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APPROXIMATION WITH JACOBI WEIGHTS BY BASKAKOV
OPERATORS

Jian-Jun Wang* and Zong-Ben Xu

Abstract. Using the modulus of smoothness ω2
ϕλ(f, t)ω, direct theorem with

Jacobi weights of Baskakov operators is established in this paper; In addition,
a weak-type inverse theorem of Baskakov operators is obtained in the weighted
norm.

1. INTRODUCTION

The Baskakov operator is defined by

(0.1) Vn(f ; x) =
∞∑

k=0

f(
k

n
)vn,k(x), f ∈ CB [0,∞),

where vn,k(x) = Ck
n+k−1xk(1 + x)−(n+k).

Since we only consider the Baskakov operator, let us suppose that ϕ2(x) =
x(1 + x). First, we give some notations,

(0.2)
Ca,b = {f |f ∈ CB [0,∞), ωf ∈ L∞[0,∞)},

‖ f ‖ω = sup
0≤x<∞

|ω(x)f(x)|+ |f(0)|,

where CB [0,∞) represents the set of bounded continuous functions in [0,∞),
ω(x) = xa(1 + x)−b(0 < a < 1, b > 0) is a Jacobi weight function.

In the norm (1.2), the r-th modulus of smoothness of Ditzian-Totik with Jacobi
weights is given by (see [1])
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(0.3)

Ω2
ϕλ

(f ; t)ω = sup
0<h≤t

‖ ω(x)∆2
hϕλf(x) ‖

[(2t)
2

2−λ ,∞)

+ sup
0<h≤(2t)

2
2−λ

‖ ω(x)�∆2
hϕλf(x) ‖

[0,12(2t)
2

2−λ ]
,

∆2
hf(x) = f(x+h)−2f(x)+f(x−h), �∆2

hf(x) = f(x+2h)−2f(x+h)+f(x),

and the K-functional by

(0.4) K2
ϕλ(f ; t2)ω = inf

g
{‖ f − g ‖ω +t2 ‖ ϕ2λg′′ ‖ω, g′ ∈ A.C.loc}.

From the reference [1], we have the following relationship£º

(0.5) C−1Ω2
ϕλ(f ; t)ω ≤ K2

ϕλ(f ; t2)ω ≤ CΩ2
ϕλ(f ; t)ω.

In the paper, the letter C, appearing in various formulas, denotes a positive con-
stant independent of n, x and f . Its value may be different at different occurrences,
even within the same formula.

As Baskakov operators has the property of preserves linear, for convenience the
following discussion, we may suppose f ∈ C0

a,b, the space C0
a,b is

C0
a,b = {f |f ∈ Ca,b, f(0) = 0}.

For Baskakov operators (1.1), L.S Xie([2]) gave an interesting direct estimate,

(0.6) |Vn(f ; x)− f(x)| = O{ω2
ϕλ(f ; n− 1

2 ϕ1−λ(x))},

where 0 ≤ λ ≤ 1, ω2
ϕλ(f ; t) = sup0<h≤t ‖ ∆2

hϕλf(x) ‖, which unifies the classical
estimate for λ = 0 and norm estimate for λ = 1.

As the inverse result, S.S Guo, H.Z Tong etc ([8]) obtained the Stechkin-
Marchaud-Type inequalities for the Baskakov operators as follows 1

(0.7) ω2
ϕ(f ; n− 1

2 ) ≤ C
1
n

n∑
k=1

{‖Vkf − f‖+ ‖ f ‖},

where ‖ f ‖= sup
x∈[0,∞)

|f(x)|.
Naturally, we will consider the following problems: ” are there the similar results

