Let » > 0 and ~ > 0 be such that 7y < 1.
Definition 4.1 below extends this notion to sections on Riemannian manifolds with
a similar version in [30]. Recall that the norm of a & multi-linear operator 7" on a
Banach space E' is defined by

|T|| = sup{||T viva---vg| : v; € Eand |jv;]] <1 foreachi=1,2,--- k}.

Definition 4.1. Let po € M be such that D¢(pg)~! exists. Then ¢ is said to
satisfy the 2-piece ~-condition of order 2 at py in B(po, r), if for any two points
p,q € B(po,7), any ¢; € Ty, , @ minimizing geodesic and ¢, € I',, , satisfying
I(c1) + I(c2) < r, we have

IDE(po) ' D% (po) | < 2.

and
672

(1=~ (Uer) + Ue2)))t

HDf(pO)_L]DCLPOvp © PCvaqugf(q)H <



Convergence Criterion of the Family of Euler-Halley Type Methods for Sections 2197

Let L be the function defined by

2y
(1—u)p
The following lemma shows that the 2-piece ~y-condition of order 2 at py implies
that conditions (3.7) and (3.8) hold for L given by (4.1). In the case when £ is a
vector field, Lemma 4.1 below has been proved in [30]. The proof for the sections
is similar and so is omitted here.

1
4.1) L(u) = for each 0 < u < S

Lemma4.l. Lety >0and0 < r < 2‘2;/5. Let po € M be such that D&(pg) !
exists. Suppose that ¢ satisfies the 2-piece ~-condition of order 2 at p o in B(pg, ).
Then, for any two points p,q € B(po,7), c1 € T'p,, @ minimizing geodesic and

ca € Ty g with I(c1) + U(c2) < r, we have

IDE(20) ™" Per o (Pes p.aD*6(0) P, . — DX )
27y 27y

S T 1 1@)? @)

Corresponding to the function L defined by (4.1), ro and b in (3.2) are

ro = (1—\/7§>l and b= (3—2V2)

1
y v’

and the majorizing function given in (3.3) reduces to

vt

1—~t

h(t)y=p—t+ foreach 0 <t < R.

Hence the condition 5 < b is equivalent that o« = 8 < 3 — 2v/2. Then the
following proposition was proved in [37]; see also [45].

Proposition 4.1. Assume that o« = 3 < 3 — 2+/2. Then the zeros of h are

_14+a—+/(1+a)?—8a 14 a+y/(1+a)? -8«
- - yoo

47 ) T2

(4.2) 1

and

ﬁ§r1§<1+%>ﬁ§<l—%>%§r2§%-

Recall that 3 = ||DE(po) ~1&(po)||. Thus the following Theorem follows directly
from Theorem 3.1 and Lemma 4.1.
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Theorem 4.2. Suppose that
a=pBy<3-2V2

and X satisfies the 2-piece ~y-condition of order 2 at po in B(pg,r1). Then the
sequence {p,} generated by (2.11) with initial point po is well-defined for all
A € [0, 2] and converges to a singular point p* of £ in B(pg, r1).

4.3. Application to analytic sections

Throughout this subsection, we always assume that M is an analytic complete
m-dimensional Riemannian Manifold and ¢ is analytic on M. Let py € M be such
that D& (po) ! exists. Following [8], we define

-1 Dkf(pO)
k!

k—1

1Ds<po>

(4.1) v(§, po) = sup

k=2 Po

Also we adopt the convention that (&, pg) = oo if D(po) is not invertible. Note

that this definition is justified and in the case when D{(p ) is invertible, by analyt-
icity, v(&, po) is finite.

The following lemma shows that an analytic section satisfies the 2-piece ~-

condition of order 2 at py in B <p0, 227\/50 whose proof is similar to that of [30]

] . 7(_6470
and so is omitted here.

Lemma 4.2. Let v = v(&,po) and 0 < r < 2‘2;/5. Then ¢ satisfies the 2-piece
~-condition of order 2 at po in B(pg, ).

