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LINEAR 2-ARBORICITY OF THE COMPLETE GRAPH

Chih-Hung Yen and Hung-Lin Fu

Abstract. A linear k-forest is a graph whose components are paths with lengths
at most k. The minimum number of linear k-forests needed to decompose a
graph G is the linear k-arboricity of G and denoted by lay (G). In this paper,
we settle the cases left in determining the linear 2-arboricity of the complete
graph K,,. Mainly, we prove that las (K12t+10) = lay (K12t+11) = 9¢ + 8 for
any t > 0.

1. INTRODUCTION

Throughout this paper, all graphs considered are finite, undirected, loopless, and
without multiple edges.

A decomposition of a graph is a list of subgraphs such that each edge appears
in exactly one subgraph in the list. If a graph G has a decomposition G1, ..., Gq,
then we say that G can be decomposed intoG1, ..., GgorGy, ..., G4 decompose G.

A complete graph is a graph whose vertices are pairwise adjacent; the complete
graph with n vertices is denoted by K,,. A linear k-forest is a graph whose com-
ponents are paths with lengths at most k. The linear k-arboricity of a graph G,
denoted by lay(G), is the minimum number of linear k-forests needed to decompose
G.

The notion of linear k-arboricity was defined by Habib and Peroche in [9]. It
is a natural generalization of edge coloring. Clearly, a linear 1-forest is induced by
a matching and la;(G) = x/(G) which is the chromatic index of a graph G. It is
also a refinement of the concept of /inear arboricity, introduced earlier by Harary
in [11], in which the paths have no length constraints.

In 1982, Habib and Peroche [10] made the following conjecture:
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Conjecture 1.1. If G is a graph with maximum degree A(G) and k > 2, then

A(G) - V(G|
k- V(G)]
2 | M|
AG)-|V(G)|+1
k- V(G)|
2 | 5
So far, quite a few results on the verification of this conjecture have been
obtained in the literature, especially for some graphs with particular properties, see
[1, 2, 3, 4,5, 8, 12, 13]. Among them, Bermond et al. [1] determined the linear

2-arboricity of the complete graph K, almost completely. They had the following
result:

if A(G)=1|V(G)|—1and

lag(G) < -

if AG) < |[V(G)] - 1.

Theorem 1.2. For n # 10,11 (mod 12), lay(K,) = [g(@ﬂ
3
Later, Chen et al. [4] derived a similar result by using the ideas from latin
squares. They claimed that the following theorem is proved.

Theorem 1.3. lag(Kgu) = ’7:3(3%4_1)1, lag(K3u+1) = "3(3++1)-|, and lag

(K3y42) = {%1 except possibly if 3u+1 € {49,52, 58}.

Unfortunately, their result mentioned in Corollary 4.7 of [4] that lag(K12¢411) =
9t + 9 is not coherent to the theorem they proved, the expected linear 2-arboricity
of K12t+11 1s 9t + 8.

In this paper, we will prove that las(K12¢410) = lag(K12:411) = 9t + 8 for any
t > 0. Thus, the exact value of las(K,,) is completely determined. Furthermore,
the results obtained are coherent with the corresponding cases of Conjecture 1.1.

2. PRELIMINARIES

First, we need some definitions. A graph G is m-partite if V(G) can be
partitioned into m independent sets called partite sets of G. When m = 2, we also
say that GG is bipartite. A complete m-partite graph is an m-partite graph G such
that the edge uv € E(G) if and only if u and v are in different partite sets. When
m > 2, we write Ky, , .. for the complete m-partite graph with partite sets of
Sizes ni,Na, . .., .

Let S = {1,2,...,v} be a set of v elements. A latin square of order v is a
v x v array in which each cell contains a single element from S, such that each
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element occurs exactly once in each row and exactly once in each column. A latin
square L = [{;;] is idempotent if {;; = i for all 1 < i < v, and commutative if
li; = Lj; forall 1 <4,7 <w. In [6], the following result has been mentioned.

Theorem 2.1. An idempotent commutative latin square of order v exists if and
only if v is odd.

An incomplete latin square of order v, denoted by ILS(v;by,bo, ..., bx), is a
v X v array A with entries from a set B of size v, where B; C B for 1 < i < k
with |B;| = b;, and BN\ Bj = () for 1 < # j < k. Moreover,

1. each cell of A is empty or contains an element of B;

2. the subarrays indexed by B; x B; are empty (and called 4oles); and

3. the elements in row or column b are exactly those of B — B; if b € B;, and
of B otherwise.

