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RIGHT GENERALIZED («, 5)-DERIVATIONS
HAVING POWER CENTRAL VALUES

Jui-Chi Chang

Abstract. Let R be a prime ring with center Z and f # 0 a right generalized
(o, B)-derivation of R. If f(z)" € Z for all € L, a nonzero ideal of R, and
for some fixed positive integer n, then R is either commutative or is an order
in a 4-dimensional simple algebra.

1. INTRODUCTION

In [12], Herstein proved that if R is a prime ring with center Z and d # 0 a
derivation of R such that d(x)" € Z for all z € R, where n is a fixed positive
integer, then either R is commutative or is an order in a 4-dimensional simple
algebra. In [3], the author extended this result to an («, 3)-derivation. It is quite
natural to generalize this result to a more general case, say, right generalized («, (3)-
derivations. The main result we obtain in this paper also generalizes two recent
results on generalized derivations obtained by Lee [15] and Wang [18].

The theorem we shall prove is

Theorem A. Let R be a prime ring with center Z and f # 0 a right generalized
(a, B)-derivation of R such that f(x)™ € Z for all x € L, a nonzero ideal of R,
and for some fixed positive integer n, then R is either commutative or is an order
in a 4-dimensional simple algebra.

Theorem A is an immediate consequence of the following

Theorem B. Let R be a prime ring with center Z and f # 0 a right generalized
(-derivation of R such that f(z)™ € Z for all € L, a nonzero ideal of R, and
for some fixed positive integer n, then R is either commutative or is an order in a
4-dimensional simple algebra.
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In what follows, let R be a prime ring with center Z, « and 5 automorphisms of
R and ¢ an («, 3)-derivation of R, that is, an additive mapping 0 : R — R satisfies

6(zy) = d(z)a(y) + B(x)d(y)

forall z,y € R. If a =1 (8 = 1 resp.), an identity map of R, then we will say
that § is a (§-derivation («-derivation resp.). A (-derivation is also called a skew
derivation. We say that § is an inner («, 3)-derivation if 6(x) = aa(z) — f(x)a
for some a € R. An additive mapping f : R — R is said to be a right generalized
(a, B)-derivation if it satisfies

flzy) = f(@)aly) + B(x)d(y)

for all x,y € R, where § is an («, §)-derivation of R. If 5 = 1, then we say that
f is a generalized [3-derivation.

We let R denote the right Martindale quotient ring, ) the two sided Martindale
quotient ring and C' the center of pR. Note that all automorphisms and all («, 3)-
derivations of R can be extended to @ and pR. An («, 3)-derivation § will be
called X-inner if §(z) = aa(x) — B(x)a for some a € Q). Also an automorphism
g of R will be called X-inner if g(z) = b~'xb for some b € Q. We also note that
a right generalized («, 3)-derivation f of R can be extended to rR and f(x) =
sa(x) + d(z) with s = f(1) € R, where ¢ is an («, (3)-derivation associated to f
(See [4]).

We begin with one of the crucial results

Lemma 1. Let R be a prime ring and let a, b, c € R with a invertible in R.
If (a(bx —xc))" =0 for all z € L, where L # 0 is an ideal of R and n is a fixed
positive integer, then b = ¢ € Z.

Proof. By [5, Theorem 2].
(a(bx —xc))" =0

for all x € @, since @ is also the two sided Martindale quotient ring of L. If
b € Z, then (ax(b—c))™ = 0 for all z € Q. Substitute a—'x for all 2, we have
(z(b—c))" =0 for all z € @ and hence b — ¢ = 0 by [11, Lemma 1.1]. Therefore
b=ce Z. Similarly, if c€ Z, we also have b =c € Z.

