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ON PERTURBATION OF α-TIMES
INTEGRATED C-SEMIGROUPS

Chung-Cheng Kuo

Abstract. Let α ≥ 0, and C be a bounded linear injection on a complex
Banach space X. We first show that if A generates an exponentially bounded
nondegenerate α-times integrated C-semigroup Sα(·) on X, B is a bounded
linear operator on D(A) such that BC = CB on D(A) and BA ⊂ AB, then
A + B generates an exponentially bounded nondegenerate α-times integrated
C-semigroup Tα(·) on X. Moreover, Tα(·) is also exponentially Lipschitz
continuous or norm continuous if Sα(·) is. We show that the exponential
boundedness of Tα(·) can be deleted and α-times integrated C-semigroups
can be extended to the context of local α-times integrated C-semigroups when
R(C) ⊂ D(A) and BSα(·) = Sα(·)B on D(A) both are added. Moreover,
Tα(·) is also locally Lipschitz continuous or norm continuous if Sα(·) is.
We show that A + B generates a nondegenerate local α-times integrated C-
semigroup Tα(·) on X if A generates a nondegenerate local α-times integrated
C-semigroup Sα(·) on X and B is a bounded linear operator on X such
that either BC = CB, BSα = SαB on X; or BC = CB on D(A) and
BA ⊂ AB. Moreover, Tα(·) is also locally Lipschitz continuous, (norm
continuous, exponentially bounded or exponentially Lipschitz continuous) if
Sα(·) is.

1. INTRODUCTION

Let X be a complex Banach space with norm ‖ · ‖, and B(X) denote the set
of all bounded linear operators from X into itself. For each α > 0, 0 < T0 ≤ ∞
and C ∈ B(X), a family S(·)(= {S(t)|0 ≤ t < T0}) in B(X) is called a local
α-times integrated C-semigroup on X if it is strongly continuous, S(·)C = CS(·)
and satisfies

(1.1) S(t)S(s)x =
1

Γ(α)
[
∫ t+s

0
−

∫ t

0
−

∫ s

0
](t + s − r)α−1S(r)Cxdr
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for all x ∈ X and 0 ≤ t, s ≤ t+s < T0 (see [1-6,8-9,11-15,19-20]); or called a local
(0-times integrated) C-semigroup on X if it is strongly continuous, S(·)C = CS(·)
and satisfies

(1.2) S(t)S(s)x = S(t + s)Cx

for all x ∈ X and 0 ≤ t, s ≤ t + s < T0 (see [2,17,18]), where Γ(·) denotes the
Gamma function. Moreover, we say that S(·) is

(i) exponentially bounded if there exist constants K, ω ≥ 0 such that

(1.3) ‖S(t)‖ ≤ Keωt for all t ≥ 0;

(ii) exponentially Lipschitz continuous if there exist constants K, ω ≥ 0 such that

(1.4) ‖S(t + h) − S(t)‖ ≤ Kheω(t+h) for all t, h ≥ 0;

(iii) locally Lipschitz continuous if for each 0 < t0 < T0 there exists a Kt0 > 0
such that

(1.5) ‖S(t + h) − S(t)‖ ≤ Kt0h for all 0 ≤ t, h ≤ t + h ≤ t0;

(iv) nondegenerate if x = 0 whenever S(t)x = 0 for all 0 ≤ t < T0. In this
case, the (integral) generator of S(·) is a closed linear operator A : D(A) ⊂
X → X defined by D(A) = {x|x, yx ∈ X and S(t)x − tα

Γ(α+1)Cx =∫ t
0 S(r)yxdr for all 0 ≤ t < T0} and Ax = yx for all x ∈ D(A). It is

known that the following properties hold (see [6, 11, 17]):

(1.6) C is injective and C−1AC = A;

(1.7) S(0) = 0 on X if α > 0, and S(0) = C on X if α = 0;

(1.8) S(t)x∈D(A) and S(t)Ax=AS(t)x for all x∈D(A) and 0≤t<T0;

(1.9)

∫ t

0
S(r)xdr ∈ D(A) and A

∫ t

0
S(r)xdr = S(t)x− tα

Γ(α + 1)
Cx

for all x ∈ X and 0 ≤ t < T0.

