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ON SOME INEQUALITIES OF HADAMARD’S TYPE AND
APPLICATIONS

Kuei-Lin Tseng*, Gou-Sheng Yang and Kai-Chen Hsu

Abstract. In this paper, we shall establish some inequalities related to the
functions which are studied in [2, 5,7, 13] and give several applications.

1. INTRODUCTION

If f:]a,b] — R is a convex function, then

1) ("5") <

is known as Hadamard inequality [9].

For some interesting results related to Hadamard inequality, see [1-8,10-17].

In [2], Dragomir established the following two theorems which are refinements
of the first inequality of (1.1).

Theorem A. If f : [a,b] — R is a convex function, and H is defined on [0, 1]
by
(1.2) Hy=— [ (s a-n®tb)g
. - j X 2 x,

then H is convex, increasing on [0, 1], and for all ¢ € [0, 1], we have

@y () -HO a0 /J

b—a
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Theorem B. Let f, H be defined as in Theorem A and F' be defined on [0, 1]
by

b b
(1.4) F(t):(b_;a)Q/a / Ftz + (1 — ) y) dedy.

Then (1) F is convex on [0, 1], symmetric about 3, F is decreasing on [0, ] and

2
increasing on [1,1], and for all ¢ € [0, 1],

b
sup F(t) = F(0)= F(1) = — /f(x)dx

t€[0,1] b—a
and , , -
i —F(=)= — rry :
Ay r0=F (5) =g [ [ (55w
(2) we have:
(15) f("’;b) gF(%); H(t)<F(t), telo,1].

In [13], Yang and Hong established the following theorem which is a refinement
of the second inequality of (1.1).

Theorem C. If f: [a,b] — R is a convex function, and P is defined on [0, 1]

T e () (5
ws ()0 (552) )]

then P is convex, increasing on [0, 1], and for all ¢ € [0, 1], we have

b a
@ = [P <po<po- 00,

In [7], Dragomir, Milosevi¢ and Sandor established inequalities related to (1.1).

Theorem D. Let f and H be defined as in Theorem A. Then:
(1) The inequality

a+b 2 kit 1
f( ! )gb_a/%ﬂ f(x)dxg/o H (1) dt
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b
(1.9 <l () + it [ 1]
holds;
(2) If f is differentiable on [a, b], then we have the inequalities
1 b
0 [ fwda-H®

49 S hwerw a1 p

S e =t RG]
and

fla) + 1 (b) (f'(0) = f'(a)) (b —a)
(1.10) 0<—F———H(t) < .
forall t € [0,1].

Theorem E. Let f, H be defined as in Theorem A and let G' be defined on
[0, 1]oy

(1.11) G(t):%[f <ta+(1—t)a—2|—b> +f<tb+(1—t)a—2|—b>].

Then:
(1) G is convex and increasing on [0, 1];

(2) We have . .
iy GO =G0 =1 ( 2 )
" sup G () =G (1) = LWEIO)
te[0,1] 2
(3) The inequality
(L12) H(t) <G (1)

holds for all ¢ € [0, 1];
(4) The inequality

I 1 3a+b a+3b
/3_a4+_b rwar <z (M70) +1(5)]
a

113 b—¢

holds;
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(5) If f is differentiable on [a, b], then we have the inequality

a+b

(1.14) OSHW—f< )scw—Hu>

forall ¢t € [0,1].

Theorem F. Let f, H, G be defined as in Theorem D, and let L be defined on
[0, 1] by

1 b
L(t):m/a [ (ba+ (1 —t)2) + f(th+ (1 — 1) 2)] da.

Then:
(1) L is convex on [0, 1].
(2) We have the inequality:

(1.15) G () <L(t _;:t/f Vot L @F ﬂwgf@;f®
forall ¢ € [0,1] and
tzl[él,)ll o= M'
(3) One has the inequalities:
H-n<o@ ad TOFILOZ0 g

2 =
for all t € [0,1]. In this paper, we shall establish some inequalities related to the
functions H, F, P, G, L and give several applications.

2. MAIN ResuLts

In order to prove our main results, we need the following lemmas:

Lemma 1. (see [10]). Let f : [a,b] — R be a convex function and let
a<A<C<D<B<Z<bwithA+B=C+D. Then

)+ 1 (D)< f(A)+[(B).

The assumptions in Lemma 1 can be weakened as in the following lemma:
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Lemma 2. If f:[a,b] — R is a convex function,a < A< C < B <band
a<A<D<B<bwithA+ B =C + D, then

O+ (D)< f(A)+f(B).

