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MINIMAX THEOREMS FOR VECTOR-VALUED MAPPINGS IN
ABSTRACT CONVEX SPACES

Ming-Ge Yang, Jiu-Ping Xu, Nan-Jing Huang and Su-Jane Yu*

Abstract. In this paper, we introduce the concepts of C-quasiconcave map-
pings and properly C-quasiconcave mappings in abstract convex spaces. By
using the Fan-Browder type fixed point theorem and the maximal element
theorem, we establish some minimax theorems for vector-valued mappings in
abstract convex spaces. We also give some examples to illustrate our results.

1. INTRODUCTION

It is well known that Ky Fan minimax theorem (see [11]) and Ky Fan minimax
inequality (see [12]) play very important roles in many fields, such as variational
inequalities, game theory, mathematical economics, control theory, and fixed point
theory. Ky Fan minimax theorems and Ky Fan minimax inequalities relative to real-
valued functions and vector-valued mappings have been studied extensively by many
authors (see, for example, [1, 2 5-10, 13-15, 18-20, 22, 28-33] and the references
therein).

At the beginning, the investigation of minimax theorems for vector-valued map-
pings were mainly devoted to study in topological vector spaces under various hy-
potheses. With the development of KKM theory, there have appeared a number of
spaces without any linear structures, which seem to lead, in a natural way, to the
investigation of minimax theorems in these more general settings. Chen [4] proved
a generalized Fan’s section theorem and a generalized Browder’s fixed point theo-
rem for set-valued mappings in H-spaces. Based on these two results, he obtained

Received December 31, 2008, accepted June 15, 2009.

Communicated by J. C. Yao.

2000 Mathematics Subject Classification: 49)35; 47J20.

Key words and phrases: Abstract convex space, C'-quasiconcave, Properly C-quasiconcave, Fixed
point, Maximal element.

This work was supported by the National Natural Science Foundation of China (10671135, 70831005)
and the Natural Science Foundation of Henan Education Department of China (2008B110012).
*Corresponding author.

719



720 Ming-Ge Yang, Jiu-Ping Xu, Nan-Jing Huang and Su-Jane Yu

a minimax inequality for vector-valued mappings in H-spaces. Chang et al. [3]
presented a generalized section theorem and a generalized fixed point theorem in W -
spaces, and applied these results to establish minimax inequalities for vector-valued
mappings in W-spaces.

On the other hand, Park [23] introduced the new concept of abstract convex
space which includes convex spaces, H-spaces, G-convex spaces, and W -spaces as
special cases. With this new concept, he obtained some new coincidence theorems
and fixed point theorems in abstract convex spaces. Very recently, Park [24, 25,
26, 27] further studied KKM theory with applications in abstract convex spaces.
It is worth mentioning that some minimax theorems for real-valued functions have
been proved in abstract convex spaces by Park [25]. However, to the best of our
knowledge, there is no paper dealing with the minimax theorems for vector-valued
mappings in abstract convex spaces.

Motivated and inspired by the works mentioned above, in this paper, we in-
troduce the concepts of C-quasiconcave mappings and properly C-quasiconcave
mappings in abstract convex spaces. By using the Fan-Browder type fixed point
theorem and the maximal element theorem due to Park [25], we establish some new
minimax theorems for vector-valued mappings in abstract convex spaces. We also
give some examples to illustrate our results.

2. PRELIMINARIES

Definition 2.1. ([21]). Let Z be a topological vector space, C a pointed closed
convex cone with nonempty interior int C', B a nonempty subset of Z. A point
z € B is said to be

(i) a minimal point of B if BN (z — C) = {z};

(ii) a weakly minimal point of B if BN (z — int C') = {);
(iii) a maximal point of B if BN (2 + C) = {z};
(iv) a weakly maximal point of B if BN (z + int C') = ().

We denote, by MinB, Min,, B, MaxB and Max,, B, the set of all of the minimal
points, the set of all of the weakly minimal points, the set of all of the maximal
points, and the set of all of the weakly maximal points of B, respectively. It is easy
to verify that

(2.1) MinB C Min, B and MaxB C Max,,B.

