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GOOD SOLUTIONS FOR A CLASS OF INFINITE HORIZON
DISCRETE-TIME OPTIMAL CONTROL PROBLEMS

Alexander J. Zaslavski

Abstract. In this paper we establish the existence of good solutions for a
large class of infinite horizon discrete-time optimal control problems. This
class contains optimal control problems arising in economic dynamics which
describe a model proposed by Robinson, Solow and Srinivasan with noncon-
cave utility functions representing the preferences of the planner.

1. INTRODUCTION

The study of the existence and the structure of solutions of optimal control
problems defined on infinite intervals and on sufficiently large intervals has recently
been a rapidly growing area of research. See, for example, [4, 7-9, 11, 14, 19-23,
31-33] and the references mentioned therein. These problems arise in engineering [1,
12], in models of economic growth [2, 6, 10, 15, 17, 18, 26, 29, 34-36], in infinite
discrete models of solid-state physics related to dislocations in one-dimensional
crystals [3, 30] and in the theory of thermodynamical equilibrium for materials [5,
13, 16]. In this paper we study a large class of infinite horizon discrete-time optimal
control problems. This class contains optimal control problems arising in economic
dynamics which describe a model proposed by Robinson, Solow and Srinivasan
[24, 25, 27, 28] with nonconcave utility functions representing the preferences of
the planner.

We begin with some preliminary notation. Let R (R;) be the set of real
(non-negative) numbers and let R™ be a finite-dimensional Euclidean space with
non-negative orthant R’} = {x € R": x; >0, i =1,...,n}. Forany z,y € R",
let the inner product zy = " | z;y;, and © >> y, >y, « > y have their usual
meaning. Let e(i), ¢ = 1,...,n, be the ith unit vector in R™, and e be an element
of R all of whose coordinates are unity. For any z € R", let ||z||, denote the
Euclidean norm of .
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For each mapping @ : X — 2Y \ {0}, where X,Y are nonempty sets, put
graph(a) = {(z,y) e X xY : y € a(x)}.

Let K be a nonempty compact subset of R". Denote by P(K) the set of all
nonempty closed subsets of K. We assume that || - || is @ norm on R™.

For each nonempty A, B C R" set

(1.1) H(A, B) = sup{sup inf ||z —y||, sup inf ||z —y||}.
rcAYEB yeBmeA

For any integer t > 0 let ¢; : K — P(K) be such that graph(a,) is a closed
subset of R™ x R™.

Suppose that there exists x € (0, 1) such that for each x, y € K and each integer
t >0,

(1.2) H (ax(x), ar(y)) < kllz -yl
and that for each integer ¢ > 0 the upper semicontinuous function
up s {(z,2') € K x K, 2’ € a;(z)} — [0, 00)

satisfies

(1.3) sup{sup{us(z,2') : (x,2') € graph(a)}: t=0,1,...} < o0.

A sequence {z(t)}2, C K is called a program if z(¢t + 1) € a(x(t)) for all

integers ¢t > 0.

Let T, Ty be integers such that T, < T5. A sequence {:c(t)}tTjT1 C K is called

a program if z(¢t + 1) € a;(x(t)) for all integers ¢ satisfying 71 < ¢ < Tb.

We suppose that the following assumptions hold:

(A1) for each § > 0 there exists A > 0 such that if an integer ¢ > 0 and if
(z,z') € graph(a;) satisfies u(x, ') > 4, then there is z € a;(x) for which
z>a' + de;

(A2) there exist a program {Z(t)}2°, and A > 0 such that u,(Z(t), Z(t + 1)) > A
for all integers t > 0;

(A3) for each integer t > 0, each (z,y) € graph(a;) and each & € K satisfying
Z > x there is § € a,(Z) such that

Z] > Y, ut(‘%vg) > ’LLt(fI,',y).
In the sequel we assume that supremum of empty set is —oo.
For each zy € K and each integer T > 0 set

T-1

Uz, T) = sup { > w(a(t), z(t+ 1)) :
(1.4) =0

{x(t)}, is a program and x(0) = a:o}.
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Let g, Tg € K and let T' be a natural number. Set

U(zo, Zo, T —sup{ Zut z(t+1)):
(1.5)

{z(t)}L, isa program such that z(0)=zg, z(T) 2320}.
Let 7" be a natural number. Set
(1.6) = Sup{z ug(z(t), z(t 4+ 1)) = {z(t)}L, is a program}.

Upper semicontinuity of w;, t = 0,1, ... implies the following two results.

Proposition 1.1. For each 2y € K and each natural number T there exists a
program {z(t)}L, such that #(0) = x¢ and

Zut z(t+1)) = Ulxo, T).

Proposition 1.2. For each natural number T there exists a program {z(¢)} L,
such that Zt 0 Vg (x(t), z(t+ 1)) = U(T).
For each zg € K and each pair of integers 77 < T5 set

T>
U(zo, Ty, Tp) =supq > up(w(t), z(t+1)):
(1.7) =T,

{x(t)}2, is a program and z(T) = xo}.

Upper semicontinuity of w;, t = 0,1, ... implies the following result.

Proposition 1.3. For each zg € K and each pair of integers 77 < T, there
exists a program {z(t)} 2 7, such that z(71) = zo and

Tr—1

> wlw(t), x(t + 1)) = Ulzo, T, To).

t=T,
Let 2o, Zg € K and let T7 < T, be integers. Set

To—1
U(zo, %o, Th, Tp) = sup{ > _ us(x(t),2(t+ 1)) : {2(t)};24, is a program and
t=T,
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(1.8) z(T1) = o, {(T2) = 2o}
Let 77, T5 be integers such that 7y < T5. Set

To—1
(1.9) U(Ty,Ty) =sup{ > wpla(t), a(t+ 1)) : {x(t)};2, is a program
t=T,

We will establish the following theorem which is our main result.

Theorem 1.1. There is M > 0 such that for each ¢y € K there exists
a program {z(t)}{2, such that z(0) = z( and that for each pair of integers
T1,To > 0 satisfying T < T,

To—1
S (@), 3t + 1)) — U(T1, Ty)| < M.
t=T,

Moreover, for each integer T' > 0,

T-1
Z ut(j(t)v (z-(t + 1)) = U(‘T'(O)v ‘%(T)v 0, T)v
t=0

if the following properties hold:

for each integer ¢ > 0 and each (z, z’) € graph(a;) satisfying u(z, 2’) > 0 the
function u; is continuous at (z, z’); for each integer ¢ > 0 and each z, 21, 22, 23 €
K satisfying z1 < zo < zg and z; € a.(z), i = 1, 3 the inclusion z5 € a;(z) holds.

The program {z(t) }32, whose existence is guaranteed by Theorem 1.1 in infinite
horizon optimal control is considered as an (approximately) optimal program [3, 5,
11, 13, 16, 35, 36].

