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ON NEW HILBERT-PACHPATTE TYPE INTEGRAL INEQUALITIES

C.-J. Zhao'* and W.-S. Cheung?

Abstract. Inverses of some new inequalities similar to Hilbert’s inequality are
established. Our results provide new estimates on these types of inequalities.

1. INTRODUCTION

In recent years several authors [1-9] have given considerable attention to Hilbert’s
inequalities and Hilbert’s type inequalities and their various generalizations. In par-
ticular, in 1988, B. G. Pachpatte [1] proved some new integral inequalities similar
to Hilbert’s inequality [10, p. 226] , The main purpose of this paper is to establish
their inverses.

2. MAIN RESULTS
In [1], Pachpatte established the following Hilbert type integral inequality.

Theorem A Let h > 1,1 > 1 and let f(o) > 0,9(7) > for 0 € (0,2),7 €
(0, y), where = and y are positive real numbers and define F'(s) = [; f(o)do and
G(t) = [, g(r)dr, for s € (0,2),t € (0,y). Then

[0 gy ([ (o) (st )

(1) X (/Oy <y - t) (Gl_l(t)g(t)>2dt> v
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In this section, we first establish a general inverse of inequality (1) as follows.

Theorem 1. Let h; > 1 and let f;(o;, ) € C?[(0,z;) x (0,), (0,00)],i =
1 n where z; and y; are positive real numbers and deflne F( t)

0 fz(az,n)dazdn, for s; € (0,2;),t; € (0,y;). Then for a_ -+ /Bz
,0<ﬁi<1and2?:1aii:l

!

T1 YL Tn (Yn Fh it n '
/ / / HZ 1 (S ’ ) dsldtl s -dsndtn ZHhi(xiyi)l/o‘l

< Z a—zsztz> =t
X {/Oml /Oyi(xz‘ —5:)(yi — i)

ﬂi l/ﬂz
[H(hz‘, sivty) + F (s, 1) - f(Szatz‘)} dé’z‘dtz} ,

HH

where
OF;

H (hi si,ti) = (hi = DE" (s, t3) -

(si, 7).

Proof. From the hypotheses and in view of inverse Holder integral inequality
[11], it is easy to observe that

El'i(si,t;)

t; h 82F
// < (hi, 04, 73) + F; Yo m) 80¢87¢<JZ’TZ)>dJZdT

L
= hi/ / <H(hi7 oi, i) + F" (o4, 7i) 'f(%ﬁi)) doidr;
0 Jo

si rti Bi 1/51
> hi(siti) '/ {/ / <H(hi7 oi,mi) + F" o4, ) 'f(%ﬂ‘)) dUz‘dTi} ,
0 Jo

where
OF;

H(h;, 04, 7) = (hi — 1)ﬂhi_2(0i7ﬂ) 5
0

(Uh i)

Let us note the following means inequality

n 1/a
[[m l/az_<azamz> |

=1
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We obtain that
17, B (s, ta)

noq 1/a
(0% —Sz‘tz‘
o [Za)
" Si (ti Bi
ZHhZ{// <H(hz‘vUz‘vTi)ﬂLﬂhi_l(Uz‘,Ti)-f(ffuTJ) dUz‘dﬂ}
i=1 070

Integrating both sides of (3) over s;,¢; from 0 to z;,y;(i = 1,2,...,n) and in
view of Holder integral inequality and Fubini’s theorem, we observe that

Y1 Yn Hz th (si, t;)
// // ; l/dldtl -dspdty, >Hh
. (67
T (Yi si rti Bi 1/51
X// {// <H(hz‘,Uz‘,Tz‘)ﬂLﬂhi_l(Uz‘,Tz‘)-f(%ﬂ)) dgid'ri} ds;dt;
o Jo 0 Jo
> [ hilwiy)
. i [Yi s; [t B 1/Bs
AL AL (w527 om0 ) ot s}
o Jo Wo Jo

= ﬁ hi(wiy)
i=1

i LY Bs 1/Bs
X {/ / (wi—5)(yi— 1) <H(hz‘,82‘7tz‘)+ﬂhi_1(8z‘7tz‘)'f(8zati)) dé’z‘dtz} -
0 Jo

The proof is complete.

