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STRONG CONVERGENCE THEOREM FOR A GENERALIZED
EQUILIBRIUM PROBLEM AND A PSEUDOCONTRACTIVE

MAPPING IN A HILBERT SPACE

Lu-Chuan Ceng, Adrian Petruşel and Mu-Ming Wong*

Abstract. Very recently, Takahashi and Takahashi [S. Takahashi, W. Taka-
hashi, Strong convergence theorem for a generalized equilibrium problem and
a nonexpansive mapping in a Hilbert space, Nonlinear Analysis 69 (2008)
1025-1033] suggested and analyzed an iterative method for finding a common
element of the set of solutions of a generalized equilibrium problem and the
set of fixed points of a nonexpansive mapping in a Hilbert space. In this
paper, we introduce an implicit viscosity approximation method for finding a
common element of the set of solutions of a generalized equilibrium problem
and the set of fixed points of a pseudocontractive mapping in a Hilbert space.
Then, we prove a strong convergence theorem which is the improvements and
development of Takahashi and Takahashi’s (2008) corresponding result. Using
this theorem, we prove three new strong convergence theorems in fixed point
problems, variational inequalities and equilibrium problems.

1. INTRODUCTION

Let X be a real Banach space with the dual X ∗. Let C be a nonempty closed
convex subset of X . Recall that a self-mapping f : C → C is said to be k-Lipschitz
on C if k ∈ R+ and

‖f(x)− f(y)‖ ≤ k‖x − y‖, ∀x, y ∈ C.
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If f is k-Lipschitz with k < 1, then f is called a k-contraction mapping or a
contraction mapping with coefficient k. Note that each contraction f : C → C has
a unique fixed point in C. A self-mapping f : C → C is said to be nonexpansive
if it is Lipschitz with k = 1. We use F (f) to denote the set of fixed points of f ;
i.e., F (f) = {x ∈ C : x = f(x)}. Also, recall that a self-mapping T : C → C is
called pseudocontractive if for each x, y ∈ C there exists j(x−y) ∈ J(x−y) such
that

〈Tx − Ty, j(x− y)〉 ≤ ‖x − y‖2,

where J : X → 2X∗ denotes the normalized duality mapping defined on X , by

J(x) = {ϕ ∈ X∗ : 〈x, ϕ〉 = ‖x‖2 = ‖ϕ‖2}, ∀x ∈ X.

It is well known that the class of pseudocontractive mappings is an important and
significant generalization of nonexpansive mappings.

Within the past 30 years or so, a great deal of effort has gone into the existence
of fixed points of pseudocontractive mappings (including nonexpansive mappings)
and iterative construction of fixed points of pseudocontractive mappings (including
nonexpansive mappings); see, e.g., [3-4, 6-26]. In particular, in 2000, Moudafi [6]
established the following strong convergence theorem.

Theorem 1.1. (see [6]). Let C be a nonempty closed convex subset of a Hilbert
space H and let T be a nonexpansive self-mapping on C such that F (T ) �= ∅. Let
f : C → C be a contraction and let {xn} be a sequence defined as follows:
x1 = x ∈ C and

xn+1 =
1

1 + εn
Txn +

εn

1 + εn
f(xn)

for all n ≥ 1, where {εn} ⊂ (0, 1) satisfies

lim
n→∞ εn = 0,

∞∑
n=1

εn = ∞ and lim
n→∞ | 1

εn+1
− 1

εn
| = 0.

Then, {xn} converges strongly to z ∈ F (T ), where z = PF (T )f(z) and PF (T ) is
the metric projection of H onto F (T ).

Such a method for approximation of fixed points is called the viscosity approx-
imation method. Subsequently, Xu [21] further considered the viscosity approxima-
tion methods for nonexpansive self-mappings on a nonempty closed convex subset
C of a uniformly smooth Banach space X . Moreover, the above strong conver-
gence theorem for the viscosity approximation method is extended to the setting of
uniformly smooth Banach spaces.
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Theorem 1.2. (cf. [21, Theorem 4.2]). Let X be a uniformly smooth Banach
space, C a nonempty closed convex subset of X , T : C → C a nonexpansive
mapping with F (T ) �= ∅, and f : C → C a fixed contraction. For arbitrary initial
value x0 ∈ C the sequence {xn} is defined by

xn+1 = (1 − αn)Txn + αnf(xn), ∀n ≥ 0,

where {αn} ⊂ (0, 1) satisfies

(H1) lim
n→∞ αn = 0;

(H2)
∞∑

n=0

αn = ∞;

(H3) either
∞∑

n=0

|αn+1 − αn| < ∞ or lim
n→∞

αn+1

αn
= 1.

Then {xn} converges strongly to a fixed point p̂ ∈ F (T ), which solves the
variational inequality

〈(I − f)(p̂), J(p̂ − p)〉 ≤ 0, ∀p ∈ F (T ).

Very recently, Rafiq [20] introduced a Mann type implicit iterative method, and
proved the following theorem.

Theorem 1.3. Let K be a compact convex subset of a real Hilbert space
H, T : K → K a hemicontractive mapping. Let {αn} be a real sequence in
[0, 1] satisfying {αn} ⊂ [δ, 1 − δ] for some δ ∈ (0, 1). For arbitrary x0 ∈ K , the
sequence {xn} is defined by

x0 ∈ K, xn = αnxn−1 + (1− αn)Txn, ∀n ≥ 1.

Then {xn} converges strongly to a fixed point of T .