Obviously, when Z = R and C' = [0, +00), the (weakly) minimal/maximal
point of B in Z reduces to the minimum/maximum of B in R.
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Lemma 2.1. ([21]). Let B be a nonempty compact subset of a Hausdorff
topological vector space Z with a pointed closed convex cone C. Then

(i) MinB # ),

(i) B C MinB + C,
(iii) MaxB # 0,
(iv) B C MaxB —C.

Let G1, G be two Hausdorff topological spaces and let T : G; — 292 be a
set-valued mapping with nonempty values. T is said to be upper semicontinuous
if, for each o € G; and for each open set V' containing 7'(z¢), there exists a
neighborhood U of xy such that T'(U) C V. Moreover, if 7' is compact-valued,
then T is upper semicontinuous if and only if, for each net {z;} C G such that
r; — x0 € G and for each y; € T'(w;), there exist yo € T'(xo) and a subnet {y; }
of {y;} such that y;. — yo. For more details, we refer to [14, 17, 22].

Lemma 2.2. ([2]). Let E and Z be two Hausdorff topological spaces, () #
X CE, and F : X — 27 be a set-valued mapping. If X is compact and F is
upper semicontinuous and compact-valued, then F'(X) = |, x F'(x) is compact.

Lemma 2.3. Let E be a Hausdorff topological space and X be a nonempty
compact subset of E. Let Z be a Hausdorff topological vector space and C be
a pointed closed convex cone in Z with int C # (). Let f : X x X — Z be a
continuous mapping. Then the set-valued mapping F : X — 27 defined by

F(z) = Max, f(z,X), Ve € X
is upper semicontinuous and compact-valued.

Proof. For each x € X, since f(x, X) is nonempty compact, by Lemma 2.1
(iii), we know that Max f(x, X) # () and so F(z) = Max,, f(z, X) # (. Moreover,
F(z) is compact since it is contained in the compact set f(z, X ) and is closed. In
fact, let {z;} be a net in F(z) such that z; — z;. We have z — z; ¢ int C for
each z € f(z,X), and so z — zp ¢ int C. Thus, 29 € F(x). Therefore, F is
compact-valued.

Let g € X and {z;} be a net in X such that z; — z¢ and z; € F(z;). For
suitable y; € X, we have z; = f(z;,y;) € f(X,X). From compactness, there
exist yo € X and zo € Z and {y;, }, {2, }, subnets of {y;} and {z;}, respectively,
such that y;, — yo, 2;; — 20. By contradiction, suppose that zo ¢ F'(zo). Hence,
there exists ¥’ € X and ¢ € int C such that 29p = f(x0,y’) — ¢. Note that
2o = limz;, = limf(z;;,y;;) = f(x0,y0). We have

@iy, y) — 2z, = (20 — 21, + f(@i;, ') — fz0.9)) + e,
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where the right-hand side lies in int C' for j large enough. Consequently, z;, ¢
F(x;,) for such values of j, which is a contradiction. Thus, F' is upper semicon-
tinuous. This completes the proof.

Let Z be a Hausdorff topological vector space and C be a pointed closed convex
cone in Z with int C' # (). For any fixed a € Z and e € int C, we define a functional
hea:Z — R by

heo(2) =min{t e R: z € a+te—C}, Vz € Z.

By [16] and [21], we have the following results:
(i) he,q is a continuous functional;
(ii) heq is monotonically increasing, i.e., 21 — 22 € C' == heo(21) > hea(22);

(iii) he,q is strictly monotonically increasing, i.e., z; — 22 € int C' == he q(21) >

he,a(22);
(iv) heo(z) <r <= z€a+re—int C;
(V) hea(2) <r <= 2z€a+re—C,
(Vi) heo(z) >1r <= 2¢ a+re—int C,
(Vil) hego(z) >r <= z¢ a+re—C.
Let (D) denote the set of all nonempty finite subset of a set D.

Definition 2.2. ([23]). An abstract convex space (E, D; I') consists of nonempty
sets F, D, and a set-valued mapping I : (D) — 2% with nonempty values. Denote
'y =T(A) for each A € (D).