1/Bi

Remark 1. Let f;(o;,7) and Fy(si,t;) = [ [o* fi(os, 7:)dodr; change to
fi(o;) and Fi(s;) fo fi(oi)do;, respectively and with suitable changes, we have

Corollary 1. Let h; > 1 and let f;(o;) € Cl[(o ), (0,00)],3 = 1,.
where z; are posmve real numbers and define F(s;) fo fi(oi)doy, for sZ

(0, ;). Then for Oé_z‘+E =1,0<p3;<1and Zz‘:la%- =1

!

/ / [T, B (si) Usy e ds,
< Zlaz Z)l/oc

- l/azh (/ i — i) Fhi_l(sz‘)fz‘(sz‘)fidsz‘)
0

) 1/Bi
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Remark 2. Taking n = 2, 3; = 1 to (4), (4) changes to

T2 Fh1 (s1) Fh2 (s2)
dsid
/ / (s1+s2)72 1052

> 4hyhy(x122) " (/Oml <9€1 - 81) (Flln_l(sl)fl(sl))lﬂdsl)

« ( /0 " (22— s2) (F> " (s2) f2(32)>1/ 2d32>2 .

This is an inverse of the following inequality in Theorem A which was proved by
Pachpatte [1].

[ [ s e ([ (o= ) (- o10) as)
X </Oy <y — t) (Gl—l(t)g(t)>2dt> 1/2

On the other hand, for 3; = ”T‘l(i =1,...,n), (4) becomes

Hz 1 Fh (SZ)
B B T; ' (n—1)/n n/(n=1)
Znn/w—nnxi o, ( [ s (B se0) " as)
0

=1

2

In [1], Pachpatte also established the following Hilbert type integral inequality.

Theorem B. Let f, g, F, G be as in Theorem A. Let p(¢) and q( ) be two pos-
itive real functions defined for o € (0,2), 7 € (0,y) and define P(s) = [; p(

and Q(t) fo T)dr, for s € (0,x),t € (0,y), where =,y are posmve real num-
bers. Let ¢ and v be two real-valued, nonnegative, convex, and submultiplicative
functions defined on R+ = [0, c0). Then

e ry | F(s) ) (G(E)
[,
(5) < L(z,y) (/Om(x— s) <p(s)q§<%)> ds>
/

X </Oy(y — ) (q(tw(%))2dt> 1 27

1/2

where
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=3[ () ([ (o))

In this section, we establish a general inverse of inequality (5) as follows.

Theorem 2. Let f;(oy, 7:),Fi(si, ti), o and 3; be as in Theorem 1. Let p;(o;, 7;)
be n positive functions defined for o; € (0,2;), 7 € (0,y;)(i = 1,2,---,n) and
define P;(s;,t;) = 08" Ot pi(oi, 7;)dodT;, where z;,y; are positive real numbers
and Let ¢;(i = 1,2,---,n) be n real-valued nonnegative, concave, and supermul-

tiplicative functions defined on R Then

/ /yl / /y" [ ¢i(Filsi, fj)d 1dty - - - dspdty,
(52
(6) > L1, . f{(/om/oy (zi—si) (yi—ti)

' B: 1/Bi
<pi(327 )@(f (SZ’tZ))> dSz‘dtz‘> ;

pl(s’h tz)

L(z1, ... a0) = (/ /%(@ Sj“x)))dsidti)l/ai.

Proof. By using Jensen integral inquality and inverse Holder integral inequality

where

and noting that ¢;(i = 1,2, --,n) are n real-valued supermultiplicative functions,
it is easy to observe that
i (Fi(si, t;)

t;
¢ z 27Tz)d d
317 pz 0277_2 0;aT;
z O, T, z)
t;
/ / pi(0i, Ti)dod;

S; ti
1 1 77—
/ / pz 0277_2 fz % Z)d idT;
0277_2)

p (sz Tz)dazd'rz

Si t; . .
327 z / / pz 0277_2 ; <fz(0277'z)> dJZ‘dTi
327 z pi(aivTi)
1/Bi
¢z( (327 7 1/ /87“ fz Usz
& 1 (ZRN) d Zd 7 .
_< P(S’Mtz p 7 T JZTZ 7

