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MEAN VALUE OF THE CHARACTER SUMS OVER INTERVAL
[
1, q

8

)
Zhefeng Xu

Abstract. Let q > 8 be an odd integer and p a prime with p < q and p � q.
The main purpose of this paper is to study the mean value properties of the
character sums over interval

[
1, q

8

)
by using the mean value theorems of the

Dirichlet L-functions, and give some interesting mean value formulae.

1. INTRODUCTION

Let q ≥ 3 be an integer and χ be a Dirichlet character modulo q. Character
sums

N+H∑
a=N+1

χ(a)

was investigated by many scholars, see [1-8]. About the mean value of this kind of
character sums, D.A.Burgess [4] obtained the following estimate:

k∑
n=1

∣∣∣∣∣
h∑

m=1

χ(n + m)

∣∣∣∣∣
2

< k · h,

where h is any positive integer. In fact this inequality was conjectured by Norton [5],
who obtained the weaker upper bound 9

8kh before Burgess. To higher moments,
Burgess [6] specified the problem to the case of q = p, and summed the fourth
power mean over all nonprincipal characters. That is, he proved

∑
χ �=χ0

p∑
n=1

∣∣∣∣∣
h∑

m=1

χ(n + m)

∣∣∣∣∣
4

≤ 6p2h2.
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For general modulo q, he summed the mean value over all primitive characters and
obtained (see [7])

∑∗

χ mod q

q∑
n=1

∣∣∣∣∣
h∑

m=1

χ(n + m)

∣∣∣∣∣
4

≤ 8τ7(q)q2h2,

where
∑∗

χ mod q

denotes the summation over all primitive characters modulo q and

τ(n) is the Dirichlet divisor function. About the 2k-th power mean of the character
sums, H.L.Montgomery and R.C.Vaughan [8] gave an upper estimate about it in
1979 as follows: ∑

χ �=χ0

M(χ)2k �k φ(q)qk,

where M(χ) = max
N

∣∣∣∣∣
N∑

n=1

χ(n)

∣∣∣∣∣. The author and Zhang studied the 2k-th power

mean of the character sums over the quarter interval and obtained a sharp asymptotic
formula, see [9].

The present work deals with the higher power mean of the character sums over
interval

[
1, q

8

)
. First we transformed the character sums into L-functions. Then

using the mean value theorems of Dirichlet L-functions, we studied the mean value
properties of the character sums, and obtained some sharper asymptotic formulae
for them.

In this paper, we will use the following notations:∑∗

χ(−1)=1

denotes the summation over all primitive characters modulo q such that

χ(−1) = 1,
J(q) denotes the number of all primitive characters modulo q,∏
p|q
denotes the product over all prime divisors p of q,

∏
p�q

p≡3,5 ( mod 8)

denotes the product over all prime p with p � q and p ≡ 3, 5 (

mod 8),
τk(n) denotes the k-th divisor function (i.e., the number of solutions of the

equation n1n2 · · ·nk = n in positive integers n1, n2, · · · , nk),
χ4 is the primitive character modulo 4,
χ8 is the real primitive character modulo 8 with χ8(−1) = −1 and
χ′

8 denotes the real primitive character modulo 8 with χ′
8(−1) = 1.
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Now we give the main conclusions.

Theorem 1. Let q > 8 be an odd integer and k ≥ 2 be a fixed integer. Then
we have the asymptotic formula

∑∗

χ(−1)=1

∣∣∣∣∣∣
∑
a< q

8

χ(a)

∣∣∣∣∣∣
2k

=
J(q)qk

22k+1π2k

k∑
i=0

2k−i

(
k

i

)2

Ci + O
(
qk+ε

)
,

where ε is any fixed positive number,
(
k
i

)
= k!

i!(k−i)! , Ci =
∞∑

n=1
(n,2q)=1

r2
i (n)
n2

is a

constant related to i, r i(n) =
∑
t|n

τi(t)χ4(t)τk−i

(n

t

)
χ8

(n

t

)
for 1 < i < k and

r0(n) =
√

2τk(n), rk(n) = τk(n).

From this theorem, we can conclude that Montgomery and Vaughan’s estimate
for the 2k-th power mean of character sums is the best possible.

Theorem 2. Let q > 8 be an odd integer. Then we have the asymptotic formula

∑∗

χ(−1)=1

∣∣∣∣∣∣
∑
a< q

8

χ(a)

∣∣∣∣∣∣
4

=
q2J(q)
384



∏
p|q

(
1− 1

p4

) ∏
p�q

p≡1,7( mod 8)

(
1 +

2
p2 − 1

)2

+
27
32

∏
p|q

(p2 − 1)3

p4(p2 + 1)


 + O(q2+ε).

