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A CHARACTERIZATION OF NONLINEAR OPEN MAPPINGS
BETWEEN PSEUDOMETRIZABLE TOPOLOGICAL VECTOR SPACES

Qiang Lei and Ronglu Li

Abstract. We prove a new characterization of arbitrary (including nonlinear)
open maps between pseudometrizable topological vector spaces. We use it to
give a new proof that nonconstant analytic functions are open.

1. INTRODUCTION

As a basic principle of functional analysis, the open mapping theorem has ob-
tained a series of important improvements since the Banach-Schauder theorem ([1],
p. 166) was established. In 1958, V.Pták [2] pointed out that every continuous
linear operator from a fully complete space onto a barrelled space must be open
(see also [3], p. 195). In 1965, T.Husain [4] characterized those spaces from which
continuous linear operators onto barrelled spaces are open, and then N.Adasch [5]
characterized those spaces for which closed linear operators onto barrelled spaces
are open. In 1998, Qiu Jinghui [6] obtained a series of open mapping theorems
for closed linear operators, weakly singular linear operators, etc. In 2004, Edward
Beckenstein and Lawrence Narici [7] obtained an open mapping theorem for basis
separating linear operators.

Recently, Li Ronglu [8] improved the typical open mapping theorem by relaxing
the linearity requirement forced on the mappings concerned.

In this paper, we obtain the characteristic of a mapping is an open mapping. As
its application, we shows that each nonconstant analytic function f : C → C is an
open mapping.

2. OPEN MAPPINGS BETWEEN PARANORMED SPACES

Let X be a vector space over the scalar field K. A function ‖·‖ : X → [ 0, +∞)
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is called a paranorm on X if ‖0‖ = 0, ‖ − x‖ = ‖x‖, ‖x + z‖ ≤ ‖x‖ + ‖z‖ and
‖tnxn − tx‖ → 0 whenever ‖xn − x‖ → 0 and tn → t in K([3], p. 56).

Note that a first countable topological vector space is a paranormed space ([3],
p. 52), so a topological vector space is a pseudometric space iff it is a paranormed
space.

Our main results are as following:

Theorem 2.1. Let X and Y be paranormed spaces and f : X → Y a mapping.
Then the following (I) and (II) are equivalent.

(I) f is an open mapping, i.e., f(G) is an open set for each open set G ⊆ X .
(II) For each x ∈ X and yn → f(x) in Y there exists a sequence (xi) ⊂ X such

that xi → x and (f(xi)) is just a subsequence of (yn).

Proof. (I) ⇒ (II). Let x ∈ X and yn → f(x) = y in Y . Let {Un} be a
neighborhood base of 0 ∈ X such that U1 ⊃ U2 ⊃ · · · ⊃ Un ⊃ · · · .

Since f : X → Y is open, f(x) = f(x + 0) ∈ f(x + Un) and f(x + Un) is a
neighborhood of y = f(x), ∀n ∈ N . It follows from yn → y that there is a strictly
increasing sequence (ni) ⊂ N such that yni ∈ f(x + Ui) and so yni = f(xi) for
some xi ∈ x + Ui, i = 1, 2, 3, · · · .

Let U be a neighborhood of 0 ∈ X . There is an i0 ∈ N such that Ui ⊂ Ui0 ⊂ U

for all i ≥ i0. Then xi ∈ x + Ui ⊂ x + U, ∀ i ≥ i0. Thus, xi → x and (II) holds
for f .

