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ON APPROXIMATION OF INTEGRATED SEMIGROUPS
Miao Li and Sergey Piskarev

Abstract. This paper is devoted to approximation of integrated semigroups
in space and in time variables. The presentation is given in the abstract
framework of discrete approximation scheme, which includes finite element
methods, finite difference schemes and projection methods.

1. INTRODUCTION

Let B(E) denote the Banach algebra of all linear bounded operators on a com-
plex Banach space E. The set of all linear closed densely defined operators in E
will be denoted by C(E).

Let A be the generator of a Cyp-semigroup exp(tA), ¢ > 0, and consider in the
Banach space E the Cauchy problem

u'(t) = Au(t) + f(t), t €> 0,

(1.1) u(0) -

with some function f(-) € C([0, T]; E). Usually, one assumes u® € D(A) in order
to obtain well-posedness.

Definition 1.1. A function w(-) is called a solution of (1.1) in the classical
sense if u(-) € C1([0,T]; E)N C(]0, T]; D(A)) and satisfies (1.1).
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It is known that the mild solution of (1.1) is defined by the formula
t
(12) u(t) = exp(tA) + / exp((t — 5)A) f(s) ds.
0

If u(-) in (1.2) is continuously differentiable, then such w(-) is a classical solu-
tion of (1.1). If one puts f(s) = exp(sA)x, s > 0, in general boundedness of
Au(t) = exp(tA)Aul + tAexp(tA)z as t — 0 implies that A generates an an-
alytic Cy-semigroup. But even if A generates an analytic Cy-semigroup and if
f() € C([0,T]; E), then u(-) from (1.2) is generally not a classical solution (see
[30]). Therefore, in the numerical analysis of these equations one can only expect a
maximal regularity inequality with a logarithm. Actually, if (1.1) is coercive well-
posed in C(]0,T]; E), then ([13]) either A is bounded or E' contains the subspace
which is isomorphic to ¢g.

Therefore, in order to have well-posedness of (1.1) one needs to impose some
smoothness assumption on f(-) in case of a Cy-semigroup. For instance, one may
assume that f(-) € C([0,T]; E). The situation is dramatically changed if the
operator A satisfies weaker conditions than those for a generator of a Cy-semigroup.

In the literature [1, 16, 19, 22] there has been quite interest in solving problem
(1.1) under conditions weaker than those for a generator of a Cy-semigroup, namely
under the condition that A generates an integrated semigroup e}, ¢t > 0, or C-
semigroup S(t), t > 0. For example, the Schrodinger operator :A generates a Cy-
semigroup on L?(IR") iff p = 2. Moreover, if a > n|; — -, then iA generates an
a-times integrated semigroup. The starting point for this paper is the observation that
there seems to be no systematically developed approximation theory for integrated
semigroups, not even for the homogeneous case. In the mean time we have to
mention the papers on the subject [2]-[7].

In recent years a rather general approach has been developed for studying the ap-
proximation of solutions of Cy-semigroups. We give here a short historical overview
of some simplest general results from this approach. Let us consider a well-posed
Cauchy problem in a Banach space £ with some operator A € C(F)

u'(t) = Au(t), t € [0, 00),
u(0) =u’ € E.

If A generates a Cy-semigroup exp(-A), as is well known, the generalized solution
of (1.3) is given by u(t) = exp(tA)uP for t > 0. The theory of well-posed problems
and the numerical analysis of these problems have been developed extensively, see
for instance the papers [15, 17, 24, 26]. Let us consider a general discretization
scheme obtained from the semidiscrete approximation of (1.3) in some Banach
spaces E,, :

(1.3)

n

ul, (1) = Apun(t), t € [0, 0),
un(0) = u% e FE,, )

(1.4)
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Here we assume that ugluo and operators A, € C(E,) that generate Cp-

semigroups, consistent with the operator A € C(F) and u%LuO. For a precise
definition of discrete convergence of elements and operators see Section 3.

First, we state the following version of Trotter-Kato’s Theorem for general ap-
proximation schemes:

Theorem 1.1. [28]. (Theorem ABC). Assume that A € C(F), A,, € C(E,)
and they generate Cy-semigroups. The following conditions (A) and (B) are equiv-
alent to condition (C').

(A) Consistency. There exists A € p(A) N[, p(A,) such that the resolvents
converge

(AL, — Ay) P EE (N — A) !

(B) Stability. There are some constants M/ > 1 and w, Which are not depending
on n and such that || exp(tA,)|| < M exp(wt) for ¢ > 0 and any n € IN;

(C) Convergence. For any finite T > 0 one has maxcjo 77 || exp(tA,)ud) —

P exp(tA)ul] — 0 as n — oo, whenever w0540 for any u € E,,u° € E.

Theorem 1.2. [24]. Let operators A and A,, generate analytic C,-semigroups.
The following conditions (A) and (B;) are equivalent to condition (C1).

(A) Consistency. There exists A € p(4) N (), p(Ay) such that the resolvents
converge

(AL, — Ay) P EE (N — A) !

(B;) Stability. There exist constants Mo > 1 and wy independent of n such
that for any Re\ > wo

Mo
H()‘In - An)_IH < 7‘)\ ‘ for all n € ﬂV
(C1) Convergence. For any finite > 0 and some 0 < 6 < & we have

max H exp(nAn)ul — pp exp(nA)u’|| — 0 as n — oo whenever u® 070

neX(0,u
Here we denote (0, ) = {z € X(0) : |z| < p}and X(0) = {z € O : |argz| <
0}.
Normally they assume that conditions (A) and (B) for the corresponding Cp-
semigroup are satisfied without any restriction of generality if any discretization

processes in time are considered. We denote by 7,,(-) afamlly of discrete semigroups
as in [17], i.e. T(t) = T(7y)k", where k, = [+ ] as 7, — 0,n — oo. The

generator of discrete semigroup is defined by A, = - L (T(m) - I,,) € B(E,,) and
$0 Ty (t) = (I, + T Ap)Fn, where t = k7,
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Theorem 1.3. [28] (Theorem ABC-discr). The following conditions (A) and
(B') are equivalent to condition (C).
(A) Consistency. There exists A € p(A) N, p(Ay) such that the resolvents
converge

(AL, — A) P 2B (1 — AL,
(B') Stability. There exist constants M/, > 1 and w; € IR such that

I Ta(t)|| < My exp(wit) for t € IRy = [0,00),n € IN;

C") Convergence. For any finite 7' > 0 one has max;c o 71 || T (t)ul —p,, exp(tA)u®
E[ y ] n

P
— 0 as n — oo, whenever u9 ——u° for any u° € E, vl € E,,.

