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THE CAUCHY PROBLEM FOR A GENERALIZED KORTEWEG-DE
VRIES EQUATION IN HOMOGENEOUS SOBOLEV SPACES

Ruying Xue and Sufen Hu

Abstract. Considered in this article is the Cauchy problem of a generalized
Korteweg-de Vries equation

{ Ut + Ugzy + Uty + |Dy|?**u =0, teRY zeR,
u(z,0) = p(r)

with 0 < o < 1. The local well-posedness of the Cauchy problem in the
homogeneous Sobolev space H*(R) for s € (2(“2—:3&), 0] is proved. In addi-
tion, the mapping that associated to appropriate initial-data the corresponding

solution is analytic as a function between appropriate Banach spaces.

1. INTRODUCTION AND STATEMENT OF THE RESULT

Consider the Cauchy problem of the generalized Korteweg-de Vries equation

an {ut—i—umm—i—uum—i—\Dm\%‘u:O, teRt, zeR
1.1

u(0) = ¢(),

where, 0 < a < 1, |D,|?® is the Fourier multiplier associated with the symbol
1%

Equation (1.1) has been derived as a model for the propagation of weakly non-
linear dispersive long waves in some physical contexts when dissipative effects
occur. When a = 0, (1.1) is the Korteweg-de Vries equation. The best known
local well-posedness of the Korteweg-de Vries equation has been derived by Kenig,
Ponce and Vega (see [5, 6]). They proved that the Cauchy problem for the KdV
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equation is locally well-posed in H*(R) for s > —2, and that the flow- map for the
KdV equation is not locally uniformly continuous 1n H*(R) for s < — 4. For the
Cauchy problem of the dissipative Burgers equation

Ut — Ugg + utly =0,

it is known that the local well-posedness in H*(R) holds for s > —% (see [1]), and
some non-uniqueness phenomena occur for s < —% (see [3]). When a =1, (1.1)
is the Korteweg-de Vries-Burgers equation. In [8], Molinet and Ribaud proved that
the KdV-Burgers equation is globally well-posed in H*(R) for s > —1 and ill-
posed in homogeneous Sobolev space H *(R) for s < —1. In the same article they
pointed out that the Cauchy problem (1.1) is ill-posed in the homogenous Sobolev
space HS(R) for s < 2(2 a), and conjectured that the Cauchy problem (1.1) is
well-posed in H*(R) for s > 2( ) The aim of this article is to answer this open
problem partially. We prove in this article that the Cauchy problem (1.1) is locally
well-posed in homogenous Sobolev spaces H*(R) for s € (55=25,0]. In a future
publication, we shall prove that the Cauchy problem (1.1) is gﬁobally well-posed in
Sobolev spaces H*(R) for s > —min{3t22 1}.

To state our main result we introduce some definitions and notations. Let H*(R)
be the usual homogenous Sobolev space. Denote by < - >= (1+]-[? )2 and define

X0 ={ue SR :|u HXg,s< +00},

XaT— {u: Jve X2 satisfying u = vinR x [0, 7]},

with
Il llgpo= || <i(r =€) + [ P11, )| 2re),

| w HXb,sT: inf{|| v HXg,s: v e X% satisfying v = vin R x [0,7T]}.

The main result obtained in this article is

Theorem 1.1. Let s € (2(05—__%, 0] and let o € H*(R). There exists a positive
constant Ty = TQ(H@HHS(R)) depending only on !]@HHS(R) such that the Cauchy

problem (1.1) possesses a unique solution u satisfying

u € Zr, = C([0, To), H*(R)) mX?T N C((0, Ty, L*(R)).

Moreover the mapping that associated to appropriate initial-data the corresponding
solution is analytic as a function between appropriate Banach spaces.
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Remark. In, [8]. Molinet and Ribaud proved that (1.1) is ill-posed in the
homogenous Sobolev space H *(R) for s < 2(‘5—:300 Our result is sharp in some
sense.

In this article, we denote by C some large constant which may vary from line to
line, denote by A < B the statement that A < C'B, and similarly denote by A << B
the statement A < C~!B. We use A ~ B to denote the statement that A < B < A.
Any summations over capitalized variables such as N;, L; , H are presumed to be
dyadic, i.e. these variables range over numbers of the form 2% for k € Z or for
k € N . In addition to the usual notation x g for characteristic function, we define
xp for statements P to be 1 if P is true and 0 otherwise, e.g. X1<¢|<2-

We adopt the following summation conventions. Any summation of the form
Lz ~ - is a sum over the three dyadic variables Ly, Lo, L3 = 1, thus for instance

Lmaxz~H Ll,LQ,LBZhLmaacNH

Similarly, any summation of the form NV,,,, ~ - sum over the three dyadic variables
Ny, No, N3 > 0, thus for instance

> - ¥

Nmaz~Npmea~N N1,N2,N3>0;Nmaz~Nmeqa~N

The rest of this article is organized as follows. In section 2 we give some
linear estimates. In section 3 we prove the crucial bilinear estimates by using Tao’s
[k; Z]-multiplier method introduced in [9]. The local well-posedness is given in
Section 4.