A partitioned incomplete latin square PILS(v;by,bs, ..., bg) is an incomplete
latin square of order v with b;+bg+- - -+br =v. Figure 1 is an example of a com-
mutative PILS(8; 2, 2, 2, 2). It is worthy of noting that, Fu and Fu [7] proved that:

Theorem 2.2. For any k > 3, a commutative partitioned incomplete latin
square PILS(2k;2,2,...,2) exists.

Next, we state some properties of lag(G).

]

G734 ]5

g5 Iy7]6]:?2
G| 7 Bl2]5 |
T4 |1 h. 213
1| B L 1] 4

4|3 [(aj5)2]1

S|a|2)i)3]4

Fig. 1. A commutative PILS(8; 2,2, 2, 2).

Lemma 2.3. If H is a subgraph of G, then lay(H) < lag(G).

Lemma 2.4. If a graph G is the edge-disjoint union of two subgraphs G and
Go, then lak(G) < lak(Gl) + lak(Gg).
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Lemma 2.5. la;(G) > max{ [A(ZG)-| , h’LEV(%)lJ-‘ }

k41
Lemmas 2.3 and 2.4 are evident by the definition of linear k-arboricity. Since
any vertex of a linear k-forest in a graph G has degree at most 2 and a linear k-forest
in G has at most V'XT(?)'J edges, we have Lemma 2.5.

3. MaIN RESULTS

In what follows, for convenience, we use an n X n array to represent a linear
k-forest decomposition of Krig.3n,n or K, which also shows an upper bound of
lag(Kp ) or lag(Ky,). Figure 2 is an example of K312 with lag(Ki212) < 9.
The entry w;; in row 7 and column j means that the edge u;v; belongs to the linear

2-forest labelled by w;;. In fact, lag(K12,12) = 9 since lag(K12,12) > [%-‘ =9
3

by Lemma 2.5.

-
-
-
-
o

.
-
y
-

i
e
=

L U I

uy [ 1| B| 4|4 ]|3|3|B|6G|X|2]15]7
uxfl (4|66 |(2|2]7[7|2]3]5]|8
w2479t luls|olslslals
we |25 7| 1| B|4|4]3|3|R]6G]|Y
Wa |3 |5 L4662 2]T7]7]9
e |3 | 6 214791 5195
ur R | &1 2|5(7|1|8)|4]4]13]|3
us [T 7|9 3|5|8[1|4)|6]la]2]2
U [5)9| S| 36812471 9])1]1
w4 | 3| 3| B|6|9|2]|5|7|1]8]4
up|la [ 21217171 9l31518]1114)n6
uzl9 1|1 |s5]e|5|3|6|8]2]14]7

Fig. 2. The array shows that las(K12,12) <9.

As we have seen in W = [wj;], a number occurs in each row and each column at
most twice and furthermore if w;; = w;;» where ¢ # ¢ and j # j’, then w;;jr # wy;
and w;; # w;;. The condition on K, is similar except the array W = [w;;] is
symmetric, i.e., w;; = wj; for all i # j, and wy; is empty for each i € {1,2,...,n}.

Now, we are ready to obtain the main results.
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Proposition 3.1. lag(K11) = 8.

Proof.  'We construct the array in Figure 3 to show that laz (K1) < 8. On the

other hand, by Lemma 2.5, las(K11) > [%-‘ = 8. n

¥, ¥: Wi Vi Vs ¥o V1 V& Vo Ve Vi
v alal7lslalslals]ali
¥ 2 Bls|2z 7T 4]4|6]1]3
¥l 1 | B Gl4l5| 68T 3] 2
Vel TS| B 4121113 E]5]7
val 5121414 a6l TITIE] L] 3
vel 4|7 1| a L faflz]7]4
¥ Blda |l ]7T]I 2131815
vel O |4 | B3] T3] 2 Il 16| 5
Yel 5|6 | T RB]EJ2]I]IL 4| 6
Vel 3|1 |3 S LT E]GE]| 4 2
Yl 1 | 3217134 5]5]|6]:2

Fig. 3. The array shows that las(K71) < 8.

Proposition 3.2. [ag(Ko3) = 17.

Proof. 1t is clear that K93 is an edge-disjoint union of K12 U K11 and K2 11.
First, we decompose (K12UK71)— M into 8 linear 2-forests where M is a matching
of size 3 in K12. Then, from the result las(K12,12) = 9, we find a way to decompose
K211 U G[M] into 9 linear 2-forests where G[M] is a subgraph of K3 induced
by M.

Hence, we obtain the array in Figure 4 which shows that las(K23) < 8+9 =17

by Lemma 2.4. On the other hand, by Lemma 2.5, lag(K>3) > [ 25§J-‘ =17. m

L2-2
3

Proposition 3.3. lay(K,, pn) = |—37”-| for any n > 0.

