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ON WEAK TYPE BOUNDS FOR A FRACTIONAL INTEGRAL
ASSOCIATED WITH THE BESSEL DIFFERENTIAL OPERATOR

Mehmet Zeki Sarikaya* and Hüseyin Yildirim

Abstract. In this study we show that IΩ,α,v andMΩ,α,v, the fractional integral
and maximal operators the generalized shift operator generated by Bessel dif-
ferential operator respectively, are bounded operators fromL1,v

(
|x|β(n+2|v|−α)

n+2|v| ,

R
+
n ) to L n+2|v|

n+2|v|−α
,∞

(
|x|β , R+

n

)
where 0 < α < n + 2 |v| , v = (v1, ..., vn),

v1 > 0, ..., vn > 0, |v| = v1 + ... + vnand −1 < β < 0.

1. INTRODUCTION

Suppose that R
n is the n-dimensional Euclidean space, x = (x1, x2, ..., xn),

y = (y1, y2, ..., yn) are vectors in R
n, x.y = x1y1 + ... + xnyn, |x| = (x.x)

1
2 ,

R
+
n ={x : x = (x1, ..., xn), x1 > 0, ..., xn > 0} ,

and
B+

r = {x : x ∈ R
+
n |x| ≤ r}.

is the sphere centered at origin with radius r.
The Bessel differential operator is defined by

Bi =
∂2

∂x2
i

+
2vi

xi

∂

∂xi
, i = 1, 2, ..., n,

v = (v1, ..., vn), v1 > 0, ..., vn > 0, |v| = v1 + ... + vn.
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Lp,v = Lp,v(R+
n ) is defined with respect to the Lebesgue measure

(
n∏

i=1
x2vi

i

)
dx

the following

Lp,v = Lp,v(R+
n )=


f : ‖f‖p,v =


∫

R
+
n

|f(x)|p
(

n∏
i=1

x2vi

i

)
dx




1
p

< ∞


,

where 1 ≤ p < ∞, 1
p + 1

p′ = 1. |B+
r | =

∫
B+

r

(
n∏

i=1
x2vi

i

)
dx = Crn+2|v|.

Denote by Ty
x the generalized shift operator acting according to the law

Ty
xf(x) =Cv

π∫
0

...

π∫
0

f

(√
x2

1+y2
1−2x1y1 cosα1, ...,

√
x2

n+y2
n−2xnyn cosαn

)

n∏
i=1

(sin2vi−1 αidαi)

where x, y ∈ R
+
n , Cv =

n∏
i=1

Γ(vi + 1)
Γ( 1

2 )Γ(vi)
[3, 7]. Let f be in Lp,v(R+

n ), 1 ≤ p < ∞.

Then T y
xf belongs to Lp,v(R+

n ), and

‖T y
xf‖p,v ≤ ‖f‖p,v .

We remark that T y
x is closely connected with the Bessel differential operator [4].

d2U

dx2
i

+
2vi

xi

dU

dxi
=

d2U

dy2
i

+
2vi

yi

dU

dyi

U(xi, 0) = f(xi)

Uyi(xi, 0) = 0

where xi > 0, yi > 0 , vi > 0 and i = 1, 2, ..., n.
The convolution operator determined by the Ty

x is defined by

(f ∗ ϕ)(x) =
∫

R
+
n

f(y)T y
xϕ(x)(

n∏
i=1

y2vi
i )dy

This convolution known as a B-convolution. We note the following properties
of the B-convolution and Ty [4,7].

(a) f ∗ ϕ = ϕ ∗ f
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(b) ‖f ∗ ϕ‖r,v ≤ ‖f‖p,v ‖ϕ‖q,v 1 ≤ p , r ≤ ∞ , 1
r = 1

p + 1
q − 1

(c) T y
x .1 = 1, T y

xf(x) = T x
y f(x)

(d) If f(x), g(x) ∈ C(R+
n ) , g(x) is a bounded function all x > 0 and∫

R
+
n

|f (x)| (
n∏

i=1

x2vi
i )dx < ∞

then ∫
R

+
n

T y
x f(x)g(y)(

n∏
i=1

y2vi
i )dy =

∫
R

+
n

f(y)T y
xg(x)(

n∏
i=1

y2vi
i )dy

e. |T y
xf(x)| ≤ sup

x≥0
|f(x)| .