In general, a local α-times integrated C-semigroup is also called an α-times
integrated C-semigroup if T0 = ∞, an α-times integrated C-semigroup may not be
exponentially bounded, and the generator of a nondegenerate local α-times integrated
C-semigroup may not be densely defined. Moreover, a local α-times integrated IX-
semigroup on X is also called a local α-times integrated semigroup on X , where IX
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denotes the identity operator on X . Using Hille-Yosida type theorems to obtain some
additive perturbation results concerning exponentially bounded n-times integrated
C-semigroup (for n ∈ N ∪ {0}) or α-times integrated semigroup (for α > 0) have
been extensively studied by many authors (see [6, 14, 15, 18, 21] and [10, 17,
19], respectively). Some interesting applications of this topic are also illustrated in
[3, 7, 19]. In particular, Xiao and Liang [19, Theorem 1.3.5] show that A + B
generates an exponentially bounded nondegenerate α-times integrated semigroup
on X if A generates an exponentially bounded nondegenerate α-times integrated
semigroup on X and B is a bounded linear operator on X such that BA ⊂ AB,
and Li and Shaw [10] have obtained an additive perturbation theorem which shows
that if A generates a nondegenerate α-times integrated C-semigroup Sα(·) on X
and B is a bounded linear operator on X which commutes with Sα(·) and C on
X , then A+B generates a nondegenerate α-times integrated C-semigroup Tα(·) on
X . These two results are also extended to the context of local α-times integrated
C-semigroups here by another method (see Theorems 2.11 and 2.13 below). We
also have to investigate some additive perturbation theorems concerning (local) α-
times integrated C-semigroups which may be done by using a Hille-Yosida type
theorem (see Theorem 2.4 below) concerning exponentially bounded nondegenerate
α-times integrated C-semigroups on X as results in [9] for the case α ∈ N ∪ {0},
in [1] for the case C = IX and in [19] for the general case α > 0. We first
extend the perturbation result of Xiao and Liang [19, Theorem 1.3.5]. In Theorem
2.8, we show that if A generates an exponentially bounded nondegenerate α-times
integrated C-semigroup Sα(·) on X , B is a bounded linear operator on D(A) which
commutes with C on D(A) and BA ⊂ AB, then A+B generates an exponentially
bounded nondegenerate α-times integrated C-semigroup Tα(·) on X . Moreover,
Tα(·) is exponentially Lipschitz continuous or norm continuous if Sα(·) is. We
show that the exponential boundedness of Tα(·) in Theorem 2.8 can be deleted
and the conclusion of Theorem 2.8 can be extended to the context of local α-times
integrated C-semigroups when Sα(·) is a nondegenerate local α-times integrated
C-semigroup on X with generator A and R(C) ⊂ D(A) and BSα(·) = Sα(·)B
on D(A) both are added (see Theorem 2.9 below). Moreover, Tα(·) is also locally
Lipschitz continuous or norm continuous if Sα(·) is. A simple illustrative example
of these results is presented in the final part of this paper.

2. PERTURBATION THEOREMS

From now on, we always assume that C ∈ B(X) and A : D(A) ⊂ X → X is
a closed liner operator with domain D(A) and range R(A).

Lemma 2.1. (see [6, 17]). Let S(·) be a strongly continuous family in B(X)
satisfying (1.3). For λ > ω and x ∈ X , we define Rλx = λα

∫ ∞
0 e−λtS(t)xdt.
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Then (1.1) holds if and only if {Rλ|λ > ω} is a C-pseudoresolvent. That is,
RλC − RµC = (µ − λ)RλRµ on X for all λ, µ > ω.

Theorem 2.2. (see [6, 17]). Let α ≥ 0, and C ∈ B(X) be injective. A
strongly continuous family S(·) in B(X) satisfying (1.3) is a nondegenerate α-
times integrated C-semigroup on X with generator A if and only if CS(·) = S(·)C,
C−1AC = A, λ − A is injective, R(C) ⊂ R(λ −A) and λαLλ(λ − A) ⊂ λα(λ −
A)Lλ = C for all λ > ω. Here Lλx =

∫ ∞
0 e−λtS(t)xdt for x ∈ X .