An abstract convex space (F, D;I") with any topology on E is called an ab-
stract convex topological space. Moreover, if E is a Hausdorff topological space,
(E, D;T') will be called an abstract convex Hausdorff topological space.

It is obvious that any topological vector space F is an abstract convex topological
space with I' = co, where co is the convex hull in vector spaces. In specially,
(R;co) is an abstract convex topological space. For more examples of abstract
convex spaces, we refer to [23].

Let (E, D;T') be an abstract convex space. For any D’ C D, the I'—convex
hull of D’ is denoted and defined by

COFD/ = U{FA‘A S <D/>} CcCFE.

A subset X of F is called a '—convex subset of (F, D;T") relative to D’ if for any
N € (D'), we have I'y C X; that is, cor D' C X. This means that (X, D’; T'[psy)
itself is an abstract convex space called a subspace of (E, D;T"). In such case, a
subset X of E is said to be I'—convex if cor(X N D) C X; in other words, X is
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I'—convex relative to D' = X N D. In case E = D, let (E;T") = (E, E;T"). When
(E;T) = (R; co), the I'-convex subset reduces to the ordinary convex subset.

Let (E, D;T') be an abstract convex space and Z a set. For a set-valued mapping
F : E — 27 with nonempty values, if a set-valued mapping G : D — 27 satisfies

F(T4) € G(4) = | Gy), VA € (D),
yeA

then G is called a KKM map with respect to F. A KKM map G : D — 2F is a
KKM map with respect to the identity map 1. A set-valued mapping F : E — 2%
is said to have the KKM property and called a R-map, if for any KKM map
G : D — 27 with respect to F, the family {G(y)},ep has the finite intersection
property. We denote

R(E,Z)={F : E — 2%|F is a R-map}.

Similarly, when Z is a topological space, a R€-map is defined for closed-valued
maps G, and a RO-map is defined for open-valued maps G. It is known that for a
G-convex space (E, D;T'), we have the identity map 1z € RE(E, E)NRO(E, E).
For more details, we refer to [23] and the references therein.

Now, we give the following Fan-Browder type fixed point theorem, which will
be used in Section 3.

Lemma 2.4. Let (E;T") be an abstract convex topological space with 1 €
RC(E,FE) and X C E be nonempty compact and T'-convex. If the set-valued
mapping T : X — 2% satisfies the following conditions:

(i) Vo € X, T(x) is nonempty and T'-convex;
(ii) Yy € X, T~ (y) is open in X.

Then T has a fixed point & € X, that is, T € T(Z).

Proof. Since X C FE is nonempty and ['-convex, by Lemma 1 in [25],
(X;T|(x)) is also an abstract convex topological space. In fact, (X;T(x)) is a
subspace. Since 1g € RE(E, E), by Lemma 2 in [25], 1x € RE(X, X). Note
that X is compact. By Theorem 11 in [25], T" has a fixed point & € X; that is,
z € T(z). This completes the proof.

By using the above Fan-Browder type fixed point theorem, we can get the
following maximal element theorem, which will be used in Section 3.

Lemma 2.5. Let (E;T") be an abstract convex topological space with 1 €
RC(E,FE) and X C E be nonempty compact and T'-convex. If the set-valued
mapping T : X — 2% satisfies the following conditions:
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(i) Vz € X, T(x) is T-convex;
(i) Yy € X, T~(y) is open in X;
(iii) Vo € X, © ¢ T(x).

Then T has a maximal element T € X ; that is, T(z) = (.

Proof.  Suppose that T'(x) # () for each x € X. Then all the conditions of
Lemma 2.4 are satisfied. By Lemma 2.4, there exists z € X such that z € T'(z),
which violates the condition (iii) of Lemma 2.5. Therefore, 7" has a maximal element
Z € X. This completes the proof.

Definition 2.3. Let X be a nonempty I'-convex subset of an abstract convex
space (E;T"). Let Z be a topological vector space and C' be a pointed closed convex
cone of Z with int C' # (). Then f : X — Z is said to be

(i) C-quasiconcave if, for any z € Z, the set {x € X : f(z) € z +int C} is
I'-convex;

(ii) properly C-quasiconcave if, for any A € (X) and any x € I'y4, there exists
x’ € A such that f(x) € f(2') + C;

(iii) properly C-quasiconvex if —f is properly C-quasiconcave.