Suppose that 0 < α < n+2 |v| , and Ω ∈ Lp,v(B+
1 ) (p ≥ 1), where B+

1 denotes
the unit sphere of R

+
n . Moreover, Ω is homogeneous for degree zero. In this work,

we define the fractional maximal operator by

MΩ,α.vf(x) = sup
r>0

1
rn+2|v|−αw(n, v)

∫
B+

r

f(y)T y
xΩ(x)(

n∏
i=1

y2vi
i )dy

where
w(n, v) =

∫
B+

1

(
n∏

i=1

x2vi
i )dx.

and the fractional integral operator by

IΩ,α,vf(x) =
∫

R
+
n

f(y)T y
x

[
|x|α−n−2|v| Ω(x)

]
(

n∏
i=1

y2vi
i )dy.

The classical fractional integral IΩ,α is defined by

IΩ,αf(x) =
∫

R
+
n

Ω(x − y)
|x − y|n−α f(y)dy, 0 < α < n.

In 1971, B.Muckenhoupt and R.Wheeden [5] studied the weighted norm inequalities
for the classical integral IΩ,α with power weight. In 1993, S.Chanillo, D.Watson
and R. Wheeden [1] proved that the classical IΩ,α fractional integral operator is
of weak type (1, n

n−α ) under the restriction of s ≥ n
n−α . On the other hand, in
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1997, Y.Ding [2] studied the idea in [6] to extend the result about weighted weak
type (1, n

n−α ) for classical IΩ,α and MΩ,α to power weights. The IΩ,α,v fractional
integral operator generated by the generalized shift operator is the generalized Riesz
potential for Ω(x − y) = const. The boundedness of this potential from Lp,v(R+

n )
to Lq,v(R+

n ) was proved for 1
q = 1

p − α
n+2|v| [7-9]. Moreover, H. Yĺld ĺr ĺm and M.

Z. Sarikaya studied the boundedness of the derivatives of the this potential [8].
Using the harmonic analysis associated with the Bessel operator (generalized

translation operators, generalized convolution, Fourier-Bessel transform, etc.) and
the same idea as for the classical case, we defined and study in this paper the
fractional integral operator with the Bessel operator. In this paper, we will study the
weightedweak type (1, n+2|v|

n+2|v|−α
) for the IΩ,α,v fractional integral operator generated

by the generalized shift operator. Finaly, we show that the IΩ,α,v and MΩ,α,v

are bounded operators L1,v

(
|x|

β(n+2|v|−α)
n+2|v| , R

+
n

)
to L n+2|v|

n+2|v|−α
,∞

(
|x|β , R

+
n

)
where

0 <α<n + 2 |v| , v =(v1, ..., vn), v1 > 0, ..., vn > 0, |v|=v1 + ... + vn and −1<
β< 0.

2. MAIN RESULTS

This part is the main part of the article. In this part we prove some main
theorems for the fractional integral and maximal operators. Before giving these
theorems we will give lemmas with proof for the sake of use the proof of theorems.

Lemma 2.1. Let x, y ∈ R
+ . In this case there is the following inequality for

the generalized shift operator

|x − y|2 ≤ x2 + y2 − 2xy cos θ ≤ (x + y)2

where θ ∈ [0, π] .

Lemma 2.2. Let f ∈ Lp,v(R+
n ). There is the following inequality

|T y
x f(x)|p ≤ T y

x |f(x)|p , for
1
p

+
1
p′

= 1 , 1 ≤ p < ∞.