Noting that J(q) = φ2(q)
q if q is a square-full number, where φ(q) is the Euler

function, we have the following:

Corollary 1. Let q > 8 be a square-full number with 2 � q and k ≥ 2 be a
fixed integer. Then we have the asymptotic formula

∑∗

χ(−1)=1

∣∣∣∣∣∣
∑
a< q

8

χ(a)

∣∣∣∣∣∣
2k

=
φ2(q)qk−1

22k+1π2k

k∑
i=0

2k−i

(
k

i

)2

Ci + O
(
qk+ε

)
.

Corollary 2. Let p > 8 be a prime. Then we have the asymptotic formula

∑
χ(−1)=1

∣∣∣∣∣∣
∑
a<p

8

χ(a)

∣∣∣∣∣∣
4

=
p3

384


27

32
+

∏
p1 �=p

p1≡1,7( mod 8)

(
1 +

2
p2
1 − 1

)2


+ O

(
p2+ε

)
,
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where
∑

χ(−1)=1

denotes the summation over all non-principal characters modulo p

such that χ(−1) = 1.

2. SOME LEMMAS

To prove the theorems, we need the following lemmas.

Lemma 1. Let χ be a primitive Dirichlet character modulo q with χ(−1) = 1.
Then for any real number λ ∈ [0, 1) with λ �= r

q , we have

[λq]∑
a=1

χ(a) =
τ(χ)

π

∞∑
n=1

χ̄(n)
sin 2πnλ

n
,

where [x] denotes the greatest integer less than or equal to x, τ(χ) =
q∑

a=1

χ(a)e
(

a

q

)
is the Gauss sum and e(y) = e2πiy .

Proof. See Section 3.1 of [10].

Lemma 2. Let q ≥ 8 be an odd integer and χ be a primitive Dirichlet
character modulo q such that χ(−1) = 1. Then we have

[ q
8 ]∑

a=1

χ(a) =
τ(χ)
2π

[
χ̄(2)L(1, χ̄χ4) +

√
2L(1, χ̄χ8)

]
,

where χ4 is the nonprincipal Dirichlet character modulo 4, χ 8 denotes the real
primitive character modulo 8 such that χ(−1) = −1 and L(s, χ) denotes the
Dirichlet L-function corresponding to χ.

Proof. It is clear that 1
8 �= r

q if q is an odd number. So from Lemma 1, we can
write

[ q
8 ]∑

a=1

χ(a) =
τ(χ)

π

∞∑
n=1

χ̄(n)
sin πn

4

n

=
τ(χ)

π

[
χ̄(2)

2

∞∑
n=1

χ̄(n) sin πn
2

n
+

∞∑
n=1

χ̄(2n − 1) sin π(2n−1)
4

2n − 1

]

=
τ(χ)

π

[
χ̄(2)

2
L(1, χ̄χ4) +

∞∑
n=1

χ̄(2n− 1) sin π(2n−1)
4

2n − 1

]

=
τ(χ)

π

[
χ̄(2)

2
L(1, χ̄χ4) +

√
2

2

∞∑
n=1

χ̄(n)χ0
4(n)(−1)[

n
4 ]

n

]
,
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where χ0
4 denotes the principal character modulo 4. It is easily to deduce that

(−1)[
n
4 ] is a multiplicative function and its least period is 8. Hence, χ0

4(n)(−1)[
n
4 ] =

χ0
8(n)(−1)[

n
4 ] is a real primitive character modulo 8, denoted it by χ8(n). It is clear

that χ8(−1) = −1. So we have

[ q
8 ]∑

a=1

χ(a) =
τ(χ)
2π

[
χ̄(2)L(1, χ̄χ4) +

√
2L(1, χ̄χ8)

]
.

This proves Lemma 2.

Lemma 3. Let q and r be integers with q ≥ 2 and (r, q) = 1, χ be a Dirichlet
character modulo q. Then we have the identities∑∗

χ mod q

χ(r) =
∑

d|(q,r−1)

µ
(q

d

)
φ(d)

and
J(q) =

∑
d|q

µ(d)φ
(q

d

)
,

where
∑∗

χ mod q

denotes the summation over all primitive characters modulo q, and

J(q) denotes the number of all primitive characters modulo q.

Proof. (See Lemma 4 of reference [11]).

Lemma 4. Let q be any odd integer with q > 2, χ be the Dirichlet character
modulo q and χ4 be the primitive character modulo 4. Then we have the asymptotic
formula: ∑∗

χ(−1)=1

|L(1, χ̄χ4)|2k =
J(q)

2

∞∑
n=1

(n,2q)=1

τ2
k (n)
n2

+ O(qε),

where
∑∗

χ(−1)=1

denotes the summation over all even primitive characters modulo q.

