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GENERALIZED PROJECTION AND ITERATIVE METHODS FOR
APPROXIMATING FIXED POINTS OF ASYMPTOTICALLY
WEAKLY SUPPRESSIVE OPERATORS

L. C. Cengl*, S. Huang? and A. Petrusel3

Abstract. Let C be a nonempty closed convex proper subset of a real uniformly
convex and uniformly smooth Banach space F, let S : C — C be a relatively
nonexpansive mapping, and let 7 : C — E be an asymptotically weakly
suppressive operator. Using the notion of generalized projection, iterative
methods for approximating common fixed points of the mappings S and T
are studied. In terms of the modified Ishikawa iteration and modified Halpern
one for relatively nonexpansive mappings, we propose two modified versions
of Chidume, Khumalo and Zegeye’s iterative algorithms [C.E. Chidume, M.
Khumalo and H. Zegeye, Generalized projection and approximation of fixed
points of nonself maps, J. Appro. Theory, 120 (2003) 242-252] for finding
approximate common fixed points of the mappings S and 7. Moreover, it
is proved that these two iterative algorithms converge strongly to the same
common fixed point of the mappings S and 7.

1. INTRODUCTION

Let E be a real Banach space with the dual E*. As usual, (-,-) denotes the
generalized duality pairing between E and E*. The normalized duality mapping
J: E — 2F" is defined as follows
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Jr={f" € E*: (z, ") = |=|* = | F*|*}.
Recall that if E is smooth, then J is single-valued and if E is uniformly smooth,
then J is uniformly norm-to-norm continuous on bounded subsets of E. We shall
still denote the single-valued duality mapping by J.

Let C be a subset of a Banach space E. Amap T : C — C' is called a strict
contraction if there exists k € [0,1) such that || Tz — Ty|| < k|jz — yl|| for all
z,y € C, and is called nonexpansive if | Tz — Ty|| < ||z — y]| for all z,y € C.
The map T is called asymptotically nonexpansive if |77z —T"y|| < ky||z —y]| for
all z,y € C, where {k,} is a sequence of real numbers such that lim,, ., &k, = 1.
It is clear that for asymptotically nonexpansive mappings it may be assumed that
kn,>1landthat k1 <k; 1 =1,2,...

It is well known that if C' is a nonempty closed convex subset of a Hilbert space
H and Pc : H — C'is the metric projection of H onto C, then Po is nonexpansive.
This fact actually characterizes Hilbert spaces and consequently, it is not available
in more general Banach spaces. In this connection, Alber [2] recently introduced a
generalized projection operator Il- in a Banach space E which is an analogue of
the metric projection in Hilbert spaces.

Let £ be a real smooth Banach space. Consider the functional ¢ : £ x £ —
R = [0, 00) defined by

Sz, y) = |lel® = 2z, Jy) +|lyl?, Vo,y € E.

It is clear that in a Hilbert space H, ¢(z,y) = ||z — y||? for all z,y € H.

The generalized projection Il : E — C is a map that assigns to an arbitrary
point x € E the minimum point of the functional ¢(y, x), that is, IIcz = =, where
&(T,z) = infyec ¢(y,z). Existence and uniqueness of the operator IIc follow
from the properties of the functional ¢ and strict monotonicity of the mapping J
(see, e.g., [3]). In Hilbert space H, IIo = Pc.

Recently, Chidume, Khumalo and Zegeye [9] introduced and studied several
new classes of maps in a real Banach space E.

Definition 1.1. ([9, Definition 3.1]). Let C' be a nonempty subset of a real
Banach space E. Amap T : C — FE is called asymptotically weakly suppressive
of class Cy ) if there exists a continuous and nondecreasing function v(t) defined
on R* such that 1 is positive on Rt \ {0}, ¥(0) = 0, lim;_ % (t) = +oc and
Vz,y € C there exists {k,} C [1,00) with lim,,_,~ &k, = 1, such that

(T(McT)" e, T(MeT)" YY) < knd(z,y) — ¥(d(z,y)), Yn>1.

Let F(T) :={x € C : Tx = z}. Then T is called asymptotically weakly hemi-
suppressive if F(T) # 0 and the last inequality holds for every x € F(T') and
y e C.
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The map T : C — FE is called asymptotically nonextensive if, for all z,y € C,
there exists k,, > 1, with lim,,_.- k,, = 1, such that

H(T(MeT)" o, T(MeT)" 'y) < knd(z,y), Yn > 1.

and it is called asymptotically quasi-nonextensive, if F/(T') # () and the last inequal-
ity holds for every z € F(T) and y € C.

Very recently, Zeng, Tanaka and Yao [10] introduced and studied asymptotically
Qc-weakly contractive operators.

Definition 1.2. ([10, Definition 1.5]). Let C be a nonempty closed convex
subset of a real Banach space E such that a nonexpansive retraction Q¢ : E — C
exists. A mapping 7' : C — E is said to be asymptotically Q)-weakly contractive
of class Cy if there exist a sequence {k,} C [1,00) with lim,, ... k, = 1, and
a continuous and increasing function v (¢) defined on R* which is positive on
R™\ {0} with 4(0) = 0 and lim;_, ;. % (t) = +o0 such that

IT(QcT)" e — T(QcT)" 'yl < kullz — yll = vl —ylI)

for all z,y € C and each integer n > 1.

In [9], Chidume, Khumalo and Zegeye established some results on the succes-
sive approximations of fixed points for two classes of nonself maps in the above
Definitions.