Proof. Let

F (α, x, y) = f(
√

x2
1 + y2

1 − 2x1y1 cosα1, ...,
√

x2
n + y2

n − 2xnyn cosαn)

From Hölder’s inequality, we get

|T y
x f(x)|p =

∣∣∣∣Cv

π∫
0

...
π∫
0

F (α, x, y)
n∏

i=1
(sin2vi−1 αidαi)

∣∣∣∣
p

≤
[(

Cv

π∫
0

...
π∫
0

|F (α, x, y)|p
n∏

i=1
(sin2vi−1 αidαi)

)]
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[(
Cv

π∫
0

...
π∫
0

n∏
i=1

(sin2vi−1 αidαi)
) 1

p′
]p

≤ T y
x (|f(x)|p).

Lemma 2.3. Let f ∈ Lp,v(R+
n ), 1 ≤ p < ∞. Then we have

‖T y
x f‖p,v ≤ ‖f‖p,v .

Proof. From Lemma 2.2 there is the following inequality

‖T y
xf‖p

p,v =
∫

R
+
n

|T y
xf(x)|p (

n∏
i=1

y2vi
i )dy

≤ ∫
R

+
n

T y
x (|f(x)|p) (

n∏
i=1

y2vi
i )dy.

If we consider the properties (c) and (d) of the operator Ty , then we have the
following inequality

‖T y
xf‖p,v ≤

( ∫
R

+
n

|f(y)|p (
n∏

i=1
y2vi
i )dy

)1
p

= ‖f‖p,v .

Lemma 2.4. If f, g ∈ Lp,v(R+
n ) and f is a increase function, then

T y
x [fg] (x) ≤ f(x − y)T y

xg(x).

Theorem 2.1. Let 0 < α < n + 2 |v| , 1 ≤ p < ∞ and 1
q = 1

p − α
n+2|v| .

If f ∈ Lp,v(R+
n ), then the integral IΩ,α,vf is absolutely convergent almost for

everywhere.

Proof. Let us write K(x) = |x|α−n−2|v| and decompose K as K1 + K∞, for
arbitrary µ > 0,

(1) K1(x) =




K(x), if |x| ≤ µ

0, if |x| > µ

, K∞(x) =




0, if |x| ≤ µ

K(x), if |x| > µ

.

Thus we write K ∗ f convolution as follow

K ∗ f = (K1 + K∞) ∗ f = (K1 ∗ f) + (K∞ ∗ f).
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Here it is seen that the integral K1 ∗ f is a convolution of functions K1 in L1,v,

and f in Lp,v. Hence from Minkowsky inequality for integrals, (c), (d), Lemma 2.2,
and Lemma 2.3, we have the following inequality

(2)

‖K1 ∗ f‖p,v

≤
( ∫

R
+
n

[ ∫
|y|≤µ

|f(y)T y
x [K1(x)Ω(x)]| (

n∏
i=1

y2vi
i )dy

]p

(
n∏

i=1
x2vi

i )dx

) 1
p

≤
( ∫

R
+
n

[ ∫
|y|≤µ

|[K1(y)Ω(y)]T y
x f(x)| (

n∏
i=1

y2vi
i )dy

]p

(
n∏

i=1
x2vi

i )dx

) 1
p

≤ ∫
|y|≤µ

K1(y)Ω(y)

[ ∫
R

+
n

|T y
x [f(x)]|p (

n∏
i=1

x2vi
i )dx

]1
p

(
n∏

i=1
y2vi
i )dy

≤ ∫
|y|≤µ

K1(y)Ω(y)

[ ∫
R

+
n

|f(x)|p (
n∏

i=1
x2vi

i )dx

]1
p

(
n∏

i=1
y2vi
i )dy

= ‖K1Ω‖1,v ‖f‖p,v < ∞.

Thus K1 ∗f ∈ Lp,v. Similarly, the integral K∞∗f is a convolution of function f in
Lp,v and any function in Lp′,v dual space. As a consequence, since (α−n−2 |v|)p′ ≤
−n − 2 |v| is equivalent to q < ∞, we have the following inequality

‖K∞ ∗ f‖∞,v ≤ ‖K∞Ω‖p′,v ‖f‖p,v .

