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ON THE EXISTENCE OF INVARIANT SUBSPACES
AND REFLEXIVITY OF N-TUPLES OF OPERATORS

Marek Ptak

Abstract. Recent results concerning the existence of a common non-
trivial invariant subspace and reflexivity for families of commuting linear
bounded Hilbert space operators will be presented; starting with the
families of linear transformations on finite dimensional space, through
families of isometries, jointly quasinormal operators and spherical isome-
tries, finishing with N-tuples of contractions with dominating spectra.

This paper is based On the notes for the series of lectures given in the De-
partment of Applied Mathematics, National Chiao Tung University, Hsinchu,
Taiwan, Republic of China in November and December of 1995.

1. INTRODUCTION

In what follows we will deal with N-tuples of commuting linear bounded
Hilbert space operators. Two problems will be considered:

(1) Existence of a Common Non-trivial Invariant Subspace — whether there
is a non-trivial (not equal to the whole space or the zero space) closed
subspace invariant for all operators from the N-tuple;
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(2) Reflexivity Problem-whether the lattice of all common invariant sub-
spaces for the N-tuple is so rich, that it determines the algebra gener-
ated by the N-tuple in the sense that any operators leaving invariant
all subspaces, which are invariant for the N-tuple, have to belong to the
smallest closed (in the weak operator topology) algebra containing the
N-tuple and the identity.

It is straightforward that if Reflexivity Problem has a positive answer then
so does the Existence of a Common Non-trivial Invariant Subspace Problem.

The second motivation for studying the Reflexivity Problem comes from
von Neumann algebras. The commutant of any von Neumann algebra is gen-
erated by all projections in the commutant. Since von Neumann algebra is
self-adjoint, it is generated by all its reducing projections. Thus, consider-
ing the N-tuple of operators and the smallest (non—selfadjoint) weak operator
topology closed algebra generated by them, it is natural to consider the set of
all invariant subspaces (invariant projections) instead of set of reducing projec-
tions. For a von Neumann algebra, we are considering the double-commutant,
the set of all operators which commute with all operators from the commutant,
in other words, which commute with all projections that reduce all operators
from the given von Neumann algebra. Moreover, the well-known double—
commutant theorem shows that the double-commutant of a von Neumann
algebra is equal to the algebra itself.

Thus, in the non—selfadjoint case, we can consider all operators which leave
invariant all subspaces which are invariant for a given N-tuple. Now, one can
ask whether such an operator belongs to the algebra generated by the given
N-tuple. In some sense we are asking whether this algebra fulfills the non—
selfadjoint version of the double commutant theorem.

The paper is generally based on the results from [2], [7]-[8], [13], [46]-[47],
[56]-[58]; however it also contains some new material.

1.1. The basic definition: invariant subspace, reflexive algebra,
reflexive space, reflexive operator, reflexive family.

Throughout this paper we will mostly deal with bounded operators on
a finite-dimensional or separable infinite-dimensional complex Hilbert space
H. Let S be a family of operators acting on a common Hilbert space H.
Then we denote by W(S) (respectively, A(S)) and S’, the WOT ( = weak
operator topology)-closed (respectively, the weak star closed) subalgebra of
L(H) generated by S and the identity I and the commutant of S. The subspace
L C H is called invariant (respectively, hyperinvariant) for the family S if
TL C L for all operators T' € S (respectively, for all operators T € S’). Lat
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S will be the lattice of all (closed) invariant subspaces for S, and Alg Lat S is
as usual the algebra of all T' € L(H) such that Lat S C Lat T.

Let W be a WOT-closed algebra of operators containing the identity I. W
is said to be reflexive if it is determined by its lattice of invariant subspaces
in the sense that W =Alg Lat VWW. An individual operator T is called reflexive
if the operator algebra W(T') it generates is reflexive. A family of operators S
is said to be reflexive if the algebra W(S) is reflexive.

Recall that an algebra A of operators has property A; (1) if for a given weak-
star continuous linear functional ¢ on L(H) and € > 0, there are a,b € H such
that |lal| - |b]] < (1 +¢)||¢] and ¢p(A) = (Aa,b) for all A € A.

We say that a commutative set S C L(H) is doubly commuting (respec-
tively, almost doubly commuting) if ST*—T*S is a zero (respectively, compact)
operator for all S, T € § with S # T. In particular, sets consisting of a single
operator are doubly commuting.

Let us recall an extension of the reflexivity concept originally due to A. I.
Loginov and V. I. Sulman [51]. The reflexive closure of an operator space S
C L(H) is defined by RefS = {T € L(H) : Tx € Sz for all x € H}. The
space S is called reflexive if S = RefS. When § is an algebra with identity,
then RefS = Alg LatS, and the current notion of reflexivity reduces to the
classical concept.

We will denote by C;(H) the ideal of trace-class operators on a Hilbert
space ‘H. Recall that L(H)= C;(H)* and the duality is given by the form
<T,8>=tr(TS) for T € L(H), S € C,(H).

1.2. Basic Theorems and Examples.

In this section we will present some basic theorems and examples about
reflexivity. The first result was proved in [66].

Theorem 1.2.1. Any algebra of normal operators is reflexive.

The following example shows that the problem is non-trivial even in the
finite-dimensional case.

Example 1.2.2. Let us consider the following algebras:

le{{g Z] :a,bec}

WQZHG b}@[a]:a,bEC}.

and

0 a

One can easily see that W, is not reflexive, but W, is reflexive.
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In [66], it was also shown

Theorem 1.2.3. The shift operator is reflexive ((Sf)(z) = zf(z) for
feH?).

The result was extended in [34].
Theorem 1.2.4. Every isometry is reflexive.

The reflexive nilpotents in finite-dimensional spaces are completely char-
acterized [35].

Theorem 1.2.5. A nilpotent in the finite-dimensional space is reflexive
if and only if the two largest blocks in its Jordan decomposition differ no more
than one in size.

The following example shows that the question about reflexivity for V-
tuples is non-trivial.

Example 1.2.6. There is a pair {13,75} C L(H) of commuting operators
such that T; is reflexive for ¢ = 1,2, but W(Ty,T5) is not reflexive.

o ({Jet us consider H= C? @ C? and define T} = [8 (1)] & [8 (1)] Ty = [(1) e

0 0]. It is straightforward that 77 and T5 commute. Moreover, T} is reflexive
by Theorem 1.2.4 and 75 is reflexive as a normal operator (see Theorem 1.2.1).
It is easy to see that

b d
W(ThTz):{[g a]@ {8 J :a,b,c,dE(C}.

On the other hand, one can check that
Lat(T\To, I —Ty) ={L, & Ly : L, € {{0}} & {0},C & {0},C & C}
and Ly is any subspace of C*}
Similarly,
Lat(Ty(I — T3),Ty) = {L, ® Ly : L, is any subspace of C?
and Ly, € {{0} & {0},C @ {0},C® C}}.
Hence
Lat(Ty,T3) C Lat(T\ Ty, I — T) N Lat(Ty(I — Tz),T5)
={{0} @ {0} @ {0} @ {0},{0} ® {0} ®C® {0},{0} 2 {0} DCBC,
Co{0}a{0}a{0},ca{0}aCa{0},Ca{0}dCaC,
CoCa{0}a{0},CaCaCa{0},CrCadCoC}.
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The other inclusion is trivial. Now it is easy to see that

a b c d
Alg Lat(T,Ty) = {{O s} &) {0 J ta,b,c,d, s, t € (C}.
Hence AlgLat(T1,T3) is larger than W(T1,T3).

We will finish this section with a proposition from [5], which will allow
more substantial applications later.

Proposition 1.2.7. Every one-dimensional operator space is reflexive.

2. ON THE REFLEXIVITY OF N-TUPLES OF OPERATORS ON A
FINITE-DIMENSIONAL SPACE.

In their paper [35], J. Deddens and P. Fillmore characterized reflexive
operators in terms of their Jordan Canonical Forms. In this section we will
present the multi-operator extensions of their results. We would like to stress
the role of rank-two operators.

The first step in the Deddens-Fillmore analysis is the reduction to the
nilpotent case. A similar procedure is possible in the multi operator setting,
but we have chosen to postpone the argument to Section 2.6 and concentrate
on commuting families of nilpotents in the main discussion.

However, in this section we are mostly dealing with finite-dimensional case
and we are oriented to the Hilbert space operators. Some part of the following
section, especially part of Theorem 2.1 below, does not need the Hilbert space
structure. So all operators can be considered on the vector space V. The
definition of reflexivity itself does not need the Hilbert space structure and all
subspaces in the finite-dimensional vector space are closed, so in the definition
of reflexivity of the algebra A the elements of Lat.A are allowed to be not
necessarily closed. This is a topological free version of reflexive algebras. For
finite-dimensional algebras they are equivalent. Since, in this section, we will
mostly deal with finite-dimensional spaces we will use a small letter to denote
an operator (linear transformation).

Analyzing the Deddens-Fillmore condition, as will be made in Section 2.1,
can lead us to the connection between block sizes and operators of rank two.

Theorem 2.1. Suppose A is an operator algebra generated by a commuting
family of nilpotents. Then, in order for A to be reflexive, it is necessary
that each rank-two member of A generates a one-dimensional ideal. If the
underlying vector space is a finite-dimensional Hilbert space and the generators
for A commute with each other’s adjoints, then this condition is also sufficient.
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As will be seen, for the necessity in the above theorem, the underlying
vector space need not even be finite-dimensional. The theorem is true in both
versions of reflexivity, topological and topological free.

It is possible to apply Theorem 2.1 directly to concrete examples. Thus,
one can see that the algebra

Q g A o B e X
(*) Llel a8 @( 7):04,6,%6,6,6@
a «
o «@
is reflexive, but the algebra
Q g v 6 o B s
(%) Llel o @( ):a,ﬂ,w,e,ec
a B o o
«

is not reflexive (missing entries are assumed to be zero). In Section 2.5 we will
study such examples in more details in order to illustrate the full strength of
Theorem 2.1. In the process, we present the original and more easily applica-
ble version of the theorem. In order to simplify the notation, we concentrate
on doubly commuting pairs (a,b) of nilpotents. For our simultaneous Jor-
dan form, we consider direct sum decompositions of (a,b). As in the single
operator case, the sizes of these direct summands provide a complete set of
invariants for these pairs. We store this information in a finite “Jordan se-
quence” (mqy,mnq),- -, (ng, my); precise definitions are given in Section 2.5.

This leads to the following concrete version of Theorem 2.1 for pairs of
operators. It reduces to the Deddens-Fillmore result when b = 0.

Theorem 2.2. Suppose (a,b) is a doubly commuting pair of nilpotents
acting on a finite-dimensional Hilbert space with Jordan sequence (my,ny),- - -,
(my,ny). Then the algebra A(a,b) generated by a,b is reflexive if and only if
for each index 1,

(1) if m; > 2, we call find j # i with m; > m; — 1 and n; > n;, and
(2) if n; > 2, we can find j # i with n; > n; — 1 and m; > m,.
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2.1. The single operator case.

The present section is motivational, formal proofs being omitted as these
results are consequences of Theorem 2.5.2. We begin by recalling the Deddens-
Fillmole result. A nilpotent operator is said to be simple if its Jordan form
consists of a single block.

Theorem 2.1.1. Let aq,as be nilpotents of orders my, > my respectively.

(1) If my and my differ by at most one, then a, @ aq is reflexive.

(2) If ay is simple and my and my differ by more than one, then a; ® ay is
not reflexive.

Let a be nilpotent. Apply the Jordan Canonical Form Theorem to write
a = @®F_ a;, where the direct summands are simple. It is convenient to assume
that k£ > 2; this can always be accomplished by including a direct summand
acting on a zero-dimensional space (considered to have order zero) in the
decomposition. Theorem 2.1.1 immediately tells us whether a is reflexive
in terms of the orders my,---,m;, (not necessarily monotone) of the blocks
ai, -+ ,a,. Indeed, it is clear that a is reflexive if and only if the following
condition holds:

(0) The orders of the two largest blocks differ by at most one.

It will be useful to have several alternate versions of (0). We aim for
characterizations which generalize naturally to the multi-operator case. One
of the difficulties we face is that there is no natural ordering on pairs of natural
numbers.

The following immediate restatement of (0) is the single-operator version
of the condition in Theorem 2.2:

(1) For each 4, if m; > 2 then there is some j # ¢ with m; > m,; — 1.

Next, suppose (0) holds, write m for the order of a, and consider the rank
of a™~2. Each block of order m in the Jordan decomposition of a contributes
2 to this rank, while each block of order m — 1 contributes 1. Thus we must
have rank (a™~2) > 2. A fortiori, the ranks of smaller powers of a must also
exceed 2. Moreover, the rank of any polynomial in a is determined by its term
of lowest degree. In other words, the only members of A(a) which are allowed
to have rank two are scalar multiples of a™~!. Observing that no block of

m—1

a can have rank two, we are led to the following version of (0):

(2) If c = &F_,¢; € A(a) has rank two, then ¢; # 0 for two values of i.
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The following reformulation has the advantage of not depending on the
decomposition:

(3) If ¢ € A(a) has rank two, then cA(a) is one-dimensional.

Complete proofs of the equivalence of (0), (1), (2), (3) will follow from the
multioperator case considered in Section 2.5.

2.2. The role of rank-two operators.

In this section, we prove necessity in Theorem 2.1 and present some related
examples. There is no restriction on the dimension of the underlying vector
space. We also recall two basic properties of nilpotent operators.

Lemma 2.2.1. Let a be nilpotent and suppose ¢ is a non-zero operator of
finite rank commuting with a. Then rank(ac) < rank(c).

Proof. We know that ran(ac) C ran(c). If this inclusion was not proper,
we would have ran(a™c¢) = ran(c) for all n. But this is ruled out by the
nilpotence of a.

Given z in V and ¢ in the dual space V', we write z - ¢ for the operator
on V defined by (z-¢)z = ¢(2)x for z € V. This is the zero operator if x = 0
or ¢ = 0. Otherwise x - ¢ has rank one, and it is clear that z spans its range
and it has the same kernel as ¢. Moreover, every rank-one operator has this
form.

Lemma 2.2.2. If b is a nilpotent commuting with the rank-one operator
- @, then bxr = 0.

Proof. Applying Lemma 2.2.1, we have (bx) - ¢ = b(x - ¢) = 0 and the
conclusion follows since ¢ # 0.

Consider the simplest non-reflexive algebra {(3 f\‘) AU E (C}. Note that
the identity operator, which is of rank two, does not generate a one dimensional
ideal. The following proposition (the necessity in Theorem 2.1) shows that this
is enough to prevent reflexivity.

Proposition 2.2.3. Suppose A is a reflexive algebra generated by commut-
ing nilpotents. Then each ¢ € A of rank two must generate a one-dimensional
ideal.

Proof. Assume that ¢ € A has rank two, but fails to generate a one-
dimensional ideal. Thus, there is some b € A, such that bc is independent of
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c. Subtracting a multiple of the identity from b if necessary, we can assume that
b is a nilpotent whence rank (¢b) = 1 by Lemma 2.2.1. Choose z € V,¢p € V'
with ¢b = x-¢. Write ¢ = z-y¥+w-£ for appropriate w, 1, £. Since b commutes
with ¢b = x - ¢, we have bx = 0 by Lemma 2.2.2. Hence bc =bw-& =z - ¢.
This forces £ to be a scalar multiple of ¢, so, changing w if necessary, we can
writec=z- Y +w- ¢.