Theorem 1.4. [28]. Assume that operators A € C(F), A,, € C(E,) and they
generate Cp-semigroup. Assume also that conditions (A) and (B) of Theorem 1.1
hold. Then the implicit difference scheme

Unt+7) =Unl) _ g 5 (44 7). T (0) = u

ns

(L5)

Tn

is stable, i.e. ||(I, — 7, An) || < Mye#'t t = k,7, € IR, and gives an approx-
imation to the solution of the problem (1.3), i.e. U n(t) = (I — madn) Frul 2
exp(tA)ul uniformly with respect to t = k7, € [0, T] as u®—-u®, n — 00,k —
o0, T, — 0.

Note that in this case T, (7,) = (I, — T A,) ! and A, = ((I,, — ThAn) "t —
)/ = An(L, — TnAy) L.

Theorem 1.5. [28]. Assume that conditions (A) and (B) of Theorem 1.1 hold
and condition

(1.6) TallA2|| < C, n € IN,
is fulfilled. Then the difference scheme

Un(t+ 1) — Upn(t)

Tn

(L7) = A,Un(t), Un(0) = uj)

n’

is stable and gives an approximation to the solution of the problem (1.3), i.e.

Un(t) = (I + 1 An)Frul i>u(t) uniformly with respect to t = k,,7,, € [0, 7] as

0 0

L k 0
U, —u",n — 00, k, — 00,7, — 0.



On Approximation of Integrated Semigroups 2141

Theorem 1.6. [14, 24]. Assume that conditions (A) and (B;) of Theorem 1.2
hold and condition

(1.8) Tol|Anll <1/(M +2), n € IN,

is fulfilled. Then the difference scheme (1.7) is stable and gives an approximation to
the solution of the problem (1.3), i.e. U,(t) = (I, +rnAn)’“nugi>u(t) uniformly
with respect to ¢ = k7, € [0, T] as u®—25u0, n — oo, ky — 00, 7y — 0.

In this case as we see T,,(7,) = I, + T, A, and A, = A,.

Let us recall that the constant A5 in condition (B1), which defines o € (0, )
by M, sina < 1 [18] is such that

(1.9) (AL, — An) 7Y <

M
—w for any A € ¥(7/2 + «).

Recall that there exists a unique Padé approximation for e=* of degree (p, q)
given by the formula Ry ;(z) = P, 4(2)/Qpq(2) € Tpq, Where

P

(p+q—j)pl(—2) Zq: (p+q—3j)qlz

l l’p’ l
j0p+quj = 0+ a)ila—5)"

Definition 1.2. A rational approximation r,, ,(-) € mp, , for e~ is said to be

(a) A-acceptable if |r, 4(2)| < 1 for Re(z) > 0;

(b) A(6)-acceptable if [r, ,(z)] < 1 for z € £(6) \ {0}.

Since r(-) em, 4 is an approximation of e, it is natural to construct the operator-
function r(7,,A,,)* which can be considered as an approximation of exp(tA,,) for

t = kry. For simplicity, we assume in the following Theorems of this section that
| exp(tAn)| < Mt € IR,

Theorem 1.7. [8]. Let condition (B) be satisfied. There is a constant C
depending on r(-) such that if »(-) is A-acceptable, then

”r(TnAn)kH < CMV'k for ™ >0,k € IN.

Remark 1.1. The term /% in Theorem 1.7 cannot be removed in general; more-
over, there are examples (see [11]), which show that the inequality ||r(7,,A,)*|| >
eVk, k € IN, holds.

We say that () € m,, is accurate of order 1 < d < p+gqif e * —r(z)| =
O(|z|%+1) as |z| — 0.
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Theorem 1.8. [11]. Let condition (B;) be satisfied. Then there is a constant
C' depending on r, such that if » is A(6)-acceptable, accurate of order d, and
0 € (r/2 — «, /2] for o from condition (1.9), then

| (12 An)%|| < CM for 7, > 0,k € IN.

The difference scheme which corresponds to rational function »(-), which is
Pade R; 1(z) (also called the Crank-Nicolson scheme) is given by the formula
(1.10) Un(t + Tn) — Un(t) — A, Un(t + T) + Un(t)

Tn 2

, Un(0) = ud

mn’

T.—TIA,

It is easy to see that in such case T,,(7,,) = and A, (M )/

=A,(I, — %"An)_1

2. PRELIMINARIES

Let us consider the Cauchy problem in the Banach space E

2.1 W'(t) = Au(t) + f(), t € [0,T),

where the operator A generates a k-times integrated semigroup and f(-) € L'([0, T);
E). A function u(-) is called a classical solution of (2.1) if it belongs to C'([0, T; E)
NC([0,T]; D(A)) and satisfies both equations in (2.1).

A k-times integrated semigroup is a family of bounded linear operators ek , that
is strongly continuous in ¢ € [0, co) and satisfies equation

t k
22) eﬁ_A/eﬁ@+%,tzo
0 .