Lemma 3 (see [3]). Let X be a real linear space and E be its convex subset.
If f: E— R is convex on E, then for all z,y in E the mapping Q : [0,1] — R
given by

1
QW) =5lftz+ A —-t)y)+ f(tz+ (1 -1)y)l,
is also convex on [0, 1]. In addition, we have the inequality

f<w;y> Q) < f(w);f(y)

forall z,y in E'and ¢t € [0,1]. Now, we are ready to state and prove our results.

Theorem 1. Let f : [a,b] — R be a convex function and let H, P be defined
as above. Then we have the following results:

(1) The inequality

- / f - 4 3b f(x) dx

2.1) @ a Ju[e£2t 4]
1 f(a)+ f(b)
holds.
(2) The inequalities

22) L)< _;:z/f . ()+f()§f();f(b)
and
(23) 0< P -G <l WO pg

2

hold for all ¢ € [0, 1].
(3) If f is differentiable on [a, b], then we have the inequalities

ot oo (22)
gP(t)—bfa/abfmdx

(2.4)
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a+ (/" (b) = f'(a)) (b—a)
25) o<r)-f(%57) < :
and
26) o< pi-m(p<LO-L @00
forall ¢t € [0,1].
Proof. (1) Using simple techniques of integration, we have the following
identities
=/ f (@) ds
(2.7)
_a/ / x) + f (a+b— x)] dtdz,
2
b— a%a34b]umb (L‘d(L‘
(2.8) wis 1
2 2 2 a+x a+2b—ux
= [ () () e
1
/ P(t) dt
0
atb 1
(2.9) :bia/z /Q[f(t”(l‘t) a) + f (ta+ (1 —t)x)] dtdx
b_a/ / fb+(1—1t)(a+b—2x))
+f(t(a+b—2z)+ (1 —1t)b)|dtdz
and
b
A [CESICI Ry
atb 1
(2.10) = bia/ i /2 [f (a) + f (z)] dtdx

a 0
1[5 3
+b—a/a /0 [f(a+b—2x)+ f(b)]dtde.
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By Lemma 1, the following inequalities hold for all ¢ € [0, 1] and = € [a, %F2].

holds when A = %2 C =2, D=a+b—z and B = “2=2 in Lemma 1.

(2.12) f(a;x>g%[f(tw—i—(l—t)a)—i—f(ta—i—(l—t)x)]

holds when A=tz +(1—t)a,C=D=%% and B = ta + (1 — t) z in Lemma 1.

f <a + 226 — x)
(2.13) )

S§[f(tb—|—(1—t)(a—f—b—x))—i—f(t(a—i—b—x)+(1—t)b)]

holdswhen A = tb+(1 —t) (a+b—12),C=D =22 and B =t (a + b —z)+
(I —=¢t)bin Lemma 1.

fla) + f (x)
2
holds when A = a,C =tz + (1—t)a,D =ta+ (1—t)x and B = z in Lemma 1.

(2.14) %[f(tx—i—(l—t)a)—kf(ta—i—(l—t)x)] <

1
§[f(tb+(1—t) (a+b—z)+ f(t(a+b—z)+ (1 —1t)b)]
(2.15)
_Slatb-2)+ [ ()
- 2
holds when A =a+b—2,C =th+(1—t)(a+b—2),D =t(a+b—2x)+
(1—t)band B = b in Lemma 1. Integrating the inequalities (2.11) — (2.15) over
t on [0,1], over z on [a, %£2], dividing both sides by 25% and using identities
(2.7) — (2.10), we derive (2.1).
(2) Using substitution rules for integration, we have the following identities

1 [
(2.16) P(t):b_a/a [f (ta+ (1 —t) z)
+f(tb+(1—t)(a+b—2))]de
and
1 1 En
(2.17) L(t):f(t”m/a [f (ta+ (1= ) (a+b—2))

+ f({tb+ (1 —t)z)]dx
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forall t € [0,1].
If we choose A = ta+(1—t)z,C =ta+ (1—-t)(a+b—2x),D = tb+
(1—t)xzand B=tb+ (1 —1t)(a+b—x) in Lemma 2, then the inequality

Flta+ 1t (a+b—a)+fth+(1—1t)z)

< flta+(1—t)a)+ ftb+1—1t)(a+b— 1))

(2.18)

holds for all t € [0, 1] and = € [a, %F2]. Integrating the inequality (2.18) over z on
[a, ©££], dividing both sides by 2 (b — a) and using (2.16) — (2.17), we derive the
first inequality of (2.2). The second and third inequalities of (2.2) can be obtained
by the convexity of f and (1.1). This proves (2.2).