Theorem 1.1. ([9, Theorem 3.3]). Let C be a closed convex subset of a uni-
formly convex and uniformly smooth Banach space E. LetT : C' — FE be an asymp-
totically weakly suppressive operator of class Cy,;) with sequence {k,} C [1,00)
such that >~>° | (k, —1) < oo. Suppose F/(T') # () and for arbitrary x; € C let the
sequence {x,} be defined by

(1.1) Tpy1 = (eT) "z, n> 1.
Then, {z,} converges strongly to some «* € F(T).

Theorem 1.2. ([9, Theorem 3.4]). L et C be a closed convex subset of a
uniformly smooth and uniformly convex Banach space £. Let T : C — FE be
an asymptotically nonextensive operator with sequence {k,} C [1,00) such that

o2 1 (kn—1) < co. Suppose F(T') # 0 and for arbitrary z; € C'let the sequence
{z,,} be defined by
Tpy1 = (TeT) "z, n>1.

(i) If the operator A := I — T is demi-closed and ||z, +1 — x,|| — 0, then
lim,, .~ Az, = 0 and all weak accumulation points of {x,} belong to the
fixed point set F'(T") of T'.
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(ii) In addition, if either F'(T') is a singleton, or the duality mapping J is weakly
sequentially continuous (on some bounded set containing {z,}), then {x,}
converges weakly to a point z* € F(T).

In [10], Zeng, Tanaka and Yao also derived some results on the modified re-
traction descent-like approximation of fixed points for asymptotically Qc-weakly
contractive operator in Definition 1.2.

Theorem 1.3. ([10, Theorem 3.1]). Let {w,, } be a sequence of positive numbers
such that "7, w, = oco. Let C be a nonempty bounded closed convex subset of a
uniformly convex and uniformly smooth Banach space E such that a nonexpansive
retraction Q¢ : E — C exists. Let T': C' — E be an asymptotically Qc-weakly
contractive mapping of the class C;). Suppose that the mapping 7" has a (unique)
fixed point z* € C. Then:

(i) the iterative sequence {z,} generated from any initial o € C' by

(12) Tp+1 = QC[(l - wn)xn + wnT(QCT)nxn]v n Z 07

converges in norm to z* as n — oo;
(i) there exists a subsequence {z,, } C {z,}, | = 1,2, ..., such that

lm, — 2" <9

+ (kn,4+1 — Ddiam(G) |,

n

> wm
m=0

a1 — | < 0!

o + (kp,+1 — 1)diam(G)
> wm
m=0

+wy, (kn,41 — 1)diam(G),

n—1

m
w
| —2* || < %1 — 2= Y ﬁ—m, mAl<n<ng1, 9m=»  w;,
m=n;+1 ™ i=0
n
|zns1 — 2| < llzo — 2" = D ™ < fag—2*|, 1<n<m -1,
9
m=0 M
L w
1 <ny < Spax = Max-y s : Z—mg |lxo —2z||v ¢,
m=0 ﬁm

where diam(G) is the diameter of the set G.
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Remark 1.1. If the mapping 7" in (1.2) is a self-mapping of C, then the iterative
scheme (1.2) can be rewritten as

Tppr = (1 —wp)zy + w0, T e, n=0,1,2,...

In this case, T is also an asymptotically nonexpansive mapping. Moreover, the
iterative scheme (1.2) essentially reduces to the Mann iterative process considered
and studied by many authors; for instance, [7, 11, 13, 18].

On the other hand, let C' be a nonempty closed convex subset of a real Banach
space E. Whenever F is a Hilbert space H, Nakajo and Takahashi [16] proposed
the following iterative algorithm for a single nonexpansive mapping S : C — C

xg € C chosen arbitrarily,
Yn = anZp + (1 — ) Sy,
(13) Co = {0 €C: lyn — vl < 1z — o]l
Qn ={veC:(xg—xn,x, —v) >0},

Tptl = PCannxm

where Py denotes the metric projection from H onto a nonempty closed convex
subset K of H and proved that the sequence {z,,} converges strongly to Ppg)zo,
where F'(.S) is the set of fixed points of S; that is, F'(S) = {x € C : Sz = z}.

In 2006, Martinez-Yanes and Xu [14] introduced one iterative algorithm for a
nonexpansive mapping S : C' — C, with C' a bounded closed convex subset of a
real Hilbert space H

xo € C chosen arbitrarily,

Zn = Bnn + (1 — Bn) Sy,

Yn = anZpn + (1 — o) Szp,

(1.4) Cn ={v € C:|lyn —v[* < [l — o[ + (1 = an) (|2l
_Han2 + 2(xp — 20, ) },

Qn ={veC:(xg—xn,x, —v) >0},

Tptl = PCannxm

and also defined another iterative algorithm

xg € C chosen arbitrarily,

Yn = anxo + (1 — ay) Sz,

(1.5) { Cu ={v€C: |lyn — v*<llzn—v[*+an(llzol* +2{xs — z0,v))},
Qn ={veC:(xy— xp,z, —v) >0},

Tptl = PCannxm
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where {o,}>° and {3,}72, are sequences in the interval [0,1]. They proved
that both the sequence {x,,} generated by algorithm (1.4) and the sequence {z,}
generated by algorithm (1.5) converge strongly to the same point F(s)zo.