2. LINEAR ESTIMATES

Let U(-) be the free evolution of the KAV equation defined by U (t) = e (P=),
where P(D,) is the Fourier multiplier with the symbol P(&) = £3. Obviously U(-)
is a unitary group in H*(R),s € R. Since F(U(—t)u)(r, &) = F(u)(r + &€3,€),
one can rewrite the norm of X&S as

lu | gpe=ll< i + €12 SPIEPFU(u)(7,€) |l 12z2) -
Let W(-) be the semigroup associated with the free evolution of (1.1) defined by
Fo(W(t)p) () = "1 5(¢), peS'R), 20,
and we extend W (-) to a linear operator defined on the whole real axis by setting

FoW(t)p)(€) = "M 5(6), o e S'(R), t eR.
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Denote by 1 the time cut-off function satisfying

w € CSO(R)v Suppw - [_272]7 w =1lon [_17 1]7
and let 7 (-) = ¢(-/T) for a given T > 0.

Proposition 2.1. For s € R, we have

Iv@OW®e N g3l el Vo € H(R).

Proof. Set ge = 4 (t)e € For b € {0, 1} we have

|2a H

— 2
I ge Np<ll< 7> ¢ ool e g 4 | 4 [|pal| 7€

Note that || < 7 > 1) || ;1< C because of ¢ € CS°(R), and

— 2a p—1 —
e TN (P Lo N P

Thus,
— a0—Q (6% —l
QD e lmS e+ PP ) <Ol P2 for |¢[>1,
and
I ge | <Z‘5‘Mu¢ e |
9¢ lgp HY
22) .

‘20471

Z

9O (g S Lor [ €]< 1,

which imply

1
(23) | 9¢ lmps< € >0, b=0or .
Then one deduces from (2.3) that

[ OW Ol 5 S [l6F6E) 1< 7 >F Fw@e 1) @) |z
+[ller e 1 e )

t

2
L

2
L

N

lielote aece 1,4+ fletereote) actr

S EFAE) Nz +C HEPRE) 2S¢ s -

The following proposition comes from Proposition 2.2 in [8].
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Proposition 2.2. For given w € S(R?) one denotes K¢ by
eit’r — e_|t||§|2a d
Ke(t) =y(t ————w(7)dr.
() = w(t) [ St

Then

|<irt e Pt A,

L2(R)

| w(7) | ? | o(r) |2
< [(/R e Y: \2a>d7> +/R Ey: \2a>dT]

holds for any £ € R.

(2.4)

Proposition 2.3. Given s € R and § € (0,1), one has

) NG
srwuX;%é+-<j£\a (L =mrigm=) ds)

for any v € S(R?),

Xr+(t / Wt —t)o(t')dt

)

Xr+(t /Wt—t dt

+0d,s

R
2
X&

(2.6) ‘

Slholl —yis. forany ve X,
Xo 27

Proof. Assume that v € S(R?). Taking that for z-Fourier transform we get

XR+ / W d

— Uty (t / ”’f/ R (U (Yo () e dg

i 2 t 2 -0/
= U(t)xg+ ()9 (t) / TG (r, £)e e / € Ty e dr
R2 0
et _ —t|¢)?e
= VO 0le) [ | e5atr. & G e

ﬂWmWAM&W&
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where we denote by w(t') = U(—t")v(t'). By using Proposition 2.2, one deduces

Xr+(t /Wt ot dt!

o 5[ iriere > e Adre)

L2(R2)

2s M 25 ¢ )%
s(émw(@<ﬁﬂgm> ) e ) </E‘/<w+mw»“@
S </R €l </R <ir+ | € [2o> e HLOO dT) df) + || v HX;%&
25 | 9(r) | 2 \?
Slee </R i ([ =t reps) df) |

which completes the proof of (2.5). For § € (0, 3),it is obvious that

Pl g slol —gene -
By the Holder inequality,
/ LDl < 1)1 < i+ | € [2>5+7]

r < 1T+ | & 2>

)

L2(gr)

and then one gets

NTEELCIEASAE
</R\f\ </R WCZT> df) Sl HX;%H,S-

P S
Proposition 2.4. Let sc R and 6 > 0. For f € X, 2% one has

t

(2.7) t s / W(t—t)f(t')dt' € C(RY, H5729),
0
C_liss
Moreover, if { f,} is a sequence with f, — 0 in X, 2t s — oo, then
t
(2.8) H/ Wt —t) f(t)dt — 0, as n — oo.
0 Loo(R-»-’Hs-»-zé)

