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ON NEW HILBERT-PACHPATTE TYPE INTEGRAL INEQUALITIES

C.-J. Zhao1∗ and W.-S. Cheung2

Abstract. Inverses of some new inequalities similar to Hilbert’s inequality are
established. Our results provide new estimates on these types of inequalities.

1. INTRODUCTION

In recent years several authors [1-9] have given considerable attention to Hilbert’s
inequalities and Hilbert’s type inequalities and their various generalizations. In par-
ticular, in 1988, B. G. Pachpatte [1] proved some new integral inequalities similar
to Hilbert’s inequality [10, p. 226] , The main purpose of this paper is to establish
their inverses.

2. MAIN RESULTS

In [1], Pachpatte established the following Hilbert type integral inequality.

Theorem A Let h ≥ 1, l ≥ 1 and let f(σ) ≥ 0, g(τ) ≥ for σ ∈ (0, x), τ ∈
(0, y), where x and y are positive real numbers and define F (s) =

∫ s
0 f(σ)dσ and

G(t) =
∫ t
0 g(τ)dτ , for s ∈ (0, x), t ∈ (0, y). Then

∫ x

0

∫ y

0

Fh(s)Gl(t)
s + t

dsdt ≤ 1
2
hl(xy)1/2

(∫ x

0

(
x− s

)(
Fh−1(s)f(s)

)2
ds

)1/2

(1) ×
(∫ y

0

(
y − t

)(
Gl−1(t)g(t)

)2
dt

)1/2

.
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In this section, we first establish a general inverse of inequality (1) as follows.

Theorem 1. Let hi ≥ 1 and let fi(σi, τi) ∈ C2[(0, xi) × (0, yi), (0,∞)], i =
1, . . . , n, where xi and yi are positive real numbers and define F i(si, ti) =∫ si

0

∫ ti
0 fi(σi, τi)dσidτi, for si ∈ (0, xi), ti ∈ (0, yi). Then for 1

αi
+ 1
βi

= 1

,0 < βi < 1 and
∑n

i=1
1
αi

= 1
α ,

(2)

∫ x1

0

∫ y1

0
· · ·
∫ xn

0

∫ yn

0

∏n
i=1 F

hi
i (si, ti)(

α

n∑
i=1

1
αi
siti

)1/α
ds1dt1 · · ·dsndtn≥

n∏
i=1

hi(xiyi)1/αi

×
{∫ xi

0

∫ yi

0
(xi − si)(yi − ti)

[
H(hi, si, ti) + Fhi−1

i (si, ti) · f(si, ti)
]βi

dsidti

}1/βi

,

where
H(hi, si, ti) = (hi − 1)Fhi−2

i (si, ti) · ∂Fi

∂si
(si, ti).

Proof. From the hypotheses and in view of inverse Hölder integral inequality
[11], it is easy to observe that

Fhi
i (si, ti)

=
∫ si

0

∫ ti

0
hi

(
H(hi, σi, τi) + Fhi−1

i (σi, τi) · ∂2Fi

∂σi∂τi
(σi, τi)

)
dσidτi

= hi

∫ si

0

∫ ti

0

(
H(hi, σi, τi) + Fhi−1

i (σi, τi) · f(σi, τi)
)
dσidτi

≥ hi(siti)1/αi

{∫ si

0

∫ ti

0

(
H(hi, σi, τi) + Fhi−1

i (σi, τi) · f(σi, τi)
)βi

dσidτi

}1/βi

,

where
H(hi, σi, τi) = (hi − 1)Fhi−2

i (σi, τi) · ∂Fi

∂σi
(σi, τi).

Let us note the following means inequality

n∏
i=1

m
1/αi

i ≥
(
α

n∑
i=1

1
αi
mi

)1/α

.
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We obtain that

(3)

∏n
i=1 F

hi
i (si, ti)(

α

n∑
i=1

1
αi
siti

)1/α

≥
n∏

i=1

hi

{∫ si

0

∫ ti

0

(
H(hi, σi, τi)+F

hi−1
i (σi, τi) · f(σi, τi)

)βi

dσidτi

}1/βi

.