Very recently, utilizing Nakajo and Takahashi’s idea [16], Qin and Su [20] mod-
ified algorithms (1.4) and (1.5) for relatively nonexpansive mappings in a Banach
space E. They first introduced one iterative algorithm (i.e., modified Ishikawa iter-
ation) for a relatively nonexpansive mapping S : C' — C, with C' a closed convex
subset of a uniformly convex and uniformly smooth Banach space F

xg € C chosen arbitrarily,

zn = J (Budwn + (1 = Bn)JSan),

Yn = J HanJzn + (1 — ay)JS2,),

Cn ={v e C:o(v,yn) < and(v,zn) + (1 = an)d(v, 2n)},
Qn ={velC:(x, —v,Jrg— Ja,) >0},

(1.6)

Tntl = chanxo,

where J is the single-valued normalized duality mapping on E, ¢(x,y) = ||z||* —
2(x, Jy) + ||ly||* for all z,y € E and IIc : E — C is the generalized projec-
tion. Second, they also defined another iterative algorithm (i.e., modified Halpern
iteration)

xzg € C chosen arbitrarily,

Yn = J_l(aanO + (1 - O‘n)szn)v

(1.7) Cn ={v e C: (v, yn) < and(v,z0) + (1 — o) (v, 24},

Qn ={veC:{(xy,—v,Jrg— Jz,) >0},

Tpt1 = chanxo.

They proved that under appropriate conditions both the sequence {z,,} generated
by algorithm (1.6) and the sequence {z,,} generated by algorithm (1.7), converge
strongly to the same point Ilx(g)o.

Let C be a nonempty closed convex subset of a real Banach space E with the
dual E*. Assumethat 7': C — E is an asymptotically weakly suppressive operator
on C and S : C — C is a relatively nonexpansive mapping such that F'(.S) # 0.
The purpose of this paper is to introduce and study new iterative algorithms (1.8)
and (1.9) in a uniformly convex and uniformly smooth Banach space F, which
combine (1.1) with (1.6) and (1.1) with (1.7), respectively.
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Algorithm 1.
xg € C chosen arbitrarily,

Tn = J Yz, + (1= 3) J(McT) ),

2y = I (BpdTn + (1= Bn)JSTn),

(1.8) Yn = J_l(anJifn + (1 —ay)JSz),

Cn ={v € C:0(v,yn) < and(v,p) + (1 = an)d(v, 2n)},
Qn ={velC:(v—uay, Jrg— Jz,) <0},

Tny1 = lHeo,ng,0, n=0,1,2,..,

where {a,}5°, {Bn}o2, and {v,}22, are sequences in [0, 1].
Algorithm 11.

xo € E chosen arbitrarily,

Tn = J Y mdz, + (1 = 3) (e T) ),

Yn = J HanJzo + (1 — ) JSTy),

Cp ={veC:o(v,yn) < and(v,x0) + (1 — an)p(v, @)},
Qn ={velC:(v—uxy Jrg— Jz,) <0},

Tn+1 :chﬁan()v n:071727"'7

where {a;,}7°, and {v,}>°, are sequences in [0, 1].

In this paper, strong convergence results on these two iterative algorithms are
established; that is, under appropriate conditions, both the sequence {z,,} generated
by algorithm (1.8) and the sequence {x,} generated by algorithm (1.9), converge
strongly to the same point Iz (syzo, which is an element of the F/(T"). Our results
represent the improvement, generalization and development of the previously known
results in the literature including Chidume, Khumalo and Zegeye [9], Zeng, Tanaka
and Yao [10], and Qin and Su [20].

Notation. — stands for weak convergence and — for strong convergence.

2. PRELIMINARIES

Let £ be a Banach space with the dual E*. We denote by J the normalized
duality mapping from E to 2F" defined by

Jo={f" € B*: {z, f*) = ||® = | f*I*},
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where (-, -) denotes the generalized duality pairing. It is well known that if E' is
smooth then J is single-valued and if £ is uniformly smooth, then .J is uniformly
norm-to-norm continuous on bounded subsets of E. We shall still denote the single-
valued duality mapping by J.

Recall that if C' is a nonempty closed convex subset of a Hilbert space H and
Pco : H — C is the metric projection of H onto C, then Po is nonexpansive.
This fact actually characterizes Hilbert spaces and hence, it is not available in
more general Banach spaces. In this connection, Alber [2] recently introduced a
generalized projection operator Il in a Banach space E which is an analogue of
the metric projection in Hilbert spaces.

Next, we assume that E is a smooth Banach space. Consider the functional
defined as in [1,2] by

(2.1) ¢z, y) = ll2l* = 2(z, Jy) + ly|* for all z,y € E.

It is clear that in a Hilbert space H, (2.1) reduces to ¢(x,y) = ||z —y||?, Vz,y € H.

The generalized projection II : E — C'is a mapping that assigns to an arbitrary
point x € E the minimum point of the functional ¢(y, z); that is, Ilcx = =, where
T is the solution to the minimization problem

(2.2) o(T,x) = min ¢(y, ).

yel
The existence and uniqueness of the operator II- follows from the properties of
the functional ¢(z,y) and strict monotonicity of the mapping J (see, e.g., [3]). In
a Hilbert space, Il = Pco. From [2], in uniformly convex and uniformly smooth
Banach spaces, we have

(2.3) Iyl = llzl)? < é(y, 2) < (lyll + ll2])*  for all z,y € E.

Let C be a closed convex subset of E, and let S be a mapping from C' into itself.
A point p in C is called an asymptotically fixed point of S [17] if C contains
a sequence {x,} which converges weakly to p such that Sz, — z,, — 0. The
set of asymptotical fixed points of S will be denoted by f(S). A mapping S
from C' into itself is called relatively nonexpansive [4-6] if ﬁ(S) = F(S) and
o(p, Sz) < ¢(p,x) forall z € C and p € F(S).