Proof.  The proof is similar to that of Proposition 2.4 in [8], we omit it. m
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3. A BILINEAR ESTIMATE

In this section we give a bilinear estimate by using Tao’s [k; Z]-multiplier method
introduced in [9]. Let Z be any abelian additive group with an invariant measure
dn. For any integer k > 2, we denote by I';,(Z) the hyperplane

endowing with the obvious measure

/ f¢=/ SO, e, = — - = mp—1)di - di—a.
T (2) Zk—1

We define a [k; Z]-multiplier to be any function m : I'y(Z) — C. If mis a
[k; Z]-multiplier, we define |||,z to be the best constant such that the inequality

< Nl 2 5= 1 £l 222,

/ m(n) Iy £ ()
T'w(2)

holds for all test functions f; on Z.

In the paper, we choose Z = Rx R, k = 3 and n = (7, &). For Ny, N, N3 > 0,
we define the quantities Nypaz = Nied = Npin to be the maximum, median and
minimum of N, Ny, N3 respectively. Similarly define L,,00 > Lined = Limin
whenever L1, Lo, Ls > 1. Define

hi(&) =& — &% Ny = ity — hy(&5), 5 =1,2,3,

and
h(§) = h1(&1) + ha(&2) + ha(&3).

We shall take homogenous dyadic decomposition of the variable [£;| ~ N; > 0,
and take non-homogenous dyadic decomposition of the variable [\;| ~ L; > 1 as
well as the function |h(&)| ~ H > 1 (here the notations |A;| ~ 1 and |h(§)] ~ 1
mean |A;| <1, |h(&)] < 1, respectively). Define

._ 3
X Ny,Ng,Na; H; Ly, Lo, L *= X|h(€)|~HIL =1 X|¢;|~N; X|A |~ L, -

Lemma 3.1. Let N1, No, N3 > 0, L1, Lo, L3 Z 1and H Z 1 satisfy
(31) Nmaz ~ Nmed, Limaz ~ maX{I—L Lmed}v H~ maX{N2 Nmin, Nq?no(ém;}

maxr

(1) In the high modulation case Lyyqy ~ Lipeq > H we have

1 1
(3.2) | XNy No, NasH L, Lo L H[3,R><R] S LiinN i

(2) In the low modulation case Ly, ~ H,
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(a) imeaa: ~ Nmed ~ Nmm, we have

1 _1 1 1
(3.3) HXN1,N2,N3;H;L1,L2,L3 H[g,RxR] S Lrgm‘n mln{Nméﬂ?Lfnedv Lfy?ed};
(b) if Ny ~ N3 > Ny and H ~ Ly > Lo, L3, we have, for any (3 € (0, 2],

HXN1,N2,N3;H;L1,L2=L3 H[3,R><R]

(3‘4) 1 1 1 p=2 _1 1
2 : 2 da 243 28 128 .
S Lﬁmn mln{N127Lmed7N2 Nl Lmed}7

similarly for permutations,

(c) in all other cases, we have

| X Ny, No, NasH; Ly, L2, L | 3 Ry
3-5) 1 1 1 1
S Lﬁmn min{NrﬁémLiyLew L;’Lr?ed’ Nrfwn}
Proof.  We consider the high modulation case L4, ~ Lieq > H. By using
the comparison principle (Lemma 3.1 in [9]), we have (without loss of generality
we assume L1 > Lo > Lg and N1 > Ny > N3)

(3.6) HXN1,N2,N3;H;L1,L2,L3H[3,RxR] S HXI/\3|NL3X|§3|NN3H[g,RxR]'

By Lemma 3.14 and Lemma 3.6 in [9],

1l 1
G xist~rsXiesions s gocry S IXxsls i3 21Xl Vs |y gy S L3NG

Although we derived (3.7) assuming L.y > Lo > L3 and N1 > Ny > Na, it is clear
from symmetry that

1 1
3.8) | XNy No, Nas 3 Ly, L, L | [3,RxR] S L N i

We first consider the low modulation case H ~ L;,4,. Suppose for the moment
that N1 > Ny > N3. The &3 variable is currently localized to the annulus {|3] ~
N3}. By a finite partition of unity we can restrict it further to a ball {|¢3 — £§| <
N3} for some |€9| ~ N3. Then by Box Localization (Lemma 3.13 in [9]) we may
localize &1, & similarly to regions {|& — &% << N3} and {|& — €3] << N3} where
\fjo\ ~ Nj. We may assume that |0 +£9+£9| << N3 since we have & +&+&5 = 0.
We summarize this symmetrically as

HXN1,N2,N3;H;L1,L2=L3 | [3,RXR]
(3.9)

3
S "X|h(§)|~HHj:1X|>\j|NLjX|§j—§?|<<Nmin 3,RxR]’
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for some &9, €9, €9 satisfying
€51 ~ N, |60 + €3 + €3] << Ninin.

