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THREE-SPACE PROBLEM FOR SOME APPROXIMATION PROPERTIES

Ju Myung Kim

Abstract. Suppose that M is a closed subspace of a Banach space X such
that M+ is complemented in the dual space X*, where M+ = {z* € X* :
x*(m) = 0 for all m € M}. Godefroy and Saphar [4] study the three-space
problem for the approximation properties on (X, M). In this paper, we extend
some of their results and solve the three-space problem for the weak bounded
approximation property on (X, M), which was introduced in Lima and Oja
[10].

1. INTRODUCTION AND MAIN RESULTS

Let P be a property defined for Banach spaces and let M be a closed subspace
of a Banach space X. Then we say that P is a three-space property on (X, M) if
two of X, M, and the quotient space X /M have P, then the third must also have P.
The three-space problem for P on (X, M) is whether P is a three-space property
on (X, M). In this paper, we solve the three-space problem for some approximation
properties on (X, M) for the case when M~ is complemented in the dual space
X*. The results extend [4, Theorem 2.4] and solve the three-space problem for the
weak bounded approximation property of Banach spaces on (X, M), which is a
variant of the bounded approximation property (see Section 2), for the case when
M-+ is complemented in the dual space X *.

Throughout this paper, X and Y are Banach spaces. We denote by 7 the
topology of compact convergence on B( X, Y"), the space of bounded linear operators
from X into Y, which is strictly weaker than the operator norm topology; for a net
(T,) and T"in B(X,Y),

T, - T ifandonly if sup |Thz —Tx| — 0
zeK
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for each compact K € X; for S c B(X,Y)and T € B(X,Y),

T €8 ifandonly if for each compact K c X and e > 0,

there existsa R € S sothat sup |Rz —Tx| < e.
rzeK

We denote by A(X,Y) a subspace of B(X,Y) such that A satisfies the ideal
property and that the adjoint 7% € A(Y™*, X*) for all T € A(X,Y). For exam-
ple, B(X,Y), W(X,Y), K(X,Y), F(X,Y), respectively, the spaces of bounded,
weakly compact, compact, and finite rank linear operators between X and Y satisfy
the above properties. Let A(X,Y;\) ={T € A(X,Y) : ||T|| < A}, A¥(X,Y) =
{T*: T e AX,Y)},and A*(X,Y;\) = {T* € A(X,Y) : | T|| < A}

We now define the following; X is said to have the .A-approximation property
(A-AP) if for every Banach space Y A(X,Y) c F(X,Y), for A > 1 X is said
to have the A-\-bounded approximation property (A-A-BAP) if for every Banach
space Y A(X,Y;1) C F(X,Y;\), X is said to have the .A-bounded approxima-
tion property (A-BAP) if for every Banach space Y and T' € A(X,Y") there exists
alr>0sothat T € F(X,Y;\r) . We clearly have the following implications;

A—)\N— BAP — A —- BAP — A - AP.

In Section 2, we will see that the well known approximation properties (AP,
BAP, A\-BAP) and their recent variants are contained in the above definitions.

If M is complemented in X*, then there exists a projection P : X* — M=+
onto M. Definea map U : M* — X* by

Um* = z* — Px*

where z* € X* with * = m* on M. Then we see that U is a well defined bounded
operator and
(Um*)m = m*m

for all m* € M* and m € M.
We are now ready to state the main results of this paper, which are proved in
Section 4.

Theorem 1.1. Suppose that M is a closed subspace of X and M= is comple-
mented in X *.
(a) If X has the A-AP, then M has the A-AP.
(b) If X has the A-BAP, then M has the A-BAP.
(c¢) If X has the A-\-BAP, then M has the A-\||U||-BAP.
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Theorem 1.2. Suppose that M is a closed subspace of X and M= is comple-
mented in X *.
(a) If M has the A-BAP and X /M has the AP, then X has the A-AP.
(b) If M has the A-BAP and X /M has the BAP, then X has the A-BAP.

(¢) If M has the A-u-BAP and X /M has the A\-BAP, then X has the A-u||U|| +
(u||U]| + 1) \-BAP.

In Section 4, if A = W in Theorem 1.2, then the assumptions of X /M are
weakened.

Theorem 1.3. There exist a Banach space Y and a closed subspace M of
Y so that M~ is complemented in Y*, Y has the 1-BAP, M has the BAP, but
K(Y/M,Y/M) ¢ F(Y/M,Y/M) .