Recall that 8 = ||D€&(po) & (po)]|. Thus the following theorem follows directly
from Theorem 4.2 and Lemma 4.2.
Theorem 4.3. Let v = (&, po). Suppose that
a=Fy<3-2V2
Then the sequence {p,} generated by (2.11) with initial point p is well-defined

for all A € [0, 2] and converges to a singular point p * of £ in B(pg, 1), where r;
is given by (4.2).

REFERENCES

1. F. Alvarez, J. Bolte and J. Munier, A unifying local convergence result for Newton’s
method in Riemannian manifolds, Found. Comput. Math., 2008, DOI: 10.1007/s10208-
006-0221-6.



10.

11.

12.

13.

14.

15.
16.

17.

18.
19.

Convergence Criterion of the Family of Euler-Halley Type Methods for Sections 2199

. I. K. Argyros and D. Chen, Results on the Chebyshev method in Banach spaces,

Proyecciones, 12 (1993), 119-128.

. L. Blum, F. Cucker, M. Shub and S. Smale, Complexity and Real Computation, New

York: Springer-Verlag, 1997.

. W. M. Boothby, An Introduction to Differentiable Manifolds and Riemannian Geom-

etry (Second Edition), New York: Academic Press, Inc., 1986.

. V. Candela and A. Marquina, Recurrence relations for rational cubic methods I: The

Halley method, Computing, 44 (1990), 169-184.

. V. Candela and A. Marquina, Recurrence relations for rational cubic methods Il: The

Chebyshev method, Computing, 45 (1990), 355-367.

. S. S. Chern, Vector bundle with connection, In Selected Papers, Vol. 4, pp. 245-268,

New York: Springer-verlag, 1989.

. J. P. Dedieu, P. Priouret and G. Malajovich, Newton’s method on Riemannian mani-

folds: covariant alpha theory, IMA J. Numer. Anal., 23 (2003), 395-419.

. M. P. DoCarmo, Riemannian Geometry, Boston: Birkhauser, 1992.

A. Edelman, T. A. Arias and T. Smith, The geometry of algorithms with orthogonality
constraints, SIAM J. Matrix Anal. Appl., 20 (1998), 303-353.

O. P. Ferreira and B. F. Svaiter, Kantorovich’s theorem on Newton’s method in
Riemannian manifolds, J. Complexity, 18 (2002), 304-329.

D. Gabay, Minimizing a differentiable function over a differential manifold, J. Optim.
Theory Appl., 37 (1982), 177-2109.

J. M. Gutierrez and M. A. Hernandez, A family of Chebyshev-Halley type methods
in Banach spaces, Bull. Aust. Math. Soc., 55 (1997), 113-130.

D. F. Han, The convergence on a family of iterations with cubic order, J. Comput.
Math., 19 (2001), 467-474.

M. A. Hernandez, A note on Halley’s method, Numer. Math., 59 (1991), 273-276.

M. A. Hernandez and M. A. Salanova, A family of Chebyshev-Halley type methods,
Intern. J. Comput. Math., 47 (1993), 59-63.

L. V. Kantorovich, On Newton method for functional equations, Dokl. Acad. Nauk.,
59 (1948), 1237-1240.

L. V. Kantorovich and G. P. Akilov, Functional Analysis, Oxford: Pergamon, 1982.

J. M. Lee, Riemannian Manifolds: an introduction to curvature, GTM 176, New
York: Springer-Verlag, 1997.



2200

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Jin-Hua Wang

C. Li and J. H. Wang, Convergence of the Newton method and uniqueness of zeros
of vector fields on Riemannian manifolds, Sci. China Ser. A, 48 (2005), 1465-1478.

C. Liand J. H. Wang, The Newton method on Riemannian manifolds: Smale’s point
estimate theory under the ~-condition, IMA J. Numer. Anal., 26 (2006), 228-251.

C. Li and J. H. Wang, Newton’s Method for Sections on Riemannian Manifolds:
Generalized Covariant «-Theory, J of Complexity, 24 (2008), 423-451.

C. Li, J. H. Wang and J. P. Dedieu, Smale’s point estimate theory for Newton’s
method on Lie groups, J of Complexity, 25 (2009), 128-151.