We will complete the proof by showing that the rank-one operator x - ¢
belongs to Ref(A) but not to A. For the first assertion, note that for y ¢ ker
¢, we have (x - )y = %bcy, while for y € ker ¢, we get (x - ¢)y = cy.

Suppose, on the other hand, that x - ¢ € A. Then b commutes with x - 1.
Moreover, since we already know that b commutes with ¢, we also learn that b
commutes with w - ¢. But then Lemma 2.2.2 yields bx = bw = 0 which leads
to the contradiction bc = 0.

Example 2.2.4. The nilpotent matrices ( ;) and (! {) generate the full
algebra of two-by-two matrices. Since this is a reflexive algebra whose rank-
two member (é (1)) does not generate a one-dimensional ideal, it is not possible
to drop the commutativity hypothesis in Proposition 2.2.3.

Example 2.2.5. To see that the condition in Proposition 2.2.3 does not
guarantee reflexivity, fix a subspace S of L(V) with dim V > 2 and take
A= { < )E)I ; 7 ) ta € S}. Then the algebra A is commutative and each of
its rank-two members generates a one-dimensional ideal. On the other hand,
if S is not reflexive (for example, the algebra mentioned before Proposition
2.2.3), then neither is A. See for example [5], [9].

For a more striking example, apply [5, Proposition 3.7] to get an operator
space 7 which is not 3-reflexive and take S to be a three-fold copy of 7. Then
the resulting algebra A fails to be reflexive even though it has no rank-two
members.

2.3. Reflexivity of subdirect sums.

From now on to the end of Section 2, all underlying vector spaces are
assumed to be finite-dimensional. It is easy to see that a full direct sum
S=8,® - P S}, of operator spaces is reflexive if and only if each of its direct
summands is reflexive, but in general there is no relationship between the re-
flexivity of S and its various subspaces. This is unfortunate, since algebras
generated by direct sums of operators are usually not full direct sums of alge-
bras. Proposition 2.3.2 below provides a tool for dealing with this situation.

A vector x € V is called separating for the subspace SC L(V) if the map
s — sz is injective on S. It is easy to see that the existence of separating
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vectors survives the taking of direct sums. It follows that each singly generated
algebra has a separating vector. In particular, existence of separating vectors
does not guarantee reflexivity. We do, however, have the following basic result;
see [5, Propositions 2.9, 3.2] for a proof.

Proposition 2.3.1. Suppose a subspace S of L(V') is reflexive and has a
separating vector. Then every subspace of S is reflexive.

The following proposition will be used to establish the sufficiency in The-
orem 2.1. An operator a = a; @ -+ @ ay in L(V}) @ --- ® L(V}) is said to be
supported on V; if a; = 0 for all j # 1.

Proposition 2.3.2. For eachi=1,---,k, let S; C L(V;) be an operator
space with a separating vector x;. Suppose T is a subspace of S1 P -+ D Sy,
and for each i, write T; = {a € T: a is supported on V;}. Then T is reflexive
if and only if each T; is reflexive.

Proof. We assume k > 2 to avoid trivialities. Note first that c = 2, ®--- B
x is a separating vector for §; @ - -- & Si. For the necessity, observe that x
must also separate 7, whence the reflexivity of each 7; follows from that of
T by Proposition 2.3.1.

For the sufficiency, suppose ¢ = ¢;®--- P ¢, € Ref T. Since cx € T (x), by
subtracting an appropriate member of 7 from c if necessary, we may as well
assume that cx = 0. We will show that ¢; = 0 whence ¢ = 0 by symmetry,
completing the proof.

Write € =co @ Pcpand T = 25D --- P xp. Given y € Vi, we must
have (¢; ®¢(y ®T) = (s, D t,)(y ®T) for some operator s, @ t, € T. This is
equivalent to the two conditions

O=cz=t,x and c1y=s,Y.

Since T is separating, we first see that ¢, = 0, which means that s, ®0 € 7;.
The arbitrariness of y thus yields ¢; € 0 € Ref 7,. Since 7, is reflexive, we
have ¢; @ 0 € 7. Since z; @ 0 separates 71 and ¢; x; = 0, we get ¢; = 0 as
desired.

We conclude this section with a trivial instance of Proposition 2.3.2.

Corollary 2.3.3. If ai,as are nilpotents of the same order, then a; ® as
1s reflexive.

Proof. Take S; to be the algebra generated by a; and 7 the algebra.
generated by a; @ ay. Apply Proposition 2.3.2, noting that 7, = 7, = {0}.
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2.4. Necessary and sufficient conditions for the reflexivity of doubly
commuting N-tuples of nilpotents.

The first two propositions in this section record well-known facts; the sec-
ond motivates our definition of simple N-tuple and is a special case of Propo-
sition 2.4.4 below.

Proposition 2.4.1. Let A C L(V) be a commutative algebra having a
cyclic vector x. Then

(1) z is also a separating vector for A, and

(2) for each c € A, the rank of c is equal to the dimension of the ideal cA.

Proof. To see (1), note that by the commutativity of A, if the cyclic vector
2 belongs to the kernel of an operator in A, the whole space V' is contained
in that kernel. For (2), observe that the map a — ax defines a vector space
isomorphism between A and V; for each ¢ € A it maps the ideal cA to range(c).

Proposition 2.4.2. Let a € L(V) be nilpotent. Then the following are
equivalent:

(1) the trivial operators O and I are the only idempotents commuting with
a7

(2) the Jordan form of a is a single block,
(3) A(a) has a cyclic vector.

Suppose a = (ay,---,ay) and b = (by,---,by) are N-tuples of operators
acting on vector spaces V and W, respectively. Then we say a is similar to
b if there is an invertible operator s € L(V,W) satisfying b; = sa;s~! for
i=1,---,N.

All operators in the remainder of this section act on finite-dimensional
Hilbert spaces. Recall that an N-tuple a = (a4, -+, ay) of operators is doubly
commuting if a;a; = aja;, and a;a; = aja; for each ¢ # j. The condition
is equivalent to requiring that the von Neumann algebras generated by the
individual operators commute with each other.

An N-tuple a = (ay,---,ay) of doubly commuting nilpotents is called
simple if there are no non-trivial idempotents commuting with all of them.

Example 2.4.3. Let a; act on a Hilbert space V; fori =1,---, N and form

the tensor product space V=V, ®---® Vy. Definea; =1®---®a;d---P1I.
Then a = (ay,---,ay) is doubly commuting.

241



242 Marek Ptak

In order for a = (a4, --,ax) to be simple, it is necessary that the von
Neumann algebras generated by the a; are factors. The condition fails to be
sufficient even when N = 1, not only because commuting projections may fail
to be central, but also because non-self-adjoint idempotents must be taken
into account.

Proposition 2.4.4. Let a = (a1,---,ay) be a doubly commuting N -tuple
of nilpotents acting on a Hilbert space V. Then the following are equivalent:

(1) a=(ay,---,ay) is simple,

(2) a = (a1,---,an) takes the form of Example 2.4.3 with each a; being
stmple,

(3) A(ay,---,an) has a cyclic vector.

Proof. (1) = (2). The precise meaning of (2) involves a unitary map
between the underlying Hilbert spaces. We argue by induction. If N = 1, there
is nothing to prove. If N > 2, then the von Neumann algebra N (a;) generated
by a; must be a type I factor. Thus there are Hilbert spaces V; and K, and a
unitary map U : V — V; & K such that UN (a;)U~! = L(V;) @ C Ix. There is
no harm in suppressing U and assuming N (a;) = L(V;) @ C I, whence a; =
a; & Ix. By double commutativity, the von Neumann algebra N (as,---,ay)
generated by as,---,ay is contained in Iy, @ L(K). In particular, a; must
be simple since g ® I will commute with each a; whenever ¢ commutes with
a1. The decomposition is completed by applying the inductive hypothesis to

N(ag, -, an).

(2) = (3). For each i =1,---, N, choose a cyclic vector x; for A(a;) and
take x =2, D --- Dy

(3) = (1). Suppose ¢ is an idempotent commuting with ay,---,ax and

x is a cyclic vector for A(a). Then there is ¢ € A(a) with ¢z = cz. But then
ker(q — ¢) contains all of A(a)z, so ¢ = ¢ belongs to A(a). Since 0 is the only
operator which is simultaneously idempotent and nilpotent, we conclude that
q =0 or I, as desired.

Proposition 2.4.5. Suppose a = (a1,---,ay) is a simple N-tuple of
doubly commuting nilpotents and ¢ € A(a).
(1) All rank-one members of A(a) are scalar multiples of one other.
(2) If rank(c) = 2, then cA(a) is two-dimensional.

(3) If rank(c) > 2, then cA(a) contains a member of rank two.
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Proof. To establish (1), write n; for the order of a;, and set a* = af* - - k¥

for each N-tuple k = (k;,---,ky) of natural numbers. Suppose ¢ = > \za”
has rank one. Lemma 2.2.1 tells us that a;c = 0 for each i. But, in view of
Proposition 2.4.4 (2), we know that the operators a” for all k = (ky,---, ky)
with 0 < k; < n; — 1 are linearly independent. Thus, A\, = 0 whenever
k; <mn; — 2. This forces ¢ to be a scalar multiple of a?ll coeay Tt

Part (2) is a consequence of Propositions 2.4.4 and 2.4.1(2).

We prove (3) inductively. Given rank(c) > 2, Proposition 2.4.1(2) yields
dim cA(a)> 2 as well. On the other hand, A(a) is spanned by its nilpotent
members and I. Thus there are nilpotent members b,d of A(a) such that
¢b, cd are independent. By Part (1) of the present proposition, at least one of
these, say cd, has rank greater than one. Lemma 2.2.1 thus makes it possible
to apply the inductive hypothesis to cd.

In general, similarities destroy double commutativity. Note however that
tensor products of similarities on the underlying spaces V; preserve double
commutativity of the operators a; of Example 2.4.3. This will be important
in the following proof.

Proposition 2.4.6. Every N-tuple a = (ay,---,ay) of doubly commuting
nilpotents is similar to an orthogonal direct sum of simple N -tuples.

More precisely, there is a doubly indexed family {a;; : i =1,---,N;j =
1,---,k} of nilpotents such that

(1) (ayj,---,an;) is a simple N-tuple for each fized j, and
(2) the original operators a; are simultaneously similar to the orthogonal
direct sums @leaij,

Proof. The von Neumann algebras N (a,),---,N(ay) commute, so any
self-adjoint Projection in the center of one of them will automatically com-
mute with all of them. Doing a preliminary orthogonal decomposition we may
thus assume all the N(a;) to be factors. But then the proof of Proposition 2.4.4
((1) = (2)) allows us to write V=V, &---@Vyand a; = [®---Ba; BB
except that the a; need not be simple. Now the Jordan Canonical Form The-
orem tells us that each a; is similar to an orthogonal direct sum of simple
operators. Putting these similarities together, we can assume that the a; are
themselves orthogonal direct sums of simple operators. The proof is completed
by “splitting” these direct sums.

The sufficiency part of Theorem 2.1 can be stated as follows.

Theorem 2.4.7. Suppose a = (ay,---,ay) is an N-tuple of doubly com-
muting nilpotents acting on a finite-dimensional Hilbert space V. If every
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rank-two member of A(a) generates a one-dimensional ideal, then A(a) is
reflexive.

Proof. Apply Proposition 2.4.6 to write a; = @leaij where, for each j,
the N-tuple (aij,---,an;) acting on V; is simple. For each j, take S; to be
A(ayj,---,an;) and set T= {c € A(a): ¢ is supported on V;}. Concentrating
on j = 1 to simplify the notation, observe that every member of 7; takes the
form ¢; @ 0 with ¢; belonging to the algebra §;. Applying Proposition 2.4.5
(2) and the hypothesis, we conclude that ¢; cannot have rank two. By Part
(3) of the same Proposition, the rank of ¢; cannot exceed one. Finally Part
(1) of the same Proposition implies that all such ¢; are scalar multiples of
one another. By symmetry, each 7 ; is one-dimensional, and hence reflexive
by Proposition 1.2.7. We complete the proof by applying Proposition 2.3.2 to
7T =A(as, - ,an).

2.5. Jordan forms for doubly commuting pairs of nilpotents.

In the plesent section, we will prove Theorem 2.2 and discuss some of its
applications. In order to simplify the notation we restrict attention to pairs
of operators, but generalization to arbitrary N-tuples is routine. The order of
a pair (a,b) of nilpotents is the pair of integers (order(a), order(b)).

We refer to the sequence of block sizes of a Jordan Canonical Form of an
operator as a Jordan sequence for the operator; up to permutation, Jordan
sequences provide a complete similarity invariant for single operators. Propo-
sition 2.4.6 allows us to extend this notion to doubly commuting operator
pairs.

Indeed, given a doubly commuting pair (a,b), apply Proposition 2.4.6 to
obtain direct sums &% a;, ®% b; which are simultaneously similar to a,b
such that for each i, the doubly commuting pair (a;,b;) is simple and acts
on a Hilbert space V;. Write (m;,n;) for the order of the simple pair (a;, b;).
The finite sequence (my,ny),-- -, (myg, ng) is referred to as a Jordan sequence
of (a,b). Up to permutation, these sequences provide a complete similarity
invariant for doubly commuting pairs.

Lemma 2.5.1. Let (a,b) be a simple pair with order (m,n) and suppose
ce A (a,b). Then

(1) rank(c) <1 if and only if ¢ is a scalar multiple of a™ 1o !,
(2) rank(c) <2 if and only if ¢ is a linear combination of a™ 26"~ ™~ 1p" 2
and a™p" L.

Proof. (1) is a consequence of Propositions 2.4.5 and 2.4.1 (2).
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For the sufficiency of (2), observe that if ¢ takes this form, then ac and bc
are both scalar multiples of a™ 0", so dim(cA(a,b)) < 2. Thus rank(c) < 2
by Proposition 2.4.1(2).

“1n-1
For the converse, suppose ¢ = Y./ _;" " A

i,j=0
2.2.1, we have rank(ac) < rank(c) = 2. Applying part (1), ac = Z?fj;l(;”fl Aij

a1y = aa™ 1" for some v € C. Thus \;; =0fori <m—2and \,,—2; =0
for j < n — 1. By symmetry, we have the desired form.

;0’7 has rank two. By Lemma

Lemma 2.5.1 admits a partial generalization in that every ¢ € A(a,b) of
rank r or less must be a linear combination of {a™ "7 : 0 <4, 0 < j,i+7j <
r+1}. To see that the condition is not sufficient, note that if (a, b) is a simple
pair of order (2,2) then A(a,b) does not contain any members of rank three.

When b = 0, the first three conditions of the following theorem reduce to
the corresponding conditions of Section 2.2. The equivalence of (1) and (4) is
Theorem 2.2.

Theorem 2.5.2. Suppose (a,b) is a doubly commuting pair with corre-
sponding Jordan sequence (my,ny),- -, (mg,ny). Then the following are equiv-
alent:

(1) For each index i,
if m; > 2, we can find j # i with m; > m; — 1 and n; > n,;, and
if n; > 2, we can find j # i with n; > n; —1 and m; > m,.
(2) If c = ®F_,c; € A(a,b) has rank 2, then ¢; # 0 for two values of i.
(3) If c € A(a,b) has rank 2, then cA(a,b) is one-dimensional.
(4) A(a,b) is reflexive.

