TAIWANESE JOURNAL OF MATHEMATICS
Vol. 12, No. 9, pp. 2535-2548, December 2008
This paper is available online at http://www.tjm.nsysu.edu.tw/

ON WEAK TYPE BOUNDS FOR A FRACTIONAL INTEGRAL
ASSOCIATED WITH THE BESSEL DIFFERENTIAL OPERATOR

Mehmet Zeki Sarikaya* and Hiseyin Yildirim

Abstract. In this study we show that I ., and Mgq , o, the fractional integral

and maximal operators the generalized shift operator generated by Bessel dif-
Bn+2|v|—a)
ferential operator respectively, are bounded operators from L ,, (|x| 2l

R;f) t0 L_niopol (|x|B,R:{) where 0 < a < n+2|v|, v = (v1, ..., V),
nr2lol—a’

vy >0,..,0,>0,|v] =v1 +... +vpand —1 < § < 0.

1. INTRODUCTION

Suppose that R™ is the n-dimensional Euclidean space, x = (21, x2, ..., Tn),
) 1
y = (y1,Y2, ..., yn) are vectors in R", z.y = x1y1 + ... + 2pyn, |z| = (.22,

R;.t:{a? P T = (371, "'a‘r’n)a 1> 0,...,2n > 0};
and

Bf ={x:z eR} |z| <r}.

is the sphere centered at origin with radius r.
The Bessel differential operator is defined by

82 2'Ui 0

—
Ox; x; 0x;

B, = i=1,2,...,n,

v =(V1,.00y Up)y v1 > 0,.0yv, >0, 0| =01 + ... + vy
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n
Ly = L, (R;}) is defined with respect to the Lebesgue measure (H x?vl> dx
i=1

the following

D=

Lyo = Lyol BD= 15 171, = | [ 1P (H) do | <oot.
f i=1

n
where 1 < p < oo, % —|—I% =1. |Bf| = f+ <H1x12”2> dr = Cynt2lvl,
B \i=

Denote by T¢ the generalized shift operator acting according to the law

TYf(z)=C, / / < 22y —2x1y1 COS v, ...y \/T2 Y2 — 22 COS an)

H(sm%l a;da;)

i=1

no (v +1)

where z,y e R, C, = H —= 7
i=1 D(3)I(v;)

1
Then T7 f belongs to L, ,(R; ) and

T2 llpo < 1F 10 -

We remark that T}/ is closely connected with the Bessel differential operator [4].

[3,7]. Let f bein L, ,(R}), 1 <p < oo.

PU U 2a
de?  xpde;  dy? o oy dyi
U(z;,0) = f(x:)
in(fI,'Z‘,O) =0

where x; >0,y >0, v; >0andi=1,2,....n
The convolution operator determined by the T is defined by

(f *o)(x /f Hy%l

This convolution known as a B-convolution. We note the following properties
of the B-convolution and 7Y [4,7].

(a) fro=px*f
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O) [F*ell < 17l lelly, 1 <por<oo,
(c) TZ.1=1, Tif(z) = Ty f(2)
(d) If f(x),g(z) € C(R}) , g(z) is a bounded function all z > 0 and

S =

+

D=
Q =

/\f(w)\p [[ 2z < o0

then

/Té’f(w)g(y Yy dy—/ f)TYg( 2”’)dy

R/
e. |TZf(x)] < sgop\f(w)\-