Again, using substitution rules for integration, we have the following identity

Pl) = bia/:_a“ﬂ [f (ta+ (1 — 1))
(2.19) +f (ta+ =9 <3a2+b _x>)

+f <tb—i—(1—t) <b;a+x>>

Y f(tb+(1—t) (a+b—x))dz

for all ¢t € [0, 1]. By Lemma 1, the following inequalities hold for all ¢ € [0, 1] and
€ [a, 322].

f(ta+(1—t)x)—|—f<ta+(1—t)<3a2+b—x>>

<s@+f(fara-037)

(2.20)

holds when A = a,C =ta+ (1—t)2,D = ta+ (1 —t) (332 — ) and B =
ta+ (1 —t) =2 in Lemma 1.

f(tb+(1—t) <b;—a+x>) b+ (1= 1) (a+b—2)

(2.21)

§f<t6+(1—t)a;b>+f(b)

holds when A = tb+ (1 —t) =2, C =tb+ (1—t) (52 +2), D =tb+ (1—1)
(a+b—x)and B =bin Lemma 1. Integrating the inequalities (2.20) and (2.21)
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over = on [a, 322], dividing both sides by (b — a) and using identity (2.19), we
have

(2.22) P(t) <

L0210 g,

2

DO

for all ¢ € [0, 1]. Using (2.22), we derive the second inequality of (2.3). The first
inequality of (2.3) can be obtained from (1.15) and (2.2). This proves (2.3).

(3) By integration by parts, we have
1 ath

[T 07 @t - £ b de

:ﬁ/:f(x)dx—fc;b).

Using substitution rules for integration, we have the following identity

(2.23)

atb
1

b 2
(2.24) ﬁ/ f(x)dx:b_a/ [f(@)+ fla+b—2x)d.

Now, using the convexity of f, the inequalities

flta+(1—t)z) = f(z) = t(a—a)f ()
and
Fb+1—-t)(a+b—2)—fla+b—z)>t(x—a)f (a+b—1z)

hold for all ¢ € [0, 1] and z € [a, %£2]. Integrating the above inequalities over z on
[a, ©Eb], dividing both sides by (b — a) and using (2.16), (2.23), (2.24) and (1.1),
we derive (2.4).

On the other hand, we have

a) — f (et a a—
ﬂl;ﬂilﬁéG__M)NQZ "1 (@

2
and

IN

fo)— () 1 a+b\ , .. b—a,
) S (-5 ro =227 o)
and taking their sum we obtain:

(2.25) M _ s (a;b> L0 —f’4(a))(b— a)

Finally, (2.5) and (2.6) follow from (1.1), (1.3), (1.7)and (2.25). This com-
pletes the proof.
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Remark 1. In Theorem 1, the inequality (2.1) gives a new refinement of the
inequality (1.1).

Remark 2. In Theorem 1, the inequality (2.2) refines the inequality (1.15).

In the next theorem, we shall point out some inequalities for the functions
H, P G, L,Q considered above:

Theorem 2. Let f : [a,b] — R be a convex function and let P, G, L be defined
as above. In Lemma 3, let E = [a,b],x = a,y = b and let @ be defined on [0, 1]

by
1
Q)= §[f(ta—|—(1—t)b)+f(tb—|—(1—t)a)].
Then we have the following results:
(1) Q is symmetric about %, @ is decreasing on [0, 1] and increasing on [3, 1],

(2.26) G (2) < Q1) QGF&D,

(2.27) G@wZQm<M{§ﬂ),

(2.28) G@u—m2Q6>Qe[;ﬂ>,
(2.29) G@u—WSQm<m{%4)
and

(2.30) /I RCLE /I @

where 0 <a < <1

b b
I = [Qﬂa—f— 1-20) —; 20¢a—|—(1—20¢)a+ ],

b
I — a+b +]

200+ (1 — 20) —5—, 26b + (1 - 269)

L —

Is =[(1—a)a+ab, (1 —p0)a+ (b
Iy =[fa+(1—=p0)b,aa+ (1 —a)b].

(2) The inequalities

(231) 10 <q < MY (1e o))
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and

(2.32) f("’"2”’> <Qt) <P (te Elb

hold.
(3) The inequality

(2.33) 0<L(t)—G(t)

IN

holds for all ¢ € [0, 1].