Lemma 2.3. (see [1,Theorem 2.4.1] or [19,Theorem 1.2.1]). Let 0 < θ ≤ 1,
and r : (ω,∞) → X be an infinitely differentiable function for some ω ≥ 0. Then
the following are equivalent:

(i) There exists a constant K ≥ 0 such that

‖(λ − ω)k+1r(k)(λ)/k!‖ ≤ K

for all λ > ω and k ∈ N∪{0}, where r(k)(λ) denotes the kth order derivative
of r at λ;

(ii) There exist Kθ ≥ 0 and Fθ : [0,∞) → X such that Fθ(0) = 0, ‖Fθ(t+h)−
Fθ(t)‖ ≤ Kθh

θew(t+h) for all t, h ≥ 0, and r(λ) = λθ
∫ ∞
0 e−λtFθ(t)dt for

all λ > ω.

Combining Lemma 2.1 with Lemma 2.3, we can obtain the next Hille-Yosida
type theorem concerning exponentially Lipschitz continuous (α+1)-times integrated
C-semigroups which has been presented in [19] and in [1] for the case C = I X .

Theorem 2.4. Let α, ω ≥ 0, 0 < θ ≤ 1 and R(·) = {R(λ)|λ > ω} ⊂ B(X).
Then the following are equivalent :

(i) R(·) is a C-pesudoresolvent and there exists a K ≥ 0 such that

‖(λ − ω)k+1

k!
dk

dλk
R(λ)/λα‖ ≤ K

for all λ > ω and k ∈ N ∪ {0};

(ii) There exists an (α + θ)-times integrated C-semigroup S(·) on X such that

‖S(t + h) − S(t)‖ ≤ Kθh
θeω(t+h)

for all t, h ≥ 0 and for some fixed K θ ≥ 0, and R(λ)x = λα+θ
∫ ∞
0 e−λtS(t)xdt

for all λ > ω and x ∈ X .
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Applying Theorems 2.2 and 2.4 we also obtain the following two results. Their
proofs are almost the same with those in [19, Theorem 1.3.3] and in [9, Proposition
6.1 and Theorem 6.2] for the case α ∈ N ∪ {0}, and so are omitted.

Theorem 2.5. Let α ≥ 0, and A be the generator of a nondegenerate (α+1)-
times integrated C-semigroup S(·) on X satisfying (1.4). Then

(i) R(C) ⊂ R((λ−A)k) and dk−1

dλk−1 (λ−A)−1Cx = (−1)k−1(k−1)!(λ−A)−kCx
for all x ∈ X , k ∈ N and λ > ω;

(ii)
∥∥∥∥(λ − ω)k

(k − 1)!
dk−1

dλk−1
(λ − A)−1C/λα

∥∥∥∥ ≤ K

for all k ∈ N and λ > ω.

Theorem 2.6. Let α ≥ 0, C ∈ B(X) be injective and C−1AC = A. Then the
following are equivalent:

(i) A generates a nondegenerate (α + 1)-times integrated C-semigroup S(·) on
X satisfying (1.4);

(ii) λ−A is injective, R(C) ⊂ R((λ−A)k) and ‖ (λ−ω)k+1

k!
dk

dλk (λ−A)−1C/λα‖ ≤
K for all λ > ω and k ∈ N ∪ {0} and for some fixed K ≥ 0.

Lemma 2.7. Let α ≥ 0, and A be the generator of a nondegenerate α-times
integrated C-semigroup S(·) on X satisfying (1.3). Then for λ > ω and k ∈ N,
we have

(λ − A)−kCx =
k−1∑
j=0

( α
j )λα−j (−1)j

(k − 1− j)!

∫ ∞

0
e−λttk−1−jS(t)xdt

for all x ∈ X . Here ( α
j ) = α(α − 1) · · ·(α − j + 1)/j!.

Proof. Since (λ − A)−1Cx = λα
∫ ∞
0 e−λtS(t)xdt, we have

(λ − A)−kCx

=
(−1)k−1

(k − 1)!
dk−1

dλk−1
(λ − A)−1Cx

=
(−1)k−1

(k − 1)!

∫ ∞

0

∂k−1

∂λk−1
λαe−λtS(t)xdt

=
(−1)k−1

(k − 1)!

∫ ∞

0

k−1∑
j=0

(
k−1

j

)
α(α−1) · · · (α−j+1)λα−j(−1)k−1−jtk−1−jS(t)xdt
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=
(−1)k−1

(k − 1)!

k−1∑
j=0

(k − 1)!
(k − 1− j)!j!