( (1.6) and (1.7)) in the approximation with Jacobi weights by Baskakov operators ?”
As we known, approximation with weights is not a simple generalization of normal
approximation means; In the norm ‖ ωf ‖∞, both Baskakov operators and Bernstein
Here we take the special situation of the results of the reference [8], which is corresponding to our
natation.
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operators are not bounded( see [3, 6]); Introducing the norm (1.2) in [3], P.C.Xuan
and D.X.Zhou obtained the bounded of Baskakov operators in the approximation
with Jacobi weights. The purpose of this paper are to prove the following results
which is similar to (1.6) and (1.7) by Baskakov operators in the norm (1.2). That is

Theorem. For f ∈ Ca,b, 0 ≤ λ ≤ 1 and 0 < q < 1, we have

(0.8) ‖ Vnf − f ‖ω≤ CΩ2
ϕλ(f ; n− 1

2 ϕ1−λ(x)))ω;

(0.9) Ω2
ϕλ(f ; n− 1

2 )ω ≤ C
δn,λ(x)

n

n∑
k=1

(
k

n
)q−1{‖Vkf − f‖ω +

1
n
‖ f ‖ω},

where δn,λ(x) = {min(n− 1
2 ; ϕ(x))}2(λ−1).

Corollary. For f ∈ Ca,b, we have

(0.10) Ω2
ϕ(f ; n− 1

2 )ω ≤ C
1
n

n∑
k=1

(
k

n
)q−1{‖Vkf − f‖ω +

1
n
‖ f ‖ω}.

Obviously, if 1 > q > α > 0, then (1.8) and (1.10) give a characterization for the
approximation order of n−α with 0 < α < 1.

2. FUNDAMENTAL LEMMA

Now we give some lemmas:

Lemma 2.1. If c ≥ 0, d ∈ R, 0 < γ < 1, then we have

(2.1) |
∞∑

k=1

(
k

n
)−c(1 +

k

n
)dvn,k(x)| ≤ Cx−c(1 + x)d, x > 0,

(2.2) |
∞∑

k=0

(
n

n + k
)γvn+2,k(x)| ≤ C(1 + x)−γ .

Proof. In [3], the authors gave the inequality (2.1) for c ≥ 0, d ≥ 0; For
c ≥ 0, d < 0, using Cauchy-Schwarz inequality, we have

|
∞∑

k=0

(
n

n + k
)mvn+2,k(x)| ≤ C(1 + x)−m (m ∈ N ),

and using the methods of [3], It is not difficult to show (2.1).
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Next we prove the inequality (2.2), by the Cauchy-Schwarz and the Hölder
inequality,

|
∞∑

k=0

( n
n+k )γvn+2,k(x)| ≤ |

∞∑
k=0

(
n

n + k
)2γvn+2,k(x)| 12 |

∞∑
k=0

vn+2,k(x)| 12

≤ |
∞∑

k=0

(
n

n + k
)2vn+2,k(x)| γ

2 |
∞∑

k=0

vn+2,k(x)| 1−γ
2

≤ C(1 + x)−γ .

The proof of Lemma 2.1 is completed.

Lemma 2.2. If f ∈ D, n ∈ N , then

(2.3) |ω(x)ϕ2λV ′′
n (f ; x)| ≤ C ‖ ϕ2λf ′′ ‖ω .