Proof. For convenience, we put

A(y, χ) =
∑

N<n≤y

χ(n)τk(n),

where N is a parameter with q ≤ N < q2k+1. Then from Abel’s identity we have

Lk(1, χ̄χ4) =
∞∑

n=1

χ̄χ4(n)τk(n)
n

=
∑

1≤n≤N

χ̄χ4(n)τk(n)
n

+
∫ ∞

N

A(y, χ̄χ4)
y2

dy.
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Hence, we can write

(1)

∑∗

χ(−1)=1

|L(1, χ̄χ4)|2k

=
∑∗

χ(−1)=1


 ∑

1≤n1≤N

χ̄χ4(n1)τk(n1)
n1

+
∫ ∞

N

A(y, χ̄χ4)
y2

dy




×

 ∑

1≤n2≤N

χχ4(n2)τk(n2)
n2

+
∫ ∞

N

A(y, χχ4)
y2

dy




=
∑∗

χ(−1)=1


 ∑

1≤n1≤N

χ̄χ4(n1)τk(n1)
n1




 ∑

1≤n2≤N

χχ4(n2)τk(n2)
n2




+
∑∗

χ(−1)=1


 ∑

1≤n1≤N

χ̄χ4(n1)τk(n1)
n1


(∫ ∞

N

A(y, χχ4)
y2

dy

)

+
∑∗

χ(−1)=1


 ∑

1≤n2≤N

χχ4(n2)τk(n2)
n2


(∫ ∞

N

A(y, χ̄χ4)
y2

dy

)

+
∑∗

χ(−1)=1

(∫ ∞

N

A(y, χ̄χ4)
y2

dy

)(∫ ∞

N

A(y, χχ4)
y2

dy

)

:= M1 + M2 + M3 + M4.

We shall calculate each term in the expression (1).

(i) From Lemma 3 we have

(2)

∑∗

χ(−1)=1

χχ4(a) =
∑∗

χχ4(−1)=−1

χχ4(a)

=
1
2

∑∗

χχ4 mod 4q

(1− χχ4(−1))χχ4(a)

=
1
2

∑∗

χχ4 mod 4q

χχ4(a)− 1
2

∑∗

χχ4 mod 4q

χχ4(−a)

=
1
2

∑
d|(4q,a−1)

µ

(
4q

d

)
φ(d)− 1

2

∑
d|(4q,a+1)

µ

(
4q

d

)
φ(d).

Hence, from (2) we can write
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(3)

M1 =
∑∗

χ(−1)=1


 ∑

1≤n1≤N

χ̄χ4(n1)τk(n1)
n1




 ∑

1≤n2≤N

χχ4(n2)τk(n2)
n2




=
1
2

∑′

1≤n1≤N

∑′

1≤n2≤N

τk(n1)τk(n2)
n1n2

∑
d|(4q,n̄1n2−1)

µ

(
4q

d

)
φ(d)

−1
2

∑′

1≤n1≤N

∑′

1≤n2≤N

τk(n1)τk(n2)
n1n2

∑
d|(4q,n̄1n2+1)

µ

(
4q

d

)
φ(d)

=
1
2

∑
d|4q

µ

(
4q

d

)
φ(d)

∑′

1≤n1≤N

∑′

1≤n2≤N

n2≡n1( mod d)

τk(n1)τk(n2)
n1n2

−1
2

∑
d|4q

µ

(
4q

d

)
φ(d)

∑′

1≤n1≤N

∑′

1≤n2≤N

n2≡−n1( mod d)

τk(n1)τk(n2)
n1n2

,

where
∑′

1≤n≤N

denotes the summation over n from 1 to N such that (n, 2q) = 1.

For convenience, we split the sum over n1 or n2 into four cases: i) d ≤ n1, n2 ≤
N ; ii) d ≤ n1 ≤ N and 1 ≤ n2 ≤ d− 1; iii) 1 ≤ n1 ≤ d− 1 and d ≤ n2 ≤ N ; iv)
1 ≤ n1, n2 ≤ d− 1. So we have

∑
d|4q

µ

(
4q

d

)
φ(d)

∑′

d≤n1≤N

∑′

d≤n2≤N

n2≡n1( mod d)

τk(n1)τk(n2)
n1n2

�
∑
d|4q

φ(d)
∑

1≤r1≤N
d

∑
1≤r2≤N

d

d−1∑′

l1=1

d−1∑′

l2=1

l2≡l1( mod d)

τk(r1d + l1)τk(r2d + l2)
(r1d + l1)(r2d + l2)

�
∑
d|4q

φ(d)
∑

1≤r1≤N
d

∑
1≤r2≤N

d

d−1∑′

l1=1

[(r1d + l1)(r2d + l1)]ε

(r1d + l1)(r2d + l1)

�
∑
d|4q

φ(d)
d

∑
1≤r1≤N

d

∑
1≤r2≤N

d

[(r1d + 1)(r2d + 1)]ε

r1r2
� qε,

∑
d|4q

µ

(
4q

d

)
φ(d)

∑′

d≤n1≤N

∑′

1≤n2≤d−1

n2≡n1( mod d)