Without loss of generality, we assume L; > Ly > L3. By Lemma 3.6 , Lemma
3.1 and Corollary 3.10 in [9] we get

([ XNy No, Nos H Ly Lo, L || [3,RxR]

< eI oxie , (L
(310) ~ HX|h(§)| H J*2X|§]_§]O'|<<Nmznxl>\]| L] [3,R><R]
< {72, &) 1 1&2 — &) << Ninin, lima — ha(&2)| ~ Lo,

1€ — €2 — €3] << Ny, li(7 = 72) — (€ — &)| ~ Ls}|?

for some (7,&) € R x R. For fixed £, the set of possible 75 ranges in an interval
of length O(min{ Lo, L3}), and vanishes unless

it — ha(&2) — h3(§ — &2)| = O(max{Ly, Ls}).

Then we get, for some (7,&) € R x R,

1
XNy Na, Na i Lo s 3 ey S L3 {62+ 12 = €31 << N,

1€ — & — €3] << Nopi, [i7 — ha(€2) — ha(€ — &)| = O(La)}|3.

Note that the inequality |€ — o — £J| << Ny, implies |€ — €9] << Nypin. Then we
have

HXN1,N2,N3;H§L1,L2=L3H[3,R><R]
1
(3.11) < L& |6 — €3] << Noin, 1€ — €9 << Nonin,
. 1
liT — ha(&2) — h3(§ — &2)| = O(L2)}|2.

To compute the right-hand side of the expression (3.11) we use the identity

3
[im—ha(&2) =hs(§ — &)| = 17—315(52—§)2+1%+(\52\2“+\52—5\2“) = O(Ly),
which implies
(3.12) 3,5(,5—§2 & _ O(L
) 2 2) + 1 =7+ O(L2)

and

(3.13) &2 + €2 — £]** = O(Lo).
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We need only consider three cases: N; ~ Ny ~ N3, N ~ Ny > Nj, and
Ny ~ N3 > Nj. (The case N1 ~ N3 > N then follows by symmetry).
If Ni ~ Ny ~ N3, by [€ — &0| << Npin, we deduce €] ~ Ny. We see from

11
(3.12) that & variable is contained in the union of two intervals of length O(N{ L3)
1
at worst, and from (3.13) that |£3| < L3*, and (3.3) follows from (3.11).
_¢0
Ile ~ N2 > N3: by ‘5 - 5?‘ < Nmina ‘52 - 5(2) . 261 - fg\ < Nmin and

. -8 o 8
2 2 2

—52—

& — & —

we get || ~ Ny and |{3— %\ ~ Np. We see from (3.12) that &, variable is contained
in the union of two intervals of length O(N; ?Ly) at worst, and from (3.13) that
1
|€2] < L2, and (3.5) follows from (3.11).
If No ~ N3 > Nj, then we must have || ~ N; and &2 — %\ ~ Ns. For a
given 3 € (0, 2], we have |£]||&2 — 3\2_5 ~ N1N22_ﬂ. We see from (3.12) that &

1 B2 1
variable is contained in the union of two intervals of length O(N; * N, ” LJ) at

Kl
worst, and from (3.13) that |€2| < L3~. (3.4) follows from (3.11) and the fact that
|€2 — €8] << N3 for some |£9] << Ns. [

Lemma 3.2. For a given p € [0, 2(32;_0;)) and for any § > 0 small we have

|£1]P]€2]7 €3]

1 1 1
<A >2< Ay >3< A\g >0

(3.14) <1

[3,RxR]

Proof. By using the comparison principle in [9] and by taking non-homogenous
dyadic decomposition of the variable |\;| ~ L; > 1, we get

1

6117 1€21° €3] P Xjen <1 Xeal <1 X s <1
A >INy >T< Ny >3O

[3,RxR]
< Xle1| S1X[€2| S1X€5|ST
(.15 Tl >i< A>T Ay >0 B.RxE]
I3 X, L
~ 5

1 1 1
L1,Lo,L3>1 < L1 >2< Ly >2< L3 >27
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1
2
< § : Lmin
~ 1 1 l_(s
L1, Lo, Ls>1 < L1 >2< Ly >2< L3 >2

~

1
S Z 1 1 5 S 1’
> < Lined >2< Lipgr >2

LminaLmedaLmaacN

here we have used the estimate (without loss of generality we assume L1 < Lo < L3)

1 1
N HX|§1|§1 ||X|z‘T1—h1(§)|~L1H[g,R]H S LY=L

3
“Hj:1X|§]'|§1X|>\1|NLJ' [3,R] ~

[3,RxR]
What remains is to estimate the term
1_
[S11 182171831 Xomax{ 1] J&a) s} 21
1 1 1
<A >2< Ay >2T< A\g >2 0