Integrating both sides of (3) over si, ti from 0 to xi, yi(i = 1, 2, . . . , n) and in
view of Hölder integral inequality and Fubini′s theorem, we observe that∫ x1

0

∫ y1

0

· · ·
∫ xn

0

∫ yn

0

∏n
i=1 F

hi
i (si, ti)(

α

n∑
i=1

1
αi
siti

)1/α
ds1dt1 · · ·dsndtn ≥

n∏
i=1

hi

×
∫ xi

0

∫ yi

0

{∫ si

0

∫ ti

0

(
H(hi, σi, τi)+F

hi−1
i (σi, τi) · f(σi, τi)

)βi

dσidτi

}1/βi

dsidti

≥
n∏

i=1

hi(xiyi)1/αi

×
{∫ xi

0

∫ yi

0

{∫ si

0

∫ ti

0

(
H(hi, σi, τi)+F

hi−1
i (σi, τi)·f(σi, τi)

)βi

dσidτi

}
dsidti

}1/βi

=
n∏

i=1

hi(xiyi)1/αi

×
{∫ xi

0

∫ yi

0
(xi−si)(yi−ti)

(
H(hi, si, ti)+F

hi−1
i (si, ti)·f(si, ti)

)βi

dsidti

}1/βi

.

The proof is complete.

Remark 1. Let fi(σi, τi) and Fi(si, ti) =
∫ si

0

∫ ti
0 fi(σi, τi)dσidτi change to

fi(σi) and Fi(si) =
∫ si

0 fi(σi)dσi, respectively and with suitable changes, we have

Corollary 1. Let hi ≥ 1 and let fi(σi) ∈ C1[(0, xi), (0,∞)], i = 1, . . . , n,
where xi are positive real numbers and define F i(si) =

∫ si

0 fi(σi)dσi, for si ∈
(0, xi). Then for 1

αi
+ 1
βi

= 1 ,0 < βi < 1 and
∑n

i=1
1
αi

= 1
α ,

(4)

∫ x1

0

· · ·
∫ xn

0

∏n
i=1 F

hi
i (si)(

α
∑n

i=1
1
αi
si

)1/α
ds1 · · ·dsn

≥
n∏

i=1

x
1/αi

i hi

(∫ xi

0
(xi − si)

(
Fhi−1

i (si)fi(si)
)βi

dsi

)1/βi

.
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Remark 2. Taking n = 2, βi = 1
2 to (4), (4) changes to

∫ x1

0

∫ x2

0

Fh1
1 (s1)Fh2

2 (s2)
(s1 + s2)−2

ds1ds2

≥ 4h1h2(x1x2)−1

(∫ x1

0

(
x1 − s1

)(
Fh1−1

1 (s1)f1(s1)
)1/2

ds1

)2

×
(∫ x2

0

(
x2 − s2

)(
Fh2−1

2 (s2)f2(s2)
)1/2

ds2

)2

.

This is an inverse of the following inequality in Theorem A which was proved by
Pachpatte [1].

∫ x

0

∫ y

0

Fh(s)Gl(t)
s+ t

dsdt ≤ 1
2
hl(xy)1/2

(∫ x

0

(
x− s

)(
Fh−1(s)f(s)

)2
ds

)1/2

×
(∫ y

0

(
y − t

)(
Gl−1(t)g(t)

)2
dt

)1/2

.

On the other hand, for βi = n−1
n (i = 1, . . . , n), (4) becomes

∫ x1

0
· · ·
∫ xn

0

∏n
i=1 F

hi
i (si)

(s1 + · · ·+ sn)−n/(n−1)
ds1 · · ·dsn

≥ nn/(n−1)
n∏

i=1

x
−1/(n−1)
i hi

(∫ xi

0
(xi−si)

(
Fhi−1

i (si)fi(si)
)(n−1)/n

dsi

)n/(n−1)

.

In [1], Pachpatte also established the following Hilbert type integral inequality.