Proof. (1) The convexity of @ follows directly from that of f. It is obvious
that @ is symmetric about 1.

By Lemma 1, the following inequalities hold for all 0 < ¢; < t5 < % <t3 <
ty < 1.

ft2b+ (1 —t2)a)+ f(t2a+ (1 —t2)b)
< ftib+(1—ti)a)+ f(tia+ (1 —t1)b)
holds when A = t1b+ (1 —t1)a,C = tob+ (1 —t2) a, D = tea + (1 —t3) b and
B =tja+ (1 —t1)bin Lemma 1.
ftsa+ (1 —1t3)b)+ f(tsb+ (1 —t3)a)
< f(taa+ (1 —=ta)b) + f (tab+ (1 — ta) a)

holds when A = t4a + (1 — t4) b,C = tsa + (1 — tg) b,D = t3b+ (1 — tg)a and
B =t4b+ (1 —t4)ain Lemma 1. Thus, @ is decreasing on [0, 3] and increasing
on [4,1].

Next, we shall discuss the following two cases.

Case 1. te [0,1].

If we choose A = tb+(1 — t)a, C = 2ta+(1 — 2t) %2, D = 2tb+(1 — 2t) &2
and B = ta + (1 —t) b in Lemma 1, then the inequality

<2ta+(1—2t)a;b> —|—f<2tb+(1—2t)a—2|—b>

f
< F(th+(1—t)a)+ f(ta+(1—1)b)
holds for all ¢ € [0, 1], which is equivalent to the inequality (2.26).

Case2. te[1,3].
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If we choose A = 2ta+ (1—2t) 42, C =tb+ (1 —t)a,D=ta+ (1 —t)b
and B = 2tb + (1 — 2t) “T“’ in Lemma 1, then the inequality

Fltb+(1—t)a)+ f(ta+ (1—1)0b)
§f<2ta+(1—2t)“;b> —|—f<2tb+(1—2t)a+b>

2

holds for all ¢ € [, 1], which is equivalent to the inequality (2.27).
Using the symmetricity of @, (2.28) and (2.29) follow from (2.27) and (2.26),
respectively.
Next, let0 < a < g < ﬁ. Using substitution rules for integration, we have the

following identities

/j [f<2m+(1—2t)“7+b) —|—f<2tb+(1—2t)a;b>]dt

1
= b_a/hwgf(x)dx

(2.34)

and

8
(2.35) / [f(tb+(1—t)a)—|—f(ta+(1—t)b)]dt:bia/lw f (@) da.

Integrating the inequality (2.26) over ¢ on [« 3], multipling both sides by 2 (b — a)
and using (2.34) — (2.35), we derive (2.30).
(2) We shall discuss the following two cases.

Case 1. te [0,3].
Using substitution rules for integration, we have the following identity

atb

H(t):bia/a ’ [f(tx—i—(l—t)a;—b)

N TR

(2.36)

If we choose A = (1 —t)a+th,C =tz +(1-t)L D =t(a+b—z)+
(1—t) % and B =ta + (1 —t)b in Lemma 1, then the inequality

f<m+(1—t)aT+b> +f<t(a+b—x)+(1—t)a+b>

(2.37) 2

< f(A=t)a+th)+ f (ta+ (1 —1)b)
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holds for all ¢ € [0,3] and z € [a, %E2]. Integrating the inequality (2.37) over «

on [a, %Eb], dividing both sides by (b— a) and using (2.36), we derive the frist

inequality of (2.31). From sup Q (t) = w the second inequality of (2.31)
te[0,3]

can be obtained. This proves (2.31).

Case 2. te [5,1].
If we choose A =ta+ (1 —t)z,C =ta+ (1—t)b,D = (1—t)a+tband
B=tb+(1—t)(a+b—z) in Lemma 2, then the inequality

flta+ (1 —=t)b)+ f(tb+(1—1t)a)

<flta+(1—t)a)+fth+1—1t) (a+b—1))

(2.38)

holds for all ¢ € [£,1] and z € [a, %52]. Integrating the inequality (2.38) over «

on [a, 2£2], dividing both sides by (b — a) and using (2.16), we derive the second

inequality of (2.32). From i[nf ]Q(t) = f(%F2), the first inequality of (2.32)
te[£,1

can be obtained. This proves (2.32).
(3) Using substitution rules for integration, we have the following identity

/a%‘—_b [f(ta—i—(l—t)x)—i—f(ta—i—(l—t)<3a2+b—x>)

+f <ta—|—(1—t) <b;—a+x>) b ftat (-1 (a+b—g)

(239) —|—f(tb+(1—t)x)—|—f<tb—|—(1—t) <3a2+b—x>)
+f<tb+(1—t) (I’_T"’m)) +f(tb+(1—t)(a+b—w))] da
—2(b—a)L ()

forall t € [0,1].