Remark 2.1. (a) If Z = R and C = [0, +-oc], then Definition 2.3 (i) reduces
to the definition of quasiconcave functions introduced by Park [25]; (b) If E is a
topological vector space, I' = co and |A| = 2 (where | A| denotes the cardinality of
A), then Definition 2.3 (ii) reduces to the definition of properly quasi-C-concave
mappings introduced by Li and Wang [18]; (c) If F is a topological vector space,
I' = co and |A| = 2, then Definition 2.3 (iii) reduces to the definition of properly
quasi-C-convex mappings introduced by Ferro [14].

Example 2.1 Let (E;T") = (R;co0), X =[0,1], Z =R, and C = [0, +00). For
any nonempty convex subset B of X with B # X, define a function f : X — R
by

fa) 1, z€B;
xTr) =
0, z¢B.
Then f is C-quasiconcave. In fact, for any r € R,
®7 r Z 17
{reX:flx)>r}=< B, 0<r<l1,

X, r<o0
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is convex and so it is I'-convex. It follows that f is C-quasiconcave. Furthermore,
we show that f is properly C-quasiconcave. In fact, for any A € (X) and x € coA,
if A C B, then coA C B and so f(x) = f(2') =1 for all 2’ € A; if A ¢ B, then
there exists 2/ € A such that 2/ ¢ B and so f(2/) = 0. Thus, for any A € (X)
and x € coA, we have f(z) € f(2') + C and this implies that f is properly
C-quasiconcave.

Lemma 2.6. Let X be a nonempty I'-convex subset of an abstract convex space
(E;T). Let Z be a topological vector space and C' be a pointed closed convex cone
of Z withint C # 0. If f : X — Z is properly C-quasiconcave and g : Z — R is
monotonically increasing, then gf : X — R is C-quasiconcave.

Proof. For any r € R, we show that {x € X : gf(x) > r} is '—convex. In
fact, forany A € ({x € X : gf(xz) > r}) and & € T'4, since f : X — Z is properly
C-quasiconcave, there exists ' € A such that f(Z) € f(2') + C. It follows that
f(z) — f(2') € C and so gf(z) > gf(x'). Since 2’ € A, we have gf(z') > r.
It follows that gf(z) > r and so € {z € X : gf(x) > r}. By the arbitrariness
of z, we know that 'y C {z € X : gf(x) > r}. Thus, {z € X : gf(z) > r} is
I"-convex and so gf : X — R is C-quasiconcave. This completes the proof.

3. MINIMAX THEOREMS

Theorem 3.1. Let (E;T') be an abstract convex Hausdorff topological space
with 1p € RE(E, E) and X C E be nonempty compact and I'-convex. Let Z be
a Hausdorff topological vector space and C be a pointed closed convex cone in Z
with int C # (. Let f : X x X — Z be a mapping satisfying the following:

(i) f is continuous;

(ii) f(z,-) is properly C-quasiconcave for each x € X.
Then
(3.1) 0 # Min, U Max,, f(x, X) C Max U flz,x)+ Z \ intC.

rzeX zeX

Proof. Since f is continuous and X is compact, by Lemmas 2.1-2.3, we know
that
Min U Max,, f(x, X) # 0.

reX
It follows from (2.1) that

Miny U Maxy, f(x, X) # 0.
xeX
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Since Max,, f(x, X) # (0 for all x € X, there exists y, € X such that f(z,y,) €
Max,, f(x, X). For any Z € Min,, |J,c y Max,, f(z, X), by the definition of weakly
minimal points, we have f(z,y,) ¢ z — intC. Define a set-valued mapping T :
X — 2% by

T(x)={ye X: f(z,y) ¢ z—intC}, Vx € X.

Obviously, T'(x) # 0 for each x € X. Now we show that 7" has a fixed point. In
fact, for any e € intC, put a = Z — e, and define a functional h., : Z — R by

heo(z) =Min{t e R: z € a+te —C}, Vz € Z.