Theorem B. Let f, g, F, G be as in Theorem A. Let p(σ) and q(τ) be two pos-
itive real functions defined for σ ∈ (0, x), τ ∈ (0, y) and define P (s) =

∫ s
0 p(σ)dσ

and Q(t) =
∫ t
0 q(τ)dτ , for s ∈ (0, x), t ∈ (0, y), where x, y are positive real num-

bers. Let φ and ψ be two real-valued, nonnegative, convex, and submultiplicative
functions defined on R+ = [0,∞). Then

(5)

∫ x

0

∫ y

0

φ
(
F (s)

)
ψ
(
G(t)

)
s + t

dsdt

≤ L(x, y)

(∫ x

0
(x− s)

(
p(s)φ

(f(s)
p(s)

))2

ds

)1/2

×
(∫ y

0
(y − t)

(
q(t)ψ

(g(t)
q(t)

))2

dt

)1/2

,

where
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L(x, y) =
1
2

(∫ x

0

(φ(P (s)
)

P (s)

)2

ds

)1/2(∫ y

0

(ψ(Q(t)
)

Q(t)

)2

dt

)1/2

.

In this section, we establish a general inverse of inequality (5) as follows.
Theorem 2. Let fi(σi, τi),Fi(si, ti), αi and βi be as in Theorem 1. Let pi(σi, τi)

be n positive functions defined for σ i ∈ (0, xi), τi ∈ (0, yi)(i = 1, 2, · · · , n) and
define Pi(si, ti) =

∫ si

0

∫ ti
0 pi(σi, τi)dσidτi, where xi, yi are positive real numbers

and Let φi(i = 1, 2, · · · , n) be n real-valued nonnegative, concave, and supermul-
tiplicative functions defined on R+ Then

(6)

∫ x1

0

∫ y1

0
· · ·
∫ xn

0

∫ yn

0

∏n
i=1 φi(Fi(si, ti))(
α

n∑
i=1

1
αi
siti

)1/α
ds1dt1 · · ·dsndtn

≥ L(x1, . . . , xn)
n∏

i=1

(∫ xi

0

∫ yi

0
(xi−si) (yi−ti)

(
pi(si, ti)φi(

fi(si, ti)
pi(si, ti)

)
)βi

dsidti

)1/βi

,

where

L(x1, . . . , xn) =
n∏

i=1

(∫ xi

0

∫ yi

0

(
φi (Pi(si, ti))
Pi(si, ti)

)αi

dsidti

)1/αi

.

Proof. By using Jensen integral inquality and inverse Hölder integral inequality
and noting that φi(i = 1, 2, · · · , n) are n real-valued supermultiplicative functions,
it is easy to observe that

(7)

φi (Fi(si, ti))

= φi



Pi(si, ti)

∫ si

0

∫ ti

0
pi(σi, τi)

fi(σi, τi)
pi(σi, τi)

dσidτi∫ si

0

∫ ti

0
pi(σi, τi)dσidτi




≥ φi(Pi(si, ti))φi



∫ si

0

∫ ti

0
pi(σi, τi)

fi(σi, τi)
pi(σi, τi)

dσidτi∫ si

0

∫ ti

0
pi(σi, τi)dσidτi




≥ φi (Pi(si, ti))
Pi(si, ti)

∫ si

0

∫ ti

0

pi(σi, τi)φi

(
fi(σi, τi)
pi(σi, τi)

)
dσidτi

≥
(
φi (Pi(si, ti))
Pi(si, ti)

)
(siti)1/αi

(∫ si

0

∫ ti

0

(
pi(σi,τi)φi

(
fi(σiτi)
pi(σiτi)

))βi

dσidτi

)1/βi

.
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Integrating both sides of (7) over si, ti from 0 to xi, yi(i = 1, 2, . . . , n) and in view
of Hölder integral inequality, the means inequality and Fubini′s theorem, we observe
that ∫ x1

0

∫ y1

0
· · ·
∫ xn

0

∫ yn

0

∏n
i=1 φi(Fi(si, ti))(
α
∑n

i=1
1
αi
siti

)1/α
ds1dt1 · · ·dsndtn

≥
n∏

i=1

∫ xi

0

∫ yi

0

(
φi (Pi(si, ti))
Pi(si, ti)