We will also establish the following result.

Theorem 1.2. Assume that {x ()}, is a program, there exists My > 0 such
that for each integer T' > 0,

S
-

ug(x(t),z(t+1)) > U(0,T,2(0),z(T)) — My

it
o

and that
lim sup us(x(¢), z(t + 1)) > 0.

t—o00
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Then there exists M7 > 0 such that for each pair of integers 71 > 0, To > T7,

Tr—1

> w(a(t), a(t+ 1)) — U(T1, Ty)| < M.
t=T,

Theorem 1.1 is proved in Section 6 while Theorem 1.2 is obtained in Section 7.
Let M > 0 be as guaranteed by Theorem 1.1.

Proposition 1.4. Let xy € K and let a program {z(t)} 2, be as guaranteed
by Theorem 1.1. Assume that {x(¢)}°, is a program. Then either the sequence

T—

;_A

T-1

O w@),z(t+1)) = > w(Z(t), 2(t + 1)) }7,
t=0 t=0
is bounded or
T-1
(1.10) wp(z(t), z(t+ 1)) Zut Z(t+1)) —» —o0 as T — oo.
t=0

Proof. Assume that the sequence { Y7 " us(x(t), z(t + 1)) — S 1o ue(Z(2),
z(t+1))}3_, is not bounded. Then by Theorem 1.1,

~
—
~
—

Hminf[y uy(z(t),z(t+1)) = ) w(@(t), 2(t +1))] = —oc.

I
o
~+
I
o

Let @ > 0. Then there exists an integer T, > 0 such that

To—1 To—1

(1.11) > w(a(t), z(t+1)) = > w(Z(t), 2t + 1)) < —Q — M.

t=0 t=0

By (1.11), the choice of {z(t)}{2, and Theorem 1.1 for each integer T > Tp,

T-1 Tp—1
Zut w(t+1)) = > un(@(t), 2t +1)) = Y uplx(t), a(t +1))
t=0 t=0
TO 1 T—-1 T-1
—Zut Zt+ 1)+ > wa(t),zt+1)) = > w(Z(t), 2(t + 1))
t=Ty t=Ty
T—-1
<—-Q-M+U(Tp, T Z (t+1)) < —Q.

=To
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Since @ is any positive number we conclude that (1.10) is true. Proposition 1.4 is
proved.

Note that if the program {z(¢) }$°, satisfies (1.10), the it is called bad; otherwise
it is called good [6, 11, 34-36]. Thus in view of Theorem 1.1 for any initial state
there exists a good program. This is a difficult result because we study the infinite
horizon optimal control problem with constraints and the cost functions u, are
not assumed to be concave. The existence of good programs is established for
a large class of infinite horizon problems. We show in Section 3 that this class
contains optimal control problems arising in economic dynamics which describe
a nonstationary model proposed by Robinson, Solow and Srinivasan [24, 25, 27,
28] with nonconcave utility functions representing the preferences of the planner.
Existence of good programs for the stationary Robinson-Solow-Srinivasan model
with a nonconcave utility function was obtained in [35].

Now assume that u; = ug and a; = ag, t = 0,1,.... Let M > 0 be as
guaranteed by Theorem 1.1 and set v = wug, a = ag. The following result which
will be proved in Section 8 is a generalization of one of the main results of [35].

Theorem 1.3. There exists p = lim,, ﬁ(o,p)/p and

\p‘l(A](O,p) — p] < 2M/p for all natural numbers p.

2. UprPER SEMICONTINUITY OF COST FUNCTIONS

We use the notation from Section 1. For each integer ¢ > 0 let ¢; : K — P(K)
be such that graph(a;) is a closed set and assume that for each integer ¢ > 0 an
upper semicontinuous function ¢, : R’} — [0, co) be such that

(2.1) sup{sup{¢y(z): z€ (K —R})NR}}: t=0,1,...} <oo.
For each integer ¢t > 0 and each (x, z') € graph(a;) define
(2.2) ur(z, ') = sup{d(z): z € R, 2/ + 2 € a(z)}.

In view of (2.1) and (2.2) v, t = 0,1, ... satisfy (1.3). Note that in many models
of economic dynamics cost functions w;, t = 0,1, ... are defined by (2.2).

Lemma 2.1. For each integer ¢ > 0 the function u; : graph(a;) — [0, 00) is
upper semicontinuous.

Proof. Let ¢ > 0 be an integer and let {(x?), y())}>2, C graph(a,) satisfy

(2.3) lim (x(j), y(j)) = (z,9).

j—00
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We show that u(z, y) > limsup; ., u(z?),y)). Extracting a subsequence and
re-indexing if necessary we may assume without loss of generality that there exists
limj_ u(z\), yU)). By (2.2), for each integer j > 1 there exists 2) € R such
that

(2.4) y(j) +29) € at(x(j))v ¢t(z(j)) > ut(x(j)v y(j)) —1/5.

Clearly, the sequence {z(j)};"; 1 is bounded. Extracting a subsequence and re-
indexing, if necessary, we may assume without loss of generality that there exists

(2.5) 2= lim 29,

j—00

By (2.3), (2.4) and (2.5), z > 0 and (z,y + 2) = lim; (2,4 + 200)) €
graph(a;). Combined with (2.2), (2.4) and (2.5) this implies that

ui(w,y) = ¢i(2) = limsup ¢y(21) > lim suplu(et?, y7)) — 1/5]

j—00 j—00
= lim ut(x(j)v y(j))-
j—00

Lemma 2.1 is proved.

3. THE NONSTATIONARY ROBINSON-SOLOW-SRINIVASAN MODEL

In this section we consider a subclass of the class of infinite horizon optimal
control problems considered in Section 1. Infinite horizon problems of this subclass
correspond to the nonstationary Robinson-Solow-Srinivasan models [24, 25, 27, 28].

For each integer ¢t > 0 let

alt) = (a(lt), L all)y >>0,
(3.1) p® = P, b0y >> 0,
dO = (d,....dP) e ((0,1])"

and for each integer t > 0 let w; : [0,00) — [0,00) be a strictly increasing
continuous function such that

(3.2) we(0) =0, inf{w(z): t=0,1,...} >0forall z>0

and such that the following assumption holds:

(A4) for each e > 0 there exists § > 0 such that for each integer ¢ > 0 and
each z € [0, 0] the inequality w(z) < e is true.