Since ‖f‖p,v < ∞, we only need to show that ‖K∞Ω‖p′,v < ∞. In fact, using
(α − n − 2 |v|)p′ ≤ −n − 2 |v| and spherical coordinates we have

‖K∞Ω‖p′,v =

( ∫
|x|>µ

|x|(α−n−2|v|)p′ |Ω(x)|p′ (
n∏

i=1
x2vi

i )dx

) 1
p′

= C ‖Ω(θ)‖p′,v

(
r(α−n−2|v|)p′+n+2|v| |∞µ

) 1
p′

< ∞.

where ‖Ω(θ)‖p′,v =
∫

B+
1

|Ω(θ)|
n∏

i=1
(sin2vi−1 θidθi). Therefore ‖K∞ ∗ f‖∞,v is ab-

solutely convergent. This finishes the proof of Theorem 2.1.

Theorem 2.2. Let 1 ≤ p < q < ∞ and f ∈ Lp,v. Then the inequality

‖IΩ,α,vf‖q,v ≤ Cα(p, q, v) ‖f‖p,v , 0 < α < n + 2 |v|
has been hold if and only if

α = (n + 2 |v|)(1
p
− 1

q
).
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Therefore, in the case of p = 1, the integral IΩ,α,v is of weak type (1, q). That is,
if f ∈ L1,v, for arbitrary positive λ,

mes{x : |IΩ,α,vf | > λ} ≤
(

Cq ‖f‖1,v

λ

)q

where
mesE =

∫
E

(
n∏

i=1
x2vi

i )dx, E ⊂ R
+
n .

Proof. We assume that the following inequality holds

‖IΩ,α,vf‖q,v ≤ Cα(p, q, v) ‖f‖p,v .

Let us show that
α = (n + 2 |v|)(1

p
− 1

q
).

Let γ� be the dilation by the factor 	, 	 > 0, that is (γ�f)(x) = f(	x). Then we
have the following equalities

I. γ�−1[IΩ,α,vγ�f ](x) = 	−αIΩ,α,vf(x)

II. ‖γ�f‖p,v = 	
−n−2|v|

p ‖f‖p,v

III.
∥∥γ�−1IΩ,α,vf

∥∥ = 	
n+2|v|

q ‖IΩ,α,vf‖q,v

[7]. From I, II, III, and our assumption we get

‖	−αIΩ,α,vf‖q,v =
∥∥γ�−1[IΩ,α,vγ�f ]

∥∥
q,v

= 	
n+2|v|

q ‖IΩ,α,vγ�f‖q,v

≤ Cα(p, q, v)	
n+2|v|

q ‖γ�f‖p,v .

Thus we obtain ‖IΩ,α,vf‖q,v ≤ Cα(p, q, v)	α	
n+2|v|

q 	
−n−2|v|

p ‖f‖p,v . This result
necessitate

α = (n + 2 |v|)(1
p
− 1

q
).

Now let us assume that α = (n + 2 |v|)( 1
p − 1

q ) where 1 < p < q < ∞. We show
that inequality

‖IΩ,α,vf‖q,v ≤ Cα(p, q, v) ‖f‖p,v
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is valid for f ∈ Lp,v. Substituting µ with µ∗ = µ ‖f‖
q

n+2|v|
p,v > 0 in (1), then we

obtain

(3)

‖K1Ω‖1,v =
∫

|x|<µ

|x|α−n−2|v| |Ω(x)| (
n∏

i=1

x2vi
i )dx = C1(µ∗)α

‖K∞Ω‖p′,v =

( ∫
|x|≥µ

|x|(α−n−2|v|)p′ |Ω(x)|p′ (
n∏

i=1
x2vi

i )dx

) 1
p′

= C2(µ∗)−
n+2|v|

q

where 1
p + 1

p′ = 1. On the other hand, let us show that the mapping f → K ∗ f is
of type (p, q). That is, for f ∈ Lp,v(R+

n ) and arbitrary positive λ,

mes{x : |K ∗ f | > λ} ≤
(

C(p, q, v) ‖f‖p,v

λ

)q

where 1 ≤ p < ∞ and 1
q = 1

p − α
n+2|v| .

Now for any positive λ we write

mes{x : |K ∗ f | > 2λ} < mes{x : |K1 ∗ f | > λ} + mes{x : |K∞ ∗ f | > λ}.