τk(n1)τk(n2)
n1n2

�
∑
d|4q

φ(d)
∑

1≤r1≤N
d

∑
1≤n2≤d−1

(r1n2d)ε−1 � qε

and
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∑
d|4q

µ

(
4q

d

)
φ(d)

∑′

1≤n1≤d−1

∑′

d≤n2≤N

n2≡n1( mod d)

τk(n1)τk(n2)
n1n2

�
∑
d|4q

φ(d)
∑

1≤n1≤d−1

∑
1≤r2≤N

d

(n1r2d)ε−1 � qε,

where we have used the estimate τk(n) � nε.
For the case 1 ≤ n1, n2 ≤ d − 1, the solution of the congruence n2 ≡ n1(

mod d) is n2 = n1. Hence,∑
d|4q

µ

(
4q

d

)
φ(d)

∑′

1≤n1≤d−1

∑′

1≤n2≤d−1

n2≡n1( mod d)

τk(n1)τk(n2)
n1n2

=
∑
d|4q

µ

(
4q

d

)
φ(d)

∑′

1≤n2≤d−1

τ2
k (n2)
n2

2

=
∑
d|4q

µ

(
4q

d

)
φ(d)

∞∑
n2=1

(n2,2q)=1

τ2
k (n2)
n2

2

+ O(qε).

Since (q, 2) = 1,

J(4q) =
∑
d|4q

µ

(
4q

d

)
φ(d) =


∑

d|q
µ
(q

d

)
φ(d)




∑

d|4
µ

(
4
d

)
φ(d)




=
∑
d|q

µ
(q

d

)
φ(d) = J(q).

So we have

(4)

1
2

∑
d|4q

µ

(
4q

d

)
φ(d)

∑′

1≤n1≤N

∑′

1≤n2≤N

n2≡n1( mod d)

τk(n1)τk(n2)
n1n2

=
J(q)

2

∞∑
n=1

(n,2q)=1

τ2
k (n)
n2

+ O(qε).

Similarly, we can also get the estimate

1
2

∑
d|4q

µ

(
4q

d

)
φ(d)

∑′

1≤n1≤N

∑′

1≤n2≤N

n2≡−n1( mod d)

τk(n1)τk(n2)
n1n2

=
1
2

∑
d|4q

µ

(
4q

d

)
φ(d)

∑′

1≤n1≤N

∑′

1≤n2≤N
n2+n1=d

τk(n1)τk(n2)
n1n2
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(5)

+
1
2

∑
d|4q

µ

(
4q

d

)
φ(d)

∑′

1≤n1≤N

∑′

1≤n2≤N
n2+n1=ld, l≥2

τk(n1)τk(n2)
n1n2

�
∑
d|4q

φ(d)
∑

1≤n≤d−1

τk(n)τk(d − n)
n(d − n)

+
∑
d|4q

φ(d)
∑′

1≤n1≤N

[
N+n1

d

]∑
l=[n1

d ]+2

τk(n1)τk(ld− n1)
ldn1 − n2

1

�
∑
d|4q

φ(d)
d

∑
1≤n≤d−1

τk(n)τk(d− n)
n

+
∑
d|4q

φ(d)
d

∑′

1≤n1≤N

[
N+n1

d

]∑
l=[n1

d ]+2

nε
1(ld− n1)ε

ln1 − n2
1
d

� qε +
∑
d|4q

φ(d)
d

N∑
n1=1

N∑
l=1

nε
1l

ε

ln1

� qε.

Then from (3), (4) and (5), we have

(6) M1 =
J(q)

2

∞∑
n=1

(n,2q)=1

τ2
k (n)
n2

+ O(qε).

(ii) From Lemma 4 of [12], we have the estimate∑
χ �=χ0

|A(y, χ)|2 � y2−4/2k+εφ2(q),

where χ0 denotes the principal character modulo q. Then from the Cauchy inequality
we can easily get∑

χ(−1)=−1

|A(y, χ)| �
∑
χ �=χ0

|A(y, χ)| � y1−2/2k+εq
3
2 .

Using this estimate we have

M2 =
∑∗

χ(−1)=−1


 ∑

1≤n1≤N

χ̄χ4(n1)τk(n1)
n1


(∫ ∞

N

A(y, χχ4)
y2

dy

)



178 Zhefeng Xu

(7)
�

∑
1≤n1≤N

nε−1
1

∫ ∞

N

1
y2


 ∑

χχ4(−1)=−1

|A(y, χχ4)|

dy

� N ε

∫ ∞

N

q
3
2 y1−2/2k+ε1

y2
dy � q

3
2

N
2

2k −ε
.

(iii) Similar to (ii), we can also get

(8) M3 � q
3
2

N
2

2k −ε
.