Proof.  Assume that the partite sets of Ky, are Vi = {vy], 12}, - - -5 V1[n) }»
Vo = {1)2[1], Va[2]; - - .,Ug[n]}, and V3 = {1)3[1], U3[2]; - - .,’Ug[n]}. First, for all 1 <
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a # [ < 3, we use the notation G(V,,Vj3) to denote the subgraph of K, ,
induced by V,, and V3. Then G(V,, Vj) is a complete bipartite graph K, ,, and it
is well-known that the edges of K, ;, can be partitioned into n perfect matchings.

Wy ¥i Wa Wa Wi Ya Vo ¥a ¥y ¥ Voo Vg Voo ¥ Fog YVis Yor P Vin Vs Y1 T Vi
P2 1 75 486 5 3 1159 1612121111 16 14 17 1013
¥ F4 3 8 7 44 6 1 3 209020404 1000131517 1113
L 1 16 B 7T 5 & B T 3 2 4100021517 9 9 1317 131114
V. |T 5§ & 172 1 3 BE§5 7T 4100315 9 16021210 101 1614
w05 8 717N 63 2 1 4 8 6111316 9 12 14 14 10 10 15 15
Yold4 T 5 L B 1 3 2 7 4 11 04 1610 12 15 17 % 9 1317
volE 4 & 1 3 1 2 3 B 5 TN& M ITI013 015 9 16121211
val6 4 B3 2 32N 1 65 T|I5151711 1316 9 12 14 14 10
156 7T 81 231 4 6 B3 1T 1310 14 161012 1517 9
Yuld 1 3 5 4 7T K B 2 12011016 14 171013 15 9 16
YW1 3 27T 8B 455 & 2 1014 My IDIS IS 0700 13 16 9 12
Yizfl5 2 4 4 6 57T 7T & 1 3 17 9 % |3 017 13 10 14 06 1012
T I T T B B O 21 7T 5 4 8 6 5 31
ValllG 12 12 13 13 14 14 15 17 011 10 9] 2 B 5 2 74 4 6 1 3
elI2 14151516 617171311 1091 8N 6 4 5 6 & 7 3 2
viell2 14 17T 9 9 011 11 16 1313]7 53 6 4 21 3 8 317
el W % 16 12012131314 14 15175 2 4 4 6 7T T EBE 1 3
Pl 010y % 12040505016 06 07 1T 134 7 5 2 1 3 2 7 4
Yl IG5 13 12 18 0179 % 1o 1p s 4 & 17 1 2 3 R 5
Vall4 15 1T 00 10 9 161212013 1314|656 4 B 3 7 3 2 1 & 3
VallI7IT I3 10 1y 9 1214 1515 16 16|15 & 7 E B 2 3 4 &
Vel Bl Il & 1S 131204079 Qo3 1 O3 51OV R G 2
vall313 14 14 15171010 9 16121211 3 2 0 3 4 5 3% 2

Fig. 4. The array shows that las(K23) < 17.

Next, we find that the edges of a union of any two perfect matchings in
G(V1,Va), G(Va,V3), and G(V3, Vi) respectively can produce 3 linear 2-forests
of Ky, . Figure 5 shows an example of K77 7. Hence, las(Ky 5pn) < |—% . 3-| =
[3%7]. On the other hand, by Lemma 2.5, lag(Kp ) > [22]. n

Proposition 3.4. lay(K35) = 26.

Proof. 1t is clear that K35 is an edge-disjoint union of Ko U K12 U K11 and
Ki212,11. First, we decompose (K12 U K12 U K1) — (M U M3) into 8 linear
2-forests where M and My are matchings of size 3 in different K5’s. Then, from
the result las(Ky pnrn) = |—37”-| in Proposition 3.3, we find a way to decompose
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Ki212,11 U (G[M;] U G[Ms]) into 18 linear 2-forests where G[M;]| and G[My] are
subgraphs of K35 induced by M; and M,. Hence, we obtain the array in Figure 6
which shows that lag(K35) < 8 + 18 = 26 by Lemma 2.4. On the other hand, by

Lemma 2.5, las(K35) > [%-‘ = 26. =
3
v, ¥ Vs ;- ¥um
L) () . _ ()
| ] .
1 B | [
I | I
| L I | I
1 2 I 1 I
| | I 1 |
i S i i i
1 - | | i 1
1 "_.'.. I . I - | I
¥ --|.'- . Vs ".'I- ""|' __" _'. - . ¥ipa|
1 : 1 15, - L 1
[ i BER Y I I CRPELS o | 1
1o : Y fi i 1
= Y LR T 1 1
" | I ol |
[ I I Tl I
1 I ] 1. I
1; I I e
I- '_I: 1 I Il_ I: K
) - )
¥ay ¥au Vs Yy ¥am

Fig. 5. Three linear 2-forests in K7 7 7.