= ¢i

(M) > ¢i(Pi(sir i)
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Integrating both sides of (7) over s;,¢; from 0 to z;,y;(i = 1,2, ...,n) and in view
of Holder integral inequality, the means inequality and Fubini’s theorem, we observe

that
/ / : / / "1l 12@1 C%S“)Zl)/) sydty -~ dspdty
>H/ /yl <¢Z 8327 z)))
</ /tl <pZ Tiy Ti ) Pi <fZ(JZ’TZ)>>ﬂi dUz‘dTi> " ds;dt;
pi(oi, 7i)
([ () o)
i [Si i o ; 1/8i
(L L L oo (222 )
Lxl,...,xn)il_{</Omi/0yi(xi—si)(yi—ti)
Z. 1/8,
( i(siy t )(75’(;]::2::2;))5 dsidti> ,
where

o ([ (40 o)

(2

This completes the proof of Theorem 2.

Remark 3. Let fz‘(JZ‘,Ti), pz‘(dz‘,’fz‘), P(si,ti)and Fi(sz‘vtz‘) change to fi(dz‘),
pi(oi), Pi(s;) and F;(s;), respectively and with suitable changes, we have

Corollary 2. Let f;(0;),Fi(si), «; and 3; be as in Corollary 1. Let p;(o;) be
n positive functions defined for o; € (0,z;)(: = 1,2,---,n) and define P;(s;) =
fos pi(oi)do;, where x; are positive real numbers and Let ¢;(i = 1,2,---,n) be
n real-valued nonnegative, concave, and supermultiplicative functions defined on
R.. Then
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/ / iy iFils) 4o
(8) ( z‘10”8>

where

Vlanea =TT ([ (252 ")

Remark 4. Taking n = 2, 3; = 1 to (8), (8) changes to

<751 Fi(s1) <752 F2 82)
/ / d$1d$2

(s1+s2)~

2
> L/(z1, z2) </0 1(951 — s1)<p1(81)<751 <£Ez3>>1/2d31>

2

where

o A 1 ¢1<P1(31)> _ld R ¢2<P2(32)> _ld -
(o1, 22) = /0 ( Py(s1) ) . /0 ( Py(s2) ) 2
This is an inverse of the following inequality in Theorem B which was established
by Pachpatte [1].

/om/oy ¢<F(Si>ft<G(t)> dsdt<L(z,y) (/0””(96—3) <p(3)¢<£(_3>> 2ds> 1/2
X </Oy(y —t) (q(tw(%>>2dt> 1/2

where
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On the other hand, for g; = ™~ n=l(j =1,...,n), (8) changes to

(Fi(51)) dsy---dsy

[t
(s1+- 8p) "/ (n=1)
_ " z; (n—1)/n n/(n—1)
> Lo [ / (i) (e ZED) T as ,
where
n (n—1) 1/(n-1)
ij...jxn :nn/(n—l) / <¢Z( (Z))> dsz .
(@121 2) ULy o
In [1], Pachpatte also established the following Hilbert type integral inequality.
= P( fo

Theorem C. Let f, g p, q, P,Q be as in Theorem B, and define F(s
T)dr, for s € (0,z),t € (0,y), Where x,y are

p(o)do and G(t t I3 al
positive real numbers Let 1) and 1 be two real-valued, nonnegative and convex
o0). Then

(Fe)e(co)

[
©) < S (o) ( [ (x - ) (p(8)¢(f(s)))2ds> "

( [ () (qw(g(t)))th) "

In this section, we establish a general inverse of inequality (9) as follows

functions defined on R+ = [0,

Theorem 3. Let f;(oy, TZ) pz(az, 7i), Pi(oi, 1), oy and 3; be as Theorem 2 and
L fo 2 027Tz)fz(02772)d02d7_2 foroy, s; € (vai)vT’ivt’i €
,n) be n real-

define Fi(si,tz) Bi(sita)
(0,y;) where x;,y; are posmve real numbers. Let ¢;(i = 1,2,