Now we may assume that b ¢ Z and ¢ ¢ Z. In this case, @ is a GPI ring. By a
theorem of Martindale [17], @ is isomorphic to a dense subring of End(pV'), where
V is a left vector space over D, the associated division ring of Q. If dimpV =1,
then @ ~ D and a(bx —xzc) = 0 for all z € Q. Consequently, we have bz = xc for
all z € Q. This implies that b = ¢ € Z, a contradiction. So we may assume that
dim pV > 2, Suppose there exists v € V' such that v and vb are D-independent.
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By the density of (), there exists « € @ such that vz = 0 and vbx = va~'. Then
va~(a(bx — xc))™ = va~! # 0, a contradiction. Thus v and vb are D-dependent
for all v € V and as usual, there exists A € D such that vb = Av for all v € V. So
if z € Q, then v(a(bx —zc)) = (va)bx —vaxe = \wax — vaxc = varb — varc =
v(a(z(b—c))) and v(a(bx — zc))™ = v(a(z(b—c)))" = 0 for all v € V. Since @
acts faithfully on V', we have (a(z(b—c)))" =0 for all z € Q. As in the beginning
of the proof, again we have b = ¢ € Z, a contradiction. This last contradiction
proves the lemma. [ |

For the next crucial result, we need the following

Lemma 2. Let R be a prime ring with center Z. Let b € R. If (bz)" € Z
((xb)™ € Z resp.) for all = € L, where L is a nonzero ideal of R and n > 1 is a
fixed integer, then either b = 0 or R is commutative.

Proof. Assume that (bz)" € Z for all z € L. If Z = 0, then (bx)” = 0
for all x € L. By [11, Lemma 1.1], b = 0. Now assume that Z # 0 and b # 0.
Then (bx)"y — y(bx)™ = 0 for all z,y € L and hence for all =,y € Q. Therefore
(bz)™ € C for all x € Q. Substitute A # 0 € C for x, we have b"\" € C and
hence b" € Z. Substitute b1z for z into (bz)” € C, we have b"°z" € C. This
implies either 5™* =0 or 2™ € C for all z € Q. If v = 0, then there exists £ > 0
such that b = 0 but b~! % 0. Thus b~ (bx)™ = 0 and hence (bz)™ = 0 for all =
€ Q. Again, by [11, Lemma 1.1], we have b=0, a contradiction. So 2" € C for all
x € Q. Therefore R is commutative by a result of Herstein and Kaplansky [10]. =

Lemma 3. Let R be a prime ring with center Z. Let a,b,c € R with a
invertible in R. If (a(bx — xc))™ € Z for all x € L, where L is a nonzero ideal of
R and n is a fixed positive integer, then b = ¢ € Z, or R is commutative or R is
an order in a 4-dimensional simple algebra.

Proof. If Z =0, then (a(bx — zc))" =0 forall z € L. Butthenb=ce€ Z
by Lemma 1. So we may assume that Z # 0. If b € Z, then (a(bx — xzc))* =
(ax(b—c))" € Z for all z € L. Substitute o ~'2 for =, we have (x(b—c))" € Z
forall z € L. Thus b — ¢ = 0 or R is commutative by Lemma 2. If b — ¢ = 0,
then b =c € Z. Similarly, if c € Z, then b = ¢ € Z or R is commutative. So from
now on we assume that b ¢ Z and ¢ ¢ Z. In this case, L satisfies the nontrivial
GPI (a(bx — zc))"y — y(a(bx — xzc))™ = 0 and Q also satisfies the same GPI by [5,
Theorem 2]. Again by a theorem of Martindale [17], @ is isomorphic to a dense
subring of End(pV'), where D is a finite dimensional division ring over C' and V'
is a left D-vector space.

If dim pV' = oo, then (a(bx —xc))™ = 0 holds on H, the socle of @) and hence
holds on @. But again by Lemma 1, b = ¢ = Z, a contradiction. So we must
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have dim pV' < oo and hence Q ~ End(pV). That is, @ is isomorphic to D,,, the
m X m matrix ring over D for some m.

If C is finite, then D, being finite dimensional over C, is a finite division ring
and thus is a field by Wedderburn’s theorem [9]. In this case, Q@ = C,,. On
the other hand, if C is infinite, let F' be the algebraic closure of C, then by the
van der Monde determinant argument, we see that Q ® oF" satisfies the same GPI
(a(bx—xc))"y—y(a(br—zc))" = 0. Bt QRcF ~ D,,@cF = (DQcF)y, = Fy,
for some k£ > 1 since R is not commutative.