(3.16)

[3,RxR]

By taking the homogenous dyadic decomposition of the variable |£;| ~ N; > 0,
by taking the non-homogenous dyadic decomposition of the variable |A;| ~ L; > 1,
and the function |h(§)| ~ H > 1 (here the notation |\;| ~ L; = 1, |h(§)| ~ H =1
means |\;| <1, |h(§)| < 1, respectively), we have

|E11P1€2171€3 M Xamax {61, €21, €]} 21
<A SI< Ny >2< Ny >0

[3,RxR]

1—pnarp nrP
> >y MM

N1,N2,N3>0,Nmaz 21 L1, L2, Ls>1 H>1 Li L3 L3

(3.17)

N

XNy, No,NasHiLn Lo, Ls |3 g xw)

where XN, Ny N3:H;Ly, Lo, L5 18 the multiplier

3
XNy, No, Ny Hi L Lo, Ly *= X|h(€)|~HALj=1 X5 [Ny X[ |~ L -
From the identities £; + & + £3 = 0 and 71 + 7 + 73 = 0 we see that

h(€) = =M1 = Ao = A = 3i€1&ats — (1611 +1&** + &™),
Then the multiplier X, N, Ns.H:L, Lo,15 Vanishes unless

(318) Nmaz ~ Nmed, Limaz ~ maX{I—L Lmed}v H~ maX{an Nmin, N2

ax max) *

Thus we may implicitly assume (3.18) in the summations. By applying Schur’s test
(Lemma 3.11 in [9]),

(3.17) < sup Z Z Z

~Npea~N H>1 LmaacNmaX{HvLmed}

1=parp TP

N; N1N2X
1L 1 1_ N1,N2,N3;H;Ly1,L2,L3
2 2 2

LyL3L3

(3.19)

[3,RxR]
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In light of (3.18) and the comparison principle in [9], we thus see that at least one
of the inequalities

(3.19) < sup Z Z

>
N 1NmaacN med~IN Lmaac>Lmed>Lmzn

3.20 1
o0 Ny NN !
1 1 N1,N2,N3;Lmaz;L1,L2,L3 [3 RXR]’
L} L3L3
or
B1) S Y Y Y
N>1 Nmaz~ medNN LmaacNLmed H< Lmax
3.21 1
o2 Ny ONENE !
1 1 Nl,NQ,Ng,H L1,L2,L3 [3 RXR]
L} L3 L3

holds. It is sufficient to prove (3.20) < 1 and (3.21) < 1.

The proofof (3.21) < 1. Note that the inequality N2, Nyin, > N22 . implies

Nppin > N292. By using the estimate (1) in Lemma 3.1, we get from (3.17) and
(3.13),

(3.21) <sup Z Z Z

>
N leaacN med™~N Lmaz~Lmed maX{Nmachmzn,Nmagc}NH<<Lmagc

l—parPaTP 1
Ny UNENE 3 n
1 1_5 ~min” 'min
L2L2L2
< sup > > >
N2>1 2a-2 J, T ’
~" Nmaz~Nmed~N,Nmin>Nmnax mazx™~Lmed NmameanH<<Lmaac
I=par2p 1
Nman L§~ N§~
man man
L2 L1—6
max
(3.22) min
+sup > > >
NRIN N, Npin<N2%22 Lmaz~Lmed N2 ,~H<L
max™~NVNmed ™~V VN min > Vmax me max max
I=ppr2p 1
Nman L2 N2
min min
L2 L1—6
main—max
S sup > )

>
N leaacN med~N, Nmzn>N2a 2 LmaacNLmed>N Nmin

N2 —PH20 nr2p-2445
mzn
Lo

maxr

log2(Lmaa:)
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+ sup Z Z

N2>1
~" Nmaaz~ med"J]\/vvj\/vminSJVQO{_2 LmaacNLmedzNga

3
N2 pr2p—2a+2a6

e L(g log2(Lmaa:)
max 1 os
< sup E Nrfmp N2p—2+49
>
NNl Nmaz~ med"J]\/vvj\/vmin2]\7201_2 3
+ sup E er;leQ”_Qo‘“a‘s.
N2>1

~ ]\/vmaac’V]\/vmed"J]\/vvj\/vminSJVQO{_2

When % < p <1, we get from (3.22),

(3.23) (321) S sup N(4—2a)p+a—3+(8a—4)6 + sup N(4—2a)p+a—3+2a6 S 1,
N>1 N>1

for § > 0 small, since p < 2(32;_0‘&) implies
4-2a)p+a—3+8a—4)0<0,(4—20)p+a—3+2ad <0

for § > 0 small. When p < %, we get from (3.22) that

(3.24) (3.21) < sup NP—2+6 4 gup N(U-20)pta—3+206 < ¢
NZ1 N>1

for § > 0 small. We complete the proof of the estimate (3.21) < 1.