Let ¢ > 0 be an integer. For each = € R} set
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(@) ={y € RY: yi > (1—d)zy, i=1,..,n,
(33 > oy~ (1 - d)z) < 11
i=1

It is clear that for each x € R", a,(z) is a nonempty closed bounded subset of
R" and graph(ay) is a closed subset of R} x R’'. Suppose that

(3.4) inf{d": i=1,...,n,t=0,1,...} >0,
(3.5) inf{eb® : t =0,1,...} >0,

(3.6) inf{a{” : i=1,...n,t=0,1,...} >0,
(3.7) sup{b: i=1,....m, t=0,1,...} < oo,
(3.8) sup{agt): i=1,...,m,t=0,1,...} < o0

and that for each M > 0
(3.9) sup{w;(M): t=0,1,...} < oo, inf{wy(M): t=0,1,...} >0.

The constraint mappings a;, t = 0,1, ... have already been defined. Let us now
define the cost functions us, t = 0,1, . ...
For each integer ¢t > 0 and each (xz, 2’) € graph(a;) set

up(z, ') = sup{w(bPy): 0< y <,

(310) ey+ Y al(@] — (1—d)z) <1}

Choose o, ay > 0, d, > 0 such that
(3.11) a. <o’ <o, do<d? i=1,...nt=01,....

Lemma 3.1. Let a number My > (a.d.)~!, an integer ¢ > 0 and let
(z,2') € graph(a;) satisfy x < Mge. Then 2/ < Mye.

Proof. By (3.3), Y1, agt)(x; - (1- dgt))xi) < 1 and in view of (3.11) for
eachi=1,...,n,

Y14 (1= dDYay < ap' + (1= do)m; < o + (1 — dy) My
( ) ( —d*)MQ Sd*MQ—I—(l—d*)MQ = M.

| /\

(a
d.

IN
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Lemma 3.1 is proved.

Lemma 3.2. Let ¢ > 0 be an integer. Then the function wu; : graph(a;) —
[0, c0) is upper semicontinuous. Moreover, if (z,y) € graph(ay) and u;(x,y) > 0,
then w, is continuous at (z,y).

Proof. Let

(z,y) € graph(ay), {(zV),y¥) j=1

12 . )
(3:12) ¢ graph(ay), lim (2, y) = (z, ).
j—oo
We show that uy(z, y) > limsup; ., ur(z17), y7)). Extracting a subsequence and

re-indexing we may assume that there exists lim;_,o ut(x(j),y(j)). By (3.9) and
(3.10) for each integer j > 1 there exists z(9) e R} such that

(3.13) 20 < 20) ez00) 4 Zagt)(yfj) —(1- dgt))xgj)) <1,
i=1
(3.14) wy(b® 2D > uy (2, y @)y — 1/

Extracting a subsequence and re-indexing we may assume without loss of generality
that there exists

(3.15) z = lim 20,

Jj—0o0
In view of (3.12) and (3.15)
(3.16) 0<z<uz.

By (3.10), (3.12) and (3.15),

ez + > al (g — (1 d)ay)
i=1

= lim [z + 3~ a4 — (1 - d)al)] < 1.

e i=1
Together with (3.10), (3.14) and (3.16) this implies that

w(x,y) > we(bP2) = lim wy(bP20)) = lim (), y0)).

j—)OO j—)OO

Thus u; is upper lower semicontinuous.
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Assume now that (z,y) € graph(a;) satisfies
(3.17) ut(z,y) >0

and show that u, is continuous at (z,y). Clearly, it is sufficient to show that u, is
lower semicontinuous at (x, y). Assume that

(3.18) (29, 49y e graph(a,) for all integers j > 1, lim (29, y9)) = (z,y).
j—00

Let e > 0. It is sufficient to show that lim inf;_ . w(x(), y)) > u,(z,y) — €. By
(3.10) and (3.17) there is z € R} such that

(3.19) z<uz, ez+ Zaﬁt)(yi —(1- dgt))xi) <1,
i=1
(3.20) wy(b®2) >0, wy(bDz2) > uy(x,y) — /4.

In view of (3.2) and (3.20) there is ¢ € {1,...,n} such that

(3.21) bz, > 0.

It follows from (3.2) and (3.21) that there is v € (0, 1) such that

(3.22) w(bWyz2) > w, (b z2) — e/4.

By (3.18), (3.19) and (3.21) there exists a natural number j, such that for each
integer j > jo,

(3.23) vz < 2\, e(vz) + Z aﬁt)(yfj) - (1= dgt))xgj)) <L
i=1

Relations (3.10), (3.20), (3.22) and (3.23) imply that for all integers 5 > jo,
up(29), ) > wy(bDy2) > w, (bW 2) — €/4 > up(x, y) — €/2.

This implies that «, is lower semicontinuous at (x, y). Lemma 3.2 is proved.
For each = = (x1,...,2,) € R" set

(3.24) l|lz]|1 = Z |zil, ||2]|oo = max{|z;| : i =1,...,n}.
i=1
By (3.3) and (3.11) for each integer ¢ > 0, each z,y € K and for || - || = || - ||,

where p = 1, 2, o0,

(3.25) Hl(ay(z), ar(y)) < I((1—d)a)isy —(1—=d)yi) iy || < (1=do)||z—y]|
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(see (1.2)).

Proposition 3.1. Let § > 0. Then there exists A > 0 such that for each
integer t > 0 and each (x, y) € graph(a;) which satisfies u(z, y) > ¢ the inclusion
Yy + Ae € as(x) holds.

Proof. By (A4) there is 6y > 0 such that for each integer ¢ > 0 and each
¢ € R satisfying w(§) > /2 the following inequality holds:

(3.26) £ > d.
Set
(3.27) by =sup{b\”: t=0,1,...,i=1,...,n}

(see (3.7)). Choose a positive number X such that

(3.28) Ana* < 2716,

Assume that an integer ¢ > 0,

(3.29) (z,y) € graph(ay), w(x,y) > 0.

By (3.10) and (3.29) there exists z € R’} such that

(3.30) 0<z<uzx ez+ Zagt)(yi —(1- dgt))xi) <1, wt(b(t)z) >0/2.
i=1

In view of (3.30) and the choice of &,

(3.31) bz > 6.

It follows from (3.27) and (3.31) that

(3.32) ez = Zzz = Z ) 150z > b bz > by L.
i=1

We show that y + e € a.(x). It is clear (see (3.3) and (3.29)) that for any
1=1,...,n

(3.33) yi+tA>y > (11— dﬁ“)wi-
It follows from (3.11), (3.28), (3.30) and (3.32) that
Z": 0 | () 0 0
i (4 Ae)i = (1= ;")) Za —d)z) + 1Yol
i=1 i=1

n
Sl—ez—i—AZaEt) Sl—b*_léo—i—)\na* <1
i=1
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and together with (3.33) this implies that y + Ae € a4(x). Proposition 3.1 is proved.
Proposition 3.2. There exist a program {Z(t)}°, and A > 0 such that

up(Z(t), Z(t + 1)) > A for all integers ¢ > 0.