2. THE APPROXIMATION PROPERTIES AND THE WEAK BOUNDED
APPROXIMATION PROPERTY

X is said to have the approximation property (AP) if Ix € F(X, X) , where
Ix is the identity operator on X. For A > 1, X is said to have the \-bounded
approximation property (A-BAP) if Ix € F(X,X;\) . We also say that X has
the bounded approximation property (BAP) if X has the A\-BAP for some A\ > 1.
Grothendieck [3] systematically investigated the AP and showed the following. For
a concrete proof one may see Casazza [1, Proposition 2.4] or Choi and Kim [2,
Lemma 3.1].

Fact. (B(X,Y), )" consists of all functionals f of the form f(T') =", v,
(Tzp), where (z,) C X, (y;) C Y™, and 3, [za]lllys ]| < oo

Simple calculations show that X has the AP if and only if X has the B-AP,
and X has the A-BAP if and only if X has the B-A-BAP (cf. [1, Theorems 2.5 and
3.14]). Also if X has the BAP, clearly X has the B-BAP, and if X has the B-BAP,
then X has the BAP since for some A;, >0 Ix € F(X, X; A7) .

We now introduce the recent variant of the BAP. In [10], the authors introduced
and investigated the following properties; for A > 1, X is said to have the weak
A-bounded approximation property (weak A-BAP) if for every Banach space Y and
T € W(X,Y), there exists a net (S,) C F(X, X) with sup,, ||T'S.|| < A||T|| such
that

Sy = Ix.
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We say that X has the weak bounded approximation property (weak BAP) if X
has the weak A\-BAP for some A > 1. In [10], interesting criteria of the above
properties are established. Using the criteria, we will show that weak A\-BAP and
W-A-BAP are equivalent.

Recall that for every Banach space Z and W (Z®,W)* = B(Z, W*) and for
anet (T,) and T in B(Z,W¥)

T, weak™ 1 if and only if Z(Tazn)wn — Z(Tzn)wn

for every (z,) C Z and (wy,) C W with > ||z]|||wn| < oo (cf. Ryan [13, p.
24)).

Proposition 2.1. The following are equivalent.

X has the weak \-BAP.

F(X,Y)* satisfies ||u» < M|Vul| < M|ul|, for every u € X®@,Y*.

Proof. We show (a)=—(b)=—(c)=(d) =>(a). But (a)==-(b) and (b)==-(c)
are clear.

(c)=(d) From the definitions of the projective tensor product and the trace
mapping we see |[Vul < |lu|lr. Let Y be a reflexive Banach space and let
u=> 1, @y, € X®;Y*. Since Y is reflexive, (X®,Y*)* = B(X,Y*) =
WX, Y*) = W(X,Qy(Y)), where Qy : Y — Y™** is the natural map. Then
there exists T € W(X, Qy(Y); 1) so that

lullx =D (Tza)ys =Y yin(Qy' Tan).-

n

By the assumption Q37 € F(X,Y;\) . Let supsezx.yn | oy ¥ (Szn)| = .
Then for every S € F(X,Y;\), [, un((1/t)Sxy,)| < 1. So for every R €
FOXY3 (10N, | 5,5 (Raw)| < 1. Since (1/6)Q; T € F(X, V5 (1/0N) , by
Fact

1 1 1
2D (Trn)yn =2 Y vn(@Qy'Tan) = Y vin(3Qy' Tan) < 1.

n
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Hence we have

<t
= sup yr (S,
SeF(X,Y;N) ‘ Zn: (52n)
=\ sup ‘ yr (Rxy,
REF(X,Y;1) Zn: ( )
=X sup [(Vu)(R)
REF(X,Y;1)
= AVl
(d)=(a) See the proof of [10, Theorem 3.2]. [ |

If X has the A\-BAP, then X has the weak A\-BAP, and in [10], the authors
conjectured that the converse does not hold in general. Recently, Oja [12, Theorem
3.6] showed that X has the weak \-BAP if and only if X has the IC-\-BAP. More
recently, Kim [6] showed that X has the /C-AP if and only if X has the AP (B-AP).

The following lemma is in Lima, Nygaard, and Oja [9, Theorem 2.2].

Lemma22. IfT € W(X,Y) (resp. £(X,Y)), then there exist a reflexive Ba-
nach space Z, S € W(X, Z) (resp. K(X, Z)),and J € W(Z,Y) (resp. K(Z,Y))
such that || J|| =1, T = JS, and ||S|| = ||T|.

Proposition 2.3.

(a) X has the W-BAP if and only if for every reflexive Banach space Y and
T e W(X,Y) there exists A\ >0 sothat T € F(X,Y;Ar) .