Furthermore, Ceng, Petrusȩl and Yao [22, Theorem 3.2] introduced the following
iterative method for finding a fixed point of a pseudocontractive mapping in a
Banach space. Let X be a real reflexive and strictly convex Banach space with
a uniformly Gâteaux differentiable norm, and C be a nonempty closed convex
subset of X . Let f : C → C be a fixed contraction mapping, S : C → C be a
nonexpansive mapping and T : C → C be a continuous pseudocontractive mapping
with F (T ) �= ∅. For x0 ∈ C, let xn be given by the following iterative scheme:{

yn = βnf(xn−1) + γnSxn−1 + (1− βn − γn)xn−1,

xn = αnyn + (1 − αn)Txn, ∀n ≥ 1,
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where {αn}, {βn} and {γn} are three sequences in [0, 1] with βn + γn ≤ 1. They
proved that under appropriate restrictions on {αn}, {βn} and {γn}, the sequence
{xn} converges strongly to a fixed point p ∈ F (T ), which solves the following
variational inequality:

〈(I − f)(p), J(p− u)〉 ≤ 0, ∀u ∈ F (T ).

On the other hand, Let C be a nonempty closed convex subset of H , let F :
C × C → R be a bifunction and let A : C → H be a nonlinear mapping. Very
recently, Takahashi and Takahashi [17] introduced and considered the following
equilibrium problem:

(1.1) Find z ∈ C such that F (z, y) + 〈Az, y − z〉 ≥ 0, ∀y ∈ C.

The set of such z ∈ C is denoted by EP , i.e.,

EP = {z ∈ C : F (z, y) + 〈Az, y − z〉 ≥ 0, ∀y ∈ C}.
If A ≡ 0, EP is denoted by EP (F ). If F ≡ 0, EP is also denoted by V I(C, A).
The problem (1.1) is very general in the sense that it includes, as special cases, opti-
mization problems, variational inrqualities, minimax problems, the Nash equilibrium
problem in noncooperative games and others; see, e.g., [5, 1].

In 2007, motivated by Combettes and Hirsoaga [2], Moudafi [6], and Tada
and Takahashi [8], Takahashi and Takahashi [9] introduced an iterative scheme by
the viscosity approximation method for finding a common element of the set of
solutions of (1.1) with A ≡ 0 and the set of fixed points of a nonexpansive mapping
in a Hilbert space, and proved the following strong convergence theorem which is
connected with the results in [2, 11].

Theorem 1.4. (cf. [9, Theorem 3.2]). Let C be a nonempty closed convex
subset of H . Let F : C × C → R be a bifunction satisfying the assumptions
(A1), (A2), (A3) and (A4):
(A1) F (x, x) = 0 for all x ∈ C;
(A2) F is monotone, i.e., F (x, y) + F (y, x) ≤ 0 for all x, y ∈ C;
(A3) lim

t→0+
F (tz + (1− t)x, y) ≤ F (x, y), ∀x, y, z ∈ C;

(A4) for each x ∈ C, y �→ F (x, y) is convex and lower semicontinuous.
Let T : C → H be a nonexpansive mapping such that F (T ) ∩ EP (F ) �= ∅,
let f : H → H be contraction and let {xn} and {un} be sequences generated
by x1 ∈ H and

 F (un, y) +
1
λn

〈y − un, un − xn〉 ≥ 0, ∀y ∈ C,

xn+1 = αnf(xn) + (1 − αn)Tun, n ≥ 1,



Generalized Equilibrium Problem and a Pseudocontractive Mapping in a Hilbert Space 1885

where {αn} ⊂ [0, 1] and {λn} ⊂ (0,∞) satisfy

lim
n→∞ αn = 0,

∞∑
n=1

αn = ∞,

∞∑
n=1

|αn+1 − αn| < ∞,

lim inf
n→∞ λn > 0 and

∞∑
n=1

|λn+1 − λn| < ∞.

Then, {xn} and {yn} converges strongly to z ∈ F (T ) ∩ EP (F ), where
z = PF (T )∩EP (F )f(z).

Very recently, Theorem 1.4 has been extended to develop several more general
results in [24-26]. Furthermore, Takahashi and Takahashi [17] introduced an itera-
tive method for finding a common element of the set of solutions of (1.1) and the
set of fixed points of a nonexpansive mapping in a Hilbert space, and then proved
that the sequence generated by the method converges strongly to a common element
of two sets.

Theorem 1.5. (cf. [17, Theorem 3.1]). Let C be a nonempty closed convex
subset of a real Hilbert space H and let F : C ×C → R be a bifunction satisfying
(A1), (A2), (A3) and (A4). Let A : C → H be an α-inverse-strongly monotone
mapping and let S : C → C be a nonexpansive mapping such that F (S)∩EP �= ∅.
Let u ∈ C and x1∈C and let {zn}⊂C and {xn}⊂C be sequences generated by

 F (zn, y) + 〈Axn, y − zn〉 +
1
λn

〈y − zn, zn − xn〉 ≥ 0, ∀y ∈ C,

xn+1 = βnxn + (1− βn)S[αnu + (1− αn)zn], ∀n ∈ N,

where {αn} ⊂ [0, 1], {βn} ⊂ [0, 1] and {λn} ⊂ [0, 2α] satisfy

0 < c ≤ βn ≤ d < 1, 0 < a ≤ λn ≤ b < 2α,

lim
n→∞(λn − λn+1) = 0, lim

n→∞ αn = 0 and
∞∑

n=1

αn = ∞.

Then, {xn} converges strongly to z = PF (S)∩EP u.