Proof. (1) = (2). Arguing contrapositively, assume for definiteness that
¢ =c¢; P90 in A(a, b) has rank two and is supported on V;. Write ¢ = Y A\,a"d'.
On the one hand, > A\,;ab! has rank two, so in view of Lemma 2.5.1(2), we
may as well assume that \,,,_5,,_1 # 0. On the other hand, for j # 1, the
vanishing of ¢; forces m; < m; —2 or n; < ny; — 1. This means that (1) fails
for ¢ = 1 and completes the proof.

(2) = (3). Suppose ¢ € A(a,b) has rank 2. By (2), we may assume
c=c1Pco®0 with ¢q, ¢y of rank 1. By Lemma 2.2.1, we have ay ¢; = az ¢y =0,
so ac = 0. Similarly, bc = 0. Thus cA(a, b) is one-dimensional.

(3) <= (4). These are Theorems 2.4.7 and 2.2.3.

(3) = (1). Suppose m; > 2. By Lemma 2.5.1, the rank of the operator
a" ?b7 ! is precisely two and hence by Proposition 2.4.1(2), it generates
a two-dimensional ideal. The assumption (3) rules out the possibility that
a™~2p"~1 be supported on V; . In other words, m; > m; —2 and n; > n; —1
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for some j # 1. This establishes the first half of (1) when ¢ = 1 and the rest
follows by symmetry.

It is convenient to call the pair (m;, n;) majorized if Condition (1) of The-
orem 2.5.2 is fulfilled for the index ¢. The discussion of examples is also
facilitated by calling a Jordan sequence reflerive if the corresponding operator
algebra is reflexive. As the first application of Theorem 2.5.2, we review the
examples given in the introduction to Section 2.

Example 2.5.3. The algebra denoted by (*) is generated by a pair with
Jordan sequence (2,2), (3,1), (1,2), while a generating pair for the algebra (**)
has Jordan sequence (2,2), (3,1), (2,1). It is easy to check that each term
in the first sequence is majorized, but the term (2,2) has no majorant in the
second sequence.

The next two results apply Theorems 2.1 and 2.2 to tensor products.
Proposition 2.5.4. Suppose a, b are nilpotent Then A(a@b) is reflexive.

Proof. Suppose ¢ = p(a®b) € A(a®b) has rank two. Factor the polynomial
p to obtain p(X) = X*q(X), with ¢(0) # 0. Then g(a & b) is invertible, so in
fact (a @ b)* has rank two. But then (rank(a*))(rank(b*)) = 2. In particular,
either a” or b* has rank one. In either case, c(a®b) = (a* T &b 1) q(adb) = 0.
Therefore, ¢ generates a one-dimensional ideal and Theorem 2.1 applies.

The operators ¢, d appearing in the next result are not assumed to be
simple.

Corollary 2.5.5. Suppose ¢, d are nilpotent operators. If ¢ and d are
reflexive, then the algebra A(c®I, IDd) is reflexive. If the two largest members
of the Jordan sequence of ¢ or d are the same, then the algebra A(c® I, I B d)
is reflexive. In all other cases, the algebra A(c ® I, I & d) is not reflexive.

Proof. The Jordan sequence of (¢ @ I, I & d) is the kartesian product of
the Jordan sequences of ¢ and d. Let m; > my and n; > n, denote the two
largest terms in the Jordan sequences of ¢ and d, respectively. All elements
of the Jordan sequence of (¢ ® I, I & d) except (mq,ny) are majorized. The
remaining term (mq,n;) is majorized in precisely the following situations:

(1) my =mgy or
(2) ny =ngy or
(3) miy =mo+1and ny =ny + 1.
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These correspond to the cases listed in the statement of our corollary.

Example 2.5.6. In the single operator case, there are always at least
three singleton sequences whose concatenations with a given Jordan sequence
produce reflexive sequences. For example, the singleton sequence 5 can be
lengthened to the reflexive sequellces 5, 4; 5, 5; and 5, 6. On the other
hand, the only two-term reflexive extension of the Jordan sequence (5,7) is
(5,7), (5,7). Even the three-term reflexive extensions of (5,7) are limited. For
example, only the first of the following four extensions of (5,7) is reflexive:

(4,7),(5,7),(5,6); (4,6),(5,7),(5,6); (5,8),(5,7),(5,6); (6,6),(5,7),(8,4).

Example 2.5.7. The Jordan sequence (1,10), (2, 9), (3, 8), (4, 7), (4,
6) represents a reflexive pair and it is minimal in the sense that none of its
proper subsequences is reflexive. This contrasts with the single operator case,
where discarding all but the two largest terms of a Jordan sequence does not
affect reflexivity.

2.6. GGeneralizations and non-nilpotent case.

The first topic of this section is a Hilbert space free version of Theorems
2.1 and 2.2.

The reader is referred to [3] for the background in ring theory, in particular
for the Wedderburn Structure Theory used below. We recall the relevant
definitions here. A left module over a ring is said to be simple if it has no
non-trivial submodules; it is semisimple if it can be expressed as a direct sum
of simple modules. A ring is simple if it has no non-trivial two-sided ideals; it
is semisimple if it is semisimple when regarded as a left module over itself.

We need the following well-known fact.

Proposition 2.6.1. An operator algebra is semisimple if and only if it is
similar to a von Neumann algebra.

Proof. Let B be a subalgebra of L(V). From the ring-theoretic point of
view, the underlying vector space V is a (faithful, left) module over B. It
is clear from the definitions that simplicity and semisimplicity are invariant
under similarity. Since we are restricting attention to finite-dimensional vector
spaces, B is semisimple if and only if it is a direct sum of simple operator
algebras.

It is easy to check that the full algebra L(V') is simple. The proof of the
sufficiency is completed by appealing to the known structure of von Neumann
algebras as direct sums of factors.
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For the converse, recall that the only finite-dimensional division algebra
over the complex numbers is C itself. Suppose first that B is a simple operator
algebra. The Wedderburn Structure Theorems then tell us that B is ring iso-
morphic to some full operator algebra L(W); in fact, B is spatially isomorphic
(i.e. similar) to L(W) @& Clk for some auxiliary vector space K. The last
algebra can be made into a von Neumann algebra by introducing an appropri-
ate inner product on the underlying space W @& K. To complete the proof for
semisimple, B apply the preceding construction to its direct summands, taking
care to define the inner product to make its corresponding direct summands
of the underlying space mutually orthogonal.

An N-tuple a = (ai,---,ayn) of operators, acting on a common vector
space, is called semisimple if the a; belong to mutually commuting semisimple
algebras.

A semisimple N-tuple a = (aq, - -+, ay) of nilpotents is called simple if only
the trivial idempotents commute with all of them.

The following are immediate consequences of Proposition 2.6.1.

Corollary 2.6.2. An N-tuple a = (ay,---,ay) of nilpotents is semisimple
if and only if it is similar to a doubly commuting N -tuple.

Proposition 2.6.3. Theorems 2.1, 2.2, 2.4.7, and 2.5.2 remain valid
when the assumption of double commutativity is replaced by semisimplicity.

Our final generalization of Theorem 2.1 removes the hypothesis of nilpo-
tence.

Theorem 2.6.4. In order for a commutative operator algebra A to be re-
flexive, it is necessary that for each rank-two member c, there is an idempotent
q € A such that qc generates a one-dimensional ideal. If the underlying vector
space is finite-dimensional and A has a set of generators belonging to mutually
commuting semisimple algebras, then this condition is also sufficient.

Proof. All properties mentioned in this theorem hold for a full direct sum
of operator algebras if and only if they hold for each direct summand. Thus,
we may as well assume that A contains only the trivial idempotents. In the
latter situation, however, the theorem reduces to the Hilbert space free version
of Theorem 2.1.

Remark 2.6.5. In Proposition 2.5.4, we showed that the tensor product of
two nilpotent operators is always reflexive. As discussed in [50], the situation is
much more complicated when the hypothesis of nilpotence is dropped. From
the point of view of Theorem 2.6.4, the problem arises from the failure of
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idempotents in A(a @ b) corresponding to points in o(a ® b) to be simple
tensor products of idempotents in A(a) and A(b).

3. JOINT SPECTRA FOR N-TUPLES OF OPERATORS

This section and the following one deal with operators on infinite-dimensional
separable Hilbert spaces.

3.1. Left and right spectra.

Before we state definitions, we would like to recall well-known facts. The
first one can be found in [33] and the second one can be proved using similar
arguments as in [40, Theorem 1.1] and [22, Lemma 2.3|, where the equivalence
was shown for one single operator.

Lemma 3.1.1. IfTy,..., Ty € L(H) commute, then the following are
equivalent:

(1) There exists 6 > 0 such that ||Tyx| +-- -+ || ITnz| > d||z| for all x € H.

(2) There exist Sy,...,Sy € L(H) Such that Sy Ty + -+ Sy Ty = 1.

(3) There is no sequence {x,} C H with ||z,| = 1 such that lim,,_...||Tiz,| =
0 fori=1,...,N.

Lemma 3.1.2. IfTy,..., Ty € L(H) commute, then the following are
equivalent:

(1) There exists § > 0 such that |Tiz| + --- + [|[Tnz|| > O||lx| for all z on
the orthogonal complement of some finite-dimensional subspace.

(2) There exist Sy,...,Sny € L(H) such that S1Ty + -+ SyTn — I is a
projection on a finite-dimensional subspace.

(3) There exist Sy,...,Sn such that S1 Ty + ---+ SyTy — I is a compact
operator.

(4) If P is a projection such that Ty P, ..., Ty P are compact, then P is finite-
dimensional.

(5) There is no orthonormal sequence {x,} with lim, .. ||T;x, = 0 for i =
1 N.

gy

(6) There is no sequence {x,} with x, — 0 weakly and ||z,|| = 1 such that
limy, oo || Tixn|| =0 fori=1,...,N.

249



250 Marek Ptak

For commuting operators Ti,...,Tx on ‘H, we will call T},..., Ty joint
left invertible if there exist S;,...,Sy such that S; T} 4+ --- 4+ SyTwv = 1.
Recall that A = (Aq, ..., Ay) belongs to the joint left spectrum oy(Th,...,Tx)
(sometimes called joint approximate point spectrum) if and only if A — T =
(M =Ty, ..., Ay —Ty) is not left invertible. The negations of the conditions in
Lemma 3.1.1 above give equivalent conditions for the left spectrum. If N =1
then we obtain classical approzimate point spectrum denoted by o, (7).

Denote by C(H) the Calkin algebra and by 7 the quotient map 7 : L(H) —
C(H). Recall that the joint left essential spectrum o, (T, ..., Tn)of T1,..., Tx
is defined as the joint left spectrum of 7(7}),...,m(Tx). The negations of
the conditions in Lemma 3.1.2 above give equivalent conditions for left es-
sential spectrum. The most common definition is that A\ = (Ay,...,Ay) €
01e(Th, ... Ty), if and only if there exists an orthonormal sequence {x,} such
that limn — oo||(T; — \)z,|| =0, fori =1,..., N.

We will call T, ..., Ty joint right invertible if there exist Sy,..., Sy such
that 73 S; + ...+ T Sy = I. Recall that A = (A\,...,A\y) € 0.(T1,...,TyN)
if and only if A — T = (A\y — T1,..., Ay — T) is not right invertible. Simi-
larly as above, the joint right essential spectrum o,..(Ty,...,Tn) of T1,...,Tx
can be defined as the joint right spectrum of n(7}),...,7(Tx). Recall the
well known equalities o,.(T1,...,Tn) = (T, ..., T%) and 0,.(T1, ..., Ty) =
o(Tt, ..., T%). The union oy(Th,...,Ty) U o.(Ty,...,Tx) is called Harte
spectrum and denoted by oy (T1,...,Ty).

Let us prove the following result which we will need later.

Proposition 3.1.3. IfT) € L(H,), T> € L(Hz), then
Jle(Tl) X Uap(TQ) U Uap(Tl) X Jle(TZ) = Ule(Tl &) IH27IH1 (o) Tg)

Proof. We begin the proof with the ‘C’ inclusion. By symmetry, it is
enough to show that if Ay € 05.(T1) and Ay € 0,4,(Ts) then (A, \2) € 0. (T} ®
Ly, Iy, ® Ty). But for A\;, A2 as above, there exist orthonormal sequences
{zL} and {22} of unit vectors with lim, ..||(T; — \;)zi|| = 0 for ¢ = 1,2.
Hence, the sequence {z} @ z2} is orthonormal and

(T @ By = A1) (2, @ 27| = [[(T1 = A1) © I, ) (2, © 23|
= [[(T1 = M)z, @ 23]l = [(Th = M)y = 0 (n— o0).
In the same way we can prove that
T& T =) (@, @a2)| =0 (n— oo).

Thus ()\1, )\2) S Ule(Tl D IH27IH1 D Tg)
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To prove ‘D’, let us assume that (A;, \y) is not in the set on the left hand
side. If Ay & 0,,(T"), then there is S; € L(H) such that S;(\; —T1) — 1 = 0.
Thus (S;1 )M —T1®1)+ 0N —IBTy) — 11 =0 is the projection on the
subspace {0}. Hence, by Lemma 3.1.2, (A1, \2) & 01.(Th & Ipy,, I3, @ T3). If
A2 & 04,(T3), we use the same argument. To finish the proof, let us assume that
Xi € 01(T;), © = 1,2. Then, by Lemma 2.3 of [40], there are S; € L(H,;), i =
1,2 such that S;(\; — T;) — Iy, = P;,i = 1,2, where P; are projections on
finite-dimensional subspaces of H;, i = 1,2. Thus we have

(Sl()\l - Tl)) % I’H2 - IH1 EBIHQ = Pl @IHQ
and —P; @ (S2(Ae—T))+ P @1y, =—P & Ps.

Hence
(51 @ Iy) (M — 11 & Ing,) — Iy, © I, = P16 Iy,

and (=P @ S)( A — Iy, @Ts)) + PL© I, = —P,® P
Thus
(S10In,)) (M —Ti @ Ing,)) + (= PLDS2) (A2 — Iy, ©T2)) — Iny, ® Iy, = —P1® Pa.

But —P, & P, is compact, since P;, P, are finite-dimensional projections.
So Lemma 3.1.2 1mphes that ()\1, )\2) g Jle(Tl D IH2, IHl D Tg)

3.2. Taylor spectrum.

Recall from [72]-[73] that the Koszul (cochain) complex K(T',H) for an
N-tuple T'= (T3, - -, Tx) of commuting operators in L(H) with respect to H
is given by

sNTH(T)

0 — A°H)" D A )T D T AN () — 0,
where AP(H) denotes the set of all p-forms with coefficients in H and the
cochain mapping 6?(T') : AP(H)— APT'(H) is defined by

N

oP(T) Z/xfsl = Z Z’zjfsj A 81,

I11=p =1 [11=p
Where {s;,--+,sy} is a fixed basis of A'(C) and Y.’ denotes that the sum

[I|=p
is taken over all I = (iy,---,i,) € NP with 1 < iy < --- < i, < N, s;:=
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Siy N---As; . Let us notice that A?(H) can be endowed with the natural
scalar product

(ZI 18T, ZI 3/131) = Z/ (xr,yr)

|T|=p [T|=p II|=p

which gives us a canonical isomorphism with a direct sum of (];7 ) copies of

H. Following [72]-[73], A belongs to the Taylor spectrum o(7T') C CV if, by
definition, the complex K (A —T,H) is not exact, and A belongs to the Taylor
essential spectrum o, (T') C CV if, by definition, at least one of the cohomology
groups H?(A —T) := ker 6?(\ — T) /ran 6*~*(\ — T) has infinite-dimension.