Proposition 3.5. [ag(K59) = 44.

Proof. Since Kjxg is an edge-disjoint union of Koo U K19 U K¢ and K2 19,20,
we first decompose (K20 U K19 U Kog) — (E1 U Eo U E3) into 14 linear 2-forests
where E, F’5 are edge subsets of size 8 in different K5y’s and Fs is an edge subset
of size 3 in K.

Then, from the result lag(Kpnn) = [2%] in Proposition 3.3, we find a way to
decompose Ko 19 20U(G[E1|UG[E2]UG|E3]) into 30 linear 2-forests where G[E1],
G[E,], and G[Es] are subgraphs of K59 induced by E;, F», and E3 respectively.

Hence, we obtain the array in Figure 7 which shows that las(K59) < 14+30 =
44 by Lemma 2.4, where By, By are the arrays in Figure 8 and C, Dy, D3y, D3
are the arrays in Figure 9. Moreover, the arrays DT, DyT, and DT are the
transposes of D1, Do, and Dj3 respectively. On the other hand, by Lemma 2.5,

laz(Kg,g) > ’V&-‘ =44, |

)
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Fig. 6. The array shows that las(K35)
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Fig. 7. A partition of a 59 x 59 array into nine subarrays.
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W W W3 V4 Wi Wg Wi Vi Vo Vig Wi Yz Vis Vi Vi3 Ve Y Yig Tie YV
133 6 6 1 2 131004 4 101009 5 & 7 8 12 43
15 40 11 1210 7 9 F 5 6 E 2 14013 1 5 4 5 11
3 40 4 1 1312 5 8 &6 2 91113 8 9@ 1014 3 7
6 oIl 4 T4 3 3 2 8 9141210137 9 101 5
6 11X 1 37 T 147 210121 118 5 3 13109 4 4
1 13 4 7 MM EIlS 3 3 6 2 1012 5 14 % 13
2 712 3 14 21000 &8 7T a6 9 5 14 4 1 1013
13 53 3 7T 8 12 MNI4 4135 2 011100 8 & 6 |
1 3 B 2 2 11 3l 1514 4 135 & 6 12 9 1 7
14 5 6 & 129 1 1415 imir13 4 3 7 6 2 2 H
4 6 2 9 1 5 KB 4 1411 1514 % 7 12 2 1310 6
11 8 @ 1411 3 7 13 4 1015 4 6 2 2 5 B 12
2 10112 8 6 6 3 1313 14 4 B 9 11137 2
O 413100 5 2 9 2 5 4 3 6 K 14 3 12117 1
5 1328 13 3105 116 3 7T 24914 11 1 412 9
B 19 T l3izi4106 7 122 01 311 4 3 13 10
7T 3109 |05 4 8B 126 2 1 11121 4 T 14 13
E 4 1410 914 1 6 9 2 125 311 4 5 7 1 1z
12 53 3 1 4 w6 1 2 18 7 7 1213 14 11 14
4300 Y 5 4 3 1301 7 8 &6 12 2 9 0k 13 1214

Vi Vi Wl Vb Vi a3 Y Y4 Vil Y Ne Yai VE VH T VH Vi Y Ta Y

G613 2 1 Wpo41211 4 % 5 8 7 8 315

2% 1 137 2 8 6 4 1413 9% 1001 4 7 11

2 1% 3 2 4 3 9 1413101 7 9101211
6 1 22 114 2 8 41311125 3 1 109 13 4
13 3 12 7 G % 5 3 9 2 IO 4 5014 01 10
21 3 14 6 13 B 7 109 5 14 1213 4 7
1 13 3 7 S 140121 6 211108 6 5 9
T 2 2 1 41213 5§ & 6 4 9 & 3
I 2 4 B 7 8 9 1311 3 11 2
14 3 B 4 2123 7T 6 2 &6 3
12 6 % 13 i m 3 7 4 2 1 2 6
11 4 1411 I 12 kX 10 15 6 2 2 135 9 B
4 14 1312 9 10 & 13 7 2 108 T4 1 1411 3 3
9 13105 2 9@ 5 #0123 6 7 4 3 411 1 14
5 9 1 315116 9 3 T2 4 E 1
8T 1 o4 141k6e 127 4 2 1 3 13
T 1 %105 12 8 4 016 21314 4 3
E 4 109 1412 6 49§ 3 21 5 1111 12
3 712131 4 5 B 11l & 2 49 3 1 &
50011 4 107 9 3 25 6 8 5141 13 31216

Fig. 8. Two subarrays B; and Bs of the array in Figure 7.
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Fig. 9. Four subarrays C, Dy,

D5 and D3 of the array in Figure 7.
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Proposition 3.6. las(K19:411) = 9t + 8 for any t > 3 and t # 4.