)
(∫ si

0

∫ ti

0

(
pi(σi, τi)φi

(
fi(σi, τi)
pi(σi, τi)

))βi

dσidτi

)1/βi

dsidti

≥
n∏

i=1

(∫ xi

0

∫ yi

0

(
φi (Pi(si, ti))
Pi(si, ti)

)αi

dsidti

)1/αi

×
(∫ xi

0

∫ yi

0

∫ si

0

∫ ti

0

(
pi(σi, τi)φi

(
fi(σi, τi)
pi(σi, τi)

))βi

dσidτidsidti

)1/βi

= L(x1, . . . , xn)
n∏

i=1

(∫ xi

0

∫ yi

0
(xi − si) (yi − ti)

(
pi(si, ti)φi(

fi(si, ti)
pi(si, ti)

)
)βi

dsidti

)1/βi

,

where

L(x1, . . . , xn) =
n∏

i=1

(∫ xi

0

∫ yi

0

(
φi (Pi(si, ti))
Pi(si, ti)

)αi

dsidti

)1/αi

.

This completes the proof of Theorem 2.

Remark 3. Let fi(σi, τi), pi(σi, τi), P (si, ti)and Fi(si, ti) change to fi(σi),
pi(σi), Pi(si) and Fi(si), respectively and with suitable changes, we have

Corollary 2. Let fi(σi),Fi(si), αi and βi be as in Corollary 1. Let pi(σi) be
n positive functions defined for σ i ∈ (0, xi)(i = 1, 2, · · · , n) and define Pi(si) =∫ si

0 pi(σi)dσi, where xi are positive real numbers and Let φ i(i = 1, 2, · · · , n) be
n real-valued nonnegative, concave, and supermultiplicative functions defined on
R+. Then
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(8)

∫ x1

0
· · ·
∫ xn

0

∏n
i=1 φi(Fi(si))(
α

n∑
i=1

1
αi
si

)1/α
ds1 · · ·dsn

≥ L′(x1, · · · , xn)
n∏

i=1

(∫ xi

0
(xi − si)

(
pi(si)φi(

fi(si)
pi(si)

)
)βi

dsi

)1/βi

,

where

L′(x1, · · · , xn) =
n∏

i=1

(∫ xi

0

(
φi (Pi(si))
Pi(si)

)αi

dsi

)1/αi

.

Remark 4. Taking n = 2, βi = 1
2 to (8), (8) changes to

∫ x1

0

∫ x2

0

φ1

(
F1(s1)

)
φ2

(
F2(s2)

)
(s1 + s2)−2

ds1ds2

≥ L′(x1, x2)

(∫ x1

0

(x1 − s1)
(
p1(s1)φ1

(f1(s1)
p1(s1)

))1/2

ds1

)2

×
(∫ x2

0
(x2 − s2)

(
p2(s2)φ2

(f2(s2)
p2(s2)

))1/2

ds2

)2

,

where

L′(x1, x2)=4

(∫ x1

0

(φ1

(
P1(s1)

)
P1(s1)

)−1

ds1

)−1(∫ x2

0

(φ2

(
P2(s2)

)
P2(s2)

)−1

ds2

)−1

.

This is an inverse of the following inequality in Theorem B which was established
by Pachpatte [1].

∫ x

0

∫ y

0

φ
(
F (s)

)
ψ
(
G(t)

)
s + t

dsdt≤L(x, y)

(∫ x

0
(x−s)

(
p(s)φ

(f(s)
p(s)

))2

ds

)1/2

×
(∫ y

0
(y − t)

(
q(t)ψ

(g(t)
q(t)

))2

dt

)1/2

,

where

L(x, y) =
1
2

(∫ x

0

(φ(P (s)
)

P (s)

)2

ds

)1/2(∫ y

0

(ψ(Q(t)
)

Q(t)

)2

dt

)1/2

.
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On the other hand, for βi = n−1
n (i = 1, . . . , n), (8) changes to∫ x1

0
· · ·
∫ xn

0

∏n
i=1 φi(Fi(si))

(s1 + · · ·+ sn)−n/(n−1)
ds1 · · ·dsn

≥ L̄(x1, · · · , xn)
n∏

i=1

(∫ xi

0
(xi − si)

(
pi(si)φi(

fi(si)
pi(si)

)
)(n−1)/n

dsi

)n/(n−1)

,

where

L̄(x1, · · · , xn) = nn/(n−1)
n∏

i=1

(∫ xi

0

(
φi (Pi(si))
Pi(si)

)−(n−1)

dsi

)−1/(n−1)

.