where D = {g|g ∈ C0
a,b, g

′ ∈ A.C.loc, ‖ ϕ2λg′′ ‖ω< ∞}.
Proof. In view of (2.1),

|ω(x)ϕ2λV ′′
n (f ; x)|

= |ω(x)xλ(1 + x)λn(n + 1)
∞∑

k=0

vn+2,k(x)��2
1
n
f(

k

n
)|

≤ Cω(x)xλ(1 + x)λ{|(n + 1)
∞∑

k=1

vn+2,k(x)
∫ 2

n

0

(1 + k
n + u)b−λ

( k
n + u)a+λ

du|

+|n(n + 1)vn+2,0(x)
∫ 2

n

0
u1−a−λ(1 + u)b−λdu|} ‖ ϕ2λf ′′ ‖ω

≤ Cω(x)xλ(1 + x)λ{
∞∑

k=1

vn+2,k(x)(
k

n
)−a−λ(1 +

k

n
)b−λ

+n(n + 1)vn+2,0(x)
( 2

n)2−a−λ

2− a − λ
} ‖ ϕ2λf ′′ ‖ω

≤ C{ω(x)xλ(1 + x)λ
∞∑

k=1

vn+2,k(x)(
k

n + 2
)−a−λ(1 +

k

n + 2
)b−λ

+xa+λ(1 + x)−n−2−b+λn(n + 1)(
2
n

)2−a−λ} ‖ ϕ2λf ′′ ‖ω

≤ C ‖ ϕ2λf ′′ ‖ω .

In the above course of proof, we have used the following inequalities (see [1]),

��2
1
n
f(

k

n
) ≤ Cn−1

∫ 2
n

0
|f ′′(

k

n
+ u)|du, k = 1, 2, · · ·



Approximation with Jacobi by Baskakov 161

��2
1
n
f(0) ≤ C

∫ 2
n

0
u|f ′′(u)|du.

The proof of Lemma 2.2 is completed.

Lemma 2.3. If 0 ≤ λ ≤ 1, x, t ∈ (0,∞), then

(2.4)
|
∫ t

x
|t − u|ϕ−2λ(u)ω−1(u)du|

≤ C(t − x)2(ϕ−2λ(x)ω−1(x) + x−a−λ(1 + t)b−λ).

Proof. Let u = t + τ(x − t), 0 ≤ τ ≤ 1, we have

|
∫ t

x

|t − u|ϕ−2λ(u)ω−1(u)du|

= |
∫ t

x

|t − u| (1 + u)b−λ

ua+λ
du|

≤ |
∫ t

x

|t − u|
ua+λ

du|((1 + x)b−λ + (1 + t)b−λ)

≤ |
∫ 1

0

τ(x − t)2

(τx + (1 − τ)t)a+λ
dτ |((1 + x)b−λ + (1 + t)b−λ)

≤ (x − t)2
∫ 1

0

τ1−a−λ

xa+λ
dτ((1 + x)b−λ + (1 + t)b−λ)

≤ 1
2 − a − λ

(t − x)2(ϕ−2λ(x)ω−1(x) + x−a−λ(1 + t)b−λ),

which verifies Lemma 2.3.

Lemma 2.4. If f ∈ C0
a,b, n ∈ N, then

(2.5)
∣∣∣ω(x)ϕrλ(x)V (r)

n (f ; x)
∣∣∣ ≤ Cn

r
2

{
min{n− 1

2 , ϕ(x)}
}r(λ−1) ‖f‖ω

Proof. To prove (2.5), we consider the following two conditions,
(i) If 0 ≤ ϕ(x) < 1√

n
, we write

∣∣∣ω(x)ϕrλ(x)V (r)
n (f ; x)

∣∣∣ ≤ Cω(x)n− rλ
2 nr ‖f‖ω

∞∑
k=0

ω−1(
k

n
)vn+r,k(x)

≤ Cn− rλ
2 nr ‖f‖ω

≤ Cn
r
2 n

r
2
(1−λ) ‖f‖ω
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(ii) If ϕ(x) ≥ 1√
n
, using the representation of V

(r)
n (f ; x) (see([1], P127)),

V (r)
n (f ; x) = ϕ−2r(x)

r∑
i=0

Qi(n, x)ni
∞∑

k=0

vn,k(x)(
k

n
− x)if(

k

n
)

where Qi(n, x) is a polynomial in nx(1 + x) of degree r−i
2 with consistent

boundary, and

∣∣niϕ−2r(x)Qi(n, x)
∣∣ ≤ C

(
n

ϕ2(x)

) r+i
2

.