Proof. 'We prove this proposition by using the techniques from latin squares
proposed by Chen et al. [4]. First, assume that ¢ is odd. Then let the 23 x 23 array
in Figure 4 be partitioned into four subarrays P, Q, Q”, R as shown in Figure 10,
where P,Q, R are 12 x 12, 12 x 11, 11 x 11 arrays respectively, and Q7 is the
transpose of (). Moreover, let the 12 x 12 array in Figure 2 be denoted by W.

Q' R

Fig. 10. Four subarrays of the array in Figure 4 or Figure 6.

From Theorem 2.1, we can find an idempotent commutative latin square of order
t. By using L = [¢;;] to denote this idempotent commutative latin square, we can
construct a (12¢+11) x (12t + 11) symmetric array as shown in Figure 11 to show
that lag(K12¢411) < 9t + 8, where, for 1 <z <t,

B D

B|D

] I |..:|_I Tmw ['.I' e vl BB R [

Fig. 11. A (12¢+ 11) x (12t + 11) symmetric array.
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B, is a 12 x 12 array;

the entry B,(r, s) in B, equals P(r,s) in P if P(r,s) € {1,2,...,8};
By(r,s)=P(r,s)+ (x—1)-9 if P(r,s) €{1,2,...,8};

the 12 x 12 array Cj; = W + 8+ (4;; — 1) -9, for 1 <i,5 <t;

the 12 x 11 array D, = Q + (z — 1) - 9;

the 11 x 11 array F = R; and

the arrays C’ijT and D, are the transposes of C;j and D, respectively.

NS e W=

Next, if ¢t is even, then let the 35 x 35 array in Figure 6 be partitioned into
four subarrays P, Q,Q”, R as shown in Figure 10, where P, Q, R are 24 x 24,
24 x 11, 11 x 11 arrays respectively, and Q7 is the transpose of ). From Theorem
2.2, then we can find a commutative PILS(2k;2,2,...,2) such that ¢ = 2k. By
using L = [¢;;] to denote this commutative PILS(2k;2,2,...,2), we can construct
a (12t + 11) x (12t 4+ 11) symmetric array as shown in Figure 12 to show that
lag(Klgt_Hl) < 9t + 8, where, for 1 < x <k,

B, D,
G
B, D
C,
ﬂl I-hl
pr | DF |---] DT |E

Fig. 12. A (12t + 11) x (12¢ 4 11) symmetric array.

B, is a 24 x 24 array;

the entry B, (r, s) in B, equals P(r,s) in P if P(r,s) € {1,2,...,8};
By(r,s)=P(r,s)+ (x —1)-18 if P(r,s) ¢ {1,2,...,8};

the 12 x 12 array Cj; = W + 8+ (4;; — 1) -9, for 1 < i,j < 2k;

the 24 x 11 array D, = Q + (z — 1) - 18;

the 11 x 11 array E = R; and

A T o
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7. the arrays CijT and D, are the transposes of C;j and D, respectively.

On the other hand, by Lemma 2.5, lag(Ki2¢411) > {%-‘ = 9t + 8.
3

This concludes the proof. u
Corollary 3.7. lag(Klgt_Ho) = lag(K12t+11) =9t + 8f01" any t Z 0.

Proof. By Propositions 3.1 ~ 3.2 and 3.4 ~ 3.6, lag(K12t411) = 9t + 8
for any ¢ > 0. Moreover, from Lemmas 2.3 and 2.5, 9t + 8 = laa(Ki2t411) >

las(Ki2t410) > {%m-‘ = 9t + 8 for any ¢ > 0. u
3
Finally, we conclude this paper by the following theorem, which provides the
answers of the unsolved cases in Theorem 1.2. Furthermore, the results obtained
on laz(K,) are coherent with the corresponding cases of Conjecture 1.1.

Theorem 3.8. lay(K,,) = H[gﬂ forn = 10,11 (mod 12).
3

Proof. We can assume that n = 12¢ 4+ 10 or n = 12¢ 4 11 for any ¢ > 0.
Since {”(”_1)-‘ =9t + 8 when n = 12t + 10 or n = 12t + 11 for any ¢ > 0, from

2 %]

Corollary 3.7, then the assertion holds. ]
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