(iv) By the same argument in (ii), and noting that the absolute convergent prop-
erties of the integral we can write

(9)

M4

=
∑∗

χ(−1)=−1

(∫ ∞

N

A(y, χ̄χ4)
y2

dy

)(∫ ∞

N

A(y, χχ4)
y2

dy

)

≤
∫ ∞

N

∫ ∞

N

1
y2z2

∑∗

χ(−1)=−1

|A(y, χ̄χ4)||A(z, χχ4)|dydz

�
∫ ∞

N

1
y2

∫ ∞

N

1
z2


 ∑

χχ4 �=χ0

|A(y, χ̄χ4)|2



1
2

 ∑

χχ4 �=χ0

|A(z, χχ4)|2



1
2

dydz

�


∫ ∞

N

1
y2


 ∑

χχ4 �=χ0

|A(y, χχ4)|2



1
2

dy




2

�
(∫ ∞

N

φ(q)
y1+2/2k−ε

dy

)2

� φ2(q)
N 4/2k−ε

.

Now taking N = q2k and ε < 2
2k , combining (1) and (6)-(9) we obtain the asymp-

totic formula

∑∗

χ(−1)=1

|L(1, χ̄χ4)|2k =
J(q)

2

∞∑
n=1

(n,2q)=1

τ2
k (n)
n2

+ O(qε).

This proves Lemma 4.

Lemma 5. Let q be any odd integer with q > 2, χ be the Dirichlet character
modulo q and χ8 be the real primitive character modulo 8 with χ(−1) = −1. Then
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we have the asymptotic formula:

∑∗

χ(−1)=1

|L(1, χ̄χ8)|2k = J(q)
∞∑

n=1
(n,2q)=1

τ2
k (n)
n2

+ O(qε).

Proof. By using the same method as proving Lemma 4, we can also get this
Lemma.

Lemma 6. Let q be any odd integer with q > 2, χ be the Dirichlet character
modulo q, χ4 be the primitive character modulo 4, χ8 be the real primitive character
modulo 8 with χ(−1) = −1 and k ≥ 2 be any positive integer. Then for any fixed
nonnegative integer a, b ≤ k such that if a = 0 then b �= 0 and if a = k, then
b �= k, we have∑∗

χ(−1)=1

χ̄a(2)χb(2)La(1, χ̄χ4)Lb(1, χχ4)Lk−a(1, χ̄χ8)Lk−b(1, χχ8)

=

{
1
2C(a)J(q) + O(qε), if a = b;

O(qε), if a �= b,

where C(a)=
∞∑

n=1
(n,q)=1

r2
a(n)
n2

is a constant and ra(n)=
∑
t|n

τa(t)χ4(t)τk−a

(n

t

)
χ8

(n

t

)
.

Proof. During the procedure of proving this lemma, we put

A(y, χ) =
∑

N<n≤y

χ(n)ra(n) and B(y, χ) =
∑

N<n≤y

χ(n)rb(n),

where N is a parameter with q ≤ N < q2k+1. Then from Abel’s identity we have

La(1, χ̄χ4)Lk−a(1, χ̄χ8)

=
∞∑

n1=1

χ̄χ4(n1)τa(n1)
n1

∞∑
n2=1

χ̄χ8(n2)τk−a(n2)
n2

=
∞∑

n=1

χ̄(n)ra(n)
n

=
∑

1≤n≤N

χ̄(n)ra(n)
n

+
∫ ∞

N

A(y, χ̄)
y2

dy.

Similarly, we can write

Lb(1, χχ4)Lk−b(1, χχ8) =
∑

1≤n≤N

χ(n)rb(n)
n

+
∫ ∞

N

B(y, χ)
y2

dy.
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Hence, we have

(10)

∑∗

χ(−1)=1

χ̄a(2)χb(2)La(1, χ̄χ4)Lb(1, χχ4)Lk−a(1, χ̄χ8)Lk−b(1, χχ8)

=
∑∗

χ(−1)=1

χ̄a(2)χb(2)


 ∑

1≤n1≤N

χ̄(n1)ra(n1)
n1

+
∫ ∞

N

A(y, χ̄)
y2

dy




×

 ∑

1≤n2≤N

χ(n2)rb(n2)
n2

+
∫ ∞

N

B(y, χ)
y2

dy


 .

From the proof of Lemma 4, we know that only the term which does not contain
the infinite integral will make contribution to the main term of (10). That is,

(11)

∑∗

χ(−1)=1

χ̄a(2)χb(2)La(1, χ̄χ4)Lb(1, χχ4)Lk−a(1, χ̄χ8)Lk−b(1, χχ8)

=
∑∗

χ(−1)=1

χ̄a(2)χb(2)
∑

1≤n1≤N

∑
1≤n2≤N

χ(n̄1n2)ra(n1)rb(n2)
n1n2

+ O(qε).