Let us define the function
! A
v(t) = e’ —|—/ egf_s) f(s)ds,t €[0,T].
0
If there is a classical solution of (2.1), then v(-) € C**1([0,T]; E) and v(*) ( )
|

u(-). If the k-times integrated semigroup is exponentially bounded, i.e. (B
Me*t t € IR, then resolvent satisfies

<

(M —A)~ = )\k/ e MetAdr  for A > w.
0
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Let us consider the problem (2.1) when & = 1. If we have a once integrated
semigroup and f(-) = 0, u’ € D(A?), then the solution of (2.1) is given by
u(t) = (et4uC)). As an example, let us approximate (2.2) in this case as follows:
eT4 ~ 7AeTA + 71. We can write the approximation to e]# can be written in the
form

(2.3) W(r)=1(I-71A)~"

It is also well-known that a once integrated semigroup satisfies the equation
S
(2.4) eshetd = / (A _erMar  forany st > 0.
0

Setting s = 7,t = k7, one obtains a discrete 1-times integrated semigroup using

approximations
A T k+1)7A ,

This leads to the difference scheme
(2.5) W((k+ 1)) =W(kn)W(r)/r+W(r), W(r)=71(- TA)_l,

from which discrete approximation function of ¢4 can be calculated. Expression
(2.5) is an analogy to the scheme (1.5) for Cj-semigroups case (see Proposition 4.1
for details). In this paper we are going to construct a general approximation theory
of exponentially bounded once integrated semigroups.

3. DISCRETISATION OF INTEGRATED SEMIGROUPS IN SPACE

The general approximation scheme can be described in the following way. Let
E,, and E be Banach spaces and {p,} be a sequence of linear bounded operators
pn: E— E,,p, € B(E,E,),n€ IN ={1,2,---}, with the property:

(3.1) lpn|| &, — ||z||r @ n — oo for any z € E.
From (3.1) it follows (see [29]) that ||p,|| < C,n € IN.

Definition 3.1. The sequence of elements {x,}, z, € E,,n € IN, is said to be
P-convergent to x € E iff ||x,, — ppz||E, — 0 as n — oco. We write this Tn-Loa.

Definition 3.2. The sequence of bounded linear operators B,, € B(E,,),n € IN,
is said to be PP-convergent to the bounded linear operator B € B(E) if for every

x € E and for every sequence {xz,}, z, € E,,n € IN, such that xnlx one has
annLBx. We then write Bnt.
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Remark 3.1. If we set E,, = FE and p, = I for each n € IN, where I is
the identity operator on E, then Definition 3.1 leads to the traditional pointwise
convergent bounded linear operators which we denote by B, — B.

By a similar argument as in the proof of Proposition 1 in [5], one can prove the
following discrete version of approximation for Laplace transforms (Theorem 1.7.5
from [1]).

Theorem 3.1. Let f,(-) € C(IRy; Ey) with | fn(t)||s, < Me*' for some
M >0,w € IR andall n € IN. Let \g > w. The following are equivalent:

(i) The Laplace transforms f,,(-) P-converge pointwise on (Ao, co) to f(-) and
the sequence {f,.(-)},n € IN, is equicontinuous on compact subsets of IR , ;

(¢i) The functions f,(-) P-converge uniformly on compact subsets of IR ; to

f(). ) )
Moreover, if (ii) holds, then f(A) = P-lim, . fn(A) for all A > \o, where
F(t) :=P-limy, 00 fr(t).

Let us first consider a general discrete version of the ABC Theorem for integrated
semigroups.

Theorem 3.2. (Theorem ABC - int). Assume that closed operators A, A, on E
and F,, respectively generate exponentially bounded k-times integrated semigroups.
The following conditions (A) and (Bj,;) are equivalent to condition (Cy;).

(A) Consistency. There exists A € p(A) N (), p(An) such that the resolvents
converge

(AL, — Ap) 2B (AT — AL,

(Bint) Stability. There are some constants M > 1 and w1, which are indepen-

dent of n and such that |[e!*|| 55 ) < M exp(wit) for t > 0 and any n € IN,
k (En)

and the sequence {e’,ff"pnu}, n € IN, is equicontinuous on compact subsets of IR

for every u € E.
(Cint) Convergence. For some finite w > 0 one has sup ;¢ o) e—w'fHe’,;A"ug —

P
pneiul|| g, — 0 as n — oo, whenever ul —u? for any uf, € E,,u° € E.

Proof. Assume that conditions (A) and (Bj,;) hold. Put f,(t) = e’,;A"u% -

P .
pneitu®, where u% ——u°. From the convergence of resolvents (condition (A)), one

has that the Laplace transforms of f,,(¢) converge to zero. Then for any = € E there
is a sequence {uC} such that u® -0 and by Theorem 3.1 maxe (o7 ey " ul

n

pneiul|| g, — 0 as n — oo for every T > 0. On the other hand, for any e > 0

and 40540, there are o and ny € IN such that SUPy,<teno € et ud —

pneZAuOHEn < € for n > ng. Combining these we have (Cj;).
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Conversely, assume that (C;,,;) holds. To prove (A) and (B;,,:), by Theorem 3.1
we only need to show (B ( Bint). From (Cj,,;) it follows that there is a constant C' > 0
such that max;c (o o) e~ “![let/" || p(,) < C. If it is not true, then one can find se-

uences ||u,||g, = 1andt € [0, oo) such that e ~«n et"A"un g, — oo. Then the
n n
—witn tnA P —win tnApn
sequence v, = —wfnne’m"unHE 2.0, and satisfies e Whnein iy, —e Wm0 =
n

0 uniformly in ¢,,, but this contradicts to e =~ Het"A"

of {el4"p,u} follows as in Theorem 3.1.

vn|lE, = 1. The equicontinuity

When D(A) is dense, we have the following version of Theorem 3.2 but without
equicontinuity condition:

Theorem 3.3. (Theorem ABC-int-dense). Assume that a closed densely defined
operator A on E generates an exponentially bounded k-times integrated semigroup,
and closed operators A,, generate k-timesintegrated semigroups on E',, respectively.
The following conditions (A) and (B/,,) are equivalent to condition (C/,,).