So we have∣∣∣ω(x)ϕrλ(x)V (r)
n (f ; x)

∣∣∣
≤ Cω(x)ϕrλ(x)

r∑
i=0

(
n

x(1 + x)
)

r+i
2

∞∑
k=0

vn,k(x)
∣∣∣∣kn − x

∣∣∣∣
i ∣∣∣∣f(

k

n
)
∣∣∣∣

≤ Cϕrλ(x) ‖f‖ω

r∑
i=0

(
n

ϕ2(x)
)

r+i
2

∞∑
k=0

vn,k(x)
∣∣∣∣kn − x

∣∣∣∣i ω(x)ω−1(
k

n
)

≤ Cϕrλ(x) ‖f‖ω

r∑
i=0

(
n

ϕ2(x)
)

r+i
2

{ ∞∑
k=0

vn,k(x)
∣∣∣∣kn − x

∣∣∣∣2i
} 1

2
{ ∞∑

k=0

vn,k(x)ω2(x)ω−2(
k

n
)

}1
2

≤ Cϕrλ(x) ‖f‖ω

r∑
i=0

(
n

ϕ2(x)
)

r+i
2

{
δn(x)√

n

}i

≤ Cn
r
2 ϕr(λ−1) ‖f‖ω .

The proof of Lemma 2.4 is completed.

Lemma 2.5. (see [2]). If 0 ≤ λ ≤ 1, 0 ≤ β ≤ 1, 0 < h < 1
22+λ and

x > 2hϕλ(x), then

(2.6)
∫ hϕλ(x)

2

−hϕλ(x)
2

∫ hϕλ(x)
2

−hϕλ(x)
2

ϕ−2β(x + u1 + u2)du1du2 ≤ Ch2ϕ2(λ−β)(x).

Lemma 2.6. (see [9]). Suppose that for nonnegative sequences {µ n},{φn} with
µ1 = 0, the inequality (s > 0, Q ≥ 1)

(2.7) µn ≤ Q(
k

n
)sµk + Mφk (1 ≤ k ≤ n)
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holds for n ∈ N , then one has

(2.8) µn ≤ Mqn
−q

n∑
k=1

kq−1φk

with q = s in case Q = 1 and with 0 < q < s else.

3. THE PROOF OF THEOREM

Now we prove the main theorems.
First, we give the following two inequalities:

(1) If x ≥ 1
n , then

(3.1) Vn((t − x)2(1 + t)b−λ; x) ≤ C
ϕ2(x)

n
(1 + x)b−λ.

(2) If 0 < x < 1
n , then

(3.2) ω(x)
∞∑

k=0

vn,k(x)
∫ x

k
n

|k
n
− u|ω−1(u)ϕ−2λ(u)du ≤ C

ϕ2−2λ(x)
n

.

In fact, if 0 < b ≤ λ, from the (9.5.10) of [1], we have

Vn((t − x)4; x) =
ϕ4(x)

n2
q0(x) +

ϕ2(x)
n3

q1(x)

=
ϕ4(x)

n2
(q0(x) +

q1(x)
nϕ2(x)

) ≤ C
ϕ4(x)

n2
.

where q0(x), q1(x) is the polynomial in x of degree zero and two, respectively.
Therefore, by the Cauchy-Schwarz, the Hölder inequalities and the equation

(9.6.3) of [1], we have

Vn((t − x)2(1 + t)b−λ; x) ≤ (Vn((t − x)4; x))
1
2 (Vn((1 + t)2(b−λ); x))

1
2

≤ (Vn((t − x)4; x))
1
2 (Vn((1 + t)−2; x))

λ−b
2

≤ C
ϕ2(x)

n
(1 + x)b−λ.

If b > λ, by (2.1)
Vn((1 + t)b−λ; x) ≤ C(1 + x)b−λ,

the Cauchy-Schwarz and the Hölder inequalities, we can directly compute

Vn((t − x)2(1 + t)b−λ; x) ≤ (Vn((t − x)4; x))
1
2 (Vn((1 + t)2(b−λ); x))

1
2

≤ C
ϕ2(x)

n
(1 + x)b−λ.