Proof. Choose \g > 0, A1 > 0 such that
(3.34) )\ona* < 1/2, A1 < Ag, Min < 1/4.

By (3.5), there is ¢y > 0 such that

(3.35) eb® > e, t=0,1,....
Put
(3.36) A = inf{w;(\eo): t=0,1,...}.

By (3.9), A > 0. Set
(3.37) Z(t) = doe, t=0,1,..., Y(t) = Me, t =0,1,...
By (3.11), (3.34) and (3.37) fori =1,...,n,t=0,1,...,

(3.38) Bi(t+1) — (1 —dNEi(t) = Ad? >0,

i (@t +1) — (1 — d)Zi(1)]
=1

(3.39) T n n
_ (Z @”dﬁ”) M <Ay ot < Agna* < 1/2
=1 i=1
and fort =0,1,...,
(3.40) eg(t) + Y al[@i(t+1) — (1 - d)Z:(1)] < An+1/2 < 1.
i=1

Therefore {Z(t)}¢°, is a program. By (3.10), (3.34), (3.35), (3.37), (3.36) and
(3.40) for all integers ¢ > 0,

w (1), B(t + 1)) = w (bIG(E) = wi(Aieb™) > wi(hieg) > A.

Proposition 3.2 is proved.
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Proposition 3.3. Let ¢ > 0 be an integer, (x,y) € graph(a;) and let € R}
satisfy £ > x. Then there is g € a,(Z) such that y > y and u.(Z, ) > w(x,y).

Proof. By (3.10), there is z € R such that

(341) 0<z<um ezx+ Zaﬁt)(yi —(1- dgt))xi) <1, wt(b(t)z) = uy(z,y).
i=1

Forany : =1,...,n set
(3.42) Gi = 51— d) +y; — (1 — d)a;.

By (3.3), (3.41) and (3.42), for i = 1,...,m, % > (1 — d'),

n

> oG- (1-dN3) =3 ol - (1 - ) <1-ex
i=1

=1

Therefore § € a;(Z). In view of the inequality z > x and (3.42) we have § > y. It
is easy to see that
w(%,5) = w (bVz) = w(a,y).

This completes the proof of Proposition 3.3 is proved.

It is easy to see that the following result is true.

Proposition 3.4. Let an integer ¢t > 0, z, x1, x2, x3 € R}, x; € a;(x),
i=1,3, 21 <x9 < x3. Then zy € a(xy).

Thus we have defined the mappings a; and the cost functions u;, t =0,1,....
The control system considered in this section is a special case of the control system
studied in Section 1. As we have already mentioned before this control system
corresponds to the nonstationary Robinson-Solow-Srinivasan model [24, 25, 27,
28]. Note that this control system satisfies the assumptions posed in Section 1 and
therefore all the results stated there hold for this system. Indeed, choose My >
(xdy)~t and put K ={z € R : 2 < Mye}. By Lemma 3.1, @(K) C K, t =
0,1,....Relation (1.2) follows from (3.25). Clearly, (1.3) holds. In view of Lemma
3.2, uy is upper semicontinuous for all integers ¢ > 0. Proposition 3.1 implies (Al).
(A2) follows from Proposition 3.2 and (A3) follows from Proposition 3.3.

4. AuxILIARY ResuLTs FOR THEOREMS 1.1-1.3

In this section we use the notation and the assumptions of Section 1.
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Lemma 4.1. Let § > 0. Then there exists a natural number Ty > 4 such
that for each integer 71 > 0, each integer 7o > T + 71, each program {x(¢)};2
which satisfies

(4.1) Ury—1(2(12 = 1), 2(72)) 2 0
and each & € K there exists a program {Z(¢)} /2, such that

i‘(’i‘l) = i‘o, i‘(’i‘g) Z 1‘(7‘2).

Proof. By (A1) there exists A € (0, 1) such that the following property holds:
(P1) For each integer ¢ > 0 and each (z,2’) € graph(a;) satisfying w;(z, ') >
d there is z € a4(x) such that z > 2/ + Me.
Choose Dy > 0 such that
(4.2) l|z|| < Dy for all z € K.
There is c¢g > 0 such that
(4.3) [|z||2 < col|z]| for all z € K.
Choose a natural number Ty > 4 such that

(4.4) 2Dgcor™ < A

(see (1.2)).
Assume that integers 71 > 0, 72 > To +71, a program {xz(t) ;2 satisfies (4.1)
and that 7o € K. By (4.1) and (P1) there exists z € R’} such that

(4.5) 2 € ar,—1(x(me— 1)), 2> x(r2) + Ae.
By (1.2) there exists a program {z(¢) ng such that

(1) = Zo,
(4.6) B
[|Z(t+ 1) — z(t+ 1)|| < kl|Z(t) —z@)|], t =T1,...,72 — 2.
In view of (1.2) and (4.5) there is Z(72) € ar,—1(Z(m2 — 1)) such that
(4.7) 12(72) — 2| < llz(re = 1) — Z(r2 = V|-
Clearly, {z(t)};2, is a program. Relations (4.2), (4.6) and (4.7) imply that

t=T1

12(72) — 2| < K™77|@(1) — x(m1)|| < £™77(2Dp) < K7°(2Dy)
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and in view of (4.3) ||Z(72) — 2||2 < 2Dgcor0. This implies that for each integer
i=1,...,m, |Zi(12) — 2| < 2Dgcor™ and in view of (4.4) and (4.5)

Z(m) > 2 — 2Dgcor e > x(12) + [A — 2DQCQI€TO]6 > x(72).

Lemma 4.1 is proved.
Choose a positive number ~ such that

(4.8) v <1/2and y <47'A.

Lemma 4.2. Let M; > 0. Then there exist natural numbers L, Ly > 4 such

that for each pair of integers Ty > 0, T, > L1+ Lo +T7, each program {95(1t)}tTjT1

which satisfies

Tr—1

(4.9) > wa(t), z(t +1)) > U(x(Ty), Tv, Tp) — M
t=T,

and each integer 7 € [T} + L1, T> — Lo] the following inequality holds:
(4.10) max{us(x(t),z(t+1)): t=7,...,7+ Ly — 1} > 7.

Proof. By Lemma 4.1 there exists a natural number L; > 4 such that the
following property holds:

(P2) If integers S; > 0, So > S1 + Ly, if a program {v(lt)}fjs1 satisfies
ug,—1(v(S2 —1),v(S2)) > v

and if 99 € K, then there exists a program {ﬁ(t)}fjs1 such that ©(S1) = 7o,
’5(52) Z ’U(Sg).
Choose a number M5 such that

(4.11) My > w(z, 2') for each integer ¢+ > 0 and each (z, 2’) € graph(ay)
and a natural number L, such that
(4.12) Ly > 4(L1 4+ 1) + 16A7 (M + L1y + 1) + 16A~ (M} + My + Ly +2).