Then from Lemma 3, we can write

(12)

∑∗

χ(−1)=1

χ̄a(2)χb(2)
∑

1≤n1≤N

∑
1≤n2≤N

χ(n̄1n2)ra(n1)rb(n2)
n1n2

=
1
2

∑′

1≤n1≤N

∑′

1≤n2≤N

ra(n1)rb(n2)
n1n2

∑
d|(q,2̄a2bn̄1n2−1)

µ(d)φ
(q

d

)

+1
2

∑′
1≤n1≤N

∑′
1≤n2≤N

ra(n1)rb(n2)
n1n2

∑
d|(q,2̄a2bn̄1n2+1) µ(d)φ

( q
d

)

=
1
2

∑
d|q

µ(d)φ
(q

d

) ∑′

1≤n1≤N

∑′

1≤n2≤N

2̄a2bn̄1n2≡1( mod d)

ra(n1)rb(n2)
n1n2

+
1
2

∑
d|q

µ(d)φ
(q

d

) ∑′

1≤n1≤N

∑′

1≤n2≤N

2̄a2bn̄1n2≡−1( mod d)

ra(n1)rb(n2)
n1n2

,

where
∑′

1≤n≤N

denotes the summation over all integers n with (n, q) = 1 and 1 ≤

n ≤ N . Now we study the first summation in (12).
(I) If b ≥ a, we split the sum over n1 or n2 into following four cases:

(i) d ≤ n1 ≤ N and d
2b−a ≤ n2 ≤ N ;
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(ii) d ≤ n1 ≤ N and 1 ≤ n2 ≤ d
2b−a − 1;

(iii) 1 ≤ n1 ≤ d − 1 and d
2b−a ≤ n2 ≤ N ;

(iv) 1 ≤ n1 ≤ d − 1 and 1 ≤ n2 ≤ d
2b−a − 1.

(II) If b < a, we split the sum over n1 or n2 into following cases:
(i) d ≤ n2 ≤ N and d

2a−b ≤ n1 ≤ N ;
(ii) d ≤ n2 ≤ N and 1 ≤ n1 ≤ d

2a−b − 1;
(iii) 1 ≤ n2 ≤ d − 1 and d

2a−b ≤ n1 ≤ N ;
(iv) 1 ≤ n2 ≤ d − 1 and 1 ≤ n1 ≤ d

2a−b − 1.

By using the same method as proving Lemma 4, we know that the main term
of (12) will be

1
2

∑
d|q

µ(d)φ
(q

d

) ∑′

1≤n1≤d−1

∑′

1≤n2≤ d
2b−a−1

2̄a2bn̄1n2≡1( mod d)

ra(n1)rb(n2)
n1n2

=
1
2

∑
d|q

µ(d)φ
(q

d

) ∞∑
n2=1

(n2,q)=1

ra(2b−an2)rb(n2)
2b−an2

2

+ O(qε), if b ≥ a

or

(13)

1
2

∑
d|q

µ(d)φ
(q

d

) ∑′

1≤n1≤ d

2a−b −1

∑′

1≤n2≤d−1

2̄a2bn̄1n2≡1( mod d)

ra(n1)rb(n2)
n1n2

=
1
2

∑
d|q

µ(d)φ
(q

d

) ∞∑
n1=1

(n1,q)=1

ra(n1)rb(2a−bn2)
2a−bn2

1

+ O(qε), if b < a.

In fact, noting that ra(n1) � nε
1 we have the estimates, for case I) b ≥ a,

∑
d|q

µ
(q

d

)
φ(d)

∑′

d≤n1≤N

∑′

d

2b−a ≤n2≤N

2b−an2≡n1( mod d)

ra(n1)rb(n2)
n1n2

�
∑
d|q

φ(d)
∑

1≤r1≤N
d

∑
1≤r2≤ 2b−aN

d

d−1∑′

l1=1

d−1∑′

l2=1

l2≡l1( mod d)

ra(r1d + l1)rb(r2d + l2)
(r1d + l1)(r2d + l2)

�
∑
d|q

φ(d)
∑

1≤r1≤N
d

∑
1≤r2≤ 2b−aN

d

d−1∑′

l1=1

[(r1d + l1)(r2d + l1)]ε

(r1d + l1)(r2d + l1)
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�
∑
d|q

φ(d)
d

∑
1≤r1≤N

d

∑
1≤r2≤ 2b−aN

d

[(r1d + 1)(r2d + 1)]ε

r1r2

� qε,∑
d|q

µ
(q

d

)
φ(d)

∑′

d≤n1≤N

∑′

1≤n2≤ d

2b−a−1

2b−an2≡n1( mod d)

ra(n1)rb(n2)
n1n2

�
∑
d|q

φ(d)
∑

1≤r1≤N
d

∑
1≤n2≤ d

2b−a −1

(r1n2d)ε−1

� qε,∑
d|q

µ
(q

d

)
φ(d)

∑′

1≤n1≤d−1

∑′

d

2b−a≤n2≤N

2b−an2≡n1( mod d)

ra(n1)rb(n2)
n1n2

�
∑
d|q

φ(d)
∑

1≤n1≤d−1

∑
1≤r2≤ 2b−aN

d

(n1r2d)ε−1 � qε

and 1
2

∑
d|q

µ(d)φ
(q

d

) ∑′

1≤n1≤N

∑′

1≤n2≤N

2̄a2bn̄1n2≡−1( mod d)

ra(n1)rb(n2)
n1n2

� qε,

which can be deduced by same argument in (5). For case II) b < a, the same
estimations can be obtained similarly.