A Banach space E is called strictly convex if || Zt2|| < 1 for all z,y € E
with ||z|| = |ly]] = 1 and = # y. It is said to be uniformly convex if z, —
yn — 0 for any two sequences {z,}, {y,} C E such that |z,| = |jy.]| = 1 and
limy, oo || 22542 || = 1. Let U = {x € E: ||lz|| = 1} be a unit sphere of E. Then
the Banach space FE is called smooth if

O e e
t—0 t
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exists for each x,y € U. It is also said to be uniformly smooth if the limit is
attained uniformly for z,y € U. Recall also that if E is uniformly smooth, then .J
is uniformly norm-to-norm continuous on bounded subsets of £. A Banach space
is said to have the Kadec-Klee property if for any sequence {xz,} C E, whenever
xn, — x € Eand ||z, || — ||=||, we have x,, — z. Itis known that if E is uniformly
convex, then E has the Kadec-Klee property; see [8,19] for more details.

Remark 2.1. ([20]). If E is a reflexive, strictly convex and smooth Banach
space, then for any z,y € E, ¢(x,y) = 0 if and only if x = y. It is sufficient
to show that if ¢(x,y) = 0 then = = y. From (2.3), we have ||z|| = ||y|. This
implies that (x, Jy) = ||z||?> = ||y||*>. From the definition of .J, we have Jz = Jy.
Therefore, we have = = y; see [8,19] for more details.

We need the following lemmas, which will be used for the proof of our main
results in the sequel.

Lemma 2.1. (Kamimura and Takahashi [12]). Let E be a uniformly convex
and smooth Banach space and let {z,} and {y,} be two sequences of E. If
&(zn, yn) — 0 and either {z,,} or {y,} is bounded, then z,, — y,, — 0.

Lemma 2.2. (Alber [2]). Let C' be a nonempty closed convex subset of a smooth
Banach space F and = € E. Then, x¢ = IIcx if and only if

(z —xzp,Jxg— Jz) >0 forall z € C.

Lemma 2.3. (Alber [2]). Let E be a reflexive, strictly convex and smooth
Banach space, let C' be a nonempty closed convex subset of £ and let z € E.
Then

oy, Uoz) + p(Lox, x) < ¢(y,x) forally € C.

Lemma 2.4. (Matsushita and Takahashi [15]). Let E be a strictly convex and
smooth Banach space, let C be a closed convex subset of E, and let S be a relatively
nonexpansive mapping from C' into itself. Then F'(.S) is closed and convex.

3. MAIN RESULTS

Now we are in a position to prove the main theorems of this paper.

Theorem 3.1. Let E be a uniformly convex and uniformly smooth Banach
space, let C be a nonempty closed convex subset of F, let .S : C' — C be a relatively
nonexpansive mapping such that F'(S) # @ and let T : C — E be an asymptotically
weakly suppressive operator of class C' ) with sequence {k,,} C [1, c0) such that
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limy, o0 kn = 1. Let {a, }22, {Bn}22, and {v,}5°, be sequences in [0, 1] such
that lim sup,,_,., @, < 1 and 3, — 1. Suppose F'(T') # () and let the sequence
{xn}22, in C be defined by

xg inC chosen arbitrarily,

T = I (zn + (1 =) JMeT) 2n),

2 = J (B En + (1= )] SFn),

(3.1) Yn = J HnJTn + (1 — ) JSzy),

Cn ={v e C: (v, yn) < and(v,Zn) + (1 — an)d(v, 20)},
Qn ={velC:(v—uaxy Jrg— Jx,) <0},

Tn+1 = e,ng.to, n=0,1,2,....

Assume that S is uniformly continuous. If z,, — (IlcT)"z, — 0 (n — o), then
{w,} converges strongly to II z(g)xo, Which is an element of F(T'); conversely, if
{z,,} converges strongly to an element of F'(T'), then = ,,—(I1cT)"x,, —0 (n— 00).

Proof. First of all, let us show that C,, and @,, are closed and convex for each
n > 0. Indeed, from the definition of C,, and @,,, it is obvious that C,, is closed
and Q,, is closed and convex for each n > 0. We claim that C,, is convex. For any
vi,vg € Cp, and any ¢t € (0,1), put v = tu; + (1 — t)ve. It is sufficient to show
that v € C,,. Note that the inequality

(32) O(v,yn) < and(v, Tn) + (1 — an)p(v, zn)
is equivalent to the one
(3.3) 2an(v, JTn)+2(1-an) (v, J20)=2(v, Jyn) < | T || H1=0m ) |20 Pl | %
Observe that there hold the following
$(v, yn) = 11 = 20, Jyw) + lynl®,  6(v,Z0) = ||v]* = 2(v, JZn) + | Za®
and ¢ (v, z,) = ||[v]|? — 2{v, Jz,) + ||zn||?>. Thus we have
200, (v, JZ) + 2(1 — an) (v, J2z,) — 2(v, Jyn)
= 20, (tvr + (1 — t)ve, JTp) + 2(1 — ap) (tvg + (1 — t)ve, Jzy)
—2(tvy + (1 — t)va, Jyn)
= 2tay, (v, JT) + 2(1 — t)an (ve, JTp) + 2(1 — ap )t{vy, J2y,)
+2(1 — ap) (1 — t)(va, Jzp) — 2t(v1, Jyn) — 2(1 — t){va, Jyn)

< an|Znl* + (1 = an)l|2nll* = llyn]*.
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This implies that v € C,,. So, C,, is convex. Next let us show that F'(S) C C,, for
all n. Indeed, we have, for all w € F(S)
d(w,yp) = o(w, T HanJZy + (1 — ) JS2,))
= ||lwl|? = 2(w, . JZp + (1 — ) JS2,) + ||an JZ + (1 — ) JS 2, ||
< lwl|? = 200 (w, JZ,) — 2(1 — ) (w, JSz,)
+on|Zn ]| + (1 = an) [ Sznl®
< and(w, ) + (1 — an)p(w, Szy)
< and(w, ) + (1 — ap)p(w, z,).