Suppose that £ > 3. If z € Q is of rank 1, then bz and xc are of rank at
most 1. Hence a(bx — xzc) and (a(bx — zc))™ are of rank at most 2. Consequently,
(a(bx — xzc))™ = 0 for all z € @ with rank 1. Since b ¢ F, there is a v € V such
that v and vb are linearly independent over F. Then there exists z € @ of rank 1
such that vz = 0 and vbz = va~' and hence va=!(a(bx — xc))™ = va™t # 0, a
contradiction. Therefore k = 2 and Q ~ F». Hence R is an order in a 4-dimensional
simple algebra. ]

Lemma 4. Let R be a prime ring and let b, c € R. Let 8 be an automorphism
of R. Suppose that (bx — 3(z)c)™ = 0 for all z € L, where L is a nonzero ideal
of R and n is a fixed positive integer, then bz — 3(x)c = 0 for all z € R.

Proof. If b = 0 or ¢ = 0, then we are done by [11, Lemma 1.1]. So we may
assume that b # 0 and ¢ # 0. Suppose that 3 is X -inner. Then 3(x) = axa~! for
all z € R, where a is invertible in ). Hence

(bz — B(z)e)" = (bx — aza™ )" = (a(a™ bz — za™1c))" =0

for all x € L and also for all x € @ by [5, Theorem 2]. By Lemma 1 we have
a~'b = a~'c € C. In particular, b = ¢ and then bx — B3(x)c = bz — B(z)b is a
B-derivation. By Lemma 2 in [2], bx — 3(z)c = 0 for all x € R and we are done.

Now suppose that 3 is X -outer. Since L satisfies the identity (bz—3(x)c)"™ = 0,
by [5, Theorem 2], @ also satisfies the same identity. Moreover, by the Main
Theorem of [8], @ satisfies a nontrivial GPI. By Martindale’s theorem [17], @ is
isomorphic to a dense subring of End(pV'), where D is the associated division ring
of @, and V is a vector space over D and () contains nonzero linear transformations
of finite rank. By [9, P.79], there exists a semi-linear automorphism 7' € End(V)
such that g(x) = T2T~* for all z € Q. Now (bz — B3(x)c)” = (bx —TaT tc)" =
(T(T~'bx — T~ te))" =0 for all x € Q.

If dim pV =1, then @ ~ D and hence bz — 3(x)c = 0 for all z € R. So we
may assume that dim pV > 2. If v and T~ 'bv are D-dependent for all v € V, then
as usual, there is A\ € D such that 7—'bv = \v for all v € V and this implies
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vT bz — B(z)c) = vT bz — TxT Lc)
= vT bz —vaT te
= \vz —ovzT e
= vaT b —vzT e
= T N TaT b — TaT 'e)
= T (B(2)(b ~ )
for all v € V and all z € Q. Since T is a semi-linear automorphism of V'
and @ acts faithfully on V', we have bz — B(x)c = B(z)(b—¢) for all x € Q.
Hence (5(x)(b—¢))™ = 0 for all x € Q. By [11, Lemma 1.1], b = ¢ and hence
bx — B(x)c =0 for all x € Q as asserted.
Now we may assume that there exists vy € V such that vy and vo7T b are

D-independent. By the density of @, there is a € Q such that vgT~ bz = voT~*
and vox = 0. This implies

voT_l(T(T_lbx —2T7te)) = T tbx — vorT te = voT 71

and
voT N T(T ' bx — 2T '¢))" = veT™ #0
a contradiction. The proof is complete. ]
Lemma 4 was proved in [16, Lemma 2.6] in a different way. As a corollary we
have the following

Theorem 1. Let R be a prime ring and f a right generalized 3-derivation of
R. If f(z)" =0 for all x € L, where L is a nonzero ideal of R and n is a fixed
positive integer, then f = 0.

Proof. We can write f(xz) = sz + 6(z) where s € pR and where ¢ is the
associated (-derivation of f. By [8, Theorem 2], we have

(1) (sz+d(x)" =0

for all x € pR. If 0 is X -outer, then by [8, Theorem 1], we have (sz +y)" = 0 for
all x,y € R. In particular, y™ = 0 for all y € R. By [11, Lemma 1.1], this leads
to a contradiction. Suppose now that ¢ is X-inner. Then é(x) = bz — G(x)b for all
x € R, where b € (). We can rewrite (1) as

(s +b)z — B@)b)" = 0

for all z € R and hence for all z € pR [8, Theorem 2]. By Lemma 4, (s + b)x —
B(x)b =0 for all z € pR. Thus f = 0 follows. This proves the theorem. ]

As a consequence of Theorem 1, we have
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Corollary 1. Let R be a prime ring and f a right generalized («, /3)-derivation
of R. If f(z)™ =0 for all z € L, where L is a nonzero ideal of R and n is a fixed
positive integer, then f = 0.