Proof of (3.20) < 1. We first deal with the contribution where (3.3) holds. In
this case we have Ni ~ Ny ~ N3 ~ N, Lyqe ~ N2 and L,,;,, > N?¢, since we
have L;j ~ |\;] > |£]%“. So we get

N1+p 1 . 1 i %
(3'20)§]Svu>p1 Z WLer‘n min{ N"aL! . L }
b LoneaZ N2 Linan~N3L{ L3 L3
Nite N—§tp—5+65
(3.25) <sup Z 1 < sup —
Nz LinedZN?%, Limaz~N3 L;}nedLﬁrmac NZ1 Lmaz~N3 max

3
<sup N~atP=2+60 <
NZ1

for § > 0 small, since we have p < 2(32;_0‘&) <344
Second, we deal with the cases where (3.4) applies. We do not have perfect
symmetry and must consider

Casel. N ~ Ny~ No> N3; H~ L3 > Ly, Lo,
Case II. N ~ Ny ~ N3 > Ny; H ~ Ly > Ly, L3,
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separately.

The estimate in Case I. In this case, we have L,,q ~ N2N3 and Lyeq =
N?29, and then N2 < L=

med*
B+1 nr2—3 20 2o-2th
When Lyeq > N3 ° N > N*% and then N3 > N BA+1 | we get from (3.4)
and (3.20) that

Ny PN% 1 1
(3.20) < Z Z ﬁL%me

2 2 2
NS Na>N T Lmaa~vN2Ns 2 Linea2 N5 T N2=5 LiL; Ly

(3.26) < > >

2
N>>N3>N%T21Q Lmaz~NZ2N3, Lmed>]\[5+1]\[2 B Lmed

N31—0+6N2p—1+26

Ng_§_p+5(2+ﬂ)N2p—2+§+6(4—ﬂ)

S X )
2a—2403 N2 o
N>N3>N A1 LmeaSLmaz~N2N3
2a—2+4

N>N3>N A+l

When % — g — p <0, we get from (3.26) that

)

(3.20) < N2P—2+ 53U+ (G=5-pr6(248)) < ¢

for § > 0 and B > 0 small, since the inequality p < 2(2 ) means
I} 20-2+p3,1 B
2p—24+ = +6(4- - p+4(2
P +2+( B) + 11 (2 5~ Pt (2+0)) <

hold for § > 0 and 5 > 0 small. When % — g — p >0, we get from (3.26) that
(3.20) < NP~2160 <
for 6 > 0 small.

When Lmed > NIPIN2F | Loeq 2 N2* and NSTIN2-0 < N2 we have
N3 < N e . We get from (3.4) and (3.20) that
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1-ppar2
N pN P 1
2 2
20245 LSNN2N3 Lmed>N2a L2L2L2
N3<N~ 5+
1—p+d A12p—1428
_ N3 PO N2
(3.27) <
2
N3<Naﬁ—fj_g L3~N2N3,Lyea> N2 Lmed

N1=p+0 pr2p—1420—(1-20)a

DY >, %

N <N—Mﬁ_fr Linin<Lmed med
3>

S Z N;—p+6N2p—1+26—(1—26)a S 1

2a—2+§
N3<N~ B+

for § > 0 and B > 0 small, since the inequality p < 2(2 ) means

20 -2+ 0

20—14+20—(1—-2
p—1425—( d)a+ 11

(1-p+6)<0

hold for § > 0 and 8 > 0 small.

200—24

+8
When Lyeq < NYT'N278 and Lypeq > N2, we have N3 > N~ 541

get from (3.4) and (3. 20) that

(32005 > >

Ny>N T LmeaSNG T N2-5, L~ N2Ns

N3~ PN2p 1 L g3 L

N2 PR35 \ o 9405184 (2-)

DS >, I

N. >Naﬁ—+2frﬁ Lmaz~N?Ns med
32

< Z Ng%—p+(2+ﬂ)6—$sz—2+25+§+(2—ﬂ)6 <1

2a—2+§
N3>N B+l

for § > 0 and B > 0 small, since the inequality p < 2(2 ) means

2p—2+25+é+(2—ﬁ)5+

20— 2+ 0
2 2

B+1 283

hold for § > 0 and 8 > 0 small. We complete the estimate in Case I.