Next we prove (3.2).
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(i) If k = 0 and 0 < x < 1
n , then

ω(x)vn,0(x)
∫ x

0
uω−1(u)ϕ−2λ(u)du

= ω(x)(1 + x)−n

∫ x

0

u1−a−λ(1 + u)b−λdu.

If 0 < b ≤ λ, then

ω(x)(1 + x)−n

∫ x

0
u1−a−λ(1 + u)b−λdu

≤ ω(x)(1 + x)−n

∫ x

0

u1−a−λdu

≤ Cω(x)(1 + x)−nx2−a−λ

≤ Cϕ2−2λ(x)(1 + x)−(n+b−λ)

≤ C
ϕ2−2λ(x)

n
.

If b > λ, then

ω(x)(1 + x)−n

∫ x

0
u1−a−λ(1 + u)b−λdu

≤ ω(x)(1 + x)−n+b−λ

∫ x

0

u1−a−λdu

≤ Cϕ2−2λ(x)(1 + x)−n

≤ C
ϕ2−2λ(x)

n
.

(ii) If k ≥ 1 and 0 < x < 1
n , then

ω(x)
∞∑

k=1

vn,k(x)
∫ x

k
n

|k
n
− u|ω−1(u)ϕ−2λ(u)du

≤ ω(x)
∞∑

k=1

vn,k(x)(
k

n
− x)ϕ−2λ(x)(1 +

k

n
)b

∫ x

k
n

u−adu

≤ ω(x)
∞∑

k=1

vn,k(x)(
k

n
− x)ϕ−2λ(x)(1 +

k

n
)b ( k

n)1−a − x1−a

1 − a

≤ ω(x)
1 − a

ϕ−2λ(x)
∞∑

k=1

vn,k(x)(
k

n
− x)2−a(1 +

k

n
)b
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≤ ω(x)
1 − a

ϕ−2λ(x){(
∞∑

k=1

vn,k(x)(
k

n
− x)2)1−

a
2 (

∞∑
k=1

vn,k(x)(1 +
k

n
)

2b
a )

a
2 }

≤ ω(x)
1 − a

ϕ−2λ(x)(
ϕ2(x)

n
)1−

a
2 (1 + x)b

≤ Cx
a
2 ϕ2−2λ(x)n−1+a

2 (1 + x)−
a
2

≤ C
1
n

ϕ2−2λ(x)(nx)
a
2

≤ C
1
n

ϕ2−2λ(x).

From (i),(ii), we can get the inequality (3.2).
Thus, for all g′ ∈ A.C.loc, since Vn(f ; x) have the properties of preserving

constants and linear, by Taylor formula, (2.4) and (3.1), for x ≥ 1
n , we have

|ω(x)(Vn(g; x)− g(x))|

= |ω(x)Vn(
∫ t

x
(t − u)g′′(u)du; x)|

≤ |ω(x)Vn(
∫ t

x
|t − u|ω−1(u)ϕ−2λ(u)du; x)| ‖ ϕ2λ(x)g′′ ‖ω

≤ C ‖ ϕ2λ(x)g′′ ‖ω {ϕ−2λ(x)Vn((t − x)2; x)

+x−a−λω(x)Vn((t − x)2(1 + t)b−λ; x)}

≤ C
1
n

ϕ2−2λ(x) ‖ ϕ2λ(x)g′′ ‖ω .