(A) Consistency. There exists A € p(A) N[, p(A,) such that the resolvents
converge

(AL, — Ap) P EE (AT — 4)
(B},,) Stability. There are some constants A/ > 1 and w1, which are not
depending on n and such that He "llB(E,) < M exp(wit) for t > 0 and any

n € IN;
(&

int

) Convergence. For some finite w > 0 one has supte[o o0) € —WtHe’,;A"uO

P
pneiul|| g, — 0 as n — oo, whenever uf —u? for any ul € E,,u’ € E.

Proof. For any «° € D(A) there are u° € D(A,) such that «° > and
ApuE5 AuP | s0 we have
tA An, 0 TA —s* 4
el = e, = | [ e A + S,

< [t = sIC(T) ([ Anuplls, + llunllz,).

where Cy(T') is a constant depending only on M,w,T and k. This implies the
equicontinuity of {etA" »} on [0, 7] since HAnunHEn and HunHEn are uniformly
bounded. By Theorem 3.1 we have max;e(o,7] Hek ud — ppetul||p, — 0 as
n — oo. This yields (C ,), since D(A) is dense in E.

int

If the integrated semigroups are uniformly locally Lipschitz continuous, we have

Corollary 3.1. Assume that A, A,, generate locally Lipschitz continuous k-times
integrated semigroups on E, E, respectively. Then conditions (A) and (B, ,) imply

(Cine)-
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(A) Compatibility. There exists A € p(A) N (), p(Ay) such that the resolvents
converge:

(AL, — Ay) P EE (N — A) !
(B//

int

) Stability-Uniformity. There are some constants M > 0 and w such that

Hegﬁt—’—h)An tAnHB(En < Mew(t+h)h for t h > 0 nec W

0

Cir,) Convergence. For any finite 7 > 0 one has maxcj 1 etAny0 —
€lo,7] 1€ Un

int

P
Pl g, — 0 as n — oo, whenever ul ——u® for any v, € E,,,u° € E.

Proof. From condition (B}

int

) the condition (B;,;) of Theorem 3.2 follows.

From the proof of Theorem 3.3, we also obtain

Corollary 3.2. Assume that closed operators A, A,, on E and E,, respectively
generate exponentially bounded k-times integrated semigroups. Suppose that the
following conditions hold:

(A) Consistency. There exists A € p(A) N[, p(A,) such that the resolvents
converge

(AL, — Ay) P EE (A — A) !

(B}, Stability. There are some constants A/ > 1 and w1, which are indepen-
dent of n and such that Het "llB(E,) < Mexp(wit) fort >0 and any n € IN.

Then for some finite w > 0, one has sup g o) €[l 1l — prefu ||, — 0

as n — oo, whenever u® 540, A,u’ 25 Au® for any u® € D(A,),u° € D(A).

Suppose that the equicontinuity in (B;,,;) does not hold. Then the equicontinuity
of the (k + 1)-times integrated semigroup holds automatically, thus we have

Theorem 3.4. Assume that closed operators A, A,, on E and E,, respectively
generate exponentially bounded k-times integrated semigroups. Suppose that the
following conditions hold:

(A) Consistency. There exists A € p(A) N (), p(Ay) such that the resolvents
converge

(AL, — 4,) P EE (1 — 4)!

(Bj,,) Stability. There are some constants M/ > 1 and w1, which are indepen-

dent of n and such that ||e}*"|| p(z,) < M exp(wyt) for t > 0 and any n € IN.
Then for some finite w > 0, one has sup ¢jo o) e_w'f]]e',;‘i"luo preit Wl g, — 0

P
as n — oo, whenever v2 ——u° for any u? € E,,u° € E.
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At last we give an ABC Theorem for analytic integrated semigroup.

Theorem 3.5. Assume that closed operators A, A,, on E and E,, respectively
generate exponentially bounded analytic k-times integrated semigroups. Suppose
that the following conditions hold:

(A) Consistency. There exists A € p(A) N[, p(A,) such that the resolvents
converge

(AL, — An) P EE (AT — A)

(B;",) Stability. There are some constants M/ > 1, 0 < § < 7/2 and wj,
which are independent of n and such that the sector w; + X(6 + 7/2) is included

in p(A4,) and

sup  [|(A = wi) RN, An) /N g,y < M
Aewi1+X(B+7/2)

foranyn e IN and 0 < 3 < 6.
Then for every 0 < 3 < 6 and a compact set K of (), which does not contain

0, one has max,cx |Je;*"ud — 0

for any ul € E,,u’ € E.

P
preiu®|| g, — 0 asn — oo, whenever ul —u

Proof. By Theorem 4.3 in [10], the condition (B;",) is equivalent to the stability

of the integrated semigroups. Moreover, in analytic cases, we are able to write

1 R(\ A,)
zAn _ >\z Y n
%7 omi /Fe U

where I is a positively oriented path which is the boundary of w; +%(5 + §). Now
we divide the contour I' =T, U T, where

IFo=Tn{z:]z] <a}, T, =T\T,.

One can make the integrals over I', very small (less than e > 0) uniformly in n if
a is large enough; for z in a compact subset K of (3), which does not contain 0,
it is possible to find § small enough such that

A
/ o B An) / e,\zgR(A,kAn) dAH: / ‘ekzl_e,\@‘HR();\,k gy <.
a a Fa

Ak A

when z1,zo € K such that |z — 29| < 0. Thus we can show that condition of

equicontinuity of eZA" pnu’ from [5], Proposition 1 is satisfied and we obtain the

claim.
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Remark 3.2. Let us introduce the condition. (C}",) Convergence. For some

finite w > 0 one has max ¢y ) e_WRezHeZA"u% —ppeitul||g, — 0asn — oo,

whenever u0 2540 for any u® € E,,u’ € E and 0 < 3 < 0.
It is obvious that the condition (C'/”,) implies the conditions (A) and (B",).

Remark 3.3. Trotter-Kato’s Theorem involving integrated semigroups was con-
sidered in [2-4]. This subject was discussed also in [9, 20, 21, 24, 32-34].