493

(2+ﬁ)5—i> <0
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The estimate in Case II. In this case, we have L,qr ~ N?Ny and Liyeq 2
N2 and then N2 < LQ"

med*

When < p <1, we get from (3.4) with § = 2 and (3.20) that

(3.20) < > >

NNNl NN3>>N2 L1,L3§L2NN2N2

1—parp 7P

N NN x H

1 1 5 N1,N2,N3;Lmaa;L1,L2,L3 [3,RxR]
L2L2L2

N~N1~N3>N> L1,L3§L2NN2N2
1-
NYNPN, ™

L5L5‘5L2

174N

| XNy No, N33 Limai L, L2, L | 3 Ry -

By symmetry and the estimate obtained in Case I we get

(3.20) < > >

N~Ny~N33>Nj Ly, L3<Lo~N2Ns

1—
N; prNg <

1 1_s HXN1,N2,N3;H§L1,L2=L3”[3,R><R] S 1
LQLQL2

1
When 0 < p < 1, we have Ly ~ N2Ny and Lyeq = N2°, and then N7 <
1
Lz .. We get from (3.4) and (3.20) that

NYN 1
D S S pEr
N1~N3~N Ly~ N2Ng > Lo > NS> N2 Lf L2 L2
NpN 1
T Z Z 1 5L7?mnN22
Ni~N3~N LywN2Ny > Lpea>N20>N3 L LQL2
NYN
629+ D > LN L

Ni~Ng~N Ly~N2Ny N20<L,,.q<N3 L{ L3 L3

DY 2.

No>N% La~N2Np,Lipea>N3

P NT20 p+0 A728
NENZ 5 5 NOHN

1 1

2 2
Lmed No <N_ Ly~N2N3,Lypeq> N2 Lmed
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1
1y
NN
+ 2 > A
Lie
NQ,ZNQTQ Ly~N? NQaLmed<N ed
3 3
—34pt46 —34pt46
< Z [N229 +N24P ]N26
No>NE
+ Z N£J+6N—o¢+2(1+oz)6 S 1,
Na SN

for § > 0 small. We complete the estimate in Case II.
To finish the estimate of (3.20) it remains to deal with the cases where (3.5)
holds. When N,,;,, = N3, we have L3 << L4, and

1- 2
N PN2, 1
E E L 2 1
(320) S su>p 1 1 s Lman Lmed
NZYNpea~Nmaz~N Ly< Limag~max{N2Nin,N a}LQL2 L3
1—- 2p—1
N PN2p— 1
< § : min 2 1 2
S ]SVu>p1 % ; %—6 Lman Lmed
~* Nmed~Nmax~N LmaacNmaX{NQNminaNQQ}Lm@$Lmanmed

1=par2
N _~PNZ2p
min
N sup E E TR
2 2
NZ1 Nimed~Nmaz~N Lpgz~max{N2N;n,N2¢} LiazLinaz

1=par2
N ~PNZ2p
min
< su>p E E T
2 2
Nzt Niea~Nmaz~N,Npmin>N29"2 Lyaz~N2Npin LmaJ:Lmaa:

1—par2

N _PN?P

(3.30) +sup E E %
N 1 1_

N2 Nopea~Nimao~N,Nin SN20=2 Liyqz~N2 LﬁnamLﬁm

N2 —PH20 nr2p—2+445

S sup Z Z min 73

N2>1 _
~" Nmed~Nmaz~N,Npin>N2"2 Ly02~N2Npin maz

Nl PN2p 1—a+2ad

SN2 > Ml

NZ1

Nmed~Nmaz~N,Npmin <N2¢=2 Lypqz~ N2 mazx
1
2=P+20 31952446
S 2~ P p—2+
~ Su>p Z Nmzn N
NNl NmedNNmaacNN,NminZNQO‘_Q
1 2p—1—a+2
+ sup E NP N2~ —a+2ad.
N2>1

~ Ned~Nmaz~N,Npin <N22—2
When % < p <1, we get from (3.30) that

(3.31) (320) S sup Noz—3+2(2—oz)p+4oz6 + sup Noz—3+2(2—oz)p+2oz6 S 1,
NZ>1 NZ1
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3—a

for 6 > 0 small, since the inequality p < 5(o—a)

means

a—3+2(2—-a)p+4ad <0
and
a—3+2(2—-a)p+2ad <0
hold for § > 0 small. When 0 < p < %, we get from (3.30) that
(3.32) (3.20) < sup NP~2160 | gyp No—3+2(2—a)pt2ad < 1
N21 N21

for 4 > 0 small.
When N,,;n, = No, we have Lo << L4z, and

(3.20) < sup Z Z

N21

med™~Nmaz~N Lo<Lmax NmaX{NQNminaNQQ}
4 1 1
Nman LE N—ILE

% % % _g§ “mun med
L2. L2  Liax

min~med

N?.
man
S sup > > i,
N""l Nmed~Nmaz~N L2<<LmachmaX{N2Nmin,N2a} L?%Laa:

N”.
man
N sup E E i
NZL N pmea~Nmaz~N,Npmin>N206=2 LyayrN2 Npin Linaz
N?.
(3.33) + sup > > i
N>1 27