Then we have
‖K∞ ∗ f‖∞,v ≤ ‖K∞Ω‖p′,v ‖f‖p,v

= C2(µ∗)−
n+2|v|

q ‖f‖p,v

= C2(µ)−
n+2|v|

q .

Here if we take C2(µ)−
n+2|v|

q = λ, then ‖K∞ ∗ f‖∞,v < λ. Therefore, we obtain
mes{x : |K∞ ∗ f | > λ} = 0. On the other hand, we have the following inequality
from (2)

mes{x : |K ∗ f | > 2λ} ≤ ‖K1 ∗ f‖p
p,v

λp

<
‖K1Ω‖p

1,v ‖f‖p
p,v

λp
.

Since C2(µ)−
n+2|v|

q = λ, there is equality µ∗ = C3(λ)
− q

n+2|v| ‖f‖−
q

n+2|v| . From
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1
q = 1

p − α
n+2|v| and (3) we have

mes{x : |K ∗ f | > 2λ} ≤
(

C4(λ)
− qα

n+2|v| ‖f‖p,v λ−1 ‖f‖
− qα

n+2|v|
p,v

)q

=

(
C4(λ)

−(1+
qα

n+2|v| ) ‖f‖
1+

qα
n+2|v|

p,v

)q

=
(

C(p, q, v) ‖f‖p,v

λ

)q

.

This means that the mapping f → K ∗ f is of type (p, q). If p = 1 and 1
q =

1 − α
n+2|v| , then

mes{x : |K ∗ f | > λ} ≤
(

C(p, q, v) ‖f‖1,v

λ

)q

.

That is, the mapping f → K ∗ f is of weak type (1, q).
According to Marcinkiewcz interpolation theorem, a strong type is obtained

from simultaneous two weak types. As a consequence of this theorem, we have the
following inequality

‖IΩ,α,vf‖q,v ≤ Cα(p, q, v) ‖f‖p,v .

This is also proof of second part of the theorem. Here, using with weak types
(p0, q0) = (1, q0) and (p, q1), we obtain

1
p
− 1

q
=

α

n + 2 |v|
from the following equalities

1
p

=
1 − θ

p0
+

θ

p1
= 1 − θ +

θ

p1
,

1
q

=
1 − θ

q0
+

θ

q1

1
q0

= 1 − α

n + 2 |v| ,
1
q1

=
1
p1

− α

n + 2 |v|
Therefore, the integral IΩ,α,vf is of strong type (p, q).

Lemma 2.5. Let q > 1 and Λ be a sublinear operator satisfying for each
a > 0 the estimate

(4)

∣∣{a
2 ≤ |x| ≤ a :

∣∣Λ(fχ{|x|>2a})(x)
∣∣ > λ

}∣∣
≤ C


 1

λ

∫
|y|>2a

|f(y)|
(

a

|y|
) 1

q

(
n∏

i=1

y2vi
i )dy




q

.
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Then, if Λ is of weak type (1, q), it is also of weak type
(
L1,v(|x|

β
q ), Lq,∞(|x|β)

)
for −1 < β < 0.

Proof. Given f, we now define, for each k ∈ Z, fk,0 = fχ{|x|≤2k+1} and
fk,1 = f − fk,0. Then we can write, as usual,

|Λf(x)| ≤
∑

k

|Λfk,0|χAk
+
∑

k

|Λfk,1|χAk

= Λ0f(x) + Λ1f(x)

where Ak = {x ∈ R
+
n : 2k−1 ≤ |x| < 2k} for each k ∈ Z.