(b) X has the K-BAP if and only if for every reflexive Banach space Y and
T e K(X,Y) there exists A\x > 0sothat T € F(X,Y; A7) .

Proof.  Since the proofs of (a) and (b) are the same, we only prove (a). Also
we only need to prove the “if” part. Let Y be a Banach space and 7' € W(X,Y).
By Lemma 2.2 there exist a reflexive Banach space Z, S € W(X, Z), and J €
W(Z,Y) such that || J|| = 1, T = JS, and ||S|| = ||T'||. Then by the assumption
there exista A\g > 0 and a net (S,) C F(X, Z; Ag) such that

S, — S.

Consider (JS,) C F(X,Y;\s). Then clearly JS, — JS = T. Hence X has
the W-BAP. [
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Using [8, Proposition 1], in Propositions 2.1(c) and 2.3(a)(b), every reflexive
Banach space Y can be replaced by every separable reflexive Banach space Y.

In [12, Conjecture 3.7], the author conjectured that there exists a Banach space
X which satisfies the IC-BAP (the strong approximation property) but fails the -
A-BAP (W-A-BAP) for any A > 1. But we don’t know whether C-BAP implies
W-BAP.

3. MaIN TooLs oF PRoors oF THEOREMS 1.1 AND 1.2

In this section we establish some equivalent conditions and sufficient conditions,
which are main tools of proofs of Theorems 1.1 and 1.2, to have the .4-approximation
properties. The following lemma is deduced by [5, Proposition 3.1].

Lemma 3.1. For every Banach space X, Y, and A > 0, mweak* _

eak*

F*(X,Y;N) :

We introduce a topology induced by a subspace of B(X, ), the vector space of
all linear functionals on B(X,Y"). Let Z be the linear span of all linear functionals
v on B(X,Y) of the form

o(T) = yn(Tzy)

for (z,) C X and (y;) C Y* with > ||z,||||y;|| < oo, which is also the form of
elements of Z. Then the summable weak operator topology (swo) on B(X,Y) is
the topology induced by Z. From Megginson [11, Proposition 2.4.4 and Theorem
2.4.11] we have that

T, =27 ifand only if > " yi(Tazn) — > yi(Tzy)

for every (x,) C X and (y;;) C Y™ with > [|z,]|[|y;]| < oo, swo is a locally
convex vector topology, and the dual space of B(X,Y) with respect to swo is Z.
From [11, Corollary 2.2.29] and Fact in Section 2 we have

Lemma 3.2. For every convex set C in B(X,Y)C =C™"".
We now establish simple equivalent conditions of the A-approximation proper-

ties. Since the proofs of Propositions 3.3, 3.4, and 3.5 are the same, we only prove
Proposition 3.4.

Proposition 3.3. The following are equivalent.
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(@) X has the A-AP.
(b) For every Banach space Y, A(X,Y™*) C F(X,Y**) .

eak*

(c) For every Banach space Y, A(X,Y™) C F(X,Y**)

weak™

(d) For every Banach space Y, A(Y™, X*) C F*(X,Y) :

Proposition 3.4. The following are equivalent.
(@) X has the A-\-BAP.
(b) For every Banach space Y, A(X,Y**;1) C F(X,Y*; \) .
(c) For every Banach space Y, A(X,Y**; 1) ¢ F(X, v A"

eak*

(d) For every Banach space YV, A(Y*, X*;1) C F*(X,Y;)\) :

Proof. We show (a)=—(b)—(c)==-(d)=-(a). But (a)==-(b) and (b)==-(c)
are clear.
(c)=(d) Let Y be a Banach space and 7" € A(Y*, X*;1). Then T*Qx €

A(X,Y**:1). By the assumption T*Qx € F(X, Y™ A)"“" . Thus there exists
a net (So) € F(X,Y**; ) so that for every (x,) C X and (y) C Y* with

2o llzallllynll < oo

Y (SaQv- W) () = D (Sawn)(yi) — D (T Qxza)(y) = Y (Tyy)(@n)-

n n n n

Since (S:Qy-) C F(Y*,X%\), by Lemma 31 T e F(v=,x5A) " =
weak™

F*(X,Y;N) :
(d)=(a) Let Y be a Banach space and T' € A(X,Y;1). Then by the as-

weak*

sumption T* € F*(X,Y; \) . From the definitions of swo and weak* we see
T e F(X,Y; ). Hence X has the .A-\-BAP from Lemma 3.2. [ ]

Proposition 3.5. The following are equivalent.

(a) X has the A-BAP.

(b) For every Banach space Y and T' € A(X,Y™**), there exists a A > 0 so
that T € F(X,Y*; \p) .