All of above motivate us to construct an implicit viscosity approximation method
for finding a common element of the set EP of solutions of (1.1) and the set F (T )
of fixed points of a pseudocontractive mapping T without compactness assumption
(on T ) in a Hilbert space H . Let C be a nonempty closed convex subset of H
and let F : C × C → R be a bifunction satisfying (A1), (A2), (A3) and (A4). Let
f : C → C be a fixed contraction mapping, S : C → C be a nonexpansive mapping,
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T : C → C be a continuous pseudocontractive mapping, and A : C → H be an
α-inverse-strongly monotone mapping such that EP ∩ F (T ) �= ∅. Inspired by the
work stated as above, we introduce the following implicit viscosity approximation
method for finding a common element of two sets EP and F (T ): {xn} ⊂ C is a
sequence generated by x0 ∈ C and


F (zn−1, y)+〈Axn−1, y−zn−1〉+ 1
λn

〈y−zn−1, zn−1−xn−1〉 ≥ 0, ∀y ∈ C,

yn = βnf(xn−1) + γnSzn−1 + (1− βn − γn)xn−1,

xn = αnyn + (1− αn)Txn, ∀n ≥ 1,

where {λn} ⊂ [0, 2α] and {αn}, {βn}, {γn} ⊂ [0, 1] with βn + γn ≤ 1, ∀n ≥ 1.
It is proven that under some appropriate conditions, {xn} converges strongly

to p∗ = PEP∩F (T )f(p∗). Compared with Takahashi and Takahashi’s Theorem 1.5,
our result is novel and new in the following aspects:

(i) the class of nonexpansive mappings is extended to the more general class of
pseudocontractive mappings;

(ii) the fixed element u in Theorem 1.5 is extended to the more general contraction
mapping f : C → C, and the nonexpansive mapping S : C → C in Theorem
1.5 is viewed as a perturbed mapping in our result;

(iii) the explicit iterative method in Theorem 1.5 is extended to develop the implicit
viscosity approximation method in our result;

(iv) under the lack of the restrictions that 0 < a ≤ λn ≤ b < 2α and lim
n→∞(λn −

λn+1) = 0, our result (i.e., Theorem 3.1 in Section 3) guarantees that {xn}
is strongly convergent;

(v) we present the method of proof, which is very different from Takahashi and
Takahashi’s one of Theorem 1.5. Indeed, we apply Xu’s idea in the proof of
Theorem 1.2 and the technique of resolvent operators to prove our result.

2. PRELIMINARIES

Let H be a real Hilbert space and let C be a nonempty closed convex subset of
H . We write xn ⇀ x to indicate that the sequence {xn} converges weakly to x.
xn → x implies that {xn} converges strong to x. We denote by N and R the sets of
all positive integers and all real numbers, respectively. For every point x ∈ H , there
exists a unique nearest point of C, denote by PCx, such that ‖x−PCx‖ ≤ ‖x−y‖
for all y ∈ C. Such a PC is called the metric projection from H onto C. We know
that PC is a firmly nonexpansive mapping from H onto C, i.e.,

‖PCx − PCy‖2 ≤ 〈PCx − PCy, x− y〉, ∀x, y ∈ H.
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Further, for any x ∈ H and z ∈ C, z = PCx if and only if

〈x − z, z − y〉 ≥ 0, ∀y ∈ C.

A mapping S of C into itself is called nonexpansive if

‖Sx− Sy‖ ≤ ‖x − y‖, ∀x, y ∈ C.

We know that the set F (S) of fixed points of S is closed and convex. Further, if
C is bounded, closed and convex, then F (S) is nonempty. A mapping A : C → H

is called inverse-strongly monotone if there exists α > 0 such that

〈x − y, Ax − Ay〉 ≥ α‖Ax − Ay‖2, ∀x, y ∈ C.

Such a mapping A is also called α-inverse-strongly monotone. We know that if
S : C → C is nonexpansive, then A = I − S is 1

2 -inverse-strongly monotone; see
[10] for more details.

We need the following lemmas and proposition for the proof of our main result.

Lemma 2.1. (cf. [14, Lemma 1.1]). Let K be a nonempty closed convex subset
of a real Banach space X and T : K → K be a continuous pseudocontractive
mapping. Then

(i) (see [7, Theorem 6 ]) V = (2I −T )−1 is a nonexpansive self-mapping on K,
and the fixed point set F (V )=F (T ), where I is the identity mapping ofX;

(ii) if lim
n→∞ ‖xn − Txn‖ = 0, then lim

n→∞ ‖xn − V xn‖ = 0.

Let C be a nonempty closed convex subset of H . Throughout this paper, let us
assume that a bifunction F : C × C → R satisfies the following conditions:
(A1) F (x, x) = 0, ∀x ∈ C;
(A2) F is monotone, i.e., F (x, y) + F (y, x) ≤ 0, ∀x, y ∈ C;
(A3) lim

t→0+
F (tz + (1− t)x, y) ≤ F (x, y), ∀x, y, z ∈ C;

(A4) for each x ∈ C, y �→ F (x, y) is convex and lower semicontinuous.

We know the following Lemmas 2.2 and 2.3; see, e.g., [1, 2].

Lemma 2.2. (cf. [17, Lemma 2.2]). Let C be a nonempty closed convex subset
of H and let F be a bifunction from C × C into R satisfying (A1), (A2), (A3) and
(A4). Then, for any r > 0 and x ∈ H , there exists z ∈ C such that

F (z, y) +
1
r
〈y − z, z − x〉 ≥ 0, ∀y ∈ C.