(II) ⇒ (I). Let G be an open subset of X and x ∈ G, y = f(x) ∈ f(G). If
(Y \f(G))∩{z ∈ Y : ‖z−y‖ < 1/n} = ∅ for each n ∈ N, then there is a sequence
(yn) ⊂ Y \f(G) such that ‖yn − y‖ < 1/n for all n and so yn → y = f(x). By
(II), there exist subsequences (yni) ⊂ (yn) and (xi) ⊂ X such that xi → x and
f(xi) = yni for each i ∈ N. Since G is open and x ∈ G, xi ∈ G eventually and so
yni = f(xi) ∈ f(G) eventually. This contradicts (yn) ⊂ Y \f(G) and so

(Y \f(G)) ∩ {z ∈ Y : ‖z − y‖ < 1/n0} = ∅

for some n0 ∈ N, i.e., {z ∈ Y : ‖z − f(x)‖ < 1/n0} ⊆ f(G) for some n0 ∈ N.
Thus, f(G) is open and (II) ⇒ (I) holds for f .

For a paranormed space (X, ‖ · ‖) and r > 0 let Ur = {x ∈ X : ‖x‖ < r} and
c0(X) = {(xn)∞1 ∈ XN : ‖xn‖ → 0}.

Corollary 2.2. Let X, Y be paranormed spaces and f : X → Y a mapping
such that ∀ x ∈ X and ε > 0 ∃ δ > 0 satisfies that f(x) + f(U δ) ⊂ f(x + Uε).
If for each (yn) ∈ c0(Y ) there exist positive integers n1 < n2 < · · · such that
ynk

∈ f(U1/k) for each k, then f is an open mapping.
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Proof. Let y = f(x) ∈ f(X) and yn → y in Y . Then yn − y → 0 and so there
exist integers n1 < n2 < · · · such that ynk

− f(x) = ynk
− y ∈ f(U1/k), ∀k ∈ N,

i.e., ynk
∈ f(x) + f(U1/k), k = 1, 2, 3, · · · .

It follows from the conditions and f(Uγ) ⊂ f(Uδ) whenever 0 < γ < δ that
there exist integers k1 < k2 < · · · such that f(x)+f(U1/ki

) ⊂ f(x+U1/i) for each
i ∈ N, i.e., ynki

∈ f(x + U1/i), ∀ i ∈ N. Then ynki
= f(x + ui) where ui ∈ U1/i,

‖ui‖ < 1/i, i = 1, 2, 3, · · · . Thus, x + ui → x and (f(x + ui)) = (ynki
) ⊂ (yn).

Thus, by Theorem 2.1, f is an open mapping.

3. AN APPLICATION OF THEOREM 2.1

If f(z) = anzn+an−1z
n−1+· · ·+a1z+a0 is a nonconstant complex polynomial,

then f is an open mapping from C into C. This fact implies the fundamental
theorem of algebra. The usual proof of this open mapping theorem is considerably
complicated. However, this important fact is a convenient consequence of Theorem
2.1.

Theorem 3.1. Every nonconstant analytic function f : C → C is an open
mapping.

Proof. Let z0 ∈ C, y0 = f(z0). Suppose yn → y0 in C. There is an r > 0 such
that f(z) = y0 whenever 0 < |z − z0| ≤ r.

Let r1 = min|z|=r |f(z)−y0|. Then r1 > 0 and so there is an n0 ∈ N for which
|yn−y0| < r1 whenever n > n0. Fix an arbitrary n > n0 and let F (z) = f(z)−y0,
G(z) = f(z) − yn. Then

|G(z)− F (z)| = |y0 − yn| < r1 ≤ |F (z)|, ∀ |z| = r.

By the Rouch́e theorem, there is a zn for which |zn − z0| < r and G(zn) =
f(zn) − yn = 0, that is, yn = f(zn). Thus, we have a sequence (zn)n>n0 ⊂
{z ∈ C : |z − z0| < r} such that f(zn) = yn for each n > n0. But (zn)n>n0

has a subsequence (znk
) such that znk

→ a ∈ {z ∈ C : |z − z0| ≤ r} and so
ynk

= f(znk
) → f(a). Since ynk

→ y0 = f(z0), f(a) = f(z0) = y0 and,
moreover, a = z0 by the property of r > 0. Thus, znk

→ z0.
By Theorem 2.1, f : C → C is open.
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