Ui
valued, nonnegative, and concave functions on R . Then

/ /m / P i Pl ta) - iEu(sit) o0 gy

noq 1/
(a3 2
10 o =

o1/ a; . 4. (e +.
> i) (/0 /0 (21—s2) (i —t:) (pi(5i, 1)

.¢i(fi(si7ti)))ﬂi dé’z‘dti>l/ﬂi_
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Proof. From the hypotheses and by using Jensen integral inequality and the
inverse Holder integral inequlity, we have

¢i (Fi(si, i)

Si t;
= ¢ (%ﬁ/ / pz‘(az‘vTz‘)fz‘(az‘vTi)dUidTi>

t;
/ / pz 0277_2 oy (fz(UhTz))szde
317

; AAl/oci< ot (i) b (Fi(oi. IV dos TA>1/ﬂi
Z PZ‘(SZ‘,tZ‘)(SZtZ) /0/0 (pz( 3] Z) ¢z (fz( 19 z))) d zd 7 .

Integrating both sides of (11) over s;,¢; from 0 to z;,y;(i = 1,2,...,n) and in
view of Holder’s integral inequality, the means inequality and Fubini’s theorem, we
observe that

v yn TT™ iy ti) i (Fi(siy b
T
Zz 1 oc_ t )

(L[ ([t
Zﬁ” o (/ / yl/ / " pilon )il 7)) dazdndszdt>l/ﬂl

W z 118,
H i)'/ (/ /y — 53) (i — ta) (pa(si, ta) b (fils, 1)) dé’z‘dtz) :

(11)

The proof is complete.

Remark 5. Let f;(o;, 74), pi(oi, i), P(s;,t;) and

t;
F(327 i) — 8 / / pz 04, Tj fz 0277_2)d02d7_z
it

change to fi(o;), pi(oi), B(Si) and
1
Pi(s;)

respectively and with suitable changes, we have

Fi(si) = /OSi pi(0:) fi(oi)das,

Corollary 3. Let f;(0;), pi(0:), P;(0:), o; and (3; be as Corollary 2 and define
Fi(s;) = #8) 08" pi(oi) fi(o;)do; for o4, s; € (0,x;), where z; are positive real



1280 C.-J. Zhao and W.-S. Cheung

numbers. Let ¢;(¢ = 1,2,...,n) be n real-valued, nonnegative, and concave
functions on R,. Then

T on TT7, Pi(s;) b (Fj(si
/ e i=1 Pi(51) i ffa))dsl e dsy,
0 0 <04 > i a%“”l)

2 szl/ai (/Oml (i — 1) (pi(s3)di(fi(5:)))” dé’z‘)l/ﬂi -

=1

(12)

Remark 6. Taking n = 2, 3; = 1 to (12), (12) changes to

/ /mg Py (51) Py (s2) 1 F1(31)>¢2<F2(32)>

(s1+s2)~ —2

(13) > d(zya0) " ( /0 B <x1 - 31> <p1(31)¢1< f1(31)>> 1/2d31> 2
« (/0 <x2 - 32) <p2(32)¢2 <f2(32)>>1/2d32> |

This is an inverse inequality of the following inequality in Theorem C which was
proved by Pachpatte [1].

[ [rasedrn)en),,

d$1d$2

s+t

< %@y)w( [ (-5) (p(8)¢(f(s)))2ds>
x ( [ () (q<t>¢(g<t>))2dt> "

Moreover, in (13), let pl(sl) = p2($2) =1, then Pl(sl) = 81, PQ(SQ) = S9.
Therefore (13) changes to

/ /132 <751 Fi(s1) <752 F2( )>ds "
1dsy

81751 81 + 82)

A(rea)” ( (= —sl)< filsh) )1/2d31>
( <x2—32>< f232)) >

1/2

2
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is an inverse inequality of the following inequality which was proved by Pach-

patte [1].

[ [ e
< Sa)'” ( [ () <¢<f(s)))2ds> m( INERIC (g(t)))th>

1/2

On the other hand, for 3; = ”T‘l(i =1,...,n), (12) changes to

>

10.

/ Tn Hz 1P 31)¢Z( (Z)) dsy---dsy

(5144 sp)"/ (=)

/=) Hx;” ([ - 0 s i) s

=1

n/(n—1)
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