If we call wβ(x) = |x|β , we have

wβ{x : Λ0f > λ} =
∫

{x: Λ0f>λ}

wβ(x)(
n∏

i=1

x2vi
i )dx

≤ C
∑

k

wβ(2k) |{x ∈ Ak : Λ0fk,0 > λ}|

≤ C

λq

∑
k

wβ(2k)


 ∫
|y|≤2k+1

|f(y)| (
n∏

i=1

y2vi
i )dy




1
q

=
C

λq

∑
k

wβ(2k)


 ∑

j≤k+1

∫
Aj

|f(y)| (
n∏

i=1

y2vi
i )dy




1
q

≤ C

λq



∑

j




 ∑

k≥j−1

∫
Aj

|f(y)| (
n∏

i=1

y2vi
i )dy




q

wβ(2k)




1
q




q

=
C

λq



∑

j

∫
Aj

|f(y)| (
n∏

i=1

y2vi
i )dy


 ∑

k≥j−1

wβ(2k)




1
q




q

≤ C

λq



∑

j

∫
Aj

|f(y)|wβ(2j)
1
q (

n∏
i=1

y2vi
i )dy




q

≤ C




1
λ

∫
R

+
n

|f(y)|wβ(y)
1
q (

n∏
i=1

y2vi
i )dy




q

Here we have used that Λ is a weak type (1, q) bounded operator and β < 0. In
order to estimate Λ1, we make use of (4):
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wβ{x : Λ1f > λ} =
∫

{x: Λ1f>λ}
wβ(x)(

n∏
i=1

x2vi
i )dx

≤ C
∑

k

wβ(2k) |{x ∈ Ak : Λ1fk,0 > λ}|

≤ C

λq

∑
k

wβ(2k)


 ∫
|y|>2k+1

|f(y)| ( 2k

|y| )
1
q (

n∏
i=1

y2vi
i )dy




q

=
C

λq

∑
k

wβ(2k)2k


∑

j≥k

∫
Aj

|f(y)| ( 1
|y|)

1
q (

n∏
i=1

y2vi
i )dy




1
q

≤ C

λq



∑

j

∫
Aj

|f(y)| ( 1
|y| )

1
q (

n∏
i=1

y2vi
i )dy


 ∑

k≥j−1

wβ(2k)2k




1
q




q

≤ C

λq



∑

j

∫
Aj

|f(y)| ( 1
|y| )

1
q (

n∏
i=1

y2vi
i )dywβ(2j)

1
q 2

j
q




q

≤ C




1
λ

∫
R

+
n

|f(y)|wβ(y)
1
q (

n∏
i=1

y2vi
i )dy




q

.

where we have used that β > −1. This finishes the proof of Lemma 2.5.

Lemma 2.6. Let 0 < α < n + 2 |v| , Ω ∈ Ls(B+
1 ) and s ≥ 1. Then there is a

C > 0 depending only on n, α and v such that

(5) MΩ,α,vf(x) ≤ CI|Ω|,α,v(|f |)(x).

Proof. Fix r > 0, then we have from (c) and (d) of the operator Ty

(6)

I|Ω|,α,v(|f |)(x) =
∫

|y|<r

|f(y)|T y
x

[
|x|α−n−2|v| |Ω(x)|

]
(

n∏
i=1

y2vi
i )dy

=
∫

|y|<r

|y|α−n−2|v| |Ω(y)|T y
x |f(x)| (

n∏
i=1

y2vi
i )dy

≥ 1
rα−n−2|v|

∫
|y|<r

|Ω(y)|T y
x |f(x)| (

n∏
i=1

y2vi
i )dy

=
1

rα−n−2|v|

∫
|y|<r

|f(y)|T y
x |Ω(x)| (

n∏
i=1

y2vi
i )dy
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Taking the supremum for r > 0 on two sides of (6), we get

I|Ω|,α,v(|f |)(x) ≥ sup
r>0

1
rα−n−2|v|

∫
|y|<r

|f(y)|T y
x |Ω(x)| (

n∏
i=1

y2vi
i )dy.

This is (5).

Theorem 2.3. Let 0 < α < n + 2 |v| ,−1 < β < 0,
n+2|v|

n+2|v|−α ≤ s ≤ ∞ and

f ∈ Ls(B+
1 ). Then IΩ,α,v is a bounded operator from L 1,v

(
|x|

β(n+2|v|−α)
n+2|v| , R

+
n

)
to

L n+2|v|
n+2|v|−α

,∞
(
|x|β , R

+
n

)
. That is, for any λ > 0 and any f ∈ L1,v

(
|x|

β(n+2|v|−α)
n+2|v| ,

R
+
n ) , ∫

{x: |IΩ,α,vf |>λ}

|x|β
(

n∏
i=1

x2vi
i

)
dx

≤ C


1

λ

∫
R

+
n

|f(x)| |x|
β(n+2|v|−α)

n+2|v|

(
n∏

i=1

x2vi
i

)
dx




n+2|v|
n+2|v|−α

where C is independent of λ and f.