Further, if Trx = {z ∈ C : F (z, y) + 1
r 〈y − z, z − x〉 ≥ 0, ∀y ∈ C}, then the

following hold:
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(1) Tr is single-valued;
(2) Tr is firmly nonexpansive, i.e.,

‖Trx − Try‖2 ≤ 〈Trx − Try, x− y〉, ∀x, y ∈ H ;

(3) F (Tr) = EP (F );
(4) EP (F ) is closed and convex.

Lemma 2.3. (cf. [17, Lemma 2.3]). Let C, H, F and Trx be as in Lemma 2.2.
Then the following holds:

‖Tsx − Ttx‖2 ≤ s − t

s
〈Tsx − Ttx, Tsx − x〉

for all s, t > 0 and x ∈ H .

Proposition 2.1. (cf. [21, Theorem 4.1]). Let X be a uniformly smooth Banach
space, C a nonempty closed convex subset of X , T : C → C a nonexpansive
mapping with F (T ) �= ∅, and f a fixed contraction mapping. For each t ∈ (0, 1),
let zt ∈ C be the unique fixed point of the contraction C � z �→ tf(z)+ (1− t)Tz

on C, that is,
zt = tf(zt) + (1− t)Tzt.

Then {zt} converges strongly to a fixed point p ∗ ∈ F (T ), which solves the varia-
tional inequality

〈(I − f)(p∗), J(p∗ − p)〉 ≤ 0, ∀p ∈ F (T ).

Corollary 2.1. (see [23]). Let C be a nonempty closed convex subset of a
uniformly smooth Banach space X and let A : C → C be a nonexpansive mapping
with a fixed point. For each fixed u ∈ C and every t ∈ (0, 1), the unique fixed
point xt ∈ C of the contraction C � z �→ tu + (1 − t)Az converges strongly to a
fixed point of A as t → 0+.

Proof. Putting f(x) = u, ∀x ∈ C, from Proposition 2.1 we obtain the desired
conclusion.

Lemma 2.4. (cf. [21, Lemma 2.1]). Let {an}∞n=1 be a sequence of nonnegative
real numbers satisfying

an+1 ≤ (1 − bn)an + bncn, ∀n ≥ 1,

where {bn}∞n=1 and {cn}∞n=1 are real sequences satisfying
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(i) {bn}∞n=1 ⊂ (0, 1),
∞∑

n=1

bn = ∞;

(ii) either lim sup
n→∞

cn ≤ 0 or
∞∑

n=1

|bncn| < ∞.

Then lim
n→∞ an = 0.

3. MAIN RESULTS

We are now in a position to state and prove our main result.

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space
H and let F : C × C → R be a bifunction satisfying (A1), (A2), (A3) and (A4).
Let f : C → C be a fixed contraction mapping, S : C → C be a nonexpansive
mapping, T : C → C be a continuous pseudocontractive mapping, and A : C → H

be an α-inverse-strongly monotone mapping such that F (T )∩EP �= ∅. For x 0 ∈ C,
let {xn} ⊂ C be defined by

(3.1)




F (zn−1, y) + 〈Axn−1, y − zn−1〉

+
1
λn

〈y − zn−1, zn−1 − xn−1〉 ≥ 0, ∀y ∈ C,

yn = βnf(xn−1) + γnSzn−1 + (1 − βn − γn)xn−1,

xn = αnyn + (1 − αn)Txn, ∀n ∈ N,

where {αn}, {βn}, {γn} and {λn} are sequences of nonnegative real numbers sat-
isfying the conditions:

(i) {αn} ⊂ (0, 1], lim
n→∞αn = 0;

(ii) {βn} ⊂ (0, 1],
∞∑

n=1

βn = ∞;

(iii) lim
n→∞(γn/βn) = 0, βn + γn ≤ 1, ∀n ∈ N ;

(iv) 0 < λn ≤ 2α, ∀n ∈ N .
Then {xn} converges strongly to p∗ = PF (T )f(p∗). Assume additionally
that lim

n→∞ λn = λ > 0 and that the existence of lim
n→∞ ‖xn − zn‖ implies

lim
n→∞ ‖xn − zn‖ = 0. Then p∗ = PF (T )∩EPf(p∗).

Proof. Let f : C → C be a fixed contraction mapping with coefficient
k ∈ [0, 1). Next, we divide the proof into several steps.
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Step 1. We claim that {xn}, {zn}, {Axn}, {f(xn)}, {Szn}, {yn}, and {Txn}
are bounded. Indeed, note that zn−1 can be rewritten as zn−1 = Tλn(xn−1 −
λnAxn−1) for each n ∈ N . Take z ∈ F (T ) ∩ EP . Since z = Tλn(z − λnAz), A

is α-inverse-strongly monotone and 0 < λn ≤ 2α, we know that, for any n ∈ N ,

(3.2)

‖zn−1 − z‖2

= ‖Tλn(xn−1 − λnAxn−1) − Tλn(z − λnAz)‖2

≤ ‖(xn−1 − λnAxn−1) − (z − λnAz)‖2

= ‖(xn−1 − z) − λn(Axn−1 − Az)‖2

= ‖xn−1−z‖2 − 2λn〈xn−1−z, Axn−1−Az〉+λ2
n‖Axn−1−Az‖2

≤ ‖xn−1−z‖2−2λnα‖Axn−1−Az‖2 + λ2
n‖Axn−1−Az‖2

= ‖xn−1 − z‖2 + λn(λn − 2α)‖Axn−1 − Az‖2

≤ ‖xn−1 − z‖2.