Assume that integers 7y > 0, Th > L1+ Lo+T1, a program {z(t)}/27! satisfies

(4.9) and an integer 7 satisfies

(413) T+ L1 <717 <Ty— Lo.
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We show that (4.10) holds. Let us assume the contrary. Then
(4.14) up(z(t),z(t+ 1)) <~y, t=7,...,7+ Ly — 1.
There are two cases:

(4.15) u(z(t),z(t+1)) <7y, t=7,...,To — 1;

(4.16) max{us(x(t),z(t+1)): t=71,...,To— 1} > ~.

Now we define a natural number 7 as follows. If (4.15) is true, then we set 79 = T5.
If (4.16) is true, then by (4.14) there is a natural number 7, such that

(4.17) T+Ly<71<Tp—1,
(4.18) U (2(70), (70 + 1)) = 7,
(4.19) w(z(t),z(t+1)) <y, t=71,...,70— 1.

It is clear that in the both cases (4.19) holds and that in the both cases
(420) T — T Z L2.

Assume that (4.15) is true. It follows from the choice of L1, (A2), property (P2),
(4.8), (4.12) and (4.13) that there exists a program {i(t)}Z;_Ll such that

(4.21) z(r) = (1), Z(t+ L1) > Z(7 + L1).
Set
(4.22) z(t)=z(t), t=Ty,...,7T.

By (4.21), (4.22), (A3) and (A2) there exists z(t) € K, t =17+ L1 + 1,...,Ts
such that {#(¢)},2, is a program,

(4.23) Z(t) > z(t) for all integers ¢t = 7+ Lq,..., 5,

(4.24) ug(2(t), 2(t 4 1)) > ug(2(t), 2t + 1)), t =7+ L1,..., To — 1.

It follows from (4.9), (4.13), (4.22), (4.24), (A2), (4.15), (4.8) and (4.12) that
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To—1

My > U(z(Th), Th, To) — Y we((t), z(t+ 1))

To—1 Tt;—jlﬂ1
> wg(E(), Bt + 1)) — > ug(a(t), x(t+1))

ool ol
= w(E), 7t +1) — > ula(t), x(t+ 1))

ff£1—1 t:?z—l To—1
> > w(E®), 3+ 1))+ Y w(@®),FE+1) =Y wla(t), z(t+1))
> 3 w(@(), Bt + 1)) — > wg(a(t), x(t+1))

t=7+L1 t=1

~

Z (TQ—T—Ll)A—(TQ—T)'y
= (T2 — T — Ll)(g — 'y) — Ll'y Z 32_1(7‘2 — T — Ll) — Ll'y
Z 2_13([/2 — Ll) — Ll'y Z 4_131;2 — Ll'y

and R
Ly < 8A_1(M1 + Ll'y)

This inequality contradicts (4.12). The contradiction we have reached proves that
(4.15) does not hold. Therefore (4.16) is true and there is a natural number 7o which
satisfies (4.17)-(4.19). It follows from the choice of L;, property (P2), (A2) and
(4.8) that there exists a program {Z(t)}72** such that

(4.25) (1) =x(7), Z(1+ L1) > (7 + Ly).

Set

(4.26) F(t) = a(t), t=Th,... 7.

In view of (A2), (A3), (4.25), (4.17) and (4.12) there exist Z(t) e K, t =7+ 1 +
Ly,...,m— Ly such that {&(t)}72 % is a program,

(4.27) z(t) >z(t), t=74 L1,...,70 — L1,

(4.28)  wg(@(t), @(t+ 1)) > w(@(t), F(t+1)), t =7+ Ly, ..., 70— L — 1.

Clearly, {z(t) Zg‘TlLl is a program. By the choice of L, property (P2) and (4.18)
there exist #(t) € K, t = 79 — L1 + 1,...,70 + 1 such that {&(t)} 2! | is a
program,

(4.29) F(ro+1) > az(ro+1).
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Clearly, {z(t) t@% is a program. If T, > 79 + 1, then it follows from (4.29) and

(A3) that there exist #(t) € K, t = 79 + 2, ..., Ty such that {i(t)}2 o1 1S @
program,

(4.30) Z(t) > x(t), t=10+1,...,Th,
(4.31) u(2(t), 2(t+ 1)) > up(x(t),z(t+ 1)), t=70+1,...,To — 1.

By (4.9), (4.26), (4.13), (4.17), (4.31), (4.12), (4.19), (4.28), (4.8), (4.11) and (A2),

To—1
My > U(z(Th), Ty, To) = > we(a(t), o(t +1))
To—1 71;:—?
> g (E(1), 2t + 1) — Y w(z(t), x(t+ 1))
Tol Tot

—Zw Z(t+1)) — Zut( (t), z(t+1))
ZZut(i Bt +1)) Zut z(t+1))
> D (@), &(t+ 1)) = (70 = 7)y = ury(2(70), 2(70 + 1))

t:T+L1
7'0—L1 1

> w(@®),2(t+1)) = (10— )y = g (2(70), 2(70 + 1))
t:T+L1
ZK(TQ—T—QLl)—(TQ—T)')/—MQ:(3—7)(70—7—2L1)—2L17—M2

A\

A\

(A)2) (19 — T — 2L1) — 2Ly — My

(A)2)(Ly — 2Ly) — 2Ly — My > A" Lo A — 2Ly — M,

AV

and
Ly < 4(3)_1(M1 + My + 2L1)

This inequality contradicts (4.12). The contradiction we have reached proves (4.10).
Lemma 4.2 is proved.

Lemma 4.3. Let M; > 0. Then there exist natural numbers Li,L, and
My > 0 such that for each pair of integers 71 > 0, 9 > L1 + Ly + 71 and each
program {z(t)};2,. which satisfies

t=11

To—1

(4.32) > u(x(t), 2(t+1)) > Ulw(r), 71, m2) — My

t=T1
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the following assertion holds. B
If integers T, Ty € [11, 7o — Lo] satisfy Ly < T, — T, then

To—1
(4.33) > w(a(t), z(t+1)) > U(x(Ty), Ty, To) — Mo,
t=T,

Proof. Let natural numbers L1, Lo > 4 be as guaranteed by Lemma 4.2. By
Lemma 4.1 there exists a natural number L3 > 4 such that the following property
holds:

(P3) If integers S; > 0, So > L3 + Sy, if a program {v(¢) fjsl satisfies

us,—1(v(S2 — 1),v(52)) =~

and if o9 € K, then there exists a program {o(t) fisl such that o(S1) = 9o,
’5(52) Z ’U(Sg).
Choose a number M, such that

(4.34) My > uy(z, 2") for each integer t > 0 and each (z, ") € graph(a,),
natural numbers L;, L, and positive number M, such that

(435) El > Ly, EQ > 2(L1 + Lo+ Lg + 1),

(436) My > My + MQ(Lg + Lg)

Assume that integers 7y > 0, 5 > Ly + Ly + 71, a program {z(t)};2,, which
satisfies (4.32) and integers T, T5 satisfy
(4.37) Tl,TQE [Tl,TQ—EQ], El STQ—Tl.