In [1], Pachpatte also established the following Hilbert type integral inequality.

Theorem C. Let f, g, p, q, P,Q be as in Theorem B, and define F (s) = 1
P (s)

∫ s
0

p(σ)dσ and G(t) = 1
Q(t)

∫ t
0 q(τ)dτ , for s ∈ (0, x), t ∈ (0, y), where x, y are

positive real numbers. Let φ and ψ be two real-valued, nonnegative and convex
functions defined on R+ = [0,∞). Then

(9)

∫ x

0

∫ y

0

P (s)Q(t)φ
(
F (s)

)
ψ
(
G(t)

)
s+ t

dsdt

≤ 1
2
(xy)1/2

(∫ x

0

(
x − s

)(
p(s)φ

(
f(s)

))2

ds

)1/2

(∫ y

0

(
y − t

)(
q(t)ψ

(
g(t)

))2

dt

)1/2

.

In this section, we establish a general inverse of inequality (9) as follows.

Theorem 3. Let fi(σi, τi), pi(σi, τi), Pi(σi, τi), αi and βi be as Theorem 2 and
define Fi(si, ti) = 1

Pi(si,ti)

∫ si

0

∫ ti
0 pi(σi, τi)fi(σi, τi)dσidτi for σi, si ∈ (0, xi), τi, ti ∈

(0, yi) where xi, yi are positive real numbers. Let φ i(i = 1, 2, . . . , n) be n real-
valued, nonnegative, and concave functions on R+. Then

(10)

∫ x1

0

∫ y1

0
· · ·
∫ xn

0

∫ yn

0

∏n
i=1 Pi(si, ti) · φi(Fi(si, ti))(

α
n∑

i=1

1
αi
siti

)1/α
ds1dt1 · · ·dsndtn

≥
n∏

i=1

(xiyi)1/αi

(∫ xi

0

∫ yi

0
(xi−si) (yi−ti) (pi(si, ti)

· φi(fi(si, ti)))
βi dsidti

)1/βi

.
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Proof. From the hypotheses and by using Jensen integral inequality and the
inverse Hölder integral inequlity, we have

(11)

φi (Fi(si, ti))

= φi

(
1

Pi(si, ti)

∫ si

0

∫ ti

0

pi(σi, τi)fi(σi, τi)dσidτi

)

≥ 1
Pi(si, ti)

∫ si

0

∫ ti

0

pi(σi, τi) · φi (fi(σi, τi)) dσidτi

≥ 1
Pi(si, ti)

(siti)1/αi

(∫ si

0

∫ ti

0
(pi(σi, τi) · φi (fi(σi, τi)))

βi dσidτi

)1/βi

.

Integrating both sides of (11) over si, ti from 0 to xi, yi(i = 1, 2, . . . , n) and in
view of Hölder′s integral inequality, the means inequality and Fubini′s theorem, we
observe that∫ x1

0

∫ y1

0
· · ·
∫ xn

0

∫ yn

0

∏n
i=1 Pi(si, ti)φi(Fi(si, ti))(
α
∑n

i=1
1
αi
siti

)1/α
ds1dt1 · · ·dsndtn

≥
n∏

i=1

∫ xi

0

∫ yi

0

(∫ si

0

∫ ti

0
(pi(σi, τi)φi(fi(σi, τi)))

βi dσidτi

)1/βi

dsidti

≥
n∏

i=1

(xiyi)1/αi

(∫ xi

0

∫ yi

0

∫ si

0

∫ ti

0
(pi(σi, τi)φi(fi(σi, τi)))

βi dσidτidsidti

)1/βi

=
n∏

i=1

(xiyi)1/αi

(∫ xi

0

∫ yi

0

(xi − si) (yi − ti) (pi(si, ti)φi(fi(si, ti)))
βi dsidti

)1/βi

.