Also, it follows from (3.1) that

‖xn − z‖2 = 〈αnyn + (1 − αn)Txn − z, xn − z〉
= (1− αn)〈Txn − z, xn − z〉 + αn〈yn − z, xn − z〉
≤ (1− αn)‖xn − z‖2 + αn‖yn − z‖‖xn − z‖,

and hence
‖xn − z‖2 ≤ ‖yn − z‖‖xn − z‖.

So, ‖xn − z‖ ≤ ‖yn − z‖, ∀n ∈ N . Thus we have from (3.2)

‖xn − z‖ ≤ ‖yn − z‖
≤ βn‖f(xn−1) − z‖ + γn‖Szn−1 − z‖+ (1− βn − γn)‖xn−1 − z‖
≤ βn(‖f(xn−1) − f(z)‖ + ‖f(z) − z‖) + γn(‖Szn−1 − Sz‖

+‖Sz − z‖) + (1− βn − γn)‖xn−1 − z‖
≤ βn(k‖xn−1 − z‖ + ‖f(z) − z‖) + γn(‖zn−1 − z‖

+‖Sz − z‖) + (1− βn − γn)‖xn−1 − z‖
≤ βn(k‖xn−1 − z‖ + ‖f(z) − z‖) + γn(‖xn−1 − z‖

+‖Sz − z‖) + (1− βn − γn)‖xn−1 − z‖
= (1 − (1 − k)βn)‖xn−1 − z‖ + βn‖f(z) − z‖ + γn‖Sz − z‖.
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Since lim
n→∞(γn/βn) = 0, we may assume, without loss of generality, that γn ≤

βn, ∀n ∈ N . This implies that

‖xn − z‖
≤ (1− (1− k)βn)‖xn−1 − z‖ + βn(‖f(z)− z‖ + ‖Sz − z‖)

= (1− (1− k)βn)‖xn−1 − z‖ + (1− k)βn · 1
1 − k

(‖f(z)− z‖ + ‖Sz − z‖)

≤ max{‖xn−1 − z‖, 1
1 − k

(‖f(z) − z‖ + ‖Sz − z‖)}.

By induction, we derive

‖xn − z‖ ≤ max{‖x0 − z‖, 1
1 − k

(‖f(z)− z‖ + ‖Sz − z‖)}, for all n ≥ 0.

Thus, we know that {xn} is bounded and so is {zn} due to (3.2). Observe that

‖f(xn)‖ ≤ ‖f(xn) − f(z)‖ + ‖f(z)‖ ≤ k‖xn − z‖ + ‖f(z)‖,
and

‖Szn‖ ≤ ‖Szn − Sz‖+ ‖Sz‖ ≤ ‖zn − z‖ + ‖Sz‖.
Hence it follows from the boundedness of {xn} and {zn} that {f(xn)} and {Szn}
are bounded. Meantime, utilizing the Lipschitz continuity of A we can also de-
duce that {Axn} is bounded. Since yn = βnf(xn−1) + γnSzn−1 + (1 − βn −
γn)xn−1, ∀n ∈ N , we obtain that {yn} is bounded. Also, since lim

n→∞ αn = 0,
there exist n0 ≥ 1 and a ∈ (0, 1), such that αn ≤ a, ∀n ≥ n0. Note that
xn = αnyn + (1 − αn)Txn, ∀n ∈ N . Consequently, we have

Txn =
1

1 − αn
xn − αn

1 − αn
yn,

and so
‖Txn‖ ≤ 1

1 − αn
‖xn‖ +

αn

1− αn
‖yn‖

≤ 1
1 − a

‖xn‖ +
a

1 − a
‖yn‖.

This shows that {Txn} is also bounded.

Step 2. We claim that if we define V = (2I − T )−1, where I is the identity
mapping of X , then lim

n→∞ ‖xn −V xn‖ = 0 and F (V ) = F (T ) is nonempty, closed
and convex. Indeed, suppose V := (2I − T )−1. From condition (i), we obtain

‖xn − Txn‖ = αn‖yn − Txn‖ → 0 (n → ∞).
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Then, according to Lemma 2.1 it is known that V is a nonexpansive self-mapping
on C, the fixed point set F (V ) = F (T ) and lim

n→∞ ‖xn − V xn‖ = 0. Since
V is a nonexpansive self-mapping on C and F (T ) is nonempty, we deduce that
F (V ) = F (T ) is nonempty, closed and convex.

Step 3. We claim that

(3.3) lim sup
n→∞

〈p∗ − f(p∗), p∗ − xn〉 ≤ 0, p∗ ∈ F (T ),

where p∗ = lim
t→0+

zt with zt being the fixed point of the mapping z �→ tf(z)+ (1−
t)V z. Indeed, zt solves the fixed point equation

zt = tf(zt) + (1− t)V zt.

Then we have

(3.4) zt − xn = (1 − t)(V zt − xn) + t(f(zt) − xn).

Thus, utilizing (3.4) and the inequality

‖x + y‖2 ≤ ‖x‖2 + 2〈y, x + y〉, ∀x, y ∈ H,

we obtain

‖zt − xn‖2 ≤ (1− t)2‖V zt − xn‖2 + 2t〈f(zt)− xn, zt − xn〉
≤ (1− t)2[‖V zt − V xn‖ + ‖V xn − xn‖]2 + 2t〈f(zt)− xn, zt − xn〉
≤ (1− t)2[‖zt − xn‖ + ‖V xn − xn‖]2 + 2t〈f(zt) − xn, zt − xn〉
= (1− t)2[‖zt − xn‖2 + 2‖zt − xn‖‖V xn − xn‖ + ‖V xn − xn‖2]

+2t〈f(zt) − xn, zt − xn〉,
that is,

‖zt − xn‖2 ≤ (1− t)2‖zt − xn‖2 + ‖V xn − xn‖ × [2‖zt − xn‖+ ‖V xn − xn‖]
+2t〈f(zt) − zt, zt − xn〉 + 2t‖zt − xn‖2

= (1 + t2)‖zt − xn‖2 + ‖V xn − xn‖ × [2‖zt − xn‖ + ‖V xn − xn‖]
+2t〈f(zt) − zt, zt − xn〉.