4. DISCRETISATION OF INTEGRATED SEMIGROUPS IN TIME

In case when the operator A generates an integrated semigroup, but does not
generate Cy-semigroup, Theorems 1.1-1.5 from Introduction can not be applied. In
the mean time there is a way to construct approximation of integrated semigroups of
operators by analogy to the approach from Introduction. The solution of the original
problem

u'(t) = Au(t), t € [0, 00),
(4.1)
u(0) =u’ € E,

where the operator A generates once integrated semigroup ¢, could be obtained
by taking discrete derivative of discrete once integrated semigroup. Existence of
derivatives is well-defined on smooth initial data. Therefore the main statement
of convergence of difference schemes appears to be considered on smooth elements
only. This approach will be the subject of the next paper. In this section we consider
discrete once integrated semigroups.

As in Introduction, we will approximate A by a sequence of bounded operators
A, € B(E,), and then approximate ¢/ by the discrete once integrated semigroups
generated by A,,. Let T}, € B(E,), {r,} and 7, > 0, be a sequence converging
to0asn — ooand A, = (T,, — I,)/m, € B(E,). A discrete once integrated

semigroup can be defined as fot T#/T"]ds, where [s/7,] is the integer part of the
number s/7,,, i.e. [ T/ gs = rn2£?46"1_1(1n+7n14n)j. By definition we assume

that TREEZS"]_I(In + 7, Ap)? =0 for 0 < ¢t < 7,. We give an analogy of Theorem
1.3 for integrated semigroups.

Theorem 4.1. (Theorem ABC-discr-int). Suppose that A generates an expo-
nentially bounded integrated semigroupand A,, € B(E},). The following conditions
(A) and (Bj,;) are equivalent to condition (Cjy;).

v

(A) Consistency. There exists A € p(A) N (), p(Ay) such that the resolvents
converge

(AL, — A) 2B (AT — AL,
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( mt) Stability. There are some constants M/; > 1 and w; € IR such that the
discrete once integrated semigroup fo T#/T"] is stable, i.e.

t
‘ / Tls/mlgs
0

and {fot T#/T"]pnxds} is equicontinuous on bounded intervals of IRt for
every x € F;

< Mjexp(wit) fort € IR, = [0,00),n € IN,

(Cint) Convergence. For some finite w0 one has sup,c (g o) €| N T/ ™0 ds

P
—ppetdu| — 0 as n — oo, whenever 12 ——u° for any u° € E,ul € E,,.

Proof. Since
00 o0 (k+1)mn
/ e MTl/mlar = > "1k / e Mdt
0 k':O k"Tn
AT,
n o o__ 1 —1
_ ¢ 3 <e>‘T"In — Tn>
R W S VR !
AT, Tn " Tn
ATh 1 ATh 1 o 1
_° € I, —A,)
AT, Tn

we get by integration by parts and by the stablllty condition (B;,) that

-1 -1 o
/ —At/ T[S/T"]dsdt 3z (e I, —An)_l,

AT, Tn

which PP-converge to +(A\I — A)~! by (A). Since {J; 7/™ds} are uniformly
exponentially bounded and equicontinuous on bounded intervals, the rest of the
proof is similar to the proof of Theorem 3.2.

Remark 4.1. (a) Let us compare condition (Bmt) with condition
(B!,,) there are some constants M > 1 and w € IR such that

|ITF|| < Me*™ for all n, k € IN.

Condition (BY,,,) is the main hypothesis in [27]. Condition (B,,,) implies condition

( Bint), but not conversely. Indeed we have for ¢ = kn, +7 and 0 < r < 7,

t
/ T#/T"]ds
0

k-1

G+
Z/ ngs—i—/ des < ZT Me“I™ 4 p M@k
T 0
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< tMewan < Me(w—i—l)t'

Similarly one can show that in this case
t s
(4.2) H / TlE/mlde — / TE/T"]de < Mewmaxts)|p ),
0 0

Moreover, it is easy to prove that (B;,,) is equivalent to (4.2).
(b) If we assume that A is densely defined, then we can use Theorem 3.3

instead of Theorem 3.2, so we do not need the equicontinuity condition in (Bint)
in such case. Also, with simplification of conditions in ( B;,:), we can show the
convergence just on D(A). Indeed, for any wy € D(A), we can find u? € D(A,)

such that w0 -4 and A,u® 2> Au®. A direct calculation gives
t s t T
/0 TAT/T"]u%dT_/ Tq[zr/T"]u%dT:/ / T/ Al dvdr + (¢ — s)ul,
0 s JO

from this we get the equicontinuity of { [ T/ ™0 drdyso for w0 € D(A,) such
that u%LuO and Anu%LAuO. .

(c) Without the equicontinuity condition in ( B;,,;), we also have the convergence
of the discrete twice integrated semigroups fot fos Tq[f/T"]drds since the equiconti-
nuity follows immediately from the stability in (B;,;).

Remark 4.2. The equicontinuity of { [/ T/ ™0 dr},s0 by dicrete analogy of
formula (4.13) (see Remark 4.8)

T R(u, Ay) = X TIR (i, Ay)

T[t/T]—T Tlu/T]+T T[t/7]
.y / A(lt/7]-2[u/7]) / T/ s — / T,
0 0 0

e}\T-l

where p = ——, implies that {T#/T]R(u, Ap)un }e>0 is equicontinuous and con-
versely. This means that on smooth data one can investigate the same difference
schemes as in case of Cj-semigroups, but on the smooth elements only.

4.1. Implicit scheme

Let us put now T, (r,) = (I, — 7,A,)~". In this subsection a discrete once
integrated semigroup is defined as fot T/ gs = TnZEZ?‘](In — 7,A4,)77 and we
put by definition rnzgﬂ"]([n —1,A,)7 7 =0for0 <t <7, Soin thissubsection
we have a special choice of A, = Ay (I, — 7, A,) ™1, where the operator A,, is taken

from Theorem 3.2. We can give the following definition for the implicit difference
scheme (2.5).
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Definition 4.1. The discrete family of operators {W (k7,,)}, k
is called discrete 1-times implicit integrated semigroup if W2 (0) =
Tn (L — ThAy) ™! and

Wi

Wé(an)Wé(Tn) = TanI((k +1)7,) — TnW:L(Tn).