T>

We show that (4.33) is true. By Proposition 1.3 there exists a program {95(1)(t)}t:T1

such that

To—1
(4.38)  2W(T) =2(Ty), Y w(aW (), 2Vt + 1)) = U(x(Th), Ty, To).

t=T,

Relations (4.35) and (4.37) imply that
(4.39) Ty + Ly <Ti+ L1+ Ly <Ty+L3<1y— Lo+ L3 <7p—2Ly— Ls.
It follows from the choice of Ly, Ly, Lemma 4.2, (4.32), (4.35) and (4.39) that

max{ut(x(t),x(t—i— 1)) ct=T5+Ls,...,To+ Lo+ L3 — 1} > .
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Thus there exists an integer 7 € [T> + Ls, ..., T> + L3 + Lo — 1] such that
(4.41) ur (2(7), 2(r + 1)) > 7.

It follows from property (P3) and (4.41) that there exists a program {2(?)(t)}; %},
such that

(4.42) (D) = 2(Ty), P (r+1) > 2(r +1).

Set

i) =a(t), t=11,.... Ty, #t) =aV@), t =Ty +1,..., T,
(4.43) i) =aP@), t=To+1,....,7+1.
It is clear that {Z(¢) Z;ll is a program. In view of (4.42) and (4.43)

(4.44) (r+1)>x(r+1).

It follows from (4.44) and (A3) that there exist Z(t) € K, t =7+ 2,..., 75 such
that (Z(¢)};2, is a program,

t=T1

(4.45) z(t) >x(t), t=7+1,...,70,

(4.46) w(F(t), 5t + 1)) > ue(z(t), 2(t+ 1)), t =71 +1,..., 7 — 1.

It follows from (4.32), (4.43), (4.46), (4.38). (4.34), (4.36) and the choice of L that

T2—1
My > U(x(m1), 71, 72) — Z ug(x(t), z(t + 1))
a1 1
>3 w(E(), 7t + 1) — > wl@(t), x(t + 1))
ot it}
=) w(@(t), Bt +1) — > we(x(t), 2(t + 1))
t=T, t=T,

g“z—ll thgj—HI T
> w (@), 2+ 1) = Y wzt), w(t+1) = Y ww(t), 2(t+ 1))
t=T1 Tt t=T1 t=T5
>U(x(Ty), Th, To) — Y w(x(t),z(t+1)) — (1 = T+ 1) My

t=T,
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and

To—1
> wla(t), x(t+ 1)) > Ux(Ty), Ty, To) — My — My(Ls + Ly) >
t=T,

U((L‘(Tl), Tl, Tg) — Mg.

Lemma 4.3 is proved.

5. PROPERTIES OF THE FUNCTION U
It is not difficult to see that the following proposition is true.

Proposition 5.1. Let ; > 0, ; > 7, be integers, A > 0, Ty, T, be integers
such that 71 <17 < Ty < 7o and let {x(t)};2, be a program satisfying

To—1

Z wy(z(t), 2(t+ 1)) > U(x(r), 2(12), 71, 72) — A
Then
To—1
> w(a(t), z(t +1)) > U(x(Ty), 2(To), T1, To) — A.
t=T,

Lemma 5.1. There exist a natural number L and M; > 0 such that for each
xg, o € K and each pair of integers 77 > 0, Ty > T3 + L the following inequality
holds:

‘U(w‘o, Tl, Tg) — U(i‘o, Tl, Tg)‘ S Ml.

Proof. Let natural numbers L1, Ly > 4 be as guaranteed by Lemma 4.2 with
M; = 1. By Lemma 4.1 there exists an integer Ls > 4 such that the following
property holds:

(P4) If integers S; > 0, Sy > S1 + L3, a program {v(z&)}fjs1 satisfies
us,~1(v(S2 — 1),v(82)) >~

and if 99 € K, then there exists a program {17(t)}fj51 such that ©(S1) = 7o,
’5(52) Z ’U(Sg).
Choose a natural number

(51) L>2(L1—|—L2—|—L3—|—1),
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a number

(5.2) My > ug(2,2'), t=0,1,..., (2,2') € graph(a;)
and put

(5.3) My = My(L1 + Ly + Ls).

Assume that zq, Zo € K and that integers T, > 0, T5 > T1 + L. By Proposition
1.3 there exists a program {ac(lt)}tTjT1 such that

To—1

(5.4) 2(Th) = xo, Y we(a(t), z(t+ 1)) = Ulzo, Tr, To).
t=T,

In view of (5.1)

(55) Ti+ 11+ Lys<Ty+L— Ly <Ty— Lo.

It follows from the choice of Ly, Lo, Lemma 4.2, (5.1) and (5.4) that
max{ut(x(t),x(t—i— 1)) ct=L3+L1+Th,...,. L3+ L1+ Lo+T) — 1} > .

Hence there is an integer

(56) TE{T1+L1+L3,...,T1—|—L3—|—L1+L2—1}
such that
(5.7) ur(z(7),z(t+ 1)) > .

It follows from the property (P4), the choice of Lz, (5.6) and (5.7) that there exists
a program {Z(t)}; 17, such that

(5.8) Z(Th) = Zo, (7 +1) > x(7 +1).

By (5.8) and (A3) there exist z(t) € K, t = 7 + 2, ..., T such that {9~c(t)}tTjT+1
is a program,

(5.9) Bt)>a(t), t=1+1,..., T,
(5.10)  w(F(t), 3t +1)) > we(z(t), x(t+ 1)), t =7 +1,...,To— L.

Clearly, {z(¢) tTjTl is a program. By (5.2), (5.3), (5.4), (5.6) and (5.8),
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Tr—1

U(Zo, Th, To) > > ug(i(t), #(t + 1))
To—1 = To—1 To—1
= > (@), w(t+1) = Y wlw(t), 2t +1)) = wi(#(t), 3t + 1))
t=T1 t=T1 t=T1
> Ulwo, T1, To) — [ > we(w(t), a(t+ 1)) = Y we(#(t), #(t +1))]
t=T1 t=T1
> Uz, To, To) — Y up(w(t), 2(t + 1)) = U, Tv, Tp) — (7 — T1) My
t=T,

> Uz, Th, T2) — (L1 + Lo + L3) My = U(x, Th, Tz) — M.