It is known that o;(Ty,- -, Ty)Uo.(T1, -+, Tn) C o(T1, -+, Tx), but these
two sets are not always equal (see [32]). The same holds for the essential
spectra: oy (T1, -+, Ty) U0 (Ty, - Tn) C oo(Th, -+, Tx). If a single operator
T is considered, then 0;.(T) U 0,..(T) = 0.(T), the essential spectrum of T

Following [1], we can decompose o.(T) = U;V:o o?(T'), where o?(T) is the
set of all A € C¥ such that the induced mapping

P(N=T) : A°(H)/rand?= (A —T) — APT(H)

has non-closed range or infinite-dimensional kernel.
The points of o?(T") have the following property:

Lemma 3.2.1. Let T = (Ty,---,Tn) be an N-tuple of commuting op-
erators. If X is a point in oP(T), then there exists an orthonormal sequence

{nn}22, in AP(H) such that

(3.2.1) FPIN=T)0" "N —=T)n, + 6P\ —=T)**( A\ —T)n,, — 0

forn — oo.

Proof. By the definition of 0?(T") and a standard argument, we can find
an orthonormal sequence {1, }°2, in A?(H)© ran §*~ (A —T) such that 6?(\—
T)n, — 0. Obviously, this sequence satisfies (3.2.1).

We will need the following fact (see [31, Corollary 3.7]).

Lemma 3.2.2. Let T = (11, ---,Tn) be an N-tuple of almost doubly
commuting operators. Then there is a compact operator K on AP(H) such
that

" H(T)"H(T)* + 67 (T)"6"(T) = K + €D Y Tr(3),

F j=1
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where the orthogonal sum runs over all functions F : {1,---,N} — {0,1},
card {j : F(j) = 0} = p and Tr(j) = T;T; for F(j) =0 and Tp(j) = T; T} for
F(j) = 1. Moreover, if the N-tuple doubly commutes, then K = 0.

4. FUNCTIONAL CALCULUS FOR N-TUPLES OF CONTRACTIONS
4.1. H*-type algebras as dual algebras.

In what follows, C'(X) will stand for the algebra of all complex continuous
functions on a compact set X, and M(X) for the set of all complex Borel
measures on X. Recall that M(X) is a Banach space with the total variation
norm. If E is a subset of M(X) then E* will denote the set of all measures
on X singular to every measure in E. A subset B of M(X) is a band (see
[10]-[11]) if B** = B.

Let us note that any band is a closed subspace of M(X). It is also almost
elementary that E* is a band for every E C M(X) and E** D FE.

It is easy to see that E*° is the smallest band containing E, which we call
the band generated by E. For further details on bands, we refer to [29, Section
20]. If A is a function algebra on X and = € X, then v € M(X) is called a
representing measure of x if

/udyzu(x) forue A

Let Ki,---, Ky be compact subsets of the complex plane C and K =
K, x---x Ky. Denote by R(K) the uniform closure in C'(K) of the algebra of
all rational functions with singularities off K, and by G; (i = 1,---, N) the set
of all non-peak points of R(K;). Let G = Gy x---xGy. Foraset E C CV, OF
will stand for its topological boundary. We have

Lemma 4.1.1. int G =int K.

Proof. 1If z = (z1,---,2n) € G then there exists i such that z; is a peak-
point of R(K;), and hence z; € 0K;. So z € K. Consequently, G D int K.
On the other hand, we also have G C K, which implies int G C int K.

If p is a positive measure on K, then by H> () we mean the weak-star
closure of R(K) in L>(p). || - [|oo OF || - || o< (x) Will always denote the supnorm
or the essential supnorm in function algebras. Denote by M the band of
measures generated by all representing measures of points in G, by B*(G)
the weak-star closure of R(K) in the dual of Mg and by || - || g~ the dual norm
in B°(G). Many details on B>(G)-type algebras can be found in [29]. We
will denote by ¥ the volume measure on CV restricted to G.
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For any open set Q C CV, we will denote by H*(f2) the algebra of all
bounded analytic functions on §2.

We will consider three algebras: H>(9), B>(G) and H>*(int K).

Observe that for f € B®(G) and z € G we can define f(z) as the value
of f on a representing measure v, of z. By the weak-star density of R(K) in
B>(@G), this value does not depend on the choice of the representing measure.
So the elements of B*(G) can be regarded as functions on G and, by Lemma
4.1.1, also as functions on int K.

The first result we are interested in is

Proposition 4.1.2. If f € B>(G), then f is a bounded analytic function
on int K. Thus B>*(G) C H>*(int K).

Proof. Let us consider an arbitrary point zo € intK and a small open
polydisc A centerd at zy and included in intK . Denote by m the normalized
Lebesgue measure on the Shilov boundary of A, and by P, and C,, respectively,
the N-dimensional Poisson and Cauchy kernels for z. Then m is a representing
measure for z, (with respect to the algebra R(K)). The measure C, dm is
absolutely continuous with respect to m, and consequently is in Mg.

On the other hand, every u € R(K) is analytic on A, so u(z) = [ uC, dm
for u € R(K), z € A, and by the weak-star density of R(K) in B>*(G), also
h(z) = [ hC,dm for h € B*(G), z € A. Hence, by Cauchy theorem, h is

analytic near zy. Moreover, f is bounded since

sup{[f(z)] : z € G}
=sup{| < f,v, > |: 2z € G, v, is a representing measure for z}

<sup{| < f,v>|:v e Mg} = |fls=w-

Lemma 4.1.3. Let Q be a bounded connected open set with the boundary
of C? class. The space H* () is isometrically embedded in H>(¥).

Proof. For any f € H*(Q2), by [48, Proposition 8.5.1] there is a se-
quence {f,} C R(f) converging to f a.e. [J] and || f,| g=). Thus {f.} C
R(Q2) € H>(9) converging weak-star to f in H>°(9). The equality of the
norms || f| gy = ||f||g=(s) is the consequence of the equality of the norms
[ fallme @) = [[fall o o)

Now we state two lemmas which contain some results of Bekken: Corol-
laries 5.6 and 5.7 of [10]. The two-dimensional case, and their generalizations
to an arbitrary N can be found in the last paragraph of [11].
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Lemma 4.1.4. If f € H>*(9), then there is a sequence {f,} C R(K) such
that || full =) < [ flla=w) and fo — f [9] a.e.

Lemma 4.1.5. If i is a measure in Mg, then the inclusion map H*> (9 +
|ul) — H>°(9) is an isometric isomorphism.

From the above two inclusions, we would like to construct identity isomor-
phism between B> (G) and H*>(9).

The space L'(¥) is a closed subspace of Mg, so we can define a mapping
U: B>®(G) — H>™(V) such that for every f € B*(G), ¥(f) is a functional
on L'(¥) defined as < U(f), g >=< f, gdy >. Note that ¥ on R(K) is the
identity. As a consequence of Lemmas 4.1.4 and 4.1.5, we get

Proposition 4.1.6.

(1) The mapping ¥ : B>*(G) — H>(9) gives an isometric isomorphism
between B>(G) and H> (V).

(2) This isomorphism is also a homeomorphism in the weak-star topologies.

(3) If f € B>(G), then there is a sequence { f,,} C R(K) such that || f, | mre=(s)
<||fllg=@) and f, — f weak-star in (Mg)*.

Proof. By Lemma 4.1.5, the mapping V¥ is an isometry, and its weak-star
continuity follows immediately from the definition.

To prove (3), let us take an arbitrary f € B*(G). Then, by Lemma 4.1.4,
there is a sequence { f,,} C R(K) such that || f,|[z~c9) < | fllg=w) = || fllB=()
and f, — f[Y] a.e. By Banach-Alaoglu theorem, the sequence {f,} has an
adherent point ¢ € B>(G). Hence there is a subnet {f,_ } converging to g.
Thus, by the weak-star continuity of ¥, a subnet of {¥(f,_ )} converges weak-
star to ¥(g). Since H*>(J¥) C L*°(¥) and this space satisfies the sequence
condition thus there is a sequence f,,, such that {U(f,, )} converges weak-star
to ¥(g). Hence ¥(f) = ¥(g). Since V¥ is an isometry, we obtain f = g and
(3) is proved.

By a similal argument as above, we show that ¥ is onto, and so we get (1).
The statement (2) is a consequence of the following lemma (see [23], Theorem
2.7).

Lemma 4.1.7. Let X and Y be Banach spaces and let ¥ be a continuous
(in the weak-star topologies) linear map from X* into Y* with trivial kernel
and norm closed range. Then W(X*) is weak-star closed and V¥ is a weak-star
homeomorphism of X* onto U(X*).

The following remark is important for the remaining sections of the paper.
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Remark 4.1.8. Lemma 4.1.3 shows that H>(D") can be isometrically
embedded in H>*(d). Proposition 4.1.2 implies the inclusion B®(DV) C
H>(D"). Hence, Proposition 4.1.6 allows us to identify the algebra B> (DY)
with H>(D") and consider H*°(DY) as a dual algebra.

After the identification in the above remark, the algebra H*(D") will be
the most interesting from our point of view and the supremum norm will be
denoted by || - ||co-

4.2. Representation of A(D").

Recall that the algebra homomorphism @ : A(DY) — L(H) is a repre-
sentation if |®(f)| < ||f]|] for f € A(DY). Now, let us consider a pair of
commuting contractions 77,7T5. For any polynomial p of two variables, we
define the operator p(73,7T3) in the natural way:

(4.2.1) O — p(T), Ty).

By Ando’s Theorem ([71], Theorem 1.6.4) the pair 77,75 has a unitary
dilation. More precisely, there is a space K D H and a pair of unitary operators
Ui, Uy € L(K) such that

I =P, U0 2 for z€H,n,m=0,1,2,...

The pair Uy, U, has a spectral measure F on the two-dimensional torus T? (see
[12] for a product of spectral measures) such that

upuy = / 2y 28 dE(z1,22) for mym=0,1,2,....
’]I‘Z
Hence, for any polynomial p of two-variables, and x,y € H we have

I(p(Th, )z, y)| = |(p(Un, Uz)z, y)| = I/TQ p(z1, 22)dE (21, 22)| < [|plloc [1]] [[y[]-

Thus we have the von Neumann inequality ||p(T3, T5)|| < ||p||ec. Since the poly-
nomials are dense in the bidisc algebra A(D?), by the von Neumann inequality,
we can extend ® to A(D?). Then we also have

(4.2.2) 1W(T0, To)|| < [|hllos for h € A(D?).
The multiplication property ®(uv) = ®(u)®(v) is easy to see for two poly-

nomials, and by (4.2.2) it is also fulfilled for any two functions in A(D?).
Hence ® is a representation. (Since the polynomials are weak-star dense in
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H*>(D?), the multiplication property can also be proved directly for H>(D?),
as in Proposition 4.3.3 below.)

Now, let us consider an N-tuple T = (T},...,Tx) C L(H) of doubly
commuting (i.e. T;T; = T;T;, T,T; = T;T; for i # j) contractions. It has
unitary dilations by [71]. Thus, the representation ® : H>*(D") — L(H) can
be constructed as above, and (4.2.2) is also fulfilled for a doubly commuting
N-tuple T'= (T}, ..., Tx).

Let T = (Ty,...,Tx) C L(H)" be a commuting N-tuple and K C CV. A
compact set K is called a (common) spectral set for T = (1y,...,Ty) if for
every rational function u of IV variables with singularities off K there exists a
naturally defined operator u(T},---,Ty) such that

H'I,L(Tl,. . ,TN)H S Sup{|u()\1,.. i 7)‘n)| . ()\1,.. .,AN) S K}

Let us assume that DV is a spectral set for a given N-tuple of c.n.u. (com-
pletely non-unitary) contractions T' = (T1,...,Tx). It is known that R(DY)
is equal to the polydisc algebra A(D"). We define a representation

®: ADY)>u —— u(Ty,...,Ty) € L(H).
Now we will work on extending the above representations.
4.3. Extension to H™-type algebras.

Having the representation ® : A(DV) — L(H), it is a consequence of stan-
dard techniques that for every x,y € H there exists a complex, Borel, regular
measure [, on D" such that (®(u)z,y) = [ wdpy,, for ue ADY). We say
that ¢ is absolutely continuous (a.c.) if it has a system of elementary measure
{2,y } = yer such that each element of the system is absolytely continuous with
respect to some (positive) representing measure v,, z € DV. By [41, VI.1.2,
I1.7.5], the above definition is equivalent to that one, which uses the terminol-
ogy of bands of measures. Namely, we can say that ® is absolutely continuous
if it has a system of elementary measures {y,, : ,y € H} which belong to
M. We will say that the N-tuple T' = (T4, ---,Ty) is absolutely continuous
(a.c.) if the representation generated by T (assuming that it exists) is a.c.

Having the representation constructed above ® : A(DV) — L(H) and using
[44, Proposition] (see also [44, Sec. 2], [45, Sec. 3]), we can decompose ® and
‘H into orthogonal sums as follows

M
(4.3.1) =P 2, H=EFPH.,
=1 ]

where @, (i = 0,---, M) is the restriction of ® to the subspace H; which
reduces all the values of ®. Moreover, we get
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(1) @4 is an absolutely continuous representation,

(2) Ti|, (i=1,---,N) is a unitary operator with singular spectral measure,

(3) Tk, |%,, T1.|Hi (i = N,..., M) are unitary operators for some k;, l;(k; #
l;).

So we get
Lemma 4.3.1. IfT) is c.n.u. and Ty is a.c., then the pair {T),T5} is a.c.

Lemma 4.3.2. If the N-tuple T' = (1T1,...,Tx) is c.n.u., then it is a.c.

Now we show an extension property of absolutely continuous representa-
tions.

Proposition 4.3.3. If ® : ADV) — L(H) is an absolutely continuous
representation, then

(1) @ can be extended to a homomorphism, denoted also by ®, of the algebra
H>(D") into L(H) such that

(4.3.2) |oR)| < Bl for heH<DY), and

(2) @ is continuous with respect to the weak-star topologies.

Proof. (1) By Section 4.1, the algebra H*(D?) can be identified with
B> (D"), the closure of polynomials in (Mpw~)*. Thus, for every h € H>(D")
and x,y € 'H, we choose an elementary measure x,, € Mp~ and put

(q)(h)l',y) = <ha Mr,y>>

where (h, f,,) denotes the value of the functional h on p,,. We can ask
whether @ is well-defined. If we take another elementary measure u;y, then
for u € A(DY) we have

(s fay = M) = (s ) = (0 p1,,) = (R(w),y) — (P(u)z,y) = 0.