It follows that

(3.5) 〈zt−f(zt), zt−xn〉≤ t

2
‖zt−xn‖2+

1
2t
‖V xn−xn‖[2‖zt−xn‖+‖V xn−xn‖].
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Letting n → ∞ in (3.5) and noting that lim
n→∞ ‖xn − V xn‖ = 0, we have

(3.6) lim sup
n→∞

〈zt − f(zt), zt − xn〉 ≤ t

2
M,

where M is a constant such that ‖zt − xn‖2 ≤ M for all n ≥ 0 and t ∈ (0, 1).
Utilizing Proposition 2.1 we deduce that zt converges strongly to a fixed point
p∗ ∈ F (V ) (= F (T )), which solves the variational inequality

(3.7) 〈(I − f)(p∗), p∗ − p〉 ≤ 0, ∀p ∈ F (V ).

Further, by letting t → 0+ in (3.6), we can readily know that (3.3) holds.

Step 4. We claim that xn → p∗ as n → ∞. Indeed, using inequalities:
‖Sx − Sy‖ ≤ ‖x − y‖, ‖f(x) − f(y)‖ ≤ k‖x − y‖ and

〈Tx− Ty, j(x− y)〉 ≤ ‖x − y‖2,

from (3.1) we conclude that
‖xn − p∗‖2 = (1− αn)〈Txn − p∗, xn − p∗〉 + αn〈yn − p∗, xn − p∗〉

≤ (1− αn)‖xn − p∗‖2 + αn〈yn − p∗, xn − p∗〉
= (1− αn)‖xn − p∗‖2 + αn(1− βn − γn)〈xn−1 − p∗, xn − p∗〉

+αnβn〈f(xn−1) − p∗, xn − p∗〉 + αnγn〈Szn−1 − p∗, xn − p∗〉.
Thus, from (3.2) we obtain that

‖xn − p∗‖2

≤ (1− βn − γn)〈xn−1 − p∗, xn − p∗〉 + βn〈f(xn−1)− p∗, xn − p∗〉
+γn〈Szn−1 − p∗, xn − p∗〉

≤ (1− βn − γn)‖xn−1 − p∗‖‖xn − p∗‖ + βn(k‖xn−1 − p∗‖‖xn − p∗‖
+〈f(p∗) − p∗, xn − p∗〉) + γn‖Szn−1 − p∗‖‖xn − p∗‖

= (1− (1− k)βn − γn)‖xn−1 − p∗‖‖xn − p∗‖ + βn〈f(p∗) − p∗, xn − p∗〉
+γn‖Szn−1 − p∗‖‖xn − p∗‖

≤ (1− (1− k)βn)‖xn−1 − p∗‖‖xn − p∗‖+ βn〈f(p∗) − p∗, xn − p∗〉
+γn‖Szn−1 − p∗‖‖xn − p∗‖

≤ (1− (1− k)βn)
‖xn−1 − p∗‖2 + ‖xn − p∗‖2

2
+ βn〈f(p∗) − p∗, xn − p∗〉

+γn‖Szn−1 − p∗‖‖xn − p∗‖,



1894 Lu-Chuan Ceng, Adrian Petruşel and Mu-Ming Wong

which hence implies that

‖xn − p∗‖2 ≤ 1 − (1− k)βn

1 + (1− k)βn
‖xn−1 − p∗‖2 +

2βn

1 + (1 − k)βn
〈f(p∗)−p∗, xn−p∗〉

+
2γn

1 + (1 − k)βn
‖Szn−1 − p∗‖‖xn − p∗‖

= (1− 2(1− k)βn

1 + (1− k)βn
)‖xn−1 − p∗‖2

+
2(1− k)βn

1 + (1 − k)βn
· 1
1 − k

[〈f(p∗) − p∗, xn − p∗〉

+
γn

βn
‖Szn−1 − p∗‖‖xn − p∗‖].

Put bn = 2(1−k)βn

1+(1−k)βn
and

cn =
1

1 − k
[〈f(p∗) − p∗, xn − p∗〉 +

γn

βn
‖Szn−1 − p∗‖‖xn − p∗‖].

Then the last inequality can be rewritten as

(3.8) ‖xn − p∗‖2 ≤ (1 − bn)‖xn−1 − p∗‖2 + bncn.

Since
∞∑

n=1

βn = ∞, we have
∞∑

n=1

βn

1 + (1− k)βn
= ∞ and hence

∞∑
n=1

bn = ∞. Note

that lim
n→∞(γn/βn) = 0 and lim sup

n→∞
〈f(p∗) − p∗, xn − p∗〉 ≤ 0 due to (3.3). Thus,

according to the boundedness of {‖Szn−1−p∗‖‖xn−p∗‖}, we have lim sup
n→∞

cn ≤ 0.

Therefore, applying Lemma 2.4 to (3.8), we infer that lim
n→∞ ‖xn − p∗‖ = 0.