By Lemma 1, the following inequalities hold for all ¢ € [0,1] and z € [a, 3%F2].

f(ta—i—(l—t)x)—i—f(ta—i—(l—t)<3a2+b—x>>

<f@+f(rra-05")

(2.40)

holds when A = a,C =ta+ (1 —t)2,D = ta+ (1 —t) (332 — 2) and B =
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ta+ (1 —t) <2 in Lemma 1.

2
a+b

(241) f<ta+(1—t)<b_—a+x>>—|—f(ta—|—(1—t)(a,+b_x))

Sf(ta—i—(l—t) >+f(ta+(1—t)b)

\V)

holds when A =ta+ (1 —t) %2, C =ta+ (1—t) (5% + ), D =ta+ (1—1t)
(a+b—=x)and B=ta+ (1 —1t)binLemma 1.

f(tb+(1—t)x)+f<tb+(1—t) <3a2+b—x>)

gf(tb+(1—t)a)+f(tb—i—(l—t)a;b)

(2.42)

holds when A = tb + (1 —t)a,C =th+ (1 —t)z, D = th+ (1 — t) (352 — 2)
and B =tb + (1 —t) %2 in Lemma 1.

f(tb+(1—t) <b;—a—|—x>) S b+ (-t (atb—2))

(2.43)
a+b
gf(tb+(1—t) T) + ()
holds when A =tb+ (1—t) %2, C =tb+ (1—t) (5% + ), D =th+ (1 —1t)
(a+b—x)and B = b in Lemma 1. Integrating the inequalities (2.40) — (2.43)
over z on [a, 3%2], dividing both sides by (b — a) and using identity (2.39), we
have

(2.44) 2L (1) <G (D) + [M 0
for all ¢ € [0,1]. Using (1.15) and (2.44), we derive (2.33). This completes the
proof.

The following corollary holds:

Corollary. Let f, H, P,G, L, Q be defined as above. Then we have:

(1) For all t € [0, %] one has the inequality

f(a;b> <H@#) <H(@2)<G2)<Q®) SM'

(2) Forall t € |

a-+
("

%, %] one has the inequality
b

) <H(®H Q) <GE<LEY)< PR
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122 1y LOELD) SO0

(3) For all t € [1, 1] one has the inequalities

(%

—E:it/f i op. LT @10

) <G (2t) < L(2t) < P(20)

and

f(““’) <QW<P)<P@)

2
- 1b—_it bf(x)dx—i—?t f(a)-;f(b) Sf(a)-;f(b)

a

(4) For all t € [1, 2] one has the inequality

f(a;b> SR =G2A-1))<L21-1)<P(2(1-1)

< th_‘; /abf(x)dx—i—Q(l—t)-f(a);—f(b) <

fla) + 1)
: :

(5) For all t € [2,3] one has the inequality

() sew=cea-n<cn<rw=<ro

1t f() L@+ )
_b— /f Ydx +1t - < 5 .

(6) For all t € [2, 1] one has the inequality

(37 seu-n<cea-mn<en=ro

_;:t/ faydase LOELO @10

The proof follows by Theorems A, C, E, F, 1 and 2 and we shall omit the details.
Now, we shall give a simple proof of the Dragomir’s result (see [5]):



1944 Kuei-Lin Tseng, Gou-Sheng Yang and Kai-Chen Hsu

Theorem 3. Let f, F, H, L be defined as above. Then we have the inequality
(2.45) 0<F({#)—H@#)<L1—-1t)—F(t)
forall t € [0,1].