S. Smale, Newton’s method estimates from data at one point, The Merging of Disci-
plines: New Directions in Pure, Applied and Computational Mathematics (R. Ewing,
K. Gross and C. Martin, eds), New York: Springer, 1986, pp. 185-196.

S. T. Smith, Optimization Techniques on Riemannian Manifolds, in: Fields Institute
Communications, Vol. 3, pp. 113-146, American Mathematical Society, Providence,
RI, 1994.

S. T. Smith, Geometric Optimization Method for Adaptive Filtering, Ph. D. thesis,
Harvard University, Cambridge, MA, 1993.

J. F. Traub and H. Wozniakowski, Convergence and complexity of Newton iteration,
J. Assoc. Comput. Math., 29 (1979), 250-258.

C. Udriste, Convex Functions and Optimization Methods on Riemannian Manifolds,
Mathematics and Its Applications, Vol. 297, Kluwer Academic, Dordrecht, 1994.

J. H. Wang and C. Li, Uniqueness of singular points of vector fields on Riemannian
manifold under the y-condition, J. Complexity, 22 (2006), 533-548.

J. H. Wang and C. Li, Convergence of the family of Euler-Halley type methods on
Riemannian manifolds under the ~-condition, Taiwanese J Math., 13 (2009), 585-
606.

J. H. Wang and C. Li, Kantorovich’s theorems of Newton’s method for mappings
and optimization problems on Lie groups, IMA J. Numer. Anal., to appear.

X. H. Wang, The convergence on Newton’s method, KeXue TongBao, A Special
Issue of Mathematics, Physics and Chemistry, 25 (1980), 36-37.

X. H. Wang, Convergence on the iteration of Halley family in weak conditions,
Chinese Sci. Bull., 42 (1997), 552-555.

X. H. Wang, Convergence of Newton’s method and uniqueness of the solution of
equations in Banach space, IMA J. Numer. Anal., 20 (2000), 123-134.

X. H. Wang, Convergence of Newton’s method and inverse function theorem in
Banach spaces, Math. Comput., 225 (1999), 169-186.



36.

37.

38.

39.

40.

41.

42,

43.

44,

45,

Convergence Criterion of the Family of Euler-Halley Type Methods for Sections 2201

X. H. Wang and D. F. Han, Criterion « and Newton’s method in weak condition,
Chinese J. Numer. and Appl. Math., 19 (1997), 96-105.

X. H. Wang and D. F. Han, On the dominating sequence method in the point estimates
and Smale’s theorem, Scientia Sinica Ser. A, 33 (1990), 135-144.

X. H. Wang and C. Li, On the united theory of the family of Euler-Halley type
methods with cubical convergence in Banach spaces, J. Comput. Math., 21 (2003),
195-200.

R. O. Wells, Differential Analysis on Complex Manifolds, GTM 65, New York:
Springer-Verlag, 1980.

L. Blum, F. Cucker, M. Shub and S. Smale, Complexity and Real Computation, New
York, Springer-Verlag, 1997.

S. Smale, The fundamental theorem of algebra and complexity theory, Bull. AMS, 4
(1981), 1-36.

S. Smale, Newton’s method estimates from data at one point, The Merging of Disci-
plines: New Directions in Pure, Applied and Computational Mathematics, (R. Ewing,
K. Gross and C. Martin, eds.), New York, Springer, 1986, pp. 185-196.

S. Smale, Complexity theory and numerical analysis, Acta Numer, 6 (1997), 523-551.

J. F. Traub and H. Wozniakowski, Convergence and complexity of Newton iteration,
J. Assoc. Comput. Math., 29 (1979), 250-258.

X. H. Wang, Convergence of Newton’s method and uniqueness of the solution of
equations in Banach space, IMA J. Numer. Anal., 20(1) (2000), 123-134.

Jin-Hua Wang

Department of Mathematics,
Zhejiang University of Technology,
Hangzhou 310032,

P. R. China

E-mail: wjh@zjut.edu.cn