Let {uy} be a net in A(D") converging to h € H>(D?) in the weak-star
topology. Then

<h7 My — /’L;c,y> = hlgn<uk7 Mzy — :u’a:,y> =0.
Hence the extension ® is well-defined and linear, and we have

[(@(h), y)| = [(hs pray) | < lloollptayll < Mol Tl
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which gives the inequality
@) < llhlle  for h € H*(DY).
We show first the multiplicativity of ® for u € A(DY), h € H>*(D"). Take a
net {v,} C A(DY) which converges weak-star in (Mp~)* to h. Then
(@(uh),y) = (uh, pizy) = (hy Uhte ) = M (Vk, UpLy y)

= lim(v,u, p, ) = Im(@(viu)z, y) = Hm(®(vy) @ (u)z, y)

= Mm(vy, poey) = (b powey) = (P(h)2(u)z,y).
We get the general case by repeating the procedure for h,g € H>(D?).

(2) since L(H) is the dual of C;(H), it is enough to check whether the

functional H*(D?) > h +— tr(®(h)C) is weak-star continuous for every
C € Ci(H). Let {\;}2; be the set of singular numbers of C, and {y;}32, be

the corresponding orthonormal basis in H (see VI.17 of [61]). Then, there is
a collection of elementary measures {ficy, 4 } C Mp~ such that

tr(@(1)C) = Y @(0)Cy ) = 3 [ hducy..
i=1 i=1
and eyl < 1€l = €l

Since C € C1(H), by VL.17 and VI.20 of [41] we have

Y lteywll < D NCuN =D Ixl < 0.
i=1 i=1 i=1

Hence p := >0, ficy, 4, 18 a measure of bounded variation and u € Mpw,
since ficy, 4, € Mpn~ for ¢ =1,2,---. It implies that the mapping

H>D*)>h /hd;z

is a weak-star continuous functional. By (4.3.3), we have tr(®(h)C) =
J hdp which completes the proof.

Let us sum up our functional calculus results.

Theorem 4.3.4. Assume that T = (Ty,...,Tn) C L(H) is an absolutely
continuous N -tuple of commuting contractions and that

(i) T = (T1,T) is a pair of contractions (N = 2) or
(ii) T = (T1,...,Ty) is a doubly commuting N -tuple or
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(iii) DV is a spectral set for T = (Ty,...,Tx).
Then there is an algebra homomorphism ® : H* (DY) — A(T) such that

(1) ®(1) =1 and ®(p;) =T; fori=1,...,N, where p;(z1,...,2n5) = i,
(2) @A) < Ikl for all h € H>*(DY),

(3) @ is weak-star continuous,

(4)

()

the range of ® is weak-star dense in A(T), and

if ® is an isometry, then it is a weak-star homeomorphism onto A(T).

Proof. We only need to show (4) and (5). To see (4), it is enough to
notice that polynomials in 7" are weak-star dense in A(T"). The claim (5) is a
consequence of [16, Theorem 2.7]

Having the N-tuple T' = (T3,...,Ty) of commuting contractions and the
representation ® : A(DV) — A(T) constructed in Section 4.2, we can define the
adjoint representation ®* of A(D") generated by T* = (T7,...,T%) Moreover,
we have

Lemma 4.3.5.

(1) If the representation ® is a.c., then ®* is a.c. and we can extend ®* to
H> (DY),

(2) If T = (Ty,...,Tn) is an a.c. N-tuple of commuting contractions and
f € H®(DY), then for any vectors x,y we have

(f(Th, ..., Tn)y,z) = (y, [ (T7, ..., T%)x), where f~(z) = f(2) for = € DV.

Proof. Let u € A(DY), and let p,, be an elementary measure of ® for
y,x € H absolutely continuous with respect to a representing measure v, for
some z € DV. Tt is obvious that v~ € A(DV).

For a complex measure @ on ﬁN, denote by u~ the Borel measure p~(-) =
p(II(+)), where II : z — Z is a homeomorphism of D" onto itself. Then, for
p € A(DY) we have

(u(Ty, ..., TH)x,y) = (z,u(Ty, ..., T5)y) = (x,u~(T1, ..., TN)y)

= (u~(Th,....,Tn)y, ) :/“Nd“w:/uﬁdm:/uw;’x'

So 7M.y = p, is an elementary measure of ®* for vectors z,y € H. Since
[y, is absolutely continuous with respect to v, the measure 7, , is absolutely
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continuous with respect to v}, and an easy calculation shows that v is a
representing measure for z € D, which finishes the proof of (1).

Next, to see (2), by (1) we can extend ®* to H>*(D") and can easily see
that f~ € H*(DV). Let, as in (1), y, . and u;, be elementary measures of ®
and ®*, respectively. Notice that o, := v, + 1 is positive and symmetric with
respect to the adjoint. Let du, . = hy .do.. Then du;, = hy do.. Hence, the
following finishes the proof:

(F(@sy Ta)2) = [ Fdpyn = / F)ya (N ()

- / FOVhy o (Ndo. (X / £ Ndo.(\)

= [ g, = TRy = (07 (T TR,

Now we will try to find some conditions when the functional calculus is
isometric. Recall that a set E contained in the closed unit polydisc D" is
dominating for the algebra H*>*(D") of all bounded analytic functions on D¥
if for all h € H>(D") we have ||h]| = Sup,cprpy |h(2)]-

We will assume the dominancy of some type of the spectra. In various
situations we will assume that various spectra are dominating for the alge-
bra H>(D"): Taylor spectrum o(T), Taylor essential spectrum o, (T), left
essential spectrum o0,.(7"), and right essential spectrum o,..(7T).

The following known idea gives an isometric functional calculus in various
situations.

Lemma 4.3.6. Suppose that the assumptions of Theorem 4.3.4 are satis-
fied. Assume also that E C o(T) is dominating for H*(DV). If f € H*(DV),

then |flloo < I £(T)]].

Proof. Let A € ENDY C o(T) NDY. Then, by [65], f(\) € o(f(T)) and
1 fllee < r(f(T)) < || f(T)|l, which completes the proof of the lemma.

5. DUAL ALGEBRAS AND ITS APPLICATION TO INVARIANT SUBSPACE
PROBLEM AND REFLEXIVITY

We shall also need the language of dual algebras. Recall that L(H) =
Ci1(H)*, where C;(H) is the ideal of trace-class operators and the duality is
given by the form < TS >:= tr(TS) for T € L(H), S € C;(H). Hence
every ultraweakly closed subalgebra, A of L(H) is a dual Banach space with
predual space Q4% Ci(H)/*A via < T,[S] >:= tr(TS) for T € A, [5] €
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Ci(H)/*+A. (Usually we will write Q instead of Q4.) Thus, for a rank-one
operator z ® y(z — (z,y)z), we have < T, [x ® y] >= (Tz,y).

5.1. The role of rank-one operators.
We start by recalling a well-known result (see [16, Prop. 2.5]).

Proposition 5.1.1. Let X,Y be Banach spaces. A linear mapping ® :
X* — Y™ is continuous in weak-star topology in both spaces if and only if there
exists a map ¢ : Y — X such that < y,da >=< ¢(y),a > for ally € Y and
a € X*. Moreover ¢ = @*.

Let the assumptions of Theorem 4.3.4 be fulfilled and assume that our
functional calculus ® : H>*(DV) — A(T) is isometric. Since ® is weak-
star continuous and onto A(T), there is the mapping ¢ : C;(H)/TA(T) —
LY(DV)/-H>(D"). Let Py be a reproducing kernel for a point A € DV. Then
P, € L*(DY) and < h,Py, >= h(\) for h € H*(D"). We will denote by
[C\] = ¢ *([P)\]). Moreover, < h(T),[C)] >=< h,¢ ' ([P\]) >= h()) for
A €DV and h € H>*(DV).

To show the role of rank-one operators we will restrict ourselves to a very
simple situation. We will consider only a single operator instead of N-tuple
and we will aim in showing the existence of non-trivial invariant subspaces
instead of the reflexivity.

Let us assume that ® : H* — A(T) is an isometry and a weak-star
homeomorphism. Thus we have a mapping ¢ : C,(H)/*A(T) — L'/*H*>.
Assume also that for any [L] € Q there are x,y € H such that [L] = [z ® y].
We will show that this gives an invaliant subspace for T'. Let us consider
[Co] = ¢~ ([P]) and assume that [Cy] = [z ® y| for some z,y € H. Thus, for
any h € H*>, we have

h(0) =< h, [Py] >=< M(T),[Co] >=< h(T),z @y >= (M(T)z,y).

If h(A) =1, then 1 = (z,y) and x # 0, y # 0. Now take h(\) = Ag()) for g €
H®>. Then 0 = (Tg(T)x,y), which means that y L M := span{T"Tz,n > 0}.
Thus M # H since y # 0, and if ker 7' = {0}, then M # {0}. If ker T # {0},
then ker T is a non-trivial invariant subspace or T is a zero operator. Hence
ker T or M is a non-trivial invariant subspace.
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5.2. Approximation in predual spaces.

In this section we state some sufficient approximation conditions to show
the reflexivity. If Q C C¥, then acof) denotes the closure of the absolutely
convex hull of €.

Lemma 5.2.1. Assume that E is dominating for H*(DY). Then aco{[C)]o:
Ae EN ID)N} contains the closed unit ball about the origin in Q.

Proof. If f € H*(D"), then
1A < [1flloe = ilelg\f(k)! = §1611E><¢’(f), [CA])-

Now the result follows from the next proposition (see [16, Proposition 2.8].

Proposition 5.2.2. Let X be a complexr Banach space, and let & be a
subset of the closed unit ball B of X such that for all ¢ in X*, ||¢|| = sup,cp <
x,¢ >. Then the closure of the absolutely convex hull of E is the entire unit
ball B.

We shall need the well-known fact from [17] that every dual algebra with
property X ; is reflexive. Recall that A has property X ; if the unit ball of
Q4 is contained in Xj 1, the set of all those [L] € Q4 such that there exist
sequences {z,}> 1, {yn}22,,C H with ||z,| < 1,|ly.|| < 1 for all n, which
fulfill the conditions:

(52.1) Jim [z © 9] — (L]0 =0,
(5.2.2) lim ||[z, @ w]||lg =0  forall weH,
(5.2.3) and lim [[w®uy,]l|lo =0  forallweH,

since Xp; is absolutely convex and closed (see [17]), it suffices to show that
Xo.1, contains all [C)], A € o.(T)NDY, in order to prove the reflexivity of A(T).

6. REFLEXIVITY OF ISOMETRIES

6.1. Wold-type model for pairs of doubly commuting isometries and
partial results.

In [69, Theorem 3]), it was shown that for any pair {V;,V2} C L(H)
of doubly commuting isometries, there are subspaces H ., H,s, Hy,, Hys such
that
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The above decomposition we will call the Wold-type decomposition. Using
the above decomposition the following partial result was shown in [56].

Theorem 6.1.1. Ewvery pair {Vi,Va} of doubly commuting isometries on
a Hilbert space H is reflexive and has property A;(1).

The above results can be easily extended to N-tuples.
6.2. General case.
Let us state a result from [13].

Theorem 6.2.1. Every commuting family of isometries V.= (V,)aecy i
reflexive and has property A, (1).

For the proof, we need some function theory results. Let (€2,Y, u) be a
measure space with £(Q) = 1 and F be a Hilbert space. For z,y € L?(u, F),
we can define z-y € L'(u) by (z-y)(w) = (z(w), y(w)). We can ask whether for
any f € L*(u) there are x € H C L*(u, F), y € L*(u, F) such that f =z - y.
This is always possible if H = L?(u, F) unless F= {0}. For another example,
consider L' on T. If f € L'(p), f > 0 and logf € L', then f = |g|* for g € H?.

We will say that H C L?*(u, F) has the approzimate factorization propert,
if for all h € L'(p) with h > 0 and for all € > 0 there exists © € H C L*(u, F)
such that |h — z - z| < e. The proof of the above theorem is based on the
following function theory result from [13].

Theorem 6.2.2. Assume that H C L*(u, F) has the approzimate factor-
ization property. Then for all h € L*(u) and for all e > 0 there exists x € H
such that ||z(w)||* > h(w) a.e. and ||z|* < ||h|: + €.

Corollary 6.2.3. Assume that H C L*(u,F) has the approzimate fac-
torization property. Then for every f € L'(u) and every e > 0, there exists
x €H and y € L*(u, F) such that x -y = f and ||z| - [|y|]| < | f]l. +&.

Proof. Assume first that || f|| = 1. We are applying the above theorem with
h = |f|. Thus there is z € H such that ||z(w)|]* > f(w) and ||z||> > || f]l1 +¢.
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Let us define y € L2(u, F) by y(w) = L2 for o such that 37( ) # 0 and

llz(w)]I?

y(w) = 0 otherwise. Then |y|* = [ YEEIIL gy < [l gy < 1 and

Izl Iyl < VIflli+e < [[fli + e Moreover, (z-y)(w) = (z(w),y(w)) =
(z(w), LY — £ if 2(w) # 0. If 2(w) = 0 then f(w) = 0 too.

?lz(@)1?

The next step in the proof will be a construction of an extension of
V = (V4)aes to a set of unitary operators. We can assume that V is a
semigroup. We define a relation p C (V x H)? such that (V,,h)p(Vs,k)
if and only if V,k = Vzh. It is easy to see that p is an equivalence rela-
tion. Then V' x H/p is a prehilbert space with operations: [V,,h] + [V, k] =
VoV, Vsh 4+ V,k], AV, ] = [Va, Ah] and scalar product ([V,,h], [Vs, k]) =
(Vsh, V,k), which gives a norm ||[V,, h]|| = ||A||-

Let K be an completion of V' x H/p and note that we can embed H in K
isometrically by h —— [V,, V,h] (note that the embedding does not depend
on V,). Let us take T" commuting with V' = (V,),cs;. Then we can define
T € L(K) by T[Va,h] = [V, Th]. Since T commutes with V, T does not
depend on any particular choice of the representative from [V, h]. Hence we
can construct V for all V,, € V and denote by V= (Voé)aE 7. Moreover, since
T commutes with V' = (V,)ae s, T commutes with V = (VQ)QGJ

We can easily check that Vj is a unitary operator and VB [Va, h] = [VsV o, h].
The extension is minimal: since [Vj, k] = V;[Va, Vok], V;[Va, Vak] are linearly
dense in K and hence UV;H is dense in K.

The important step in the proof is the following result from [43].

Theorem 6.2.4. Assume that V is a family of commuting isometries. If
T € AlgLat(V') then T € V'. Moreover the operator T (which is defined since
T € V') is in the double commutant V' of V.

Theorem 6.2.5. IfB={T € L(H): T €V and T € V"}, then B has
property A;(1).

Proof of Theorem 6.2.1. Tt is obvious that V' C AlgLat(V'). Moreover, by
Theorem 6.2.4, AlgLat(V') C B. Thus AlgLat(V') is reflexive and has property
A;(1). Hence W(V), as a subalgebra, is reflexive and has property A;(1) by
[42, Proposition 2.5].