Noting that ra(n) = rb(n) = 0 if 2|n, we can conclude that
1
2

∑
d|q

µ(d)φ
(q

d

) ∑′

1≤n1≤d−1

∑′

1≤n2≤ d

2b−a −1

2̄a2bn̄1n2≡1( mod d)

ra(n1)rb(n2)
n1n2

= 0, if b > a

or
(14)

1
2

∑
d|q

µ(d)φ
(q

d

) ∑′

1≤n1≤ d
2a−b −1

∑′

1≤n2≤d−1

2̄a2bn̄1n2≡1( mod d)

ra(n1)rb(n2)
n1n2

= 0, if b < a.

Hence, from (10), (11), (12), (13) and (14) we have
∑∗

χ(−1)=1

χ̄a(2)χb(2)La(1, χ̄χ4)Lb(1, χχ4)Lk−a(1, χ̄χ8)Lk−b(1, χχ8)

=




1
2J(q)

∞∑
n=1

(n,q)=1

r2
a(n)
n2

+ O(qε), if a = b;

O(qε), if a �= b.
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Since ra(n) � nε,
∞∑

n=1
(n,q)=1

r2
a(n)
n2

is convergent. This proves Lemma 6.

Lemma 7. Let r(n) =
∑
t|n

χ4(t)χ8

(n

t

)
, then we have

∞∑
n=1

(n,q)=1

r2(n)
n2

=
π4

96

∏
p|q

(
1 − 1

p4

) ∏
p�q

p≡1,7( mod 8)

(
1 +

2
p2 − 1

)2

.

Proof. Noting that χ8(n) = χ4(n)χ′
8(n), where χ′

8(n) is another real primitive
character modulo 8 such that χ′

8(−1) = 1, we can write

r(n) =
∑
t|n

χ4(t)χ4

(n

t

)
χ′

8

(n

t

)
= χ4(n)

∑
t|n

χ′
8(t).

Since

χ′
8(n) =

{
1 if n ≡ 1, 7( mod 8);

−1 if n ≡ 3, 5( mod 8),

from Euler product formula we can write

(15)

∞∑
n=1

(n,2q)=1

r2(n)
n2

=
∏
p�2q

(
1 +

r2(p)
p2

+
r2(p2)

p4
+

r2(p3)
p6

+ · · ·
)

=
∏
p�q

p≡3,5( mod 8)

(
1 +

1
p4

+
1
p8

+ · · ·+ 1
p4i

+ · · ·
)

×
∏
p�q

p≡1,7( mod 8)

(
1 +

4
p2

+
9
p4

+ · · ·+ (i + 1)2

p2i
+ · · ·

)
.

Let
S = 1 +

4
p2

+
9
p4

+ · · ·+ (i + 1)2

p2i
+ · · · .

It is clear that

S

(
1− 1

p2

)2

= 1 +
2
p2

(
1

1− 1
p2

)
.
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That is,

S =
1 + 1

p2(
1− 1

p2

)3 .

So from (15), we have

∑∞
n=1(n,q)=1

r2(n)
n2 =

∏
p�q

p≡3,5( mod 8)

1
1− 1

p4

∏
p�q

p≡1,7( mod 8)

1 + 1
p2

(1 − 1
p2 )3

=
∏
p�2q

1
1 − 1

p4

∏
p�q

p≡1,7( mod 8)

(
1 + 1

p2

)2

(1− 1
p2 )2

= ζ(4)
∏
p|2q

(
1 − 1

p4

) ∏
p�q

p≡1,7( mod 8)

(
1 +

2
p2 − 1

)2

=
π4

96

∏
p|q

(
1 − 1

p4

) ∏
p�q

p≡1,7( mod 8)

(
1 +

2
p2 − 1

)2

,

where we have used the fact ζ(4) = π4

90 . This proves Lemma 7.

3. PROOFS OF THE THEOREMS

In this section, we will complete the proofs of the theorems.