( α
j ) j!λα−j(−1)k−1−j

∫ ∞

0
e−λttk−1−jS(t)xdt

=
k−1∑
j=0

( α
j )

(−1)j

(k − 1 − j)!
λα−j

∫ ∞

0
e−λttk−1−jS(t)xdt.

Applying Lemma 2.7 and Theorem 2.2, we can extend the perturbation theorem
of Xiao and Liang in [19, Theorem 1.3.5] concerning exponentially bounded α-
times integrated C-semigroups in which B is a bounded linear operator on X and
C = IX .

Theorem 2.8. Let α ≥ 0, and A be the generator of an exponentially bounded
nondegenerate α-times integrated C-semigroup S α(·) on X . Assume that B ∈
B(D(A)), BC = CB on D(A) and BA ⊂ AB. Then A + B generates an
exponentially bounded nondegenerate α-times integrated C-semigroup T α(·) on X

given by

(2.1) Tα(t)x =
∞∑

k=0

( α
k ) (−1)kBkT kNα(t)x for all x ∈ X and t ≥ 0.

Here T 0f(t) = f(t), (Tf)(t) =
∫ t
0 f(s)ds, (T kf)(t) = T (T k−1f)(t) and Nα(t) =

etBSα(t) for all t ≥ 0 and k ∈ N. Moreover, Tα(·) is also exponentially Lipschitz
continuous or norm continuous if S α(·) is.

Proof. For simplicity we may assume that ‖Sα(t)‖ ≤ Keωt for all t ≥ 0 and for
some fixed K, ω ≥ 0. By induction, we have ‖TkNα(t)‖ ≤ Ke(‖B‖+ω)t/(‖B‖ +

ω)k for all k ∈ N∪{0} and t ≥ 0, and so ‖Tα(t)‖ ≤
∞∑

k=0

| (α
k ) | ‖B‖k

(‖B‖+ω)kKe(‖B‖+ω)t

< ∞ for all t ≥ 0. Hence

(2.2)

‖T kNα(t)x − T kNα(s)x‖

=‖T [T k−1Nα](t)x− T [T k−1Nα](s)x‖

=‖
∫ t

s
T k−1Nα(r)xdr‖

≤
∫ t

s
K

e(‖B‖+ω)r

(‖B‖ + ω)k−1
dr‖x‖

≤(t − s)K
e(‖B‖+ω)t

(‖B‖ + ω)k−1
‖x‖
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for all k ∈ N, x ∈ X and t ≥ s ≥ 0. Since

(2.3)

‖Nα(t)x − Nα(s)x‖

=‖etBSα(t)x − esBSα(s)x‖

=‖(etB − esB)Sα(t)x + esB(Sα(t)x − Sα(s)x)‖

≤(t − s)et‖B‖Keωt‖x‖+ et‖B‖‖Sα(t)x − Sα(s)x‖

for all x ∈ X and t ≥ s ≥ 0, we have

(2.4)

‖Tα(t)x − Tα(s)x‖

≤
∞∑

k=1

| (α
k ) | ‖B‖k

(‖B‖ + ω)k−1
(t − s)Ke(‖B‖+ω)t‖x‖

+ (t − s)Ke(‖B‖+ω)t‖x‖+ e‖B‖t‖Sα(t)x− Sα(s)x‖

for all x ∈ X and t ≥ s ≥ 0, which implies that Tα(·) is a strongly continuous
family in B(X), and is also exponentially Lipschitz continuous or norm continuous
if Sα(·) is. Since Sα(t)X ⊂ D(A) for all t ≥ 0, CB = BC on D(A) and
Sα(·)C = CSα(·) on X , we have Tα(·)C = CTα(·) on X . Applying Lemma 2.7,
we also have

‖(λ − A)−kC‖ ≤
k−1∑
j=0

| (α
j ) |λα−j K

(k − 1 − j)!