Proof of Theorem 6.2.5. For simplicity, we assume that the underlying
space is separable. We know that (J,; V*H is dense in K. By the spectral
theory, there is a measure space (2,>", 1) (Q = T!) and a measurable function
fo with |f,| =1 a.e. on the set 2 = 0y D 0y D - - such that there is a unitary
operator U : K— @, L*(u|o;) with UV,U* = My, . The space ®;>1L*(u|o;)
can be identified with L?(u,F), whele F is a separable Hilbert space.
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We would like to prove that H has the approximate factorization property.
Assume that K = L?(u,F) and that h € L'(u) with h > 0. Then there is
y € K (say, in L*(u|oy)) such that h = y -y (if h € L*(u), h > 0, then
Vh € L*(p) and b = Vh - Vh) and ||y||z = ||h|l;. There is y; = [V,, k] such
that ||y — y1|| < e and ||Jy1]] < ||yl + 1. Then z = V[V, k] = [Va, Vok] € H.
Since V, is the multiplication operator by the function f, with |fol = 1, thus
f/ayl . f/ayl =1y, -y;. We have

|h—z -z =|h=Voys - Varuli = |h —y1 - i
<lh—y-ylh+lly-v—vi-wnlh <ly-yv—v-wnl+ly v —v-wnlh
<yl ly = will2 + vl |y — vall2 < (IRl + |R]l + 1)e.

Thus ‘H has the approximate factorization property.
Now we can start the main part of the proof. Takee > 0 and let ¢ : B — C

be weak-star continuous. Then ¢ can be represented as ¢(T) = > (Tx,, yn)
n=0

with Y [zl |lynll < [|@]| + 5 for some z,,y, € H C K = L*(u, F). If we
o=0

define f = io: T - Yn € L' (1), then || f|l1 < ||@]| + 5. By Corollary 6.2.3, there

n=0

is x € H and z € K such that z - z = f and [jz|| ||z]| < [[All +5 < |9 +e.
Define y = Pyz. f T € B, then T € V” and T = M, |» (M, multiplication
operator). Then

S =S ) = Y- [(ulwhr(), yw)dn(e)

=0

= [ u@) ), v)in) = [ uw)f@ute)

— [u@) @), 2@)duw) = [ @)sw), 2@)du(w)
= (uzx,z) = (Tx,z) = (Tx,y).
Hence ¢(T) = (Tz,y).

7. REFLEXIVITY OF JOINTLY QUASINORMAL OPERATORS AND
SPHERICAL ISOMETRIES

An operator T is called quasinormal if T' commutes with T*T. W. Wogen
[75] proved that individual quasinormal operators are reflexive. Following A.
Lubin [52], we call a commutative family S of operators jointly quasinormal
if § and T*T commute for any S,T € §. Commutative families of normal
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operators or isometries are automatically jointly quasinormal, as are doubly
commuting families of quasinormal operators. Example 7.2 below exhibits a
commutative pair of quasinormal operators which is not jointly quasinormal.

Theorem 7.1. Every jointly quasinormal family S of operators is reflexive
and has property A;(1).

Proof. Since the underlying Hilbert space is separable, we may as well
assume the family S to be countable. Write Z for the commutative von Neu-
mann algebra generated by {T*T : T € S}. By direct integral theory (see
[70]), Z is the diagonal, algebra corresponding to a direct integral decompo-
sition of the underlying Hilbert space H = [ H(A\)du()\). Here p is a finite
regular Borel measure on A and we have Z = [” Z(\)du(\), where each Z())
consists of scalar multiples of Iy (y). For the simplicity of notation, we assume
that H(A) = H and the corresponding field of measurable vectors is the con-
stant field. Each T' € § is decomposable, and by our choice of Z, we know
that 7*(\)T'(A) i.s a scalar multiple of the identity for almost all A\. Discarding
a set of measure zero if necessary, we can assume T'(\) to be a scalar multiple
of an isometry for each T'€ § and A € A.

For each fixed A, the algebra W(T'(\) : T € S) is generated by a family
of commuting isometries. By Theorem 6.2.1, it is reflexive and has property
A;(1). Hence, by [6, Proposition 5.6], W(Z U S) is reflexive, and by [42,
Theorem 3.6], has property A;(1). Thus its subalgebra W(S) is reflexive and
has property A;(1) by [42, Proposition 2.5].

Example 7.2. Write U for the forward bilateral shift relative to an or-
thonormal basis {e,}>2 _ . Denote by P and @ the projections onto the
spaces spanned by {e, : n > 0} and {e, : n < 0}, respectively. Set S = UP
and T' = U*Q. The quasinormality of S and T follows from the fact that
P and @ are invariant under U and U* respectively. It is easy to check
that ST = 0 = T'S. On the other hand, while T*T'S = QU P = 0, we have
ST*T = UPQ # 0. Thus {S,T'} is a commuting pair of quasinormal operators
which is not jointly quasinormal.

An N-tuple V = (V,...,Vy) is called a spherical isometry if vazl ViV =
1. One consequence of Theorem 7.1 is the following

Proposition 7.3. Every N-tuple V. = (Vi,---,Vx) of doubly commuting
spherical isometries is reflexive.

Proof. First, we will show that each V;, i =1,---, N, is quasinormal. This
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follows from the following equalities

ViViVi= Vil =Y ViV) = V= YO ViVY,

j#i i
=Vi= 2 ViViVi= (1= 2 Vi)V = VIViV,.
i i

Now, since V' is a doubly commuting set of quasinormal operators, it is also
jointly quasinormal and the conclusion follows from Theorem 7.1.

8. REFLEXIVITY AND INVARIANT SUBSPACE RESULTS FOR CONTRACTIONS

The Dual Algebra Technique has had great achievements in showing the
existence of non-trivial invariant subspace or reflexivity for a single operator.
Recall some of them [14], [16-17], [23-28], [54], [63-64], [74]. The most strik-
ing result we will discuss is in Section 9. Let us present the following two
results which give the inspiration for the results for an N-tuple of contractions
presented in this section. Instead of presenting them in the full strength, we
show them in the form so that the theorems below can be seen as their N-tuple
generalizations.

Theorem [63]. Let T' be a Cy contraction. If the intersection of the left
essential spectrum with the open disc o.(T) ND is dominating for H>, then
W(T) is reflezive.

The next is a stronger one.

Theorem [15]. Let T be a completely non-unitary contraction. If the
intersection of the essential spectrum with the open disc o.(T)ND is dominating
for H>=, then W(T) is reflexive.

8.1. Results with dominancy of left and right spectra.
We start with the following

Theorem 8.1.1. Let {T,T>} C L(H) be a pair of commuting contrac-
tions. Assume also that Ty € Cy. If the intersection of the left spectrum with
the open bidisc oy(Ty, Ty) ND? is dominating for H>*(D?), then {T1,T>} has a
common non-trivial invariant subspace.

If T3 is not a.c., we can decompose T for an absolutely Continuous part
and a singular unitary part. If the subspace on which 75 is a singular unitary
operator is not equal to {0}, then since this subspace is hyperinvariant for
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T (unless the space H is one-dimensional), we have a non-trivial invariant
subspace for the pair {77, 7,}. Thus we can assume that 7T} is a.c.

Assume now that o;(Ty, T2)\ 0. (T Tz) # () and take A = (A1, Xo) € 0y(T1, T2)
\o1.(T1,T3). Then, by Lemmas 3.1.1 and 3.1.2, there is a sequence z,, in some
finite-dimensional subspace F of H such that ||z,| = 1 and lim,, . [[(A; —
T;)x,|| = 0 for i = 1,2. Since the ball in the finite-dimensional space is com-
pact, there is x € ‘H with [|z|| = 1 and ||(A; — T})z| = 0 for ¢ = 1,2. Then
ker (A\; — T;) is a non-trivial hyperinvariant subspace for T; for i = 1,2, or
Ty = M\ I and T, = A\ I. Thus the pair {T7,7,} has a common non-trivial
invariant subspace unless the space H is one-dimensional.

Hence we can also assume that o;(71,T,) = 0,.(T1,T3). In this case, The-
orem 8.1.1 is reduced to the following reflexivity result.

Theorem 8.1.2. Let {T\, 1>} C L(H) be a pair of commuting contrac-
tions. Assume also that Ty € Cy. and Ty is absolutely continuous. If the
intersection of the left essential spectrum with the open bidisc o;.(Ty, Ty) ND?
is dominating for H>*(D?), then the algebra W(Ty,Ts) is reflexive.

Now, let us discuss the related results. First, Theorem 8.1.1, for N = 2,
generalizes the following

Theorem [4]. LetT = (T3,---,Tn) be an N-tuple of Cyo contractions and
DY be a spectral set for T. If the intersection of the left essential spectrum
with the open polydisc o,.(T) N DY is dominating for H>*(DY), then T =
(Ty,---,Txn) has a common non-trivial invariant subspace.

By symmetry Theorem 8.1.2 can be stated in the following way.

Theorem 8.1.2°. Let {T1,Tx} C L(H) be a pair of commuting con-
tractions. Assume also that Ty € Cq and Ty is absolutely continuous. If
0. (T1, Ty) N D? is dominating for H>(D?), then the algebra W(T,T5) 1is re-
flexive.

Thus the above results overlap with

Theorem [39]. Let T = (T1,---,Tx) be an N-tuple of commuting com-
pletely non-unitary contractions and DV be a spectral set for T. Assume also
that there are i,j € {1,---, N} such that T; € Cy. and T; € C.. If the inter-
section of the Harte spectrum with the open polydisc o (T)NDYN is dominating
for H>=(D"), then W(T') is reflexive.

In the end, let us quote the related result with dominancy of the left
essential spectrum, which will find its generalization in Section 8.2.
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Theorem [47]. Let T = (Ty,...,Txn) be an N-tuple of doubly commuting
completely non-unitary contractions. If the intersection of the left essential
spectrum with the open polydisc 0.(T) NDY is dominating for H>* (D), then
W(T) is reflezive.

Now, we can start

Proof of Theorem 8.1.2. We can construct the representation ® : A(D?) —
L(H) generated by T' = (T1,T,) as in Section 4.2. Moreover, by Lemma
4.3.1, T is a.c., and thus we can extend ® to H,, (D?). By Lemma 4.3.5, since
01.(T) is dominating for H>°(D?), we see that ® is an isometry and a weak-
star homeomorphism. Hence, as it was mentioned in Section 5.2, to show
reflexivity of A(T},T3) it is enough to check (5.2.1)—(5.2.3).

The first two lemmas are true not only for N = 2 but also for an arbitrary
N and since they might be of independent interest we present them as follows.

Lemma 8.1.3. Assume T = (Ty,...,Tx) generates an a.c. isometric
representation. Let X = (A1,...,A\y) € 01(Th,- -+, Tn) N DY and let {z,} be
an orthonormal sequence with lim,, .« [[(T; — X\i)z,|| =0 for alli=1,...,N.
Then

lim |2, ® 2,] - [Ch]]l0 = 0.

n—oo

Proof. The Hahn-Banach theorem implies that there is f,, € H>(D") such

that || fu(T)l| = [ fulle = 1 and [z, @ 2,] = [CA}| Q= (fu(T), [#n ®xa] = [CA])-
The Gleason property for a polydisc shows that there are g7 such that f,(z) =

FaN) + 251 (2 = X)gr(2) and [|g7 oo < Ma|fulloo = M for z € DV. Hence

[z @ 2] =[Ch]lle = (fu(A +Zgz A, [ @ 0] = [GA])

:<fn()‘)v[xn®$n]>_<fn( )7[ A]>

N N

Y g TNT = X)), [0 @ ) + D (g (DT — M), [Ch])

i=1 i=1

= fn()‘)(l'mxn + )xmxn)

Mz

i:l

N
+Zg?(/\ Ai = Ai <ZII DT = Ai)an||

<MAZH s — Xi)T,|| — 0.
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Thus, the proof is completed.

Lemma 8.1.4. Assume T = (Ty,...,Ty) generates an a.c. isometric
representation. Let A = (A ..., An) € 01(Th,...,Tn) N DY and let x,, be an
orthonormal sequence such that lim, .. |[(T; — X\;)x,|| =0 foralli=1,...,N.

Then limy, |||z, @ ylllo =0 for any fized y € H.

Proof. Via Hahn-Banach theorem, there is f,, € H>(D?) such that || f.(T)| =
[fnlle = 1 and [z, @ y]llo= (fu(T); 20 @ y) = [(fa(T)2n,y)|. As above, the
Gleason property shows that there are g7 such that f,(z) = fu(A\) + X, (2 —
X)g(z) and [[g7 || < M|l fullee = My for z € DV. Now,

N
llzn @ ylllo= fa(N) (@n:y) + D (gF Ai)Zs Y)
i=1
N
< M fallse (@ ) + D g MINT = X)zall Iy
i=1
< [(@n, y) + Z 193 1o (75 = Xz [ 1l
i=1
< |(l’my)!+MxHy||ZH Ai)an| — 0
=1
since x,, is an orthonormal sequence and |[(T; — \;)z,|| = 0fori =1,2,..., N.

It is an easy observation that in [63, Lemma 3.4] the assumption c.n.u. is
not essential, only the absolute continuity of 1" is needed. Moreover, weaker
assumptions for the sequence {z,} are sufficient. So we have

Lemma 8.1.5. Assume that T € L(H) is an a.c. contraction generating
all isometric functional calculus. If {x,} is a sequence since that x, — 0
weakly, ||z,|| =1 and ||(T — X)z,|| — 0, then ||[y ® z,]||lor — 0 for ally € H.

The last approximation lemma will be proved for N = 2

Lemma 8.1.6. Assume that T1,Ty generate an a.c. isomelric represen-
tation and T]* — 0 strongly. If {z,} is a sequence such that x, — 0 weakly,
lz.|| =1 and ||(Tz — A2)x,|| — 0, then ||y ® x,]|lo — 0 for all y € H.

Proof. By [71, Theorem 11.2.1], choose V; € L(K) a minimal isometric

dilation of 7}". Then V; is a unilateral shift of certain multiplicity and 7} =
Vil#. On the other hand, by the commutant lifting theorem of Sz-Nagy
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and Foias (see [71], [55, p. 484]), there is an operator W5 (not necessarily
an isometry) preserving the norm of Ty such that the pair {V3, W} dilates
{T7,175}. Let € > 0. Choose M > 0 such that [[(/ — Pyepyn)yl < 5 and
denote y; = (Pk.e,rvl*My7 Yo = (I — PkerVI*M)y' By Hahn-Banach theorem, for

each n, there is f, € H>(D?) such that

H[y ®$H]HQ = <fn(T17T2)7 [y®xn]> = |(fn(T17T2)y7xn)|7 ”an =1

For each n we can decompose f,, as follows

M—-1

falz1,22) = D an(22)2) + 20" ha(21, 22).
k=0

The functions a,; are measurable. Moreover, since a,(z2) is the k-th Fourier
coefficient of f, (-, z2), we have |a,x(22)] < 1 for zo € D. Thus ||a.k] < 1 and
consequently ||h,|| < M + 1. It is easy to check that the negative Fourier
coefficients of every a,; vanish. Hence, for every n,k, we get a,, € H*(D)
and h, € H*(D?).

Applying the Lebesgue-type decomposition (4.3.1) to space K, we get via
an easy calculation on elementary measures, H C Ky. So, by the minimality
of Vi, we have K = Ky and hence the pair {V;, W5} is a.c. By Lemma 4.3.5,
{Vi*, W5} is also a.c. By [45, Proposition], the representation generated by 75
is a.c. and the same is true for Wy.