So w € C,, for all n > 0. Next let us show that
(3.4) F(S)c @, foralln>0.

We prove this by induction. For n = 0, we have F(S) C C = (. Assume that
F(S) C Q. Since x,41 is the projection of zy onto C,, N Q,,, by Lemma 2.2, we
have
(i1 — 2z, Jxg — Jxpg1) >0, Vz e Cp,NQy.

As F(S) c C, N Q, by the induction assumption, the last inequality holds, in
particular, for all z € F'(S). This together with the definition of @,,+1 implies that
F(S) C Qny1. Hence (3.4) holds for all n > 0. This implies that {z,} is well
defined.

On the other hand, it follows from the definition of Q,, that x,, = Il z¢. Since
Tl = chanxo € Qn, We have

Oz, x0) < d(Tpt1,20) forallm > 0.

Thus {¢(zn,z0)} is nondecreasing. And also from xz,, = Ilg,x¢ and Lemma 2.3
that

¢($n, fIfQ) = (b(HanOv fIfQ) S ¢(w7 fI,'Q) - ¢(w7 xn) S ¢(w7 fIfQ)
for each w € F(S) C Q,, for each n > 0. Consequently, {¢(z,, z¢)} is bounded.
Moreover, according to the inequality

(lznll = llzol)? < ¢(@n, x0) < (| + llzoll)?,
we conclude that {x,} is bounded. So, we know that lim, .~ ¢(z, zo) eXists.
From Lemma 2.3, we derive

A(Tni1, 2n) = ¢(Tnt1, HanO)

< ¢(wpq1, o) — ¢(Ilg, 0, 7o)

¢
¢

(Tnt1,20) — A0, 20)



70

L. C. Ceng, S. Huang and A. Petrusel

for all n > 0. This implies that ¢(z,+1,x,) — 0. So it follows from Lemma 2.1
that x,,11 — z, — 0. Since z,,11 = l¢,nQ,z0 € Cy, from the definition of C;,,
we also have

(3.5)

A(Tng1,Un) < nd(Tng1, Tn) + (1 — an)O(Tnt1, 2n)-

Observe that

(3.6a)

A(Tnt1, 2n)

= ¢(xns1, I (BudTn + (1 — Bn)JST))

= || &nt1]1* = 2(xns1, BuTn + (1 = Bp) JSTn)
Bad T + (1 = Bn)JSF |

< N @ns1l? = 2Bn(@ns1, JTn) — 2(1 = B)(Tns1, JST)
+Bn|Znl® + (1 = 52) 15

= Bnd(Tn+1,Tn) + (1 = Bn)d(nt1, STn).

At the same time, observe that

(3.6b)

and

(3.6¢)

P(Tnt1, Tn)

= (Tni1, J NIz + (1 = 7)) JMcT) 2y))

sl = 201, T + (1= 3) I AT )
HmT@n + (1= 7,) J(MT) "2y |

< 1l = 29n(@nt1, Jon) = 2(1 = o) (@nt1, JAT) "p)
Hyallzal® + (1= ) (e T) 2y |2

= M@(Tnt1, Tn) + (1 = 1) O(@ns1, UeT) "2y),

P(xnt1, [cT) an)
< ¢(@ni1, TMT)"  p) — ¢((MT) "w, T(MET)" a2)
= |zns1ll® = 2{zp1, JTMT)" ) + | TTT)™ g |
~[I(MeT) 2, ||> = 2((MeT) 2, JTMT)™ 22y
HITMT)" %]
= |zn1 | = |(TT) @ |* = 2(2 41 — TMT) 2, JTIT)™ i)
= ([[enta |l = (T T) " @p ) ([2nsa || + (Lo T) @ ])
— 2z 41 — (MeT) "z, JT(MT)" Lay,)
< @ne = TeT) || (|l2na || + |(HeT) 20 ])
221 — (MeT) @ ||| T (M) 2.
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Also, observe that
[2n1 = (HeT) " wnll < llznir — 2ol + llzn — [eT) zn -
From z,,+1 — 2, — 0 and x,, — (IIcT)"x,, — 0 it follows that
Tny1 — (TeT) xy, — 0.
Therefore, we get
[J2ns1 = Jnll = [ (J2nsr — Jon) + (1 = y0) (Jonpr — J(HT) 20 |
< Wl Jontr — Jzall + (1 = )| Jzn — JMT) 24|

Utilizing the uniform norm-to-norm continuity of J on bounded subsets of F, we
deduce that Jz,,+1 — Jx, — 0 and Jz, 1 — J(IIcT)"x,, — 0 and hence Jx,11 —
J&, — 0. Since J~! is uniformly norm-to-norm continuous on bounded subsets of
E*, we obtain that z,,+1 — z,, — 0 and hence {z,} is bounded. Thus {Sz,} is
also bounded. Note that

[T ]| < (T — | + ]

So we know that {(IIoT")™z,,} is bounded.
Let 2* € F(T). Then, by the definition of asymptotically weakly suppressive
operator, we have