(c) For every Banach space Y and T' € A(X,Y™**), there exists a A > 0 so
that 7' € F(X, Y™ Ap) "

(d) For every Banach space Y and T' € A(Y'*, X*), there exists a Az > 0 so
that T € F*(X, Y Ar) "
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Next we establish some sufficient conditions to have the .A-approximation prop-
erties using Propositions 3.3, 3.4, and 3.5. Since the proofs of Propositions 3.6, 3.8,
and 3.10 are the same, we only prove Proposition 3.8.

Proposition 3.6. Let M be a closed subspace of X. Suppose that X /M has
the B-AP. If for every Banach space Y and T' € A(X,Y) there exist A\ > 0 and
anet (Sy) in F(Y*, X* A\r) so that (S,y*)m — y*(T'm) for every m € M and
y* € Y*, then X has the A-AP.

Corollary 3.7. Let M be a closed subspace of X. Suppose that X /M has the
W-AP. If for every reflexive Banach space Y and T' € A(X,Y) there exist A\ > 0
and a net (S,) in F(Y*, X*; A\r) so that (S,y*)m — y*(T'm) for every m € M
and y* € Y, then for every reflexive Banach space Y A(X,Y) C F(X, Y)T.

Proposition 3.8. Let M be a closed subspace of X. Suppose that X /M has
the B-A-BAP. If for every Banach space Y and 7' € A(X,Y;1) there exists a
net (So) in F(Y*, X*; u) so that (S,y*)m — y*(T'm) for every m € M and
y* € Y*, then X has the A-p + (u + 1)\-BAP.

Proof. LetY be a Banach space and 7' € A(X, Y’ 1). Then by the assumption
there exists a net (S,) in F(Y™*, X*; 1) so that (S,y*)m — y*(T'm) for every
m € M and y* € Y*. Since (S,) is a bounded net in B(Y*, X*), by the Banach-

weak

Alaoglu theorem there exists a subnet (S3) of (S,) such that Sg — S for some
S e B(Y*, X*). Therefore ||S|| < liminfg|Ss| < p and

Z Sﬂyn n—>z Syn xn

for every (z,) C X and (y;;) C Y* with > ||an]||y5 ]| < oc.

In particular, (Sgy*)m — (Sy*)m for every m € M and y* € Y*, hence
(Sy*)m = y*(T'm). Thus if we let R = S —T*, then R : Y* — M* is
a well-defined bounded operator. Let oy : (X/M)* — M* be the isome-
try defined by (pnr2*)z = z*n(x) for every z* € (X/M)* and x € X, where
m : X — X/M is the quotient operator (cf. [11, Theorem 1.10.17]). Then
oyt R € B(Y*,(X/M)*;u+ 1). Since X/M has the B-\-BAP, by Proposi-

weak*

tion 3.4(d) ¢,; R € F*(X/M,Y; (u+ 1)A) . So there exists a net (7)) C
F*(X/M,Y; (u+ 1)\) so that
(1) > (Tryp) (@n + M) — > (0 Ryp) (@ + M)

for every (z, + M) C X/M and (y;;) C Y* satisfying > ||z, + M]||||y;| < oo.
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Now consider the net (I,,.¢yT7) C F(Y*, X*; (n+1)X), where Iy, : M+ —
X* is the inclusion map, and assume that (z,) C X and (y}) C Y™ satisfy
2on lznllllynll < oo. From (i) we have

> (LuronTy)an
= (Tryp)(@n + M) — > (03 Ryp) (wn + M) = (Ryj)an.
LetU, = I;1omTr € F(Y*, X* (u+1)A). Then we have shown that Sg weak? g

weak™

and Uy, — R. We can now find a net (Vs) C F(Y™, X*; p+ (1+1)A) such that
Vst s R=1T".

Therefore from Lemma 3.1

weak™ weak™
T e F(Y*, X* p+ (p+1)N) =FH(X,Y;pu+ (p+ 1))
It from Lemma 3.2 follows that T € F(X,Y;pu+ (u+ 1)) = F(X,Y;
+(u+1)A) . Hence X has the A-i + (14 1)A-BAP. n

In the proof of Proposition 3.8, if Y is reflexive, then ¢, ! R € W(Y*, (X/M)*;
w~+ 1). Hence the assumption of X /M can be weakened.

Corollary 3.9. Let M be a closed subspace of X. Suppose that X/M
has the W-A-BAP. If for every reflexive Banach space Y and 7' € A(X,Y;1)
there exists a net (S,) in F(Y™*, X* u) so that (S,y*)m — y*(T'm) for every
m € M and y* € Y*, then for every reflexive Banach space Y, A(X,Y;1) C
FX,Y;p+ (p+1)N) .