For 0 < x < 1
n , by (3.2),

|ω(x)(Vn(g; x)− g(x))|

= |ω(x)Vn(
∫ t

x

(t − u)g′′(u)du; x)|

≤ |ω(x)Vn(
∫ t

x

|t − u|ω−1(u)ϕ−2λ(u)du; x)| ‖ ϕ2λ(x)g′′ ‖ω

≤ C ‖ ϕ2λ(x)g′′ ‖ω |ω(x)
∞∑

k=0

vn,k(x)
∫ x

k
n

|k
n
− u|ω−1(u)ϕ−2λ(u)du|

≤ C
1
n

ϕ2−2λ(x) ‖ ϕ2λ(x)g′′ ‖ω .
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Hence, for f ∈ CB [0,∞) and for all g′ ∈ A.C.loc, we have

|ω(x)(Vn(f ; x)− f(x))| ≤ |ω(x)Vn(f − g; x)|+ |ω(x)(f(x)− g(x))|

+|ω(x)(Vn(g; x)− g(x))|

≤ C{‖ f − g ‖ω +(n− 1
2 ϕ1−λ(x))2 ‖ ϕ2λ(x)g′′ ‖ω}.

Using the inequality (1.4) and (1.5), we can easily obtain the inequality (1.8).
The following we prove the inequality (1.9).
Let

µn =
1
n
‖ϕ2λ(V ′′

n − V ′′
1 )f‖ω,

φn = δn,λ(x)‖Vnf − f‖ω +
δ1,λ(x)

n
‖f‖ω,

where δn,λ(x) = {min(n− 1
2 ; ϕ(x))}2(λ−1).

By (2.3) and (2.5), we have

µn

≤ 1
n
‖ϕ2λV ′′

n f‖ω +
1
n
‖ϕ2λV ′′

1 f‖ω

≤ 1
n
‖ϕ2λV ′′

n (Vkf − f)‖ω +
1
n
‖ϕ2λV ′′

n Vkf‖ω +
Cδ1,λ(x)

n
‖ f ‖ω

≤ C

n
‖ϕ2λV ′′

k f‖ω + Cδn,λ(x)‖Vkf − f‖ω +
Cδ1,λ(x)

n
‖ f ‖ω

≤ C

n
‖ϕ2λ(V ′′

k −V ′′
1 )f‖ω +

C

n
‖ϕ2λV ′′

1 f‖ω+Cδn,λ(x)‖Vkf − f‖ω+
Cδ1,λ(x)

n
‖ f ‖ω

≤ C
k

n
µk + Cφk.

Therefore Lemma 2.6 implies

‖ϕ2λ(V ′′
n − V ′′

1 )f‖ω ≤ Cδn,λ(x)
n∑

k=1

(
k

n
)q−1{‖Vkf − f‖ω +

1
n
‖ f ‖ω}

Hence,

‖ϕ2λV ′′
n f‖ω ≤ Cδn,λ(x)

n∑
k=1

(
k

n
)q−1{‖Vkf − f‖ω +

1
n
‖ f ‖ω} + ‖ϕ2V ′′

1 f‖ω

≤ Cδn,λ(x)
n∑

k=1

(
k

n
)q−1{‖Vkf − f‖ω +

1
n
‖ f ‖ω}.
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For n ≥ 2, there exists l ∈ N , such that n
2 ≤ l ≤ n, and

‖Vlf − f‖ω ≤ ‖Vkf − f‖ω,
n

2
≤ k ≤ n.

Using the definition of K2
ϕλ(f ; t2)ω(see (1.4)), we have

K2
ϕλ(f ;

1
n

)ω

≤ ‖Vlf − f‖ω +
1
n
‖ϕ2λV ′′

l f‖ω

≤ 2
n

n∑
k=n

2

‖Vkf − f‖ω +
C

n
δn,λ(x)

l∑
k=1

(
k

n
)q−1{‖Vkf − f‖ω +

1
n
‖ f ‖ω}

≤ 2
n
{

n∑
k=1

‖Vkf − f‖ω +
1
n
‖ f ‖ω}

+
C

n
δn,λ(x)

n∑
k=1

(
k

n
)q−1{‖Vkf − f‖ω +

1
n
‖ f ‖ω}

≤ C
δn,λ(x)

n

n∑
k=1

(
k

n
)q−1{‖Vkf − f‖ω +

1
n
‖ f ‖ω}

Thus by (1.5), we can obtain the inverse result.
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