¢, T(eT) " an) = ¢(T(HcT)" o™, T(HeT)" )
< k(@ ) — (d(a", 20))
< k(@ 22,
which together with the boundedness of {k,,} and {¢(z*, z,,)}, implies that {¢(z*,
T(IlcT)"2,)} is bounded. Thus {T(ITcT)" 'x,)} is bounded. Consequently,
utilizing the boundedness of {x,,}, {(IIcT)"x,,} and {T(IIcT)" ', }, from (3.6¢)
and z,,1 — (II¢T)"x,, — 0 we have ¢(xp+1, (cT)"x,) — 0. Again from (3.6b)

and ¢(zp41,,) — 0 we obtain ¢(z,41,7,) — 0. Consequently from (3.6a),
é(zpt1,Tn) — 0 and 3, — 1 it follows that

(3.7) (@1, 2n) — 0.
Further it follows from (3.5), ¢(xy41, ) — 0 and ¢(xp41, 2,,) — 0 that
(3.8) (1, Yn) — 0.

Utilizing Lemma 2.1 we obtain

(3.9) lm ||zpt1 — Ynll = lm ||2pr1 — Zpl = lm ||2p41 — 2] = 0.
n—oo n—oo n—oo
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Since J is uniformly norm-to-norm continuous on bounded subsets of £ we have
(3.10a) lim || Jzp41 — Jyn|| = lim ||[Jzpqe — JZ,] = 0.
n—oo n—oo
Furthermore, we have
|Zn = 20|l < |2n = Zng1ll + |Tnt1 — 2nl-
It follows from x,,41 — x, — 0 and x,, 11 — 2, — 0 that
(3.100) lim ||z, — z,|| = 0.
n—oo
Noticing that

|JZnt1 — Jynll = |Jns1 — (0 JTp + (1 — ) JS2,) ||
= lan(Jzpt1 — JTp) + (1 — o) (Jxpy1 — JSzn)||
= (1 = ap)(Jzpt1 — JSzp) — an(JTy — Jxpt1)]|

> (1= an)[Jznt1 — ISzl = anl|JZn — Jonsa ],

we have

| J2pt1 — JSzn|| < ([ J2pt1 = Jynll + anl|JZn — Jzpia]]).

1—a,

From (3.10a) and lim sup,, ., o, < 1, we obtain

lim |[Jzp41 — JSz,] = 0.
n—oo

Since J~! is also uniformly norm-to-norm continuous on bounded subsets of E*,
we obtain

(3.10¢) lim |[zp41 — Sz,| =0.
n—oo
Observe that
|2n — Szp|| < |20 — Tpg1 || + | Tng1 — Szall + [|Szn — Sz

Since S is uniformly continuous, it follows from (3.100), (3.10¢) and =41 —x, — 0
that z,, — Sx,, — 0.

Next, let us show that {z,,} converges strongly to Il (s)xo, Which is an element
of F(T'). Indeed, assume that {xy, } is a subsequence of {z,} suchthat z,,, = = €
E. Thenz € F(S). Next let us show that 7 = I1(5)z0 and convergence is strong.
Put 7 = [l p(gywo. From x,11 = lg,nq,z0 and T € F(S) C Cp, N Q,, we have
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d(Tnt1,0) < ¢(T, o). Now from weakly lower semicontinuity of the norm, we

derive
¢(T, x0) = ||Z]* — 2(F, Jxo) + [|wo®
< tim it |2 = 2@, Jwo) + 0]
= lim inf¢(xniv 1‘0)
1—00
< lim sup ¢(p,, To)

i—00

S (ﬁ(f, xO)'

It follows from the definition of 1y (g)xo that 2 = T and hence

lim (b(xmv xO) = ¢(f7 xO)'

1—00
So we have lim;_. ||zy,|| = ||Z||. Utilizing the Kadec-Klee property of E, we
conclude that {x,, } converges strongly to Ilp(gs)zo. Since {z,,} is an arbitrarily
weakly convergent subsequence of {z,}, we know that {z,,} converges strongly to
7 = lp(s)wo. Now, by the definition of asymptotically weakly suppressive operator
and property of 1, we have for 2* € F(T)

p(a”, (cT) y)
< (z*, T ay,) — (e T) "2, T(T)" L 2y,)
< ¢(z*, T(IT)" )
= Q(T(McT)" a*, T )" 2y)

S kn¢($*, xn) - w(¢(x*v xn))v
and hence

P(p(z", xn))
< kno (2", 2p) — ¢(z7, (HeT) " zn)
= k(|| =2(z", Jap) +|2al®) = (¥ —2(2*, J(UcT) "2n) + || (L T) "z 1?)
= (kp — D)||2*|? = 2(kn — D){(z*, Jz,) + 2(z*, J(McT) "z — J2y,)
+(kn = Dllzall? + [lzn]? = [(LeT) 20
< (kn = Dll2* 1 + 2(kn = Dl|2* | lanll + 2/l (LcT) 0 — Tz
+(kn = Dllznl® + (lzal = TeT) @n (2]l + (TeT) zn])
< (kn = Dll2™ 1 + 2(kn = Dl|2* | lanl| + 2ll2* || (L T) 0 — Tz
+(kn = Dlal? + 20 — TT) @l (l2n]| + |(TT) 20 ).
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Since k, — 1, (IIcT) "2y, — 2, — 0 and {z,,} and {(IIoT")"x,} are bounded,
by the uniform norm-to-norm continuity of J on bounded subsets of £ we obtain
Y(p(x*, x,)) — 0. From the property of the function ¢ it follows that ¢(z*, z,,) —
0. Utilizing Lemma 2.1 we derive z,, — z*. On account of the uniqueness of the
limit of {z,,}, we know that z* = Il (g)o.
Conversely, let x,, — «* € F(T). Then {x,} is bounded. Since
¢z, z) = 2*|1 = 2(2", Jan) + ||zal|?
= (", Jz* — Jxn) + (z, — 2™, Jzp,)
< [l (IS = Jznll + llzn — 2|[||2nl],