The above facts give us the existence of the functional calculus for all the
above mentioned pairs and single operators. So, applying Lemma 4.3.5 to the
pairs {11, T} and {V}*, W5}, we have

|(fu (T, T2)y, )| = [ (y, [ (T3, 15 ) 2|
< [y, fo Vi, Wa)a)| = [(fu (V' W3y, )|
[(Fa (VS W)y, )| + | (fu (V5 W3 )yas )|

M

< 3 (@ (W5)Vy by, )]
k=0
VM B (Ve W)l + £l 1yl

The vector y; is defined such that V;*¥y, = 0, and thus the second component
is equal to 0. Observe that for all k,

(8.1.1)

N

’(ank(W;)Vl*kybxn” < ”[Vl*kyl ® xn]”ng'

On the other hand, by [71, Theorem I1.2.3], W5 is an extension of T5. Thus not
only ||(Ws — A2)z,|| — 0, but also W, generates an isometric representation,
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since Ty does. Hence, Lemma 8.1.5 shows that ||[V** y1 & 2,]o,,. — 0(n —
o0). Hence we can choose ng such that for all n > ny we have2 [Vi*y, @
Tpllloy. < 55 for E=10,1,...,M — 1. Now come back to the estimation of
Iy @ le]HQ Using (8.1.1) and the estimation of ||yz||, we obtain for n > nq,

M-1

lly & zallle < X2 NV 91 @ @alllay, + Ifall llyall lzall < e
k=0

The proof of the lemma, is finished.

The next part of this section deals with pairs of operators which extend
the case of doubly commuting operators. For any pair {77,75} of commuting
contractions we can construct a minimal isometric dilation {V;,V3} of the

pair {77, Ty} (see [71]). Onme can see that V* is a coisometric extension of

T;, i = 1,2. We call {V}*, V5'} a joint coisometric extension of {T1,T»}. It can
be seen that it is minimal in the standard meaning; for the details, see [53]. We
say that a pair {T1, Tz} C L(H) is diagonally extendable if there exists a Hilbert
space K D H and a minimal joint coisometric extension {B;, By} C L(H) of
{T\,T>} such that, for either j = 1 or j = 2, if £ is decomposed as K = S; &R ;,
relative to which the matrix for B; has the form

S* 0
A J
n=(T n )

where S; € L(S;) is a (unilateral) backward shift and R; € L(R;) is a unitary
operator, then the matrix for By, for k # j, relative to the decomposition

K =38; @ R; has the form
A 0

for some A, € L(S;) and A, € L(R;).
Let us recall the result of [53, Theorem 2.5] and [68, Lemma 1] as

Proposition 8.1.7. With the above notation, a pair {Ty,T>} C L(H) is
diagonally extendable if any of the following conditions holds

(a) Ry has no part of uniform multiplicity Ro,
(b) Ry has no part of uniform multiplicity Ny,
(¢) Ty and Ty doubly commute.
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Now we will present the following

Theorem 8.1.8. Let {T},T>} C L(H) be a pair of commuting con-
tractions. Assume also that {Ty,To} C L(H) is diagonally extendable. If
o(Ty, Ty) N D? is dominating for H*(D?), then the pair {Ty,T>} has a com-
mon non-trivial invariant subspace.

We can reduce this result to Theorem 8.1.9 below just as Theorem 8.1.1
to Theorem 8.1.2.

Theorem 8.1.9. Let {T1,T>} C L(H) be a pair of a.c. commuting con-
tractions. Assume also that {T\,T>} C L(H) is diagonally extendable. If
01.(Th, Ty) ND? is dominating for H>®(D?), then the algebra W(Ty,Ts) is re-
flexive.

For pairs of operators, the above theorem is a generalization of Theorem
[47] quoted in the beginning of the section. The proof is based on the same
considerations as the proof of Theorem 8.1.2. using Lemma 8.1.10 below
instead of Lemma 8.1.6.

Lemma 8.1.10. Let {T},T5} be a diagonally extendable pair of contrac-
tions generating an a.c. isometric representation. If {x,} is a sequence such
that x,, — 0 weakly, ||z,|| = 1 and ||[(T; — N\i)zn|| — 0 for i = 1,2, then
Iy ® z,]llo — 0 for ally € H.

Proof. Without loss of generality, we assume that the space K D H and
operator B; € L(H) extends T; for i« = 1,2. Moreover, B; is a coisometry,

K=8 &R, and
(ST 0
Bl_( 0 R1>’

where S} € L(S;) is a (unilateral) backward shift and R, € L(R;) is a unitary
operator, and B, has the form

A 0
B2_<0 Ar>7

for some A; € L(S;) and A, € L(R,).

By the decomposition (4.3.1) and the minimality of { B, B2}, we conclude
similarly as in the proof of Lemma 8.1.6 that {B;, By} is an a.c. pair. It also
generates an isometric functional as an extension of the pair {T7,75}. Thus
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we have
Iy © zullle = sup{|(h(B1, B2)y, )| : h € H*(D?), ||hlls = 1}
= sup{|(h(B1, B2)y, x)| : h € H*(D?), [[hf|o = 1}
= Iy @ znllles, s, -

So we need to show that the last tends to zero.

For a contraction T and A € D, let T denote the operator (T—\)(I—\T)~*
An easy calculation based on [71] shows that the decomposition = S;®R; is
also a decomposition of (B})* into a pure isometry and a unitary part. Let us
note that Sy, R, reduce B3>. Moreover, B} is a coisometric extension of T}
fori=1,2. Let x,, =z ® ], y =y’ ®y" with respect to the decomposition
K =8,®R,. Since ||(Ty — A ), || — 0, we have ||T;7z,| — 0. One can easily
see that

(8.1.2)

2]l < l2n = Prerppran = (I = Prepppri )|
= (BB | = T @l — 0.
Thus,
Iy © nllles, 5, = sup{|(h(B1, B2)y, x,)| : h € H*(D?), |[hf|o = 1}
< sup{[(h(57, As )|+ he H*(D?), |[hflo =1}
+sup{|(h(Ry, A Wl he He(D?), |[hflo =1}

< ly* @ aillles, A, + 1971 25

)y, s
YT

The second component converges to 0. To prove that the first one converges to
0, it is enough to show that the pair {S7, A,} and the sequence z,, = H%H fulfills
the assumptions of Lemma 8.1.6. The sequence of operators {S;"} converges
strongly to 0 since S} is a backward shift. Since B is an extension of 75, thus
[(Bs — Aa)aal| — 0. Since (B> = Aa)zall? = | (As — Mo)ars |2+ 1(A, = Aa)a |1,
thus [|(As — A2)zZ|| — 0 and ||(As — A2)z,]| — 0, since ||zf| — 1. Hence, we
can finish the proof of Lemma 8.1.6 and Theorem 8.1.9 with the following

Lemma 8.1.11. The pair {S}, As} generates an a.c. isometric represen-
tation.

Proof. To see that the pair {S}, A,} generates an a.c. representation, it
is enough to notice that it is a restriction of the pair {B;, By}, which is an
a.c. pair, and then make an easy calculation on elementary measures. Now we
prove that o,.(Ty,T2) ND % C 0,.(S}, A;,) N D% Let (A1, Xo) € 01 (Th, To) ND?,
and {z,} be an orthonormal sequence such that lim,, .. ||(T; — \;)|| = 0, for
i =1,2. Hence, lim, o |[(B; — A\;)x,|| =0, for i = 1,2, too. Let x,, = x5 & x],
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with respect to the decomposition X = S; @ R,. We can prove as above that
|(As —A2)x; || — 0 and in the same way that ||(S] —Ay)z; || — 0. Asin (8.1.2),
it can be show that ||z7 || — 0, and hence ||z?| — 1. Let z, = ”2—:1” It is easy
to check that |[(As — A2)z,|| — 0 and [[(S; — A1)za]| — 0. Thus (A, \2) €
01.(S7, A;) ND? by Lemma 4.3.5. Hence, if 0,.(T},Ty) N D? is dominating for
H>(D?), then so is 0;.(S}, A,) N D?. Hence, by Theorems 4.3.4 and 4.3.5, the
proof of the lemma is finished.

8.2. Results with dominancy of Taylor spectrum.
Our main result of this section will be the following

Theorem 8.2.1. LetT = (11,...,Ty) be an N-tuple of doubly commuting
contractions. If the intersection of the Taylor spectrum with the open polydisc
o(T)NDYN is dominating for H* (DY), then T = (Ty,...,Ty) has a common
non-trivial invariant subspace.

As we shall see, because of the double commutativity, it will be sufficient
in the proof to consider the case that the Taylor spectrum of T' coincides with
the essential Taylor spectrum. This allows us to reduce the proof of Theorem
8.2.1 to the following

Theorem 8.2.2. LetT = (11,...,Ty) be an N-tuple of doubly commuting
completely non-unitary contractions. If the intersection of the Taylor essential
spectrum with the open polydisc o.(T) NDY is dominating for H* (DY), then
T=(T,...,Tx) is reflexive.

Of course, the reflexivity is a much stronger property than the existence
of a non-trivial common invariant subspace. Theorem 8.2.2 is a generalization
of the reflexivity result for a single contraction case (Theorem [15]). It also
improves Theorem [47] mentioned in the beginning of Section 8.1.

Let us quote also two other related results

Theorem [18]. Let {T1, T2} be a pair of commuting contractions and
assume that it generates a weak-star continuous isometric functional calculus
¢ : H*(D?) — L(H). Then (5.2.1) is fulfilled. (If Ty, Ty are of Cyo class, then
A (T, Ty) is reflezive.)

Theorem [1]. Let T = (T,...,Tx) be an N-tuple of commuting com-
pletely non-unitary contractions and DV be a spectral set for T. Assume also
that T = (Ty,...,Ty) is of Coo class. If the intersection of the Taylor essential
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spectrum with the open polydisc o.(T) N DY is dominating for H>* (DY), then
T =(T\,...,TxN) has a common non-trivial invariant subspace.

To reduce Theorem 8.2.1 to Theorem 8.2.2, let us note first that if one of
the contractions 71, ..., Ty, say T;,, has a non-trivial unitary part, then from
the formula for the subspace H,;, on which the contraction 7}, is unitary (cf.
[71, Theorem 1.3.2]), we see that H,;, is invariant for all operators S doubly
commuting with T}, and Lat(T) will be non-trivial. Hence we may assume
that T1,...,Tx are all c.n.u. Also, because of the proposition below we may
assume that o(7T') = 0.(T") and we are in the situation of Theorem 8.2.2.

Proposition 8.2.3. Let T = (T\,...,Ty) be an N-tuple of doubly com-
muting operators in L(H). If o(T)\o.(T) # 0, then T;, has a non-trivial
hyperinvariant subspace for some iy € {1,...,N}.

Since the space H is infinite-dimensional, the proposition is a consequence
of the following

Lemma 8.2.4. Let T = (T4,...,Tx) be an N-tuple of doubly commuting
operators in L(H). If, for some A € CN and some p € {1,..., N}, we have

ker (A —T)Nran 6*'(\ —T)*+ # {0},

then either there is ig € {1,..., N} such that the operator T;, has a non-trivial
hyperinvariant subspace or the tuple consists of scalar operators.

Proof. By our assumptions, there exists some 0 # w € AP(H) with 6?(\ —
T)w=0=6"""A\—T)*w. Hence

5N — T)6" Y (A — T)*w + 6°(A — T)*6”(\ — T)w = 0.

By Lemma 3.2.2, there are disjoint sets S, 7 with SU7 ={1,...,N} and a
vector 0 # x € H such that

S =T) N = To)x+ > (A — Ti) (A — Tie) "z = 0.

i€S keT

Hence z € ker (\;,—T;) fori € S and x € ker (A\;—1})* for k € 7. From this we
obtain a non-trivial hyperinvariant subspace or T; = A, for all j € {1,..., N}.

The next lemma will be a preparation to the proof of Theorem 8.2.2.

Lemma 8.2.5. Assume that T = (Ty,...,Tx) is an N-tuple of dou-
bly commuting completely non-unitary contractions. Let X € o.(T) N DYV,
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Then there are disjoint sets S, T such that SNT = {1,...,N}, and A =
(A1y- .., Ax) € DV and sequence {z,} with x, — 0 weakly, ||z,|| =1 for all n
such that ||(T; — X\)x,|| — 0 for alli € S and ||(T; — X\;)z,|| — 0 for alli € T.

Proof. By Lemma 3.2.1, there is a number p € {1,..., N} and an orthonor-
mal sequence {n,}>°, in A?(H) such that (3.2.1) holds. Passing, if necessary,
to some subsequence, we may assume that for some I = (41,...,%,) € N? the
coefficients x,, of s;, A---A's; in n, satisfy ||x,|| > o for all n € N and some
a > 0. By Lemma 3.2.2, there are disjoint sets S, 7 with SUT ={1,..., N}
such that

SN —=T) (N =Tz + Y (A = Ti) (A — Ti) "z — 0.

i€S keT

Taking the scalar product with z,,, we get ||(T; — \;)x,|| — 0 for all i € S and
(T — M)z, — 0 for all k € 7. Since the sequence {n, }>°, is orthonormal,
thus z, — 0 weakly. Moreover, since the numbers ||z|| are bounded below, we
can assume without loss of generality that ||z, | = 1.

Proof of Theorem 8.2.2. We can construct the representation ® : A(DV) —
L(H) generated by T' = (11, ...,Ty) as in Section 4.2. Moreover, by Lemma
4.3.2 T is a.c., since each T; is c.n.u. Thus we can extend ® to H>(D"V). By
Lemma 4.3.5, since o.(T) is dominating for H>(D") we can see that ® is
an isometry and a weak-star homeomorphism. Hence, as it was mentioned in
Section 5.2, to show the reflexivity of T' = (T},---,Ty) it is enough to check
the approximation properties (5.2.1)—(5.2.3).

We will start with the approximation of the point evaluation.

Lemma 8.2.6. Let T = (Ty,...,Ty) be an a.c. N-tuple of commuting
contractions, S, T be disjoint sets such that SUT = {1,...,N}, and A\ =
(A1, An) € DV, Assume thht x,, — 0 weakly and ||x,|| = 1 for all n. If
I(T; — X))z, — 0 for alli € S and ||(T; — Ni)zn|| — O for all i € T, then
lim,, 0 H[xn ® $n] - [CA]HQ =0.

Proof. By the Hahn-Banach theorem, for each n, there exists some f, €
H>(DY) such that [[fo(T)|| = Ifull = 1 and [z, @ z.] = [Ci][le = | <
(D), [z, @ x,) — [C\] > |. Since the polydisc has the Gleason property,
there are g € H>(DV) satisfying ||gl']| < M) for i = K + 1,---,N and
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fu(2) = fo(N) = N (2 — M) g™ (%), where z = (24,...,2y) € DV. Hence

N

< fuN) + D (T = A)gi (D), [ @ ] — [Ch] >

i=1

(Z(Tl - )\i)g?(T):IZn,ch>

Ifzn ® 2n] = [Ci]lle=

< D NG (TUT = Nz 20)| + D gl (T, (T7 = X))

€S €T
< MMM = M)zl + D 1@ (D INT = Xz
€S €T
< M, <ZH( Azl + DT, :an>
€S i€T

Thus, the proof is finished since ||(T; — \;)x,|| — 0 for all ¢ € S and |[(T} —
Ai)xn|| — 0 for alli € 7.

Next, the approximate orthogonality (5.2.2) will be shown.