Let g(x,y) = heof(x,y). Then g is continuous. By the property of h ,, we know
that, for each fixed x € X,

yeT(x) <= g(z,y) > 1.

Define a set-valued mapping T}, : X — 2X by
1
To(x)={ye X :g(z,y) > 1—5}, VeeX,n=1,2,---.

Since T'(x) C Ty, (), we have T,,(z) # 0 for each z € X and n = 1,2,---. The
continuity of g implies that
_ 1
Ty ={zeX glxy)>1-—}

is open in X for each y € X and n = 1,2,---. By Lemma 2.6, we have g(z, -)
is C-quasiconcave for each x € X and so 7, (x) is I'-convex for each x € X and
n = 1,2,---. From Lemma 2.4, there exists z,, € X such that z,, € T,(z,),
ie., g(zn,xy) > 1 — % for n = 1,2,---. Since X is compact, without loss of
generality, we assume that {x,} converges to zp € X. Hence, g(xo, ) > 1 and
so f(xo,x0) ¢ z — intC. It follows from Lemma 2.1 that

z € f(zo, o)+ Z \ intC
c |J flz,2)+ 2\ intC

zeX
C Max | J f(z,2) - C + Z\ intC
zeX
= Max U flz,z)+ Z \ intC.
zeX

This completes the proof.
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Remark 3.2. (a) If E is a Hausdorff topological vector space and I' = co, then
Theorem 3.1 reduces to Theorem 1 of Li and Wang [18]; (b) We would like to point
out that the proof of Theorem 3.1 is quite different from the proof of Theorem 1 in
[18].

Example 3.1 Let E = Z =R, I' = co, X = [0,1], and C = [0, 4+00). Define
f: X xX—>Zby

fxy)=r+y, Y(z,y)e X xX.

Then all the conditions of Theorem 3.1 are satisfied. In fact, for any =z € X,
A € (X) and y € coA, there exists y’ € A such thaty > ¢/. Thus, z+y >z + ¥/
It follows that f(x,y) € f(x,y’) 4+ C and so f(z, ) is properly C-quasiconcave for
each x € X.

Relaxing the concavity condition in Theorem 3.1, we have the following mini-
max theorem for vector-valued mappings.

Theorem 3.2. Let (E;T') be an abstract convex Hausdorff topological space
with 1p € RE(E, E) and X C E be nonempty compact and I'-convex. Let Z be
a Hausdorff topological vector space and C be a pointed closed convex cone in Z
with int C # (. Let f : X x X — Z be a mapping satisfying the following:

(i) f is continuous;

(ii) f(z,-) is C-quasiconcave for each x € X.

Then

(3.2) 0 # Max, | J f(z,2)  Min | ] Maxyf(z, X)+ 2\ (=intC).

reX zeX

Proof. Since f is continuous and X is compact, by Lemma 2.1 (iii), we know
that

Max U f(z,x) #0.

zeX
By (2.1),
Max,, U f(z,z) #0.

rzeX

Let z € Maxy, J,cx f(z,2). We prove that there exists o € X such that z €
f(xo,y) + Z \ (—intC) for each y € X. Since z € Max,, | J,cx f(z,x), we have
f(x,x) ¢ z+int C for each x € X. Define a set-valued mapping T : X — 2% by

Tx)={ye X : f(z,y) € z+intC}, Vz € X.
We have
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(i) for each z € X, x ¢ T(x);
(ii) for each z € X, T'(z) = {y € X : f(z,y) € Z + intC} is I'-convex by
condition (ii);
(iii) for each y € X, T~ (y) = {x € X : f(z,y) € z+ intC} is open in X by
condition (i).

By Lemma 2.5, T has a maximal element; that is, there exists g € X such that
T(x0) = 0. Hence, f(zo,y) ¢ z + intC for each y € X. It follows that

(3.3) z € f(xo,y)+ Z \ (—intC), Vy € X.