Lemma 5. Let R be a prime ring with center Z. Let b,c € R and let f(x) =
bx — f(x)c for all x € R. Assume that f # 0. If f(z)™ € Z for all x € L, where
L # 0 is an ideal of R and n > 1 is a fixed integer, then either R is commutative
or R is an order in a 4-dimensional simple algebra.

Proof. If Z =0, then (bx—((z)c)™ = 0 forall x € L and hence bx—3(z)c =0
for all x € R by Lemma 4, which is a contradiction. So we may assume that Z = 0.
If 3 is X-inner, then there exists a € @ such that 3(z) = aza~" for all z € R. So
by the hypothesis, we have

(bx — B(x)e)" = (bx — aza™ )" = (a(a bz —za™'e))" € Z

for all z € L. That is, L satisfies the identity (a(a~*bx —xa'c))"y —y(a(a b —

za~lc))” = 0. By [5, Theorem 2], @ also satisfies the same identity and hence

(a(a oz — za"te))" € C

for all 2 € Q. By Lemma 3, we see that either a='b = a='c € C or R is
commutative or R is an order in a 4-dimensional simple algebra. If a='b =a"'c €
C, then b = ¢ and hence bx — B(x)c = bxr — ara'c = bx — cx = 0 for all
x € R, which is not the case. Therefore R is commutative or R is an order in a
4-dimensional simple algebra as asserted.

Now suppose that 3 is X -outer. By the hypothesis, L satisfies (bx — 3(z)c)"y —
y(bx — B(x)c)™ = 0. By Theorem 1 of [6] @ also satisfies the same identity. More-
over, () satisfies a nontrivial GPI by the Main Theorem of [6]. By a Martindale’s
result cited before, @) is a primitive ring having nonzero socle and its associated
division ring D is finite dimensional over C. Hence @ is isomorphic to a dense
subring of End(pV). If dim pV = oo, then (bx — 5(z)c)™ = 0 for all z € H, the
socle of @ and hence for all z € Q. Again by Lemma 4, we have bz — f(z)c =0
for all z € R and we are done in this case. So we may assume that dim pV < co.
Thus @ = End(pV) and is isomorphic to D,,, the m x m matrix ring over D for
some m.

We claim that m < 2. Suppose on the contrary that m > 2. By [9, P.79] there
exists a semi-linear automorphism 7" € End (V) such that 3(z) = T2T ' forall z €
Q. Hence we have (bz—f(z)c)" = (bx—TxTte)" = (T(T 'bx—2T c))" € C
for all z € Q. If v and vT~'b are D-dependent for all v € V, then as before, there
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exists a A € D such that vT'~'b = \v for all v € V.. This implies

vT bz — B(z)c) = vT " HT(T tox — 2T c))
= T b —vaT te
= vz —vzT e
= vaT ' —vaT e
= T Y (TaT b — T2T 'e)
= T~ (B(x) (b~ ¢))

for all v € V and for all z € Q. Since Q acts on V faithfully and VT~! = V,
we have bx — B(z)c = f(x)(b—c¢) for all x € Q. Hence (G(z)(b — ¢))" =
(bx — B(z)c)™ € C for all z € Q. In particular (z(b—c¢))" € C forall x € Q. By
Lemma 2, b = ¢ or () is commutative. But () is not commutative, since Q ~ D,,,
m > 3. On the other hand, if b = ¢, then bz — B(x)c = bx — B(z)b is a (-
derivation. Proposition 2 in [3] implies that @) is commutative or @ is an order in
a 4-dimensional simple algebra which is absurd since Q ~ D,,,, m > 3.

Now we may assume that there exists vy € V such that vy and voT b are D-
independent. By the density of @, there exists z € @ of rank 1 such that vpx = 0 and
voT~1bx = voT 1. Hence vgT~H(T(T~'bx — 2T~ 'e)) = voT'bxr — voaT le =
voT ! and voT 1 (bx — B(z)c)" = voT YT (T bz — 2T 1c))” = voT L. On
the other hand, since z is of rank 1, (bxz — 3(x)c)™ is of rank at most 2. Being in
C, we have (bx — B(z)c)™ = 0 since dim pV > 3. Therefore vgT~! = 0 which is
a contradiction. This proves our claim and hence dim pV < 2.