∫ ∞

0
e−(λ−ω)ttk−1−jdt

=
k−1∑
j=0

| (α
j ) |λα−j K

(λ − ω)k−j

=
k−1∑
j=0

| (α
j ) |(λ − ω

λ
)jKλα/(λ − ω)k

= Kα/(λ − ω)k

for all k ∈ N. Here Kα =
∞∑

j=0
| (α

j ) |(λ−ω
λ )jKλα. Now let Rλ =

∞∑
k=0

Bk(λ −
A)−k−1C for λ > ‖B‖ + ω, then

∞∑
k=0

‖Bk(λ − A)−k−1C‖ ≤ Kα

∞∑
k=0

‖B‖k/(λ − ω)k+1

= Kα/(λ − ω − ‖B‖)
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for all λ > ‖B‖+ω. Combining this and the closedness of A+B : D(A) ⊂ X → X

with the assumption BA ⊂ AB, we have (λ − A − B)Rλ = C on X for all
λ > ‖B‖ + ω, which together with the assumption CB = BC on D(A) implies
that Rλ(λ − A − B) = C on D(A) for all λ > ‖B‖ + ω. By hypothesis, we have
C−1(A + B)C = C−1AC + C−1BC = A + B. Applying Lemma 2.7 again, we
have

Rλx =
∞∑

k=0

Bk
k∑

j=0

( α
j )

(−1)j

(k − j)!
λα−j

∫ ∞

0

e−λttk−jSα(t)xdt

=
∞∑

j=0

( α
j )λα−j(−1)j

∞∑
k=j

Bk

(k − j)!

∫ ∞

0
e−λttk−jSα(t)xdt

=
∞∑

j=0

( α
j )λα−j(−1)j

∞∑
k=0

Bk+j

k!

∫ ∞

0
e−λttkSα(t)xdt

=
∞∑

j=0

( α
j )λα−j(−1)jBj

∫ ∞

0

e−λteBtSα(t)xdt

=
∞∑

j=0

( α
j )λα(−1)jBj

∫ ∞

0
e−λtT jNα(t)xdt

= λα

∫ ∞

0

e−λt
∞∑

j=0

( α
j ) (−1)jBjT jNα(t)xdt

= λα

∫ ∞

0
e−λtTα(t)xdt

for all x ∈ X and λ > ‖B‖ + ω. We obtain from Theorem 2.2 that Tα(·) is an
exponentially bounded nondegenerate α-times integrated C-semigroup on X with
generator A+B, and is also exponentially Lipschitz continuous or norm continuous
if Sα(·) is.

Next we deduce a new perturbation theorem concerning local α-times integrated
C-semigroups. In particular, the exponential boundedness of Tα(·) in Theorem 2.8
can be deleted when R(C) ⊂ D(A) and BSα(·) = Sα(·)B on D(A) both are
added.

Theorem 2.9. Let α ≥ 0, and A be the generator of a nondegenerate local
α-times integrated C-semigroup Sα(·) on X . Assume that R(C) ⊂ D(A) , B is
a bounded linear operator on D(A) which commutes with S α(·) and C on D(A)
and BA ⊂ AB. Then A + B generates a nondegenerate local α-times integrated
C-semigroup Tα(·) on X which is given as in (2.1). Moreover, Tα(·) is also locally
Lipschitz continuous or norm continuous if S α(·) is.
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Proof. Clearly, jα(·)I
D(A)

is an exponentially bounded α-times integrated semi-

group on D(A) with generator 0. It follows from Theorem 2.8 that
∞∑

k=0

( α
k ) (−1)kBk

T kMα(·) is an exponentially bounded nondegenerate α-times integrated semigroup
on D(A) with generator B. Here Mα(t) = etBjα(t)I

D(A)
and jα(t) = tα

Γ(α+1)
for

all t ≥ 0. Combining this and (1.9) with the assumption R(C) ⊂ D(A)(= D(B)),
we have

BT

∞∑
k=0

( α
k ) (−1)kBkT kMα(t)Cx −

∞∑
k=0

( α
k ) (−1)kBkT kMα(t)Cx = −jα(t)Cx

for all x ∈ X and 0 ≤ t < T0. Just as in the proof of Theorem 2.8, it is easy to see
from the boundedness of {‖Sα(t)‖|0 ≤ t ≤ t0} for all 0 < t0 < T0 and the strong
continuity of Sα(·) that we have the following inequalities:

(2.5) ‖T kNα(t)‖ ≤ Kte
‖B‖t t

k

k!
for all k ∈ N ∪ {0} and 0 ≤ t < T0;

(2.6) ‖Tα(t)‖ ≤
∞∑

k=0

| ( α
k ) | ‖B‖ktk

k!
Kte

‖B‖t < ∞ for all 0 ≤ t < T0;

(2.7)
‖T kNα(t)x − T kNα(s)x‖ ≤ (t − s)Kte

‖B‖t tk−1

(k − 1)!
‖x‖

for all k ∈ N, x ∈ X and 0 ≤ s ≤ t < T0;