Thus we have shown that for each x(, o € K and each pair of integers 77 > 0,
Ty, > Th + L, U(Zo, T1,T2) > U(xg, Th,T2) — M;. This completes the proof of
Lemma 5.1.

Corollary 5.1. There exists M7 > 0 and a natural number L such that for
each pair of integers 71 > 0, 7o > Ty + L and each zy € K, |U(xo, T1,To) —

~

U(Ty, Ty)| < My,
Lemmas 4.2 and 4.3 and Corollary 5.1 imply the following result.

Lemma 5.2. Let M7 > 0. Then thee exist natural nL_meer_s Li,Lyand My > 0
such that for each pair of integers 71 > 0, 0 > 71 + L1 + Lo and each program
{=(t)}{2,, which satisfies Z?:;ll ug(xz(t),z(t + 1)) > U(x(m), 11, 72) — M the

following assertion holds: B B
If integers T, Ty € [11, 7o — Lo] satisfy Ly < T, — T, then

To—1
> w(a(t), a(t+ 1)) > U(T1, Tp) — Mo.
t=T,

6. ProoF oF THEOREM 1.1

Let M; = 1 and let natural numbers L;, L, and M, > 0 be as guaranteed by
Lemma 5.2.

Let xo € K. By Proposition 1.3 for each natural number % there exists a
program {z(¥)()}%_, such that

(6.1) 2®)(0) = 20, > (@™ (1), 2W(t + 1)) = U(a0,0, k).
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It follows from the choice of L, Lo, M, and Lemma 5.2 that the following property
holds:
(i) For each integer k > L, + Ly and each pair of integers 71, T, € [0, k — Ls]
satisfying Ly < Tp — Ty, Y027 ui(2®) (), 2®)( + 1)) > U(Ty, To) — M.
Clearly, there exists a strictly increasing sequence of natural numbers {k;}2°,
such that for each integer ¢ > 0 there exists

(6.2) Z(t) = lim 2% (¢).

Jj—o0
Evidently, {z(t)}72, is a program. In view of (6.1) and (6.2),
(6.3) z(0) = zo.

It follows from (6.2), the property (i) and upper semicontinuity of the functions w,,
t—0,1,... that the following property holds: B
(ii) for each pair of integers 71, Ty > 0 satisfying T, — T7 > L1,

Ty—1
(6.4) | Zut z(t+1)) = U(T1,Tz)| < Mo.
t=T

Choose a positive number M, such that
(6.5) My > w(z, ") for each integer ¢ > 0 and each (z, 2") € graph(ay).
Set
(6.6) M = My + MyL.
Assume that nonnegative integers T, Ty satisfy Ty < T. If T, — T} > Ly, then
by property (ii), (6.4) and (6.6),

To—1
| w(@(t), 2(t + 1)) — U(T1, To)| < My < M.
t=T,

f15 -1 < El, then by (65) and (66)

To—1
‘ Z up(z(t), 2(t + 1)) — U(T1, T2)| < (T2 — T1) Mo < MoLy < M.
t=T,

Thus in the both cases

Ty-1
(6.7) | Z u(Z(t), z(t + 1)) = U(T1, To)| < M.
=Ty
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Assume now that the following properties hold:

(iii) for each integer ¢ > 0 and each (z, 2’) € graph(a;) satisfying u(z,2') > 0
the function wu, is continuous at (z, z’);

(iv) if an integer ¢t > 0 and z, 21, 29, 23 € K satisfy z; € a;(z), ¢ = 1,3 and
21 < 23 < z3, then zy € ay(2).

In order to complete the proof of the theorem it is sufficient to show that for
each integer T' > 0,

M |

(6.8) z(t+1)) =U(x(0),2(T),0,T).

t=0
Denote by E the set of all natural numbers 7 such that
(6.9) ur—1(z(r —1),z(7)) > 0.

By (A2) and (6.7) the set E is infinite. In view of Proposition 5.1 it is sufficient to
show that (6.8) holds for all T'= 7 — 1, where 7 € E.

Let7 € Fand T = 7 — 1. We show that (6.8) is valid. Let us assume the
contrary. Then there exist a program {x(¢)}_, and a positive number A such that

(6.10) 2(0) = #(0), 2(T) > #(T),

~
L

(6.11) Zut 2(t+1) > w(z(t), 2t + 1)) + 2A.

I
=)

By the inclusion 7 € E and the definition of E,
(6.12) ur(Z(T),z(T + 1)) = ur—1(z(r — 1),z(7)) > 0.

In view of (6.12) and (A1) there is a number \q € (0, 1),

(6.13) 20 € aT_l(i‘(T — 1)) = aT(f(T))
such that
(6.14) 20 > i‘(’i‘) + Aoe = i‘(T + 1) + Aoe.

There is ¢g > 1 such that
(6.15) lyll < collyllo < cfllyl| for all y € R™.

By (6.12), (6.14) and properties (iii) and (iv) we may assume without loss of gen-
erality that

(6.16) lur1(Z(T = 1), 20) = ur 1 (Z(7 = 1), 2(7))| < A/4.
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It follows from (A3), (6.10) and (6.13) that there is z; € ar(z(T')) such that
(6.17) z1 > 2o, ur(z(T), z1) > ur(z(T), 20).

Choose a positive humber

(6.18) § < min{1, g, AT'}.

By the construction of the program {z(¢)};2, (see (6.2)) and upper semicontinuity
of us, t =0,1,... there is a natural number & > 7 + 4 such that

(6.19) |a®) () = z(t)]]2 <6, t=0,...,7+2,

(6.20)  w(z® (1), 2Pt + 1)) < wp(@(t), 2+ 1))+ 0, t=0,...,7+2.

Set
(6.21) Bl = (), t=0,...,7—1.
We show that z; > z(¥) (). By (6.19),

(6.22) 12" (7) — Z(7)||2 < 6.
In view of (6.18), (6.22), (6.14) and (6.17),

(6.23) a®)(1) < () + de < T(T) + Aoe < 20 < 21
Set
(6.24) (r) = 21.

Since z1 € ar(zr) = ar—1(T,-1), {Z(t)}]_, is a program. By (6.21), (6.10), (6.3),
(6.23), and (6.24),

(6.25) #(0) = z(0) = zg, @(r) > 2 (7).
In view of (6.21), (6.11), equality "= 7 — 1, (6.24), (6.17) and (6.16),

}:W #(t+1)) E:W E(t+1))

7'—2 T—1
> wi(@(t), 2t +1)) + ur 1 (#(r—1), (1)) = > we(@(t), 2(141))
t=0 t:0
T—2
(6:26) > uy(2(t), Z(t+1)) +2A+urq(x(r—1), 21) Zutf Z(t41))
t=0
T—2
> 204 “uy(Z(t), Z(t+1)) +ur_1((7—1), 20) Zut Z(t41))
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Relations (6.18), (6.20) and (6.26) imply that

T—1

> u(E(t), @t + 1)) Zutx(k t), z®) (¢ +1))

(6.27) = w(E(t), &(t+ 1)) Zut Z(t+1))

+ 3 w(a(e) 51+ 1) Zut 0,20+ 1)
> (3/2)A— 57 > A/2.
By (6.25) and (6.27),

Uzo, ¥ (7),0,7) > > uy(a® (1), 2W(t + 1)) + A /2.