If C is finite, then dim oD < oo implies D is also finite. Thus D is a filed by
Wedderburn’s Theorem [9, P.183]. In this case, R is commutative or R is an order
in a 4-dimensional simple algebra. So we may assume that C' is infinite for the
rest of the proof. If 3 is not Frobenius, then by the Main Theorem of [7], we have
(bx — ye)™ € C for all z,y € Q. This implies (bz)™ € Z for all x € R. Again,
by Lemma 2, b = 0 or R is commutative. If R is not commutative, then b = 0 and
this implies (—cy)™ € Z for all y € R. Again this leads to ¢ = 0 since R is not
commutative. But if b = 0 and ¢ = 0 then f = 0, a contradiction. Hence R is
commutative in this case.

On the other hand, if @ is Frobenius, then char@ = p > 0. Otherwise if
char@ = 0, then G(\) = X for all A € C and hence 5 must be X-inner by
[1, Theorem 4.7.4], a contradiction. Also 3(\) = AP* for all A € C and for
some integer k£ # 0. Substitute Az for z into (bz — B(x)c)™ with A # 0, we
have (b(Az) — B(Az)e)" = (Abz — A" B(z)c)" € C for all z € Q and hence
(bx — A" ~13(x)c)" € C for all z € Q. Expanding this, we have
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3

) > vy yn A Di e o

=0 \ (i,n—1)

where the inside summation are taken over all permutations of n — ¢ (bz)’s and
i (B(x)c)’s, that is, each term has exactly n — i (bx) and i (8(x)c) but in some
different order. Let u = A\*"~1 and

ti = Z Y1y2 - Yn

(3,n—1)
fori =0,1,2,...,n. Then we can rewrite (2) into the following
(3) to+uty +---+u"t, € C
Replacing A successively by 1, A, ..., A", (3) gives the system of equations
to+ti+- -+t =70
to+uty +---+ut, =7
@) _
to+ Uy + Uty = Ty

where 9,71, ...,7 € C. Since C is infinite, there exists infinitely many A € C
such that \(P*~1¢ #1forf=1,2,...,n and so the van der Monde determinant

1 1 ... 1
1 e n n n

7“_” v _ H (vl —ul) = H <)\i(p’“—1) _ )\j(p’“—l)>
A s

is not zero. Therefore we can solve from (4) and obtain t, € C. But ¢y = (bx)"
and so we have (bz)" € C for all z € Q). As before, we can conclude that R is
commutative. The proof is complete. ]

Now we are ready to give

Proof of Theorem B. If Z = 0, then f(x)™ = 0 for all z € L, a nonzero ideal
of R. By Theorem 1, f = 0 which is not the case. Thus Z # 0. We can write
f(z) = sx + d(z), where s € pR and where § : R — R is the associated -
derivation of f. By the hypothesis, we have (sz+d(z))"y —y(sx +d(x))™ = 0 for
all x,y € L. By [8, Theorem 2], we see that (sx + d(z))"y — y(sx + 6(z))" =0
also holds for all =,y € pR. If § is X-outer, then by [8, Theorem 1] we have
(sz + 2)"y — y(sz + 2)" = 0 for all =, y, z € pR. In particular, we have
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(sx)™ € C for all z € pR. By Lemma 2, s = 0 or R is commutative. If R is
not commutative, then s = 0 and hence f(x) = d(z) for all z € R. We are done
in this case by [3, Theorem B]. Hence we may assume that ¢ is X-inner and write
d(z) = bz — B(x)b, where b € Q. In this case, f(z)" = ((s + b)z — B(x)b)" € C
for all x € pR. Hence we are done by Lemma 5. The proof is complete. |

As a corollary, we have Theorem A immediately.

Example. Let F' be a field of characteristic 2 and let R = F5, the 2 x 2 matrix
ring over F. Let

0

E

=(10) (8

For z € R, define f(z) = ax — u~tzub. It is easy to see that f(x)% € Z.

o O
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