Proof. Since IΩ,α,v is weak type (1,
n+2|v|

n+2|v|−α ) from Theorem 2.2, by Lemma

2.3 we only need to show that IΩ,α,v satisfies (4) for q = n+2|v|
n+2|v|−α and any a > 0

. In fact, from Lemma 2.1, 2.2, 2.3 and 2.4∣∣∣{a

2
≤ |x| ≤ a :

∣∣Λ(fχ{|x|>2a})(x) > λ
∣∣}∣∣∣

<
1
λq

∫
|x|≤a

∣∣IΩ,α,v(fχ{|x|>2a})(x)
∣∣q (

n∏
i=1

x2vi

i )dx

=
1
λq

∫
|x|≤a


 ∫
|y|>2a

|f(y)| T y
x

[
|x|α−n−2|v| |Ω(x)|

]
(

n∏
i=1

y2vi

i )dy




q

(
n∏

i=1

x2vi

i )dx

≤ 1
λq




∫
|y|>2a

|f(y)|


 ∫
|x|≤a

(
T y

x

[
|x|α−n−2|v| |Ω(x)|

])q

(
n∏

i=1

x2vi

i )dx




1
q

(
n∏

i=1

y2vi

i )dy




q

≤ C

λq




∫
|y|>2a

|f(y)|


 ∫
|x|≤a

1

|x − y|(n+2|v|−α)q
[T y

x |Ω(x)|]q (
n∏

i=1

x2vi

i )dx




1
q

(
n∏

i=1

y2vi

i )dy




q
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≤ C

λq




∫
|y|>2a

|f(y)| 1

|y|n+2|v|−α


 ∫
|x|≤a

|Ω(x)|q (
n∏

i=1

x2vi

i )dx




1
q

(
n∏

i=1

y2vi

i )dy




q

≤ C

λq




∫
|y|>2a

|f(y)| 1

|y|n+2|v|−α


∫
B+

1

2|y|+a∫
2|y|−a

|Ω(θ)|q rn+2|v|−1drdθ




1
q

(
n∏

i=1

y2vi

i )dy




q

≤ C

λq




∫
|y|>2a

|f(y)| 1

|y|n+2|v|−α
‖Ω(θ)‖q,v

(
(a |y|)n+2|v|−1

)1
q

(
n∏

i=1

y2vi

i )dy




q

= C ‖Ω(θ)‖q
q,v




1
λq

∫
|y|>2a

|f(y)|
(

a

|y|
) 1

q

(
n∏

i=1

y2vi

i )dy




q

.

Thus, the conclusion of Theorem 2.3 immediately follows from Lemma 2.5.

Theorem 2.4. Let 0 < α < n + 2 |v| ,−1 < β < 0,
n+2|v|

n+2|v|−α ≤ s ≤ ∞ and

f ∈ Ls(B+
1 ). ThenMΩ,α,v is a bounded operator fromL 1,v

(
|x|

β(n+2|v|−α)
n+2|v| , R

+
n

)
to

L n+2|v|
n+2|v|−α

,∞
(
|x|β , R

+
n

)
. That is, for any λ > 0 and any f ∈ L1,v

(
|x|

β(n+2|v|−α)
n+2|v| ,

R
+
n ) , ∫

{x: |MΩ,α,vf |>λ}

|x|β (
n∏

i=1

x2vi
i )dx

≤ C


 1

λ

∫
R

+
n

|f(x)| |x|
β(n+2|v|−α)

n+2|v| (
n∏

i=1

x2vi
i )dx




n+2|v|
n+2|v|−α

where C is independent of λ and f.

It is easy to see that proof of Theorem 2.4 is a direct consequence of Theorem
2.3 and Lemma 2.6.
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