Since f(x, X) is compact, by Lemma 2.1 and (2.1), we can find yp € X such that

3.4

f(zo,y0) € Maxy, f(zo, X) C U Max,, f(z, X ) C Min U Max,, f(z, X) + C.
reX reX

Hence, by (3.3) and (3.4), we have

z € f(wo,y0) + Z \ (—intC)

C Min (] Max, f(z,X) + C + Z \ (—intC)
rzeX

= Min ] Max,f(x,X) + Z \ (—intC).
reX

This completes the proof.

Remark 3.3. (a) If E is a Hausdorff topological vector space and I' = co, then
Theorem 3.2 reduces to Theorem 2 of Li and Wang [18]; (b) We would like to
point that the proof of Theorem 3.2 is quite different from the proof of Theorem 2
in [18].

Example 3.2. Let E =R, T =co, X =[0,1], Z=R?% and C = {(x,y) : ® >
0,y > 0}. Define f : X x X — Z by

flz,y) = (z,y), Y(z,y) € X x X.

Then all the conditions of Theorem 3.2 are satisfied. In fact, it is easy to see that
f is continuous. We now show that f(z,-) is properly C-quasiconcave for each
x € X. Forany z € X, A € (X) and y € coA, there exists ¥y’ € A such that
y > vy and so (z,y) > (x,y’). It follows that f(z,y) € f(z,y') + C. That is,
f(z,-) is properly C-quasiconcave for each € X. Therefore, all the conditions of
Theorem 3.2 are satisfied.
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Theorem 3.3. Let (E;T') be an abstract convex Hausdorff topological space
with 1p € RE(E, E) and X C E be nonempty compact and I'-convex. Let Z be
a Hausdorff topological vector space and C be a pointed closed convex cone in Z
with int C # (. Let f : X x X — Z be a mapping satisfying the following:

(i) f is continuous;

(ii) f(z,-) is C-quasiconcave for each x € X,

(iti) Maxy, U,ex f(z,2) C f(x,x) 4+ C for each v € X.
Then

(3.5) Max,, U f(z,z) C Min U Max,, f(z, X) + C.
zeX zeX

Proof. We first show that there exists g € X such that
(3.6) f(zo, ) € Maxy, f (o, X).
Define a set-valued mapping T : X — 2% by
Tx)={ye X : f(z,y) € f(z,z) +intC}, Vx € X.
It is obvious that, for any x € X, x ¢ T(z). By condition (ii), we know that 7T'(x)
is I'-convex for each x € X. Moreover, since f is continuous,

T 'y)={z e X: f(zx,y) € f(x,x) + intC}

is open for each y € X. By Lemma 2.5, T" has a maximal element zg € X, i.e.,
T(x0) = 0. Hence,

f(zo,y) & f(xo,z0) +int C, Yy € X.

By the definition of weakly maximal points, we know that (3.6) holds. Now we
prove that (3.5) is true. In fact, for each z € Max,, (J ¢ x f(z, z), it follows from
condition (iii) and (3.6), we have
z € f(wo,70) +C
C Maxwf(xo, X) +C
C U Max,, f(z, X)+ C
zeX
C Min U Max,, f(z, X)+ C +C
zeX
= Min U Max,, f(z, X ) + C,
zeX

which implies that (3.5) is true. This completes the proof.
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Remark 3.4. (a) If E is a Hausdorff topological vector space and I' = co, then
Theorem 3.3 reduces to Theorem 4 in Li and Wang [18]; (b) The proof of Theorem
3.3 is quite different from that of Theorem 4 in [18]; (c) Condition (iii) of Theorem
3.3 is similar to the assumption in Ferro [14]; (d) Condition (iii) is always true if

fis

real-valued (see [18]).

Remark 3.5. By (2.1), it is easy to see that (3.1), (3.2) and (3.5) can be rewritten,
respectively, as follows:

W N

10.

Min,, | J Max, f(z, X) C Max,, | J f(z,2)+ Z \ intC,

rxeX zeX
Max,, U f(z,z) C Miny, U Max,, f(z, X) + Z \ (—intC),
rxeX xeX
Max,, U f(z,x) C Min, U Max,, f(z, X) + C.
rxeX xeX
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