Proposition 4.1. If A;! exist the discrete 1-times implicit integrated semigroup
is given by the formulas

(4.3) Wi(0) =0

(4.4)  Wi((k+1Dm,) = Wilkr)(In — ThAn) P + Wi(m), k=1,2,...,
(45) Wi(kr,) = an n=TnAn) 7 = (L= Ap) F—L)AT  k=1,2,.. ..

Proof. From Definition 4.1 it follows that
quz((k + 1)Tn) = quz(an)quz(Tn)/Tn + sz(Tn)
One gets Wi ((k 4+ 1)7,) = Wi (k1) (In — 7w An) 1 4+ Wi (7). Therefore

(In - TnAn)_(k—H) -1,
(I, — ThAn) "t =1,

= ((In — T Ay)~*+D) — 1) AL

Wi((k+1)m,) = Tu(Ln — TnAp) ™

Theorem 4.2. Suppose that conditions (A) and (B/,,) of Theorem 3.3 hold.
Then discrete 1-times integrated semigroup is exponentially stable, i.e. || Zf:o Tn(In
—TnAp) 77| < Mie*1™* and gives an approximation to once integrated semigroup,
i.e. Zj o Tn(In—TnAp) ud — L etAu0 uniformly with respectto t = k7, € [0, 7]

as un—>P uo, Anu%LAuO, n — 00, for any = D(A)

Proof. We only need to show that conditions (A) and (B;,;) of Theorem 3.2
imply (Bj,,;). By the stability condition (B;,;) of Theorem 3.2, we know that

() <

_m7 A>w,

where (- ) ) denotes m-th derivative in \. By the formulas for derivatives of resol-
vents (R(X, 4,))™ = (=1)™m!R(X, A,)™ and (1/2){™ = (—=1)™m!(1/A)™+H,
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one obtains

(RO, AP /) )

M

(R(A, Ap) NS =

7=0
= > Ch(=1YJIR(A, Ay T (=1)™ (m — )1/ 3™
j=0
m—+1
= ") Z R\, Ap) /N2
and therefore
1 m+1 ‘ ‘ M
— J AV < ——
I5 2 VRO A <
7=1
Now choosing A = 1/7,, we have
= M
I M/ w ’Tnm
7=0
To prove convergence one can apply Theorem 4.1 with A, = A, (I,, — 7,4,) ™"

and Remark 4.1 (b).

Remark 4.3. To get the convergence for any W) € E in Theorem 4.2 one could
assume the condition of equicontinuity of Z o T (L — TnAn)~ud or density of
D(A).

4.2. Explicit scheme
In this subsection we put T,,(7,) = I, + 7, A,, then 4, = A, € B(E,).

Consider the explicit difference scheme we give the following definition.

Definition 4.2. The discrete family of operators {W¢ (k7,)}, k
is called discrete 1-times explicit integrated semigroup if WS(0) =
Todn, WE(2T,) = A WE (1) 0 + 2701, and

0. W5 =

W (k) Wi (21,) = (WE((k + 1)) + WE(kTy)) T — 7'3[”.

Proposition 4.2. If A, ! exist the discrete 1-times explicit integrated semigroup
is given by the formulas
We(0) =0,

We((k 4+ 1)) = Weikmn)(In + mmApn) + modn, k=1,2,. ..,
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T
L

WEkT)) =10 Y (In + mnAn) = ((In + T An)* — L)AL k=1,2,....

<
Il
=)

Proof. From Definition 4.2 it follows that
We((k+ 1)) = WE(krn) WSE(210) /T — In) + Tnln
= WE((k = 1)70)(In + 0 An)? + Tn(In + Tady) + Toln
One gets We((k + 1)1,) = WE(kT) (I, + 7 Ay) + 71, Therefore

(In + '7_7’L147’L)k—’—1 -1,

@8) Wi((k+ 1)) = =t

Tn = ((In + T Ay — )AL

Theorem 4.3. Suppose that conditions (A) and (B!,,) of Theorem 3.3 hold
and
Tl A2, 14 < Cyn € IN.

Then discrete explicit once integrated semigroup fo w470 An)*/™lds is exponen-
tially stable, i.e.

4.7) ”ZT” n+ TndAn H < M esznkn

for some wy > 0 and it gives an approximation of once integrated semigroup, i.e.
Tn Z’“” Y1, +TnAn)Ju0 ——ppetdu® uniformly with respect to ¢t = k.7, € [0, 7]

as unluo, Anun—>Au ,n — oo, for any ud € D(A).

Proof. Since

[y

3

Tn(In + TnAn)k
0
= (I, + T Ap)™ — 1) At

= (B0 = 7242)" (L = 7)™ = 1) A1

Ly = T An) A = ALY 4 (L — T2AR) A - A

i

(

= (I - T2A2>m(< ;

= 2A2 mZTn I, — 1, A) _k—i—(In—TgA%)mA;l—A;l,
k=1

then stability follows from estimates (1 + 7, ||, A2[|)™ < Me“™™ and Theorem
4.2. To prove convergence one can apply Theorem 4.1 with A,, = A,, and Remark
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4.1 (b). Indeed, to prove the equicontinuity condition for family {ZZ‘:_Ol Tn(In +
TnAn)*ul} iy, -, ~0 One has to remark that difference can be estimated as ||7,,(I,, +
TnAn) o ALt Apup || < Cra| A |-

Remark 4.4. We can give a different proof of Theorem 4.3. Let us define the
operator Q,, = A, (I, + 7,A,) L. It is clear that operators A, — Q,, = A, (I, +
7 An) 17, A, are uniformly in n bounded if || 7,, A2|| < Constant. Since Q,, com-
mutes with A,,, it follows by Proposition 3.1 in [16] that the operators @Q,, generate
integrated semigroups and by Theorem 4.2 one gets HTnEf;OI(In — 1,Qn) 7| =
HTnE?;OI(In + 70 An)|| < constant.