This inequality contradicts (6.1). The contradiction we have reached proves that
(6.8) is valid for all T'= 7 — 1 where 7 € E. This completes the proof of Theorem
1.1.

7. ProoF oF THEOREM 1.2

In the sequel we assume that the sum over empty set is zero. There exist A > 0
and a strictly increasing sequence of natural numbers {7;}9°, such that 7; > 4 and

(7.1) Ur;—1(x(1i-1), (1)) > A for all integers ¢ > 1.

Let M > 0 be as guaranteed by Theorem 1.1. By Lemma 4.1 there exists a natural
number Lg > 4 such that the following property holds:

(P5) For each integer S; > 0, each integer Sy > S7 + Lo, each program
{v(t) SQS which satisfies ug, 1 (v(S2 — 1),v(S2)) > A and each 0y € K there
exists a program {o(t) Sjsl such that o(S1) = 99, 0(S2) > v(S2).

By Corollary 5.1 and (1.3) there exists M, > 0 such that
(7.2)
|U (vo, T, Tg)—ﬁ(Tl, T5)| < M, for each vy € K and each pair of integers T} < Tb,

(7.3)  w(z,2') < M, for each integer ¢t > 0, and each (z, 2) € graph(a;).
Choose a positive number

(74) My > LoM, + My + 3M.
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By Theorem 1.1 there exists a program {z(t)};°, such that
(7.5) z(0) = z(0)

and that for each pair of integers S7, S5 satisfying S; < So,

So—1

(7.6) 1Y @), 2(t + 1)) — T(S1, Sa)| < M.
t=S51

Assume that T4, T5 are integers such that 0 < Ty < T,. We show that

Tr—1

(7.7) > we(w(t), 2t + 1)) — U(Ty, To)| < M.
t=T,

If T, < Ty + Lyg, then this inequality follows from (7.3) and (7.4).
Assume that T, > T7 + Lg. There exists an integer i > 1 such that

(7.8) T > T2 + 2L0.

It follows from (7.1), (7.8) and (P5) that there exists a program {#(¢)}{_ _, such
that

(7.9) (1 — Lo) = 2(1; — Lo), Z(73) > x(73).
Set
(7.10) F(t) = 5(t), t =0, .. 7— Lo—1.

Clearly, {Z(t)};~, is a program and in view of (7.9),

’T'i—l ’Ti—l

(7.11) up((t), w(t+1)) = > w(E(t), 2(t + 1)) — M.

t=

o
~+
I
o

It follows from (7.11) and (7.3) that

|
—
|
™~
o
H

Ti

ug(x(t), 2(t+1)) = Z ug(Z(t), 2(t + 1)) — Mo

t=0

i~

<3
|
—

> 3" w(@(t), 2(t + 1)) — My — LoM..
0

-+
I
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Combined with (7.6) this implies that

Ti— Ti—1
—(Mo + LoM,) Z z(t+1)) - Zut(f() Z(t+1))
SZ{ut(x(t),x(t—i—l) 0<t<Ti}— Z{ut I(t+1): 0<t<Ti}
To—1 To—1
+ > w((t), a(t+1) = > w(@(t), #(t + 1))
t=T1 t=T1
Ti—1 Ti—1
+ Y w(z(t), w(t+ 1) = > w(@(t), 2(t + 1))
t=T5 t=T5
To—1
<M+ wa(t),z(t+1) — (U(T1, Ty) = M) + U(Tz, 7)
t=T1
- Z w(Z(t), Z(t + 1))
t=T5
To—1
< wla(t), 2(t+ 1)) — U(T1, To) + 3M
t=T1
and together with (7.4) this implies that
To—1
D wla(t), x(t+1)) = U(Ty, Ty) > =3M — (Mo + LoM.) > —M.
t=T1

Theorem 1.2 is proved.

8. ProoF oF THEOREM 1.3

Let zp € K and let {z(t)}{°, be as guaranteed by Theorem 1.1. Then for each
pair of integers T1, To > 0 satisfying T < T,

To—1

(8.1) \ Zut z(t+1)) —U(Th, Tz)| < M.
t=T,

Choose A > 0 such that

(8.2) A > u(z,2') for each (z,2') € graph(a).

Let p be a natural number. We show that for all sufficiently large natural
numbers T,

~
L

(8.3) P71 T0,p) = T~ ul@(t), 2(t + 1)| < 2M/p.

I
=)
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Assume that T' > p is a natural number. Then there exist integers ¢, s such that
(8.4) qg>1,0<s<p, T =pq+s.
It follows from (8.4) that

pg—1
- Z B(t+1)) —p'U(0,p) =T (D u((1), 2(t+1))
t=0
+Z{u Z(t+ 1)) : tis an integer such that
pg<t<T-— 1}) —p'U(0,p)
=T {u((t),2(t + 1)) : tis an integer such that
pg<t<T- 1}
(8.5) q—1 (i+1)p—1 R
+HT'pg)(pa) 'Y > w(@(t), 2(t+1)) —p~'TU(0, p)
=0 t=ip
-1 (i+1)p-—1
= (T"'pq)(pq)~ 1[ (Y w(@(t),z(t+1))
=0 t=ip
~U(0,p)) +qU(0, p)]—=p'U(0,p)
+T > u(x(t), Z(t + 1)) : t is an integer such that

pg<t<T-— 1}.
By (8.1), (8.2), (8.4) and (8.5),

T IZ Z(t+1)) — pLU(0,p)]
<T" pA + (pq) tqM + U(O,p)\Q/T— 1/p
< T 'pA+ M/p+U(0,p)s(pT) " — M/pas T — cc.

Since p is any natural number we conclude that 7' S°7; u( ( ), Z(t+ 1))},
is a Cauchy sequence. Clearly, there exists limy o, T~ S22 u(@(t), Z(t + 1))
and that for each natural number p,

(8.6) lp~'U(0,p) — lim T Z(t+1))| <2M/p.

T—o00

Since (8.6) is true for any natural number p we obtain that

(8.7) lim 771 Z(t+1)) = lim U(0,p)/p.

T—o00 p—00



Set

(8.8)
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p= lm U(0,p)/p.

By (8.6)-(8.8), for all natural numbers p, ]p—lﬁ(o,p) — p| < 2M/p. Theorem 1.3
is proved.

10.
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