(2.8)
‖Nα(t)x − Nα(s)x‖ ≤ (t − s)et‖B‖Kt‖x‖ + et‖B‖‖Sα(t)x − Sα(s)x‖
for all x ∈ X and 0 ≤ s ≤ t < T0;

(2.9)

‖Tα(t)x − Tα(s)x‖ ≤
∞∑

k=1

| ( α
k ) | ‖B‖ktk−1

(k − 1)!
(t − s)Kte

‖B‖t‖x‖

+ (t − s)Kte
‖B‖t‖x‖ + e‖B‖t‖Sα(t)x − Sα(s)x‖

for all x ∈ X and 0 ≤ s ≤ t < T0.

Here Kt = sup
0≤r≤t

‖Sα(r)‖. In particular, Tα(·) is a strongly continuous family

in B(X), and is also locally Lipschitz continuous or norm continuous if Sα(·) is.
Since BA ⊂ AB and TSα(t)x ∈ D(A) for all x ∈ X and 0 ≤ t < T0, we have
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(2.10)

ATNα(t)x

= A

∫ t

0
esBSα(s)xds

= A[etBTSα(t)x − B

∫ t

0
esBTSα(s)xds]

= AetBTSα(t)x− AB

∫ t

0
esBTSα(s)xds

= etBATSα(t)x−
∫ t

0
BesBATSα(s)xds

= etB[Sα(t)x − jα(t)Cx] − B

∫ t

0
esB [Sα(s) − jα(t)Cx]ds

= Nα(t)x − Mα(t)Cx − B[TNα(t)x − TMα(t)Cx]

for all x ∈ X and 0 ≤ t < T0. This implies that

(2.11)

ATTα(t)x

= A

∞∑
k=0

( α
k ) (−1)kBkT k+1Nα(t)x

=
∞∑

k=0

( α
k ) (−1)kABkT k+1Nα(t)x

=
∞∑

k=0

( α
k ) (−1)kBkAT k+1Nα(t)x

=
∞∑

k=0

( α
k ) (−1)kBkT kATNα(t)x

=
∞∑

k=0

( α
k ) (−1)kBkT k([Nα(t)x−Mα(t)Cx]−B[TNα(t)x−TMα(t)Cx])

=
∞∑

k=0

( α
k ) (−1)kBkT kNα(t)x − BT

∞∑
k=0

( α
k ) (−1)kBkT kNα(t)x+

BT

∞∑
k=0

( α
k ) (−1)kBkT kMα(t)Cx −

∞∑
k=0

( α
k ) (−1)kBkT kMα(t)Cx

= Tα(t)x − BTTα(t)x − jα(t)Cx

for all x ∈ X and 0 ≤ t < T0 or equivalently, (A+B)TTα(t)x = Tα(t)x−jα(t)Cx
for all x ∈ X and 0 ≤ t < T0. To show that Tα(·) is a nondegenerate local α-
times integrated C-semigroup on X with generator A + B it suffices to show that
the abstract Cauchy problem ACP (A + B, 0, 0) u′ = (A + B)u on [0, T0) and
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u(0) = 0, has only the zero solution in C1([0, T0), X)∩C([0, T0), [D(A+B)])(see
[7, Theorem 2.3] or [11, Theorem 5.1]). Here [D(A + B)] denotes the Banach
space D(A + B) = D(A) with norm | · |A+B defined by |x|A+B = ‖x‖ + ‖(A +
B)x‖ for all x ∈ D(A + B). Indeed, if u is a solution of ACP (A + B, 0, 0) in
C1([0, T0), X) ∩ C([0, T0), [D(A + B)]). Applying the closedness of A + B and
the assumption u(0) = 0, we have

Tα ∗ u = T (Tα ∗ u)′

= T (Tα ∗ u′)

= TTα ∗ (A + B)u
= T (A + B)Tα ∗ u

= (A + B)T (Tα ∗ u)

= Tα ∗ u − Cjα ∗ u

on [0, T0), and so Cjα ∗ u = 0 on [0, T0). Hence u = 0 on [0, T0). Consequently,
Tα(·) is a nondegenerate local α-times integrated C-semigroup on X with generator
A + B, and is also locally Lipschitz continuous or norm continuous if Sα(·) is.