Theorem 4.4. Suppose that conditions (A) and (B

,) of Theorem 3.5 hold
with w; = 0 and

sup 7, || An |l < p < 2sin6,0 € p(A,),n € IN.
n

Then discrete explicit once integrated semigroup fOt(In + 1A, 5/ ds is exponen-
tially stable, i.e.

kn
(4.8) 1Y " mu(Tn + T Ap) || < My 2™,
j=0

for some w3 > 0, and it gives an approximation of once integrated semigroup, i.e.
T Zf;gl(ln + TnAn)ju%LeﬁAuO uniformly with respect to ¢t = k,,7,, € [0,T] as

0

P P
ud "l Apud "5 Au® n — oo, for any u® € D(A).

Proof. Since A, are bounded operators, they generate Cj-semigroups and

the once integrated semigroups are given by etlA" = A7l(et4n —I). We know

n
that e are uniformly bounded, ie. ||| < M,z € ¥5. If we show that
(et — I,) ALY — S 7a(In + TaAn)F|| < Ct, then stability, i.e. condition

(Bint) Will be proved. One can write

(e — T)ASY — (I, + 10 Ap)™ — I,) A

™ |
— S om(rn—s)An m -1
/0 7 <e (In+ sAy) )dsAn

_ _/ <_ mAnem(Tn—S)An (In—f—SAn)m—l—em(T"_s)A" (In+3An)m_1mAn> dsA;l
0

= / ’ sme™(m—5)An (I, + sA,)™ tds A,
0

1

~ 2mi

sm</ (=91 4 gA)LY\, — An)_ld)\>ds A,
0 I
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where the positively oriented contour I is composed of T’y = {re(@+7/2) . 0 <
r< R,y and Ty = {R.e® : 0+ 71/2 < p < —0 + 31/2)} with R,, satisfying
TR, = p. First we can choose a positive ~, which depends only on 6 and x such
that

|1+ 8A\? =1+ 522 —2srsinf =1 — sr(2sinh — sr) < 1 — ysr,
forany 0 < s<7,,0<r < R,. Thus for 2sinf — pu=~>0
14+ sz| <1—nsr, 0<sr<up,zelj.

For z = rer%+7/2) ¢ T, the integral over I'; can be estimated by
Ry . Rn .
/ e—m(’rn—s)r sm@(l _,Ysr)m—ldrHAnH S/ e—m(’rn—s)r sm@e—'ysr(m—l)drHAnH
0 0

eTH

Ry
< ot [ mintra s g 4, <
0

[ An]|

since (7, — s)siné > 0 and ~ is positive. Moreover, since the function [0, 7,,] >
s+ m(1, — s)sind + ysm is linear, it reaches its minimum at 0 or 7,,. Thus one
has

m(7, — s)sinf + ysm

TH " Sm dsl|| A
¢ /0 m(7, — s)sinf + ysm sl Anl
67“72m ey
< [An]l <
min{mr, sin 6, yr,m}
for any m > 1. For A = R,e’ € T'y, choose 8 < 1 such that 7,,|| A, < Bu, then
1 B 1 o1
AL (L= JAu[l/[AD) Ry~ (L= ||An|l/Ryn) — Ru(1-8)
Therefore, we can bound the integral over T’y by

min{siné, v}’

I(AL, = An) M| <

37/2—0 .
C/ —anRnsmﬁ R dtp HA H < Cl anRnslnGHA H
0+m/2 Rn(l )

Also for A = ue® /7, € T'y, we have
1+ 7\ < |14 pet@+m/2)| = = (14 p>—2usin0)? = [1— p(2sinf—p)]"/? < 1;
1

combining this with the inequality |1 4+ sA\| < 1 for A € T'; and 0 < s < 7, the
Maximal Modulus Principle yields that |1 + sA| < 1 forall A € T, 0 < s < 7,.
Thus we have

/ ' sm(/ e (n=IN(1 4 sA\)" (AL, — An)_ld)\>dsAn
0 Ty

Tn 2
< C'/ sme mT"R"smedSHA |<C I HA | < Ctp.
0
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Since 7, || 4, || < 1 < oo we get the stability (4.8), then the Theorem is proved by
applying Theorem 4.1 with A,, = A,, and Remark 4.1 (b).

Remark 4.5. To get in Theorem 4.4 the convergence for any «? € E one could

assume density of domain D(A) or equicontinuity of family Ek"OTn(In—i—TnAn)Ju%.

Remark 4.6. In Theorems 4.3 — 4.4 we assumed that there exist A, 1. However,
if A generates exponentially bounded once integrated semigroup €/, i.e. ||etd| <
Me“t t > 0 then by [16] the once integrated semigroup generated by A — wI is
related to e by formula

t
t(A—wl A—wI
etlA — ewtel( wl) _w/ ewses( w )ds.
0

One can show that et(A “I) js still exponentially bounded, but because of the choice

of w > 0 one can achleve 0 € p(A —wI). Because of Theorem 3.2 we can find
ws > 0 such that 0 € p(A,, — wsl,) for any n > nyg. Now one can construct
approximation of €4 in the following way

(49) ewgtwg(kn,rn) W3Tn2knoengTn We(]Tn)meﬁAv t = knTn,

where W¢(k,,,,) is constructed by operators A,, —wsI,,. Of course, in (4.9) we can
use different quadrature formulas for approximation of integral fot ewsef(A_“ ) ds.

4.3. Crank-Nicolson scheme

In this subsection let us put T',(7,,) = (I, + 5-An)(In — %"An)—l, then A,, =
A, (I, — %"An)—l. The following definition is concerned with central difference
scheme.