2
~ ]\/vmed’V]\/vmaac’V]\/va]\/vminSJVQO{_2 LmaacNN2a Lma$

P—%+25N—1+25

< sup § min
~ N2 Lo
~ NmedNNmaacNN,NminZNQO‘_Q Limaz~N2Npin max
NP . Nat2ad
+ sup E E %
Nz Nmed~Nmaz~N,Npmin<N22=2 Lipge~ N2 mazx
1
—54+20 . _
< P32 1426
~ Su>p Z Nmzn N
NNl Npea~Nmaz~N,Nmin ZNQO‘_Q
+ sup E Nﬁz . Not2a8
N2>1

~ Ned~Nmaz~N,Npin <N22—2

When % < p <1, we get from (3.33) that

(3.34) (3.20) < sup NP~ 2140 4 gup No-2+2e0 < 1
N21 N21
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for § > 0 small. When p < %, we get from (3.33) that

(3.35) (3.20) < sup N(Ra—2p—at202a=1) 4 g ya—24200 <
NZ>1 NZ>1

for 4 > 0 small.
By symmetry, the same estimate holds when N,,;, = N3. We complete the
proof of (3.20) < 1. ]

Theorem 3.2. Given s € (2(05—:3007 0], there exist p > 0, 6 > 0 such that for any

1
couple (u,v) € X2 with compact support in [T, T),

(336) 100 ()l s ST Nl g 0] .
L1
Proof. By duality, (3.36) is equivalent to, for all w € X2 °,
637 |<Bw)w > ST ful g oy ol s
which follows from a combination of Lemma 3.2 with Lemma 3.6 in [8]. [

4. PROOF OF THE MAIN THEOREM

Let
an  Fw=u [woe- 220 [wie-no e

Clearly, if u is a solution of the integral equation © = F'(u), then u is a solution

of (1.1) for 0 < ¢t < T. Let s € (2(05——_360,0]. For a given ¢ € H*(R) and for any

w,veX %’3, one deduces from Proposition 2.1 and Theorem 3.2 that

(4.2) IE@I 3.0 < llell g +T“HUH§.(%,S-

Ls
xg’
Similarly, using 9, (u?) — 9,(v?) = 9[(u + v)(u — v)],

@3) 1P = POy ST u=vl . |lul g + 10y

(4.2) and (4.3) implies that, for T < Ty < HapH_i{H’é y F is strictly contractive on
!
the ball of radius < ||¢|| frs(ry- This proves the existence of a solution u € Xo 2

to the Cauchy problem (1.1) on the time interval [0, Tp] with Ty = To(||]| zs) > 0.
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S

L1
Letug,up € X j’T be two solution of the integral equation (1.1) on the time inter-
val [0, T] with T' < Tp. On account of Proposition 2.4, uy, uy € C([0, T]; H*(R)).
For 0 < 8 < T'/2 to be specified later, we define u;,i = 1, 2. by
ui(t), telo,f]
up =4 ui(28—t), telp 20

0, else

1
Obviously ¢ — w; is locally continuous in X j;, and u; —uy = 0 on R\ [0, 23]. By
(4.1) and Theorem 3.2, one has

Jur —u || 30 S I 0x((@1(t) — Wa(t)) (ur (') +uz(t'))) ”X‘%“’S
o, T a,T
< BT — T
S B || ur — s HXE”TSH u1 + ug || fT

for some p > 0. By the construction, we easily get

598~

|1 — a2 || 1 Sl ur —uz |
Xa,T X

o, T
Hence,

len = uz ]y S B Il g+l ) o = ]

a,T a,T a,T a,T

Taking 3 < [|| w1 HX%S + [l uz || 47", we conclude uy = uz on [0, 3]. Iterating
a, T Xa,’T
this argument, one extends the uniqueness result on the whole time interval [0, Tp).

Note that for ¢ € H *(R) with s < 0, one has
W (-)p € C([0, +00), H*(R)) [ | C((0, +00), L*(R)).

Let u be the solution of (1.1) associated with . It follows from the estimate

1 1
5, . . — 546, . ..
ue X;? 78“0 together with Theorem 3.2 that 9, (u?) € X, %: °. Using Proposition
2.4, one deduces

t /t W (t — 1), (u*(t —t'))dt' € C((0, Tp], H*),
0

and so

(4.4) u € C([0,To], H*) () C((0, To), H**?).
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That u € C([0, Ty], H*) N C((0, Tp], L*(R)) is deduced from (4.4) and the unique-
ness result by induction. Finally, the mapping that associated to initial-data the
corresponding solution is analytic as a function between appropriate Banach spaces
directly from Proposition 2.4 and the implicit function theorem (see [5], [7] and
references therein).
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