Lemma 8.2.7. Let T = (T,...,Tn) be an a.c. N-tuple of commuting
contractions. Let S, T be disjoint sets such that SUT ={1,...,N}. Assume
that {T; : i € S} is doubly commuting. Let X = (Ai,...,An) € DV and
x, — 0 weakly, ||x,|| =1 for all n. If |(T; — X\)x,| — 0 for alli € S and
I(TF — X)znl| — O for alli € T, then lim, . ||[y ® z,]llo =0 for all y € H.

Proof. Without loss of generality, we can assume that S = {1,---, K}.
There can be found some functions f,, € H>(D") such that || f,(T)]| = || f.]] =
1 and ||y ® ,]|lo = [(fo(T)y, z,)|. Notice that

H[y®xn”|Q S ’(fn(Tl) . '7TK7AK+17"‘7)\N)y)$n)|
+|((fn(T1>7TN) - fn(Tla-"7TKa)\K+17"' 7)‘N))yaxn)|

By an obvious modification of the Gleason property for polydomains, there are
functions g%, ..., gy € H>*(DV) such that ||g]'|| < M, fori=K+1,...,N

and
N

fn(z) - fn(zb c '7ZK>)‘K+17- . 'a)\N) = Z ()\1 - Zz)gzn(z)7

i=K+1

where z = (z1,...,2y5). The point A being fixed, let us denote by h, €
H>(D¥) the function h,(21,...,2x) = fulz1,- -, 2K, A1, - -, An) and write
T = (Ti,...,Tk). Obviously, we have a natural functional calculus for T =
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(T,...,Tk). Hence, for any € > 0, we have

||[y®xn]||Q§ |(fn(T17 "aTKaAK+17---7)‘N)y7xn>|

N
. Zuﬁmwmma
=K +1
~ N J—
<A@+ S 1@ ol 1% = Tl
~ i=K+1
< (o (Fys0)] + 2

for n sufficiently large, since ||(T} — \;j)x,|| — 0 fori= K +1,...,N.

By the same construction as in [68, p.1234], we can construct a doubly com-
muting K-tuple of isometries V = (V4,...,Vk) C L(K), which is a minimal
isometric dilation of the K-tuple T = (1Y, ..., Tk). Then V* = (V}*,..., V)
is an extension of T = (T}, ..., Tx). By the minimality and the decomposition
(4.3.1), the K-tuple V- = (Vi,...,Vk) is a.c. and so is V* by Lemma, 4.3.5.
Moreover, by Theorem 4.3.4 we can construct a functional calculus for each
of them.

For any contraction A and p € D, we will denote by A* the operator
(A—p)(I —mA)~'. Let K = KL @ K! be the decomposition of V; into a
unilateral shift and a unitary part. The decomposition coincides with the
decomposition of Vi’\i (see [71, Proposition 1.4.3 and its proof]). Moreover,
(VA = (V)" ..., (Ve¥)*) is an extensioll of T = (T},..., Ta¥). Since
I(T; — \)xn|| — 0 fori=1,...,K, we have | T}"z,|| — 0 fori=1,..., K.

By the double commutativity of V- = (V4,..., Vi) and [69, Theorem 3], we
can write K = KC,®/,., where V¥ = V| is a shift operator foralli = 1,..., K,
and V; | is a unitary operator for some i, € {1,..., K}. Moreover, K, and
K.. reduce V;. We will denote V" = V|c,. Form z,, =25 ® a2, y=y* D y"
with respect to this orthogonal decomposition. Let P; denote the projection
onto ker(V*)*. By the double commutativity, one can see that P, and P;
commute for i,j =1,..., K. We also have P, --- Py H C KC,. Thus

K
o)l <l = Proo s Pl <3 1Py Pica (@ — P |

i=1

K K
<D0 llwn = Paall = Y VAV @l
i=1 i=1
K K
=2 M) @all = 30 1T ] = 0.
i=1 i=1
There is also a natural functional calculus for V* = (V... VZ*) and for

Ve = (V™ ..., Vi), since V and V} are the restrictions of V*. Hence,

r
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because of ||z7| — 0, we have

1 (D), )| = |(ha(V*)y, 220)]
< | (VY™ )| + (A (V)" 27,)]
<[PV o)+ [l Ty 1l
<[ (hn(VO)y @) + €

for n sufficiently large, since ||27 | — 0, we have ||z%|| — 1 and hence we may
assume that ||z¢ || = 1.

Now we know that V,°* is a unilateral shift for s = 1,---, K. For M € N,
let Rj; be the orthogonal projection onto the space Vfil ran VM. Using
the obvious extension of [69, Theorem 1] from pairs to K-tuples of doubly
commuting shifts, there is a sufficiently large M such that |[Ry y°|| < 5. Let
y1 = (I — Ry )y® and yo = Ry y®. Then VM y, =0fori=1,..., K. We can

write

M-1 L

_ n I M

= E arz +E z;
|1]=0 i=1

where z = (z1,...,2K), a} € C, q' € H>*(D¥).

Moreover, we can estimate that |a7| < 1.
Since x; — 0 weakly, we have, for n sufficiently large, |(Vi*'y1,25)| < 535%
for all I such that |I| < M — 1. Hence

[ (V)™ )| < (A (VS s, 3) | + Z jaz| |(V g1, 27)]

|1]=0
K

+ 0 1@ (Vv gy, @)

i=1

< lhall gl 1) +Z saE TO<e

Thus, for n sufficiently large, ||[y ® z,]|lo < 3e.
The second orthogonality condition (5.2.3) turns out to be symmetric to
the previous one.

Lemma 8.2.8. Let T = (Ty,...,Ty) be an a.c. N-tuple of commuting
contractions. Let S', T' be disjoint sets such that S"UT' = {1,...,N}. As-
sume that {T; : i € T'} is doubly commuting. Let A = (Ay,...,Ay) € DY) and
x, — 0 weakly, ||z,|| = 1 for all n. If |(T; — \)z,|| — 0 for alli € 8" and
(T — X)zxyp|| — 0 for alli € T', then lim,, o ||[zn @ y]|lo =0 for all y € H.
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Proof. Since the set {T : ¢ € 7'} is also doubly commuting, we can
apply Lemma 8.2.7 to S = 7’ and 7 = S§'. Hence we get ||[z, @ y]|lo =
[y ® zn]lloacr+) — 0.

8.3. Application to weighted shifts.

oo

Let R denote a weighted shift on I3. Put Re, = s,e,41, where (e,)r>, is
an orthonormal basis of 3. Following [62], let

i(R) = lim inf |Spy1- -« Span|™  and 7(R) = lim sup |Sepr - Span|™
k

n—oo k n— 00
We need the following result from [62].
Lemma 8.3.1.

(1) For any positive numbers €, M, there are integers k, n, both greater than
M, such that |spyq - sk+n|% >r(R)—e.

(2) If no s, vanishes and e, M are positive numbers, then there are integers
m, p, both greater than M, such that |Sy1 - Smip|? < i(R) + €.

Note the following
Proposition 8.3.2.

(1) If no s, vanishes, then o4,(R) = {c:i(R) < |c| <r(R)} = 01.(R).

(2) If finitely many s,, vanish, then o,,(R) — {0} = 01.(R) = 01.(R’), where
R’ is the shift with weights Sy 1, Sgy2,--., and Sy is the last zero weight
of R.

(3) If infinitely many s, vanish, then o4,(R) = {c: |c| <r(R)} = 01.(R).

Proof. In the following proof we develop the ideas used in [62], where the
first equality of (1) was shown. Let us note that both o,,(R) and 0,.(R) have
the circular symmetry [67, Corollary 2, p.52]. Hence, if i(R) = r(R), then the
nonemptiness of o;.(R) shows the needed equality.

Since 0,,(R) D 01.(R) and 0.(R) is closed, to finish the proof of the first
equality in the case when i(R) < r(R), it is enough to show that i(R) < ¢ <
r(R) implies ¢ € 0y.(R).

Take a, b with i(R) < a < ¢ < b < r(R). An orthogonal sequence
{z'}, 2t = (1), such that

1
(8.3.1) | Rz — cat|| < 7 |zl IR for (€N
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will be constructed by induction. Let 1 = 1, ! = 0 for r > 1 and k(1) =
n(1) = p(1) = m(1) = 1. Let us assume that vectors x7, and positive integers
k(j), n(j), m(4), p(y) are defined for all j < [.

By Lemma 8.3.1 (1), we can choose n(l), k;l(l) such that ()" < 1, k(1) >
m(l — 1) +p(l = 1), and |sk@y41 - Sk@)+n@| ™ > b. Now, by Lemma 8.3.1
(2), we can choose p(l), m(l) such that (2)* < 1 m(l) > k(l) + n(l), and
[Sm@+1 - Smu4p) |70 < a.

Define 2! = (x!) as follows:

T

Thy = L,

= OIS G () +2 < < m(l) +p(l) + 1,

2h=0 if r<k()+1 or r>m(l)+p(l)+1.
The vectors z! are mutually orthogonal, since k(1) > m(l —1)+p(l —1). Some
calculation as in [62, p.350] shows that (8.3.1) is fulfilled. Hence ¢ € 0;.(R).
If finitely many s, vanish, then R is the orthogonal sum of R’ and a
nilpotent operator defined on a finite-dimensional space. Hence 0 is not in
o1.(R) and thus 0.(R) = 0.(R’).
Now we show the last statement. Suppose that infinitely many s, vanish.
It is easy to see that 0 € 0;.(R). As above, it is enough to show that each
¢ with 0 < ¢ < r(R) is in 0. (R). A similar construction as before yields an
orthogonal sequence {z'}, 2! = (2!) such that

1
(8.3.2) | Rz — eat|| < chle for leN.

Let 2y =1, 2L =0 forr > 1 and k(1) = n(1) = m(1) = 1. Let ! be any pos-
itive integer and assume that vectors z7 and positive integers k(5), n(j), m(j)
are defined for all j < 1. By Lemma 8.3.1 (1), we can choose n(l), k(I) such
that (£)"® < 1, k(1) > m(l —1), and [sgqy41 - - sk(l)m(l)]ﬁb. Let m(l) be the
first index greater then k(1) + n(l) such that s,y = 0. Define z! = (2!) as
follows:

x.llc(l)+1 =1,

_ Sk@+41 7 Sr1 if k()+2<r<m(),

z cr—k—-1

!
zh=0 if r<k(l)+1 or r>m(l).

The vectors x! are mutually orthogonal, since k(I) > m(l — 1). Calculating as

in [62, p.350] one can show that (8.3.2) is fulfilled. Hence ¢ € 0y.(R).

Let us conclude with the following example.
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Example 8.3.3. Let Ry, R, be weighted shifts such that i(R;) < r(R;) =
1, (j = 1,2). [Lemma 7, 62] shows the possibility of a construction of such
shifts. We may let Ry = R, = R, where R has weights s, = % if 2(2F —
1) <n<22=1)+2* for k =1,2,..., and s, = 1 otherwise. It is easy
to see that i(R) = %, r(R) = 1. By Propositions 3.1.3 and 8.3.2, we have
Oe(Ri® I, 1D R,) = {(\,\) 1 i(R;) < \; <r(R;) =1,j5 =1,2}. Hence,
the assumption of Theorem 8.2.2 is fulfilled for the pair Ry & I, I & R,.

9. QUESTIONS AND OPEN PROBLEMS.

In Section 2, we considered the finite-dimensional case. In fact, we com-
pletely characterized the reflexive algebras generated by N-tuples of doubly
commuting linear transformations on finite-dimensional Hilbert spaces. A
natural further generalization will be to drop the double commutativity. The
condition 2.5.2.(1) seems to be not suitable, since it depends on the Jordan
sequence, whose definition is based on the double commutativity. In Theorems
2.1 and 2.6.4, we proved that a necessary condition for the reflexivity of an
algebra generated by commuting linear transformations is that each rank-two
member generates a one-dimensional ideal. This condition is also sufficient in
the doubly commuting case. Thus our first conjecture will be

Conjecture 9.1. Suppose A is an operator algebra in a finite-dimensional
Hilbert space generated by a commuting family of (nilpotent) linear transforma-
tions. Then A is reflexive if and only if each rank-two member of A generates
a one-dimensional ideal.

We can also search for different conditions which completely characterize
reflexive families of linear transformations.

We can also restrict ourselves to the nilpotent case in an infinite-dimensional
Hilbert space and ask

Conjecture 9.2. Suppose A is an operator algebra in a Hilbert space
generated by a commuting family of nilpotents. Then A is reflexive if and only
if each rank-two member of A generates a one-dimensional ideal.

The next questions concern Theorem 7.1. It is unknown whether we can
assume only that each operator is quasinormal instead of joint quasinormality.

Conjecture 9.3. Fvery family S of commuting quasinormal operators is
reflexive and has property A;(1).

Now we can try to drop the double commutativity assumption in Propo-
sition 7.3.
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Conjecture 9.4. Fvery N-tuple V = (Vi,...,Vy) of commuting spherical
isometries is reflexive.

The next set of questions concerns the Dual Algebra Technique. Let us
recall the most striking results for a single operator.

Theorem [24]. Let T be a contraction. If T C o(T), then T has a
non-trivial invariant subspace.

Theorem [25]. Let T' be an a.c. contraction. If T C o (T), then T is
reflexive.

Thus the natural conjectures for N-tuples should be:

Conjecture 9.5. Let T = (Ty,...,Tx) be an N-tuple of commuting con-
tractions. If TV C o(T), then T has a common non-trivial invariant subspace.

Conjecture 9.6. Let T = (Ty,...,Tx) be an a.c. N-tuple of commuting
contractions. If TN C 0.(T), then W(T) is reflexive.

These problems seem to be out of reach nowadays. Hence, let us state
the following easier problems which are also not known. We want to drop the
double commutativity from Theorems 8.2.1 and 8.2.2.

Conjecture 9.7. Let T = (Ty,...,Tn) be an N-tuple of commuting con-
tractions. If the intersection of the Taylor spectrum with the open polydisc
o(T)NDY is dominating for H*(DY), then T has a common non-trivial in-
variant subspace.

Conjecture 9.7°. We can ask about the reflexivity of T = (T4,...,Tx)
assuming the dominancy of Taylor essential spectrum o.(T).

The answers for the above are not known even if we consider Harte spec-
trum oy (T) instead of Taylor spectrum o (7).

The above conjectures were stated for a polydisc. The unit ball BY is
also a natural generalization of the unit disc D. We have also a notion of
the spherical contraction. Namely, a commuting N-tuple T' = (13,...,Ty) is
called a spherical contraction if Y.~ ||Tyz||> < ||z for all vector z. Hence,
all the above conjectures given for N-tuples of contractions can be stated for
spherical contractions. For example, we have

Conjecture 9.8. Let T = (11,...,Ty) be a spherical contracction. If
the intersection of the Taylor spectrum with the open unit ball o(T) N BY is
dominating for H*(BY), then T has a common non-trivial invariant subspace.
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We will finish this section by recalling the famous result from [54] that

ever

y subnormal operator is reflexive. It is a generalization of [21] that every

subnormal operator has a non-trivial invariant subspace. In [76], the existence
of common non-trivial invariant subspaces was shown for jointly subnormal
family. Thus we can state.

Conjecture 9.9. Jointly subnormal families are reflexive.
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