Definition 4.3. The discrete family of operators {W<¢(k7,)},k=0,1,2,...,
is called central difference discrete 1-times integrated semigroup if W<4(0) =
0, We(r,) = 7 (I, — A,) ", and

W ((k+ D7) + We(kr)
2

Wi (k) Wi (7) = 72 Wi (7).

Proposition 4.3. If A,;! exist the discrete central difference 1-times integrated
semigroup is given by the formulas
W;i(0) =0,
I+ Ay
I, — A,

I, + A,
Wed(kr,) = ((73)’“ - In>A Lk=0,1,2,...
I, — %A,

We((k+1)7,) = W (kr,) + W), k=1,2,...,

(4.10)
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Proof. From Definition 4.3 it follows that

W ((k+ 1)7,) = W (kry,) <2wgd(fn)/fn — In> + W (T,).

One gets W< ((k+1)7,) = W (kT,) (2(1'”— %"An)—l—ln> +Wed(r,). Therefore

T3 + WCd(Tn).

cd cd
1) = o2t

Using the identity 24" — [, = (In + 72 A, — (I, — %"An)) (I — 3A,)"L
n 2 n

we get the following.

Theorem 4.5. Suppose that conditions (A4) and (B},,,) of Theorem 3.3 hold and
mll A%l 14,1 < C ne IN.

Then the discrete central difference once integrated semigroup fot ( IntrnAn/2 )/l

. . . In_TnAn/Q
is exponentially stable, i.e.
I An/2. .
(4.11) Hmzfnl(%)ﬂu < My e ™k 0 < 7k, < T,
n n<+n

and it provides an approximation of the once integrated semigroup, i.e.

I, +1,A /2 . P
yhn (in nn/4y5 0 tA, 0
Tn JZO(In — TnAn/Q) Uy ——€1 U,
uniformly with respect to ¢ = k7, € [0, 7] as u® —-u®, 4,1l L5 Au, n — oo,
for any u® € D(A).

Proof. To prove stability of (4.10) in the form Tnﬁﬁzl(%)j = 138 (I,

—7.Qn) 7, where Q, = A, (I, +1,A,/2)"!, we apply Theorem 4.2. Let us con-
sider the difference (Q,, — An)xn = An(In + 70 An/2) 110 Anz, /2. The operators
(Qn — A,,) are uniformly bounded if ||7,, A2 || < constant and they commute with
A,. By Proposition 3.1 in [16] we find that the operators (),, generate exponentially
bounded once integrated semigroups and under condition ||7,, A2 || < constant we
obtain stability by Theorem 4.2. So one has

kn—1
< In+TnAn/2j -1
—— )V (I — A, /2
Tnjzg(ln_TnAn/Q)(n ThAn/2)
Ny + 1A /2
= T T 2y, 4o Ay f2)
TnZ(In—TnAn/Q)(n+Tn n/) ’

g=1
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In—mnAn/2 _
a7l = 1B < 1 — AZATY 2] s < o,

since 7, || A2|| < constant. To prove it we apply Theorem 4.1 with A,, = A, (I,, —
T, An/2)~ 1 and Remark 4.1 (b).

and the estimate || ——1

Theorem 4.6. Suppose that conditions (A) and (B”,) of Theorem 3.5 hold
with w; = 0 and

(4.12) sup 7, || Al < p < 2sinf, 0€ p(A,),n € IN.
n

Then the discrete central difference once integrated semigroup fot Tn(rn)[s/ ™lds is
exponentially stable, i.e. (4.7) holds and it gives an approximation of the once
integrated semigroup in the sense that

kn

Y 20 P 1,0 0,

k=0

uniformly with respect to ¢t = k7, € [0, 7] as u® —-u°, Apul-—L5Au0, n — oo,
for any u® € D(A).

Proof. One can write

_ I+ 71,A,/2 _
tA 1 n T TnAn/ 2y, 1
"~ I)ATT — (—m——=)" - 1,)A
(e n) n ((In _ TnAn/Q) ) n
™ d _ I, + sA,/2 _
= — 2 em(ma—s)An(Zn T 20/ Zym ) 4o -1
/0 ds(e (In—sAn/Q) )ds n
Tn 2 m—1 A3
_ ms m(mn—s)An In + SATL/Q n A—l
. 4 ¢ <In —sAn/2> (T — s Ay 22 54

2

Tn m—1
= L ﬁ(/em(Tn—S)/\%()\[n —An)_ld)\>dsA721,
271 0 4 T (1 — S)\/Q)m+1

where the positively oriented contour T" is composed of T, = {reii(‘”’f/?) 0<r<

R,}and Ty = {R,e™ : 0+7/2 < p < —0+3m/2)}. Since for A € T, 0 < s < 73,
m—1 .

|1 —sA/2| > 1, we have % < |14 s\/2/™~L. The rest of the proof is

similar to that of Theorem 4.4.

Remark 4.7. To get in Theorem 4.6 the convergence for any «? € E one could

assume density of domain or equicontinuity of family 7, Zigo(%)jug.
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Remark 4.8. (a) Note that the analogy of Theorem 4.6 for the case of ana-
Iytic Cy-semigroups, namely Theorem 1.8, does not involve stability condition like
(4.12). Here we follow the idea of [25]. The proof of Theorem 1.8 is based on the
fact that if A generates a bounded analytic Cy-semigroup and A~ exists, then this
inverse A~! also generates a bounded analytic Cy-semigroup. Unfortunately, for
analytic integrated semigroups such a statement does not make sense. As was shown
in [12] if one assumes that A and A~! both generate bounded analytic integrated
semigroups, then A generates in fact a bounded analytic Cj-semigroup.

(b) If A generates an exponentially bounded integrated semigroup €4, then by

t
(4.13) e R\, Az = MR\, A)x — )\/ A9 ds — ey
0

we give a semigroup ¢4 on D(A). Some sufficient conditions are given in [6] to
guarantee that {e‘“};>¢ is a semigroup on E of class (1.A).
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