Proof. Using substitution rules for integration we have the following identity

fltx+(1—=1t)y)

F —
(2.46) +f <tw—|— (1—1) <3a2—|—b y))
+f <tw—|— (1—1) <T+y>)

+ fte+(1—1t)(a+b—y))| dydz

forall t € [0,1].
By Lemma 1, the following inequalities hold for all ¢ € [0,1], = € [a, b] and

y e [ 3a+b]

f(tx—l—(l—t)y)—i—f(tw—l—(l—t)<3a2+b—y>>

(2.47) i
gf(tx+(1—t)a)+f<tx+(1—t) . )

holds when A =tz + (1 —t)a,C =ta+ (1 —t)y, D =to + (1 —t) (352 —y)
and B =tz + (1 —t) ZL in Lemma 1.

f(ter(l—t) (b_T"’+y)>+f(m+(1—t)(a+b—y))

2.48
( ) a+b

Sf(tx—i—(l—t) )—i—f(tx—i—(l—t)b)

\V)

holds when A =tz + (1 —t) %2, C=ta+ (1—t) (5% +y) . D=ta + (1 —t)
(a+b—y) and B = tz + (1 —¢t)b in Lemma 1. Integrating the inequalities
(2.47) —(2.48) over x on [a, b], over y on [a, 2], dividing both sides by (b — a)®
and using identity (2.46), we have

(2.49) F)<:=(LA-t)+H(®)

DO |

for all ¢ € [0,1]. Using (1.5) and (2.49), we derive (2.45). This completes the
proof.
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3. APPLICATIONS
1. Letp > 1 and 0 < a < b, then the inequalities

(ta+ (1 — ) b)Y+ 0Pt — (1 —t) a+ th)PT! — qpt?
2(1=t)(p+1)(b—a)

B R M e R bk o e

(3.1) B (1-t)(p+1)(b—a)
(1 —¢) (bPT —aP™l) ¢ (aP 4 bP)
(p+1)(b—a) 2
<ap—|—bp
<—

_(tat (-1 afb)PFE 4 ol (g 4 (1 — 1) 252)PTT et
B (1-t)(p+1)(b—a)
(ta+ (1 — ) )" + (b + (1 — 1) &2)”
2

p
< aP + bP

=72

(ta+ (1 — ) S2YP 4 pptt — (1 + (1 — ¢) <f2)PTH — g
(1=t)(p+1)(b—a) ’

bp+1_ap+1 at+b p

o<t |5 e a - (5)

B e o e R e ke Mt

- (1=t)(p+1)(b—a)

ppt+l _ g+l

(p+1)(b—a)

(3.3)

and

o< (tat(1-1) HPT 4 bt — (1 —t) a + th)PT! — apt?
- 20-=)(p+1)(b—a)
(ta+ (1 —t) <) + (b + (1 — 1) &2)”
2
< a? + b+ (ta+ (1 —t) b)Y + (tb+ (1 —t)a)?
- 4
(ta+ (1 —t) D)PTE 4 6P+ — (1 — ) a + th)PTL — gpt?
20=t)(p+1)(b—a)

(3.4)
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hold for all ¢ € [0,1).

The proof of (3.1) — (3.4) follows from the inequalities (2.2) — (2.4) and (2.33)
applied to f (z) =P (z >0, p > 1).

2. Let 0 < a < b, then the inequalities

1 b(ta+ (1—t)b)
2(1—t)(b—a)1n<a((1—t)a—|—tb)>
_ 1 1n<b(ta+(1—t)” )>
(3.5) T (1=t 0-a)  \a(th+(1-1)%5P)
(1—t)(1nb—lna)+t(a—|—b)
(b—a) 2ab
a+b
2ab ’

£
:

+

b
2

<

IN

1 b(ta+ (1—1t)25?)

2
0< (1_t)(b—a)1n <a(tb—|—(1—t)a7+b)>
a+b

(3.6) 9 (ta+ (1 —t) 42 (th+ (1 —t) &b
cath 1 . b(ta+ (1 —t) <)
S 20 (A-0b—a) \a(tht(1-t) =)
(Inb—1na) 2
Ogt[ (b—a) _a—i—b]
(3.7) b(ta+(1-1)2F2)
< " <“(“’+(1—_t)%—_b)> ~ (Inb—Ina)
- (1-t)(b-a) (b—a)
and
1 b(ta+ (1—1t)b)
OS2(1—t)(b—a)ln<a((1—t)a+tb)>
_ a+b
a _t)atb _ ) atb
(38) ai(; +(1-1) Q)gti:u £ =)
<

STdab T it (-0 @+ (1-Da)

| b(ta+(1—1)b)
25(1—1t) (b—a) 1n<a((1—t)a+tb)>

hold for all ¢ € [0,1).
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The proof of (3.5) — (3.8) follows from the inequalities (2.2) — (2.4) and (2.33)
applied to f(z) = 1 (z > 0).

10.

11.

12.

13.

14.

15.
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