Step 5. We claim that if lim
n→∞λn = λ > 0 and the existence of lim

n→∞ ‖xn − zn‖
implies lim

n→∞ ‖xn − zn‖ = 0, then p∗ = PF (T )∩EPf(p∗). Indeed, let us show that
p∗ ∈ EP . First, utilizing Lemma 2.2 we have

(3.9)

‖Tλn(p∗−λnAp∗)−Tλ(p∗−λAp∗)‖
= ‖Tλn(p∗−λnAp∗)−Tλn(p∗−λAp∗)+Tλn(p∗−λAp∗)−Tλ(p∗−λAp∗)‖
≤ ‖Tλn(p∗−λnAp∗)−Tλn(p∗−λAp∗)‖

+‖Tλn(p∗−λAp∗)−Tλ(p∗−λAp∗)‖
≤ ‖(p∗ − λnAp∗)−(p∗−λAp∗)‖+‖Tλn(p∗−λAp∗)−Tλ(p∗−λAp∗)‖
= |λn−λ|‖Ap∗‖+‖Tλn(p∗−λAp∗)−Tλ(p∗−λAp∗)‖,
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and

(3.10)

‖zn−1 − Tλn(p∗ − λnAp∗)‖2

= ‖Tλn(xn−1 − λnAxn−1) − Tλn(p∗ − λnAp∗)‖2

≤ ‖(xn−1 − λnAxn−1) − (p∗ − λnAp∗)‖2

= ‖(xn−1 − p∗) − λn(Axn−1 − Ap∗)‖2

= ‖xn−1−p∗‖2−2λn〈xn−1−p∗, Axn−1−Ap∗〉+λ2
n‖Axn−1−Ap∗‖2

≤ ‖xn−1 − p∗‖2 − 2λnα‖Axn−1 − Ap∗‖2 + λ2
n‖Axn−1 − Ap∗‖2

= ‖xn−1 − p∗‖2 + λn(λn − 2α)‖Axn−1 − Ap∗‖2

≤ ‖xn−1 − p∗‖2.

Since lim
n→∞λn = λ > 0 and lim

n→∞ ‖xn − p∗‖ = 0, it follows from (3.9) and (3.10)
and Lemma 2.3 that

lim
n→∞ ‖Tλn(p∗ − λnAp∗) − Tλ(p∗ − λAp∗)‖ = 0,

and
lim

n→∞ ‖zn−1 − Tλn(p∗ − λnAp∗)‖ = 0.

Thus, we have that

‖zn−1 − Tλ(p∗ − λAp∗)‖
= ‖zn−1 − Tλn(p∗ − λnAp∗) + Tλn(p∗ − λnAp∗)− Tλ(p∗ − λAp∗)‖
≤ ‖zn−1 − Tλn(p∗ − λnAp∗)‖ + ‖Tλn(p∗ − λnAp∗)

−Tλ(p∗ − λAp∗)‖ → 0 (n → ∞),

that is,
lim

n→∞ ‖zn − Tλ(p∗ − λAp∗)‖ = 0.

Consequently, we conclude that

‖(xn − zn) − (p∗ − Tλ(p∗ − λAp∗))‖
≤ ‖xn − p∗‖ + ‖zn − Tλ(p∗ − λAp∗)‖ → 0 (n → ∞),

that is,
lim

n→∞ ‖(xn − zn) − (p∗ − Tλ(p∗ − λAp∗))‖ = 0.
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This implies that lim
n→∞ ‖xn − zn‖ exists. Therefore, utilizing the assumption that

the existence of lim
n→∞ ‖xn − zn‖ implies lim

n→∞ ‖xn − zn‖ = 0, we know that

‖p∗ − Tλ(p∗ − λAp∗)‖
= ‖p∗ − xn + xn − zn + zn − Tλ(p∗ − λAp∗)‖
≤ ‖p∗ − xn‖+ ‖xn − zn‖ + ‖zn − Tλ(p∗ − λAp∗)‖ → 0 (n → ∞),

that is,
p∗ = Tλ(p∗ − λAp∗),

which is equivalent to the following

F (p∗, y) + 〈Ap∗, y − p∗〉 ≥ 0, ∀y ∈ C,

and hence p∗ ∈ EP . Thus, this immediately implies that p∗ ∈ F (T ) ∩ EP .
Furthermore, from (3.7) it follows that

〈(I − f)(p∗), p∗ − p〉 ≤ 0, ∀p ∈ F (V ) ∩ EP ⊂ F (V ),

which is equivalent to the following

〈f(p∗) − p∗, p− p∗〉 ≤ 0, ∀p ∈ F (T ) ∩ EP.

This shows that p∗ = PF (T )∩EPf(p∗). This completes the proof.

4. APPLICATIONS

Using our main theorem, we obtain several strong convergence theorems in a
Hilbert space (see also [17]).

Theorem 4.1. Let C be a nonempty closed convex subset of a real Hilbert space
H and let F : C × C → R be a bifunction satisfying (A1), (A2), (A3) and (A4).
Let f : C → C be a fixed contraction mapping, S : C → C be a nonexpansive
mapping, and T : C → C be a continuous pseudocontractive mapping such that
EP (F ) ∩ F (T ) �= ∅. For x0 ∈ C, let {xn} ⊂ C be defined by


F (zn−1, y) +

1
λn

〈y − zn−1, zn−1 − xn−1〉 ≥ 0, ∀y ∈ C,

yn = βnf(xn−1) + γnSzn−1 + (1 − βn − γn)xn−1,

xn = αnyn + (1 − αn)Txn, ∀n ∈ N,

where {αn}, {βn}, {γn} and {λn} are sequences of nonnegative real numbers sat-
isfying the conditions:
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(i) {αn} ⊂ (0, 1], lim
n→∞αn = 0;

(ii) {βn} ⊂ (0, 1],
∞∑

n=1

βn = ∞;

(iii) lim
n→∞(γn/βn) = 0, βn + γn ≤ 1, ∀n ∈ N ;

(iv) 0 < λn ≤ λ, ∀n ∈ N , for some λ ∈ (0,∞).
Then {xn} converges strongly to p∗ = PF (T )f(p∗). Assume additionally
that lim

n→∞ λn = λ > 0 and that the existence of lim
n→∞ ‖xn − zn‖ implies

lim
n→∞ ‖xn − zn‖ = 0. Then p∗ = PEP (F )∩F (T )f(p∗).