Corollary 2.10. Let A be the generator of a (nondegenerate) local C-
semigroup S(·) on X . Assume that B is a bounded linear operator on D(A)
which commutes with S(·) on D(A) and BA ⊂ AB. Then A + B generates
a (nondegenerate) local C-semigroup T (·) on X . Moreover, T (·) is also locally
Lipschitz continuous or norm continuous if S(·) is.

By slightly modifying the proof of Theorem 2.9 we also obtain the next pertur-
bation theorem concerning local α-times integrated C-semigroups which has been
deduced by Li and Shaw in [10] when T0 = ∞.

Theorem 2.11. Let α ≥ 0, and A be the generator of a nondegenerate local
α-times integrated C-semigroup Sα(·) on X . Assume that B is a bounded linear
operator on X which commutes with Sα(·) and C on X . Then A + B generates a
nondegenerate local α-times integrated C-semigroup T α(·) on X which is given as
in (2.1). Moreover, Tα(·) is also locally Lipschitz continuous (, norm continuous,
exponentially bounded or exponentially Lipschitz continuous) if S α(·) is.

Proof. Just as in the proof of Theorem 2.9, the assumption R(C) ⊂ D(A)
is only used to show that Mα(·)C is well-defined and (2.11) holds but both are
automatically satisfied when B ∈ B(X), and the assumption BA ⊂ AB is only
used to show that (2.10) holds but this is automatically satisfied if it is replaced by
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assuming that B is a bounded linear operator which commutes with Sα(·) and C

on X . Therefore, the conclusion of this theorem is true.

Corollary 2.12. Let A be the generator of a (nondegenerate) local C-
semigroup S(·) on X . Assume that B is a bounded linear operator on X which
commutes with S(·) on X . Then A + B generates a (nondegenerate) local C-
semigroup T (·) on X . Moreover, T (·) is also locally Lipschitz continuous(, norm
continuous, exponentially bounded or exponentially Lipschitz continuous) if S(·)
is.

Similarly, the conclusion of Theorem 2.8 can be extended to the context of local
α-times integrated C-semigroups when B is a bounded linear operator on X .

Theorem 2.13. Let α ≥ 0, and A be the generator of a nondegenerate
local α-times integrated C-semigroup Sα(·) on X . Assume that B is a bounded
linear operator on X such that BC = CB on D(A) and BA ⊂ AB. Then A + B

generates a nondegenerate local α-times integrated C-semigroup T α(·) on X which
is given as in (2.1). Moreover, Tα(·) is also locally Lipschitz continuous (, norm
continuous, exponentially bounded or exponentially Lipschitz continuous) if S α(·)
is.

Corollary 2.14. Let A be the generator of a (nondegenerate) local C-
semigroup S(·) on X . Assume that B is a bounded linear operator on X such that
BC = CB on D(A) and BA ⊂ AB. Then A + B generates a (nondegenerate)
local C-semigroup T (·) on X . Moreover, T (·) is also locally Lipschitz continuous(,
norm continuous, exponentially bounded or exponentially Lipschitz continuous) if
S(·) is.

We end this paper with a simple illustrative example. Let X = Cb(R)( or
L∞(R)), and A be the maximal differential operator in X defined by Au =
k∑

j=0
ajD

ju on R for all u ∈ D(A), then Y = UCb(R)( or C0(R))= D(A). Here

a0, a1, · · · , ak ∈ C and Dju(x) = u(j)(x) for all x ∈ R. It is shown in [12]
that for each α > 1

2 , A generates an exponentially bounded, norm continuous
α-times integrated semigroup Sα(·) on X which is defined by (Sα(t)f)(x) =

1√
2π

(φ̃α,t ∗ f)(t) for all f ∈ X and t ≥ 0 if the polynomial p(x) =
k∑

j=0
aj(ix)j

satisfies sup
x∈R

Re(p(x)) < ∞. Here φ̃α,t denotes the inverse Fourier transform of

φα,t with φα,t(x) = 1
Γ(α)

∫ t
0 (t − s)α−1ep(x)sds. An application of Theorem 2.8

shows that for each B ∈ B(Y ) and BA ⊂ AB, A + B generates an exponentially



On Perturbation of α-Times Integrated C-Semigroups 1991

bounded, norm continuous α-times integrated semigroup Tα(·) on X which satisfies
(2.1).
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