Proof of Theorem 1. Note that |τ(χ)| =
√

q if χ is a primitive character modulo
q. So from Lemma 2, we can write

∑∗

χ(−1)=1

∣∣∣∣∣∣
∑
a< q

8

χ(a)

∣∣∣∣∣∣
2k

=
qk

4kπ2k

∑∗

χ(−1)=1

∣∣∣χ̄(2)L(1, χ̄χ4) +
√

2L(1, χ̄χ8)
∣∣∣2k

=
qk

4kπ2k

∑∗

χ(−1)=1

∣∣∣∣∣
k∑

i=1

(
k

i

)
χ̄i(2)Li(1, χ̄χ4)

√
2

k−i
Lk−i(1, χ̄χ8)

∣∣∣∣∣
2

=
qk

4kπ2k

k∑
i=0

k∑
j=0

√
2
2k−i−j

(
k

i

)(
k

j

)
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(16)

×
∑∗

χ(−1)=1

χ̄i(2)χj(2)Li(1, χ̄χ4)Lj(1, χχ4)Lk−i(1, χ̄χ8)Lk−j(1, χχ8)

=
qk

4kπ2k


 ∑∗

χ(−1)=1

|L(1, χ̄χ4)|2k + 2k
∑∗

χ(−1)=1

|L(1, χ̄χ8)|2k

+
k−1∑
i=1

k−1∑
j=1

√
2
2k−i−j

(
k

i

)(
k

i

)

×
∑∗

χ(−1)=1

χ̄i(2)χj(2)Li(1, χ̄χ4)Lj(1, χχ4)Lk−i(1, χ̄χ8)Lk−j(1, χχ8)

+
k∑

j=1

√
2
2k−j

(
k

j

) ∑∗

χ(−1)=1

χj(2)Lj(1, χχ4)Lk(1, χ̄χ8)Lk−j(1, χχ8)

+
k−1∑
j=0

√
2

k−j
(

k

j

) ∑∗

χ(−1)=1

χ̄k(2)χj(2)Lk(1, χ̄χ4)Lj(1, χχ4)Lk−j(1, χχ8)

+
k∑

i=1

√
2
2k−i

(
k

i

) ∑∗

χ(−1)=1

χ̄i(2)Li(1, χ̄χ4)Lk(1, χχ8)Lk−i(1, χ̄χ8)

+
k−1∑
i=0

√
2

k−i
(

k

i

) ∑∗

χ(−1)=1

χ̄i(2)χk(2)Li(1, χ̄χ4)Lk(1, χχ4)Lk−i(1, χ̄χ8)


 .

From Lemma 6 and (16), we can easily get

∑∗

χ(−1)=1

∣∣∣∣∣∣
∑
a< q

8

χ(a)

∣∣∣∣∣∣
2k

=
J(q)qk

22k+1π2k

k∑
i=0

2k−i

(
k

i

)2

Ci + O
(
qk+ε

)
,

where Ci =
∞∑

n=1
(n,2q)=1

r2
i (n)
n2

is a constant related to i,

ri(n) =
∑
t|n

τi(t)χ4(t)τk−i

(n

t

)
χ8

(n

t

)

for 1 < i < k and r0(n) =
√

2τk(n), rk(n) = τk(n). This proves Theorem 1.

Proof of Theorem 2. Putting k = 2, combining Lemma 4, Lemma 5, Lemma 6
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and Lemma 7, after some simple calculation we have

∑∗

χ(−1)=1

∣∣∣∣∣∣
∑
a< q

8

χ(a)

∣∣∣∣∣∣
4

=
q2

16π4


 ∑∗

χ(−1)=1

|L(1, χ̄χ4)|4 + 4
∑∗

χ(−1)=1

|L(1, χ̄χ8)|4

+8
∑∗

χ(−1)=1

L(1, χ̄χ4)L(1, χχ4)L(1, χ̄χ8)L(1, χχ8)

+2
∑∗

χ(−1)=1

χ2(2)L2(1, χχ4)L2(1, χ̄χ8)

+4
√

2
∑∗

χ(−1)=1

χ(2)L(1, χχ4)L2(1, χ̄χ8)L(1, χχ8)

+2
∑∗

χ(−1)=1

χ2(2)L2(1, χχ4)L2(1, χχ8)

+2
√

2
∑∗

χ(−1)=1

χ̄(2)L2(1, χ̄χ4)L(1, χ̄χ4)L(1, χχ8)

+4
√

2
∑∗

χ(−1)=1

χ̄(2)L(1, χ̄χ4)L(1, χ̄χ8)L2(1, χχ8)

+2
√

2
∑∗

χ(−1)=1

χ(2)L(1, χ̄χ4)L2(1, χχ4)L(1, χ̄χ8)

+4
∑∗

χ(−1)=1

χ̄2(2)L2(1, χ̄χ4)L2(1, χχ8)




=
q2J(q)
384



∏
p|q

(
1 − 1

p4

) ∏
p�q

p≡1,7( mod 8)

(
1 +

2
p2 − 1

)2

+
27
32

∏
p|q

(p2 − 1)3

p4(p2 + 1)


+ O(q2+ε).

This proves Theorem 2.
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