from the uniform norm-to-norm continuity of JJ on bounded subsets of E, we ob-
tain ¢(x*, z,) — 0. Now, by the definition of asymptotically weakly suppressive
operator and property of T, we get

o(x*, (MeT)"xy) < ¢(a*, T(McT)" 2y) — ¢((MeT) "y, T(cT)" L 2y,)
< ¢(2*, T(HeT)" )
— $(T(TT)" 'a*, T(TT)" )
< knd(a”, 2n) — Y (S(x7, zn))
< knd(z*, xp).

From ¢(z*, x,) — 0 it follows that ¢(z*, (ILcT")"x,,) — 0. Thus from Lemma 2.1
we have (IIoT)"x,, — x*, which together with x,, — z*, yields

(LT, — 2 — 0.
This completes the proof. ]
In Theorem 3.1, put ~,, = 1 for all » > 0. Then we have
Ty = J_l(fyann + (1 =) J(cT) " xy)
= J N Jzp + (1 = 1)J(TcT)"xy)
=z,

for all n. Thus algorithm (3.1) reduces to algorithm (3.11). Meantime, observe that
in the proof of Theorem 3.1, the condition (I1oT")"x,, — x,, — 0 is applied to the
verification of Jz,+1 — Jz, — 0. In the case when ~,, = 1, there is no doubt
that the condition (IT¢7T)"x,, — x,, — 0 can be deleted because z,, = z,,. By the
careful analysis of the proof of Theorem 3.1, we conclude that Theorem 3.1 covers
[20, Theorem 2.1] as a special case.
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Theorem 3.2. Let E be a uniformly convex and uniformly smooth Banach
space, let C' be a nonempty closed convex subset of E, let S : C — C be a
relatively nonexpansive mapping such that F'(S) # () and let T : C — FE be an
asymptotically weakly suppressive operator of class C,) with sequence {k,} C
[1,00) such that lim,_,. k, = 1. Let {v,}22, C [0,1] and {e,}5°, < (0,1)
satisfy lim,,_, oo, = 0. Suppose F'(T") # () and let the sequence {z,,}>°, in C be
defined by

xg € C chosen arbitrarily,

Tn = J Y mdz, + (1 = 3) (e T) ),

Yn = J HanJzo + (1 — 0y,) JSTy),

Cn ={v e C: (v, yn) < and(v,z0) + (1 = an) (v, Zn)},
Qn ={velC:(v—uxy Jrg— Jz,) <0},

(3.12)

Tn+1 = eo,ng.to, n=0,1,2,....

Assume that S is uniformly continuous. If z,, — (II¢T)"z, — 0 (n — o), then
{w,} converges strongly to I1z(s)zo, Which is an element of F'(T'); conversely, if
{z,,} converges strongly to an element of F'(T"), then z,,—(IIoT")"x, —0 (n— 00).

Proof. First, Let us show that C,, is closed and convex for each n > 0. From
the definition of C,,, it is obvious that C,, is closed for each n > 0. We prove that
C,, is convex. Similarly to the proof of Theorem 3.1, since

O(v,yn) < and(v, o) + (1 — an)P(v, Tn)
is equivalent to
200, (v, Jwo) +2(1 = ) (v, J&n) =2(v, Jyn) < enlzol*+ (1 =) |70 ]1* = Iy,

we know that C,, is convex. Next, let us show that F'(S) c C,, for each n > 0.
Indeed, we have, for each w € F(.5)

d(w, yn) = (w, T (anJzo + (1 — ) JST))
= ||lw||* = 2(w, anJzo + (1 — an) JST) + || anJzo + (1 — ) J STy ||?
< Jwl|* — 200 (w, Jzo) —2(1 — ) (w, JSTy) +an| 20| >+ (1) | STy
< an@(w, o) + (1 — an)d(w, SZp)
< and(w, ) + (1 — an)P(w, Tn).

Sow € C, foralln > 0and F(S) C C,. Similarly to the proof of Theorem 3.1, we
also obtain F'(S) C @, for all n > 0. Consequently, F'(S) C C,NQ,, foralln > 0.
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Therefore, the sequence {z,,} generated by (3.12) is well defined. As in the proof
of Theorem 3.1, we can obtain ¢(zy,11,x,) — 0. Since z,41 = Ilc,ng, 2o € Ch,
from the definition of C,, we also have

A(Tn11,Yn) < nd(Tpg1, o) + (1 — an)d(Tnt1, Tn).

As in the proof of Theorem 3.1, we can deduce from z,+1 — x, — 0 and x,, —
(IIeT)"x,, — 0 that
Tny1 — (TeT)xy — 0

and hence
(3.13) lim ¢(xp41,2y) = 0.
n—oo
Since z,4+1 = o, N, xo € Cy, from the definition of C;,, we also have
A (Tnt1,Un) < and(Tnt1, 7o) + (1 — an)P(Tnt1, Tn)-
It follows from (3.13) and «,, — 0 that
(3.14) lim ¢(xp41,yn) = 0.
n—oo
Utilizing Lemma 2.1 we have
(3.15) lim ||zp41 — ynl = lUm ||Zp41 —2zp]] = lim |24 — 2] = 0.
n—oo n—oo n—oo
Since J is uniformly norm-to-norm continuous on bounded subsets of £ we have
(3.16) lim ||[Jxpi1—Jynl| = lim ||Jzpi1—Jzy| = lim || Jxpp1—JZ,]| = 0.
n—oo n—oo n—oo
Note that

| JSZr, — Jynl|l = |JSTy — (anJzo + (1 — 0yy) JSTy) ||
= ap||Jxo — JSTy||.