The proof is complete.

Remark 5. Let fi(σi, τi), pi(σi, τi), P (si, ti) and

Fi(si, ti) =
1

Pi(si, ti)

∫ si

0

∫ ti

0
pi(σi, τi)fi(σi, τi)dσidτi

change to fi(σi), pi(σi), Pi(si) and

Fi(si) =
1

Pi(si)

∫ si

0
pi(σi)fi(σi)dσi,

respectively and with suitable changes, we have

Corollary 3. Let fi(σi), pi(σi), Pi(σi), αi and βi be as Corollary 2 and define
Fi(si) = 1

Pi(si)

∫ si

0 pi(σi)fi(σi)dσi for σi, si ∈ (0, xi), where xi are positive real
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numbers. Let φi(i = 1, 2, . . . , n) be n real-valued, nonnegative, and concave
functions on R+. Then

(12)

∫ x1

0
· · ·
∫ xn

0

∏n
i=1 Pi(si)φi(Fi(si))(
α
∑n

i=1
1
αi
si

)1/α
ds1 · · ·dsn

≥
n∏

i=1

x
1/αi

i

(∫ xi

0
(xi − si) (pi(si)φi(fi(si)))

βi dsi

)1/βi

.

Remark 6. Taking n = 2, βi = 1
2 to (12), (12) changes to

(13)

∫ x1

0

∫ x2

0

P1(s1)P2(s2)φ1

(
F1(s1)

)
φ2

(
F2(s2)

)
(s1 + s2)−2

ds1ds2

≥ 4(x1x2)−1

(∫ x1

0

(
x1 − s1

)(
p1(s1)φ1

(
f1(s1)

))1/2

ds1

)2

×
(∫ x2

0

(
x2 − s2

)(
p2(s2)φ2

(
f2(s2)

))1/2

ds2

)2

.

This is an inverse inequality of the following inequality in Theorem C which was
proved by Pachpatte [1].

∫ x

0

∫ y

0

P (s)Q(t)φ
(
F (s)

)
ψ
(
G(t)

)
s+ t

dsdt

≤ 1
2
(xy)1/2

(∫ x

0

(
x − s

)(
p(s)φ

(
f(s)

))2

ds

)1/2

×
(∫ y

0

(
y − t

)(
q(t)ψ

(
g(t)

))2

dt

)1/2

Moreover, in (13), let p1(s1) = p2(s2) = 1, then P1(s1) = s1, P2(s2) = s2.
Therefore (13) changes to

∫ x1

0

∫ x2

0

φ1

(
F1(s1)

)
φ2

(
F2(s2)

)
(s1t1)−1(s1 + s2)−2

ds1ds2

≥ 4(x1x2)−1

(∫ x1

0

(
x1 − s1

)(
φ1

(
f1(s1)

))1/2

ds1

)2

×
(∫ x2

0

(
x2 − s2

)(
φ2

(
f2(s2)

))1/2

ds2

)2

.
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This is an inverse inequality of the following inequality which was proved by Pach-
patte [1].

∫ x

0

∫ y

0

φ
(
F (s)

)
ψ
(
G(t)

)
(st)−1(s+ t)

dsdt

≤ 1
2
(xy)1/2

(∫ x

0

(
x−s

)(
φ
(
f(s)

))2

ds

)1/2(∫ y

0

(
y−t

)(
ψ
(
g(t)

))2

dt

)1/2

.

On the other hand, for βi = n−1
n (i = 1, . . . , n), (12) changes to∫ x1

0
· · ·
∫ xn

0

∏n
i=1 Pi(si)φi(Fi(si))

(s1 + · · ·+ sn)−n/(n−1)
ds1 · · ·dsn

≥ nn/(n−1)
n∏

i=1

x
−1/(n−1)
i

(∫ xi

0
(xi − si) (pi(si)φi(fi(si)))

(n−1)/n dsi

)n/(n−1)

.
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