Proposition 3.10. Let M be a closed subspace of X. Suppose that X /M has
the B-BAP. If for every Banach space Y and T' € A(X,Y) there exists A\ > 0
and a net (S,) in F(Y*, X*; Ar) so that (Sqy*)m — y*(T'm) for every m € M
and y* € Y*, then X has the A-BAP.

Corollary 3.11. Let M be a closed subspace of X. Suppose that X /M has
the W-BAP. If for every reflexive Banach space Y and T' € A(X,Y) there exists
Ar > 0and a net (S,) in F(Y*, X* Ar) so that (S,y*)m — y*(T'm) for every
m € M and y* € Y*, then for every reflexive Banach space Y and 7' € A(X,Y)
there exists Ay > 0 so that T € F(X, Y; A7) .

4. Proors oF MAIN RESULTS

Since the proofs of Theorem 1.1(a), (b), and (c) are the same, we only prove
Theorem 1.1(c).
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Proof of Theorem 1.1(c). Let Y be a Banach space. Since X has the A-

A-BAP, by Proposition 3.4(d) A(Y*, X*:1) € F*(X,V: 0. Now let T ¢
weak™

A(M,Y;1). Then UT* € A(Y*, X*;||U||) C F*(X,Y; AU . Thus there
exists a net (T%) C F*(X,Y; A|U|) so that T ““5" UT*. That is,

Z Yp (Tozn) — Z(UT*y;;)xn

n

for every (z,) C X and (y;;) C Y™ satisfying > ||z |||y ]| < oc.

Consider the net (T, In) C F(M,Y;N|U||), where Iy : M — X is the
inclusion map, and assume that sequences (m,) C M and (y}) C Y™ satisfy
> on lmnllllyi]] < oo. Then we have

S (Tadarma) = 3w (Tam) — S (UT"3)(my)
=D (T yp)(ma) = Y yi(Tma).

>auJO

Therefore T' € F(M,Y; M\|U]| — F(M,Y; N|U]))" from Lemma 3.2. Hence
M has the A-\||U||-BAP. |

Since the proofs of Theorem 1.2(a), (b), and (c) are the same, we only prove
Theorem 1.2(c).

Proof of Theorem 1.2(c). LetY be a Banach spaceand T € A(X,Y’; 1). Since
TIy € A(M,Y;1)and M has the A-u-BAP, there existsa net (S,) C F(M,Y; u)
so that for every m € M and y* € Y'*

Yy (Sam) — y* (TIym) = y*(Tm).

We consider the net (US}) ¢ F(Y*, X* ul|U||). Then for every m € M and
(USZy)m = (Sgy*)m — y*(Tm).

Hence, by Proposition 3.8 X has the A-u||U|| + (u||U|| + 1) \-BAP. [

Proof of Theorem 1.3. Let W be the Willis space [14] which is separable
and reflexive. Then K(W, W) ¢ F(W, W) (cf. [2, Example 2.3]). By a result
of Lindenstrauss [7] (cf. [1, Proposition 1.3]) there exists a Banach space Z with
a basis so that Z** has a basis and Z**/Qz(Z) is isomorphic to W. Observe
that Qz(Z)* is complemented in Z** (cf. [11, Exercise 3.23]). Then Z has
the BAP and so Qz(Z) has the BAP. Also Z** has the 1-BAP (cf. [1, Theorem
3.6]) because it is a separable dual space. But K(Z**/Qz(Z),Z2**/Qz(Z)) ¢
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F(Z]Qz(2), 2]Qz(Z)) . If weletY = Z* and M = Qz(Z), then we
complete the proof. [ ]

In Theorems 1.1 and 1.2, if we let A = B, then we have [4, Theorem 2.4] and
from Propositions 2.1, 2.3, Corollaries 3.7, 3.9, 3.11, and the proofs of Theorems
1.1 and 1.2, we have

Theorem 4.1. Suppose that M is a closed subspace of X and M * is comple-
mented in X *.
(a) If X has the weak A\-BAP, then M has the weak \||U||-BAP.
(b) If X has the WW-BAP, then M has the WW-BAP.
(c) If M has the W-BAP and X /M has the W-AP, then X has the W-AP (AP).
(d)

d) If M has the weak p-BAP and X /M has the weak A-BAP, then X has the
weak p||U|| + (p|U|| + 1)\-BAP.

(e) If M has the W-BAP and X /M has the W-BAP, then X has the WW-BAP.
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