Therefore, from «,, — 0 we have
lim ||JSZ, — Jy,|| = 0.
n—oo

Since J—! is also uniformly norm-to-norm continuous on bounded subsets of E*,
we obtain

(3.17) lim [|SF, — yn|| = 0.
n—oo
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It follows that
(3.18) |lzn = Sxpll < |on — Tny1 | + |01 — Ynll + 1y — STnll + (15T, — Sy

Since S is uniformly continuous, it follows from (3.15) and (3.17) that x,, — Sz, — 0.

Next, let us show that {z,,} converges strongly to I1(syzo, Which is an element
of F'(T). Indeed, assume that {x,, } is a subsequence of {z,} such that z,, — = €
E. Thenz € F(S). Next let us show that 7 = I1x(g)xo and convergence is strong.
Put 7 = Ilp(gymo. From z,1 = Ilc,nqg, 70 and 7 € F(S) c C,, N Qy, We have
d(znt1,w0) < ¢(T,x0). Now from weakly lower semicontinuity of the norm, we

derive N o B )
¢(&, o) = [|Z[|° — 2(Z, Jzo) + |0l

< lim inf(,||* = 2{@n;, J20) + [l70])
= lim inf ¢, o)
1—00
< lim sup ¢(n,, 7o)
1—00
< ¢(T, 0).
It follows from the definition of I )z that 2 =  and hence
lim ¢(mnl, 1‘0) = (ﬁ(f, .’L‘Q).
1—00

So we have lim;_. ||zy,|| = ||Z||. Utilizing the Kadec-Klee property of E, we
conclude that {x,, } converges strongly to Ilp(s)zo. Since {z,,} is an arbitrarily
weakly convergent subsequence of {z,}, we know that {z,,} converges strongly to
7 = lp(g)mo. Now, by the definition of asymptotically weakly suppressive operator
and property of 1, we have for 2* € F(T)

o(z*, (IcT)"xy)
< ¢(z*, T(McT) " Lay,) — ¢((MMeT) "z, T(TT) L)
< ¢(a*, T(MeT)" )
= ¢(T(TT)" ta*, T(MeT) Lay,)
< knd(2", zn) — ¥(d(27, 2n)),
and hence
Y(P(x", )
< kg%, zn) — (2", (eT) zn)
= k([ [1” = 202", Jan) + [J2a]?) = (2"
—2(a*, JMT) 2n) + [|(MeT) 2 |?)
= (kp — 1)Hx*H2 = 2(ky, — 1)(2*, Jzp) + 2(z™, J(LcT) " zp, — Jxy)
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+(kn = Dllzal® + llan]l = 1(TeT) 20
< (ko = Dll2™ 1 + 2(kn = Dl zall + 202" ||| WcT)" w0 — Jzn|
+(kn = Dllanl? + (lzall = | TcT) @l (|2nall + 1T T) " 2n]))
< (ko = Dll2™ 1 + 2(kn = Dl zall + 202" ||| WcT) "0 — Jzn|
+(kn = 1)[[nl* + |z — (e T) 2| (l2all + | (e T) zn]))-

Since k, — 1, (IcT) 2y, — 2, — 0 and {z,,} and {(IIoT")"z,,} are bounded,
by the uniform norm-to-norm continuity of J on bounded subsets of £ we obtain
Y(p(x*, z,)) — 0. From the property of the function ¢ it follows that ¢(z*, z,,) —
0. Utilizing Lemma 2.1 we derive z,, — z*. On account of the uniqueness of the
limit of {z,,}, we know that z* = Il p(g)zo.

Conversely, let x,, — «* € F(T). Then {x,} is bounded. Since

S, xn) = 2" = 2(2”, Jan) + ||za||?
= (", Jz* — Jxn) + (z, — 2%, Jzp,)
< 2" llJ2* = Janll + 20 — 2" 2nl],

from the uniform norm-to-norm continuity of J on bounded subsets of E, we ob-
tain ¢(x*, z,) — 0. Now, by the definition of asymptotically weakly suppressive
operator and property of T, we get

$(a*, (McT) xy) < d(a*, T(MT) " an) — (M) @, T(MT)" 2y
< ¢(z*, T(IeT)" )
— $(T(TeT)" ' a*, T(TT)" )
< kno (2", zn) — Y(d(2", zn))
< knd(z*, xp).

From ¢(z*, x,) — 0 it follows that ¢(«*, (IIcT")"x,,) — 0. Thus from Lemma 2.1
we have (IIoT)"x,, — =*, which together with x,, — z*, yields

(LT, — 2 — 0.
This completes the proof. ]
In Theorem 3.2, put ~,, = 1 for all » > 0. Then we have
Tp = J  (ymJz, + (1 — ) J(cT)x,)
= J Y (Jz, + (1= 1) J(McT)"x,)

= Tn,
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for all n. Thus under the lack of the uniform continuity of S it follows from (3.18)
that x,, — Sz,, — 0. By the careful analysis of the proof of Theorem 3.2, we see
that Theorem 3.2 covers [20, Theorem 2.2] as a special case.
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