Proof. In Theorem 3.1, put A ≡ 0. Then for all α ∈ (0,∞), we have that

〈x − y, Ax − Ay〉 ≥ α‖Ax − Ay‖2, ∀x, y ∈ C.

Take α = λ/2. Then, 0 < λn ≤ 2α, ∀n ∈ N . Thus, utilizing Theorem 3.1 we
obtain the desired result.

Theorem 4.2. Let C be a nonempty closed convex subset of a real Hilbert space
H . Let A : C → H be an α-inverse-strongly monotone mapping, f : C → C be a
fixed contraction mapping, S : C → C be a nonexpansive mapping, and T : C →
C be a continuous pseudocontractive mapping such that V I(C, A) ∩ F (T ) �= ∅.
For x0 ∈ C, let {xn} ⊂ C be defined by

{
yn = βnf(xn−1) + γnSPC(xn−1 − λnAxn−1) + (1 − βn − γn)xn−1,

xn = αnyn + (1 − αn)Txn, ∀n ∈ N,

where {αn}, {βn}, {γn} and {λn} are sequences of nonnegative real numbers sat-
isfying the conditions:

(i) {αn} ⊂ (0, 1], lim
n→∞αn = 0;

(ii) {βn} ⊂ (0, 1],
∞∑

n=1

βn = ∞;

(iii) lim
n→∞(γn/βn) = 0, βn + γn ≤ 1, ∀n ∈ N ;

(iv) 0 < λn ≤ 2α, ∀n ∈ N .

Then {xn} converges strongly to p∗ = PF (T )f(p∗). Assume additionally
that lim

n→∞ λn = λ > 0 and that the existence of lim
n→∞ ‖xn − zn‖ implies

lim
n→∞ ‖xn − zn‖ = 0. Then p∗ = PV I(C,A)∩F (T )f(p∗).
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Proof. In Theorem 3.1, put F ≡ 0. Then, we obtain that

〈Axn−1, y − zn−1〉 +
1
λn

〈y − zn−1, zn−1 − xn−1〉 ≥ 0, ∀y ∈ C, ∀n ∈ N.

This implies that

〈y − zn−1, xn−1 − λnAxn−1 − zn−1〉 ≥ 0, ∀y ∈ C.

So, we get that PC(xn−1 − λnAxn−1) = zn−1 for all n ∈ N . Then, we obtain the
desired result from Theorem 3.1.

A mapping V : C → C is called strictly pseudocontractive if there exists κ with
0 ≤ κ < 1 such that

‖V x − V y‖2 ≤ ‖x − y‖2 + κ‖(I − V )x − (I − V )y‖2, ∀x, y ∈ C.

Such a mapping V is called strictly κ-pseudocontractive. Putting A = I − V , we
know that

〈x − y, V x − V y〉 ≥ 1 − κ

2
‖V x − V y‖2, ∀x, y ∈ C;

see, e.g., [3]. So, we have the following theorem.

Theorem 4.3. Let C be a nonempty closed convex subset of a real Hilbert space
H and let F : C × C → R be a bifunction satisfying (A1), (A2), (A3) and (A4).
Let f : C → C be a fixed contraction mapping, S : C → C be a nonexpansive
mapping, T : C → C be a continuous pseudocontractive mapping, and V : C →
C be a strictly κ-pseudocontractive mapping such that EP ∩ F (T ) �= ∅, where
A = I − V . For x0 ∈ C, let {xn} ⊂ C be defined by



F (zn−1, y)+〈(I−V )xn−1, y−zn−1〉+ 1
λn

〈y−zn−1, zn−1−xn−1〉≥0, ∀y∈C,

yn = βnf(xn−1) + γnSzn−1 + (1 − βn − γn)xn−1,

xn = αnyn + (1 − αn)Txn, ∀n ∈ N,

where {αn}, {βn}, {γn} and {λn} are sequences of nonnegative real numbers sat-
isfying the conditions:

(i) {αn} ⊂ (0, 1], lim
n→∞αn = 0;

(ii) {βn} ⊂ (0, 1],
∞∑

n=1

βn = ∞;
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(iii) lim
n→∞(γn/βn) = 0, βn + γn ≤ 1, ∀n ∈ N ;

(iv) 0 < λn ≤ 1 − κ, ∀n ∈ N .
Then {xn} converges strongly to p∗ = PF (T )f(p∗). Assume additionally
that lim

n→∞ λn = λ > 0 and that the existence of lim
n→∞ ‖xn − zn‖ implies

lim
n→∞ ‖xn − zn‖ = 0. Then p∗ = PEP∩F (T )f(p∗).

Proof. Since V : C → C is a strictly κ-pseudocontractive mapping, the mapping
A = I − V is 1−κ

2 -inverse-strongly monotone. So, from Theorem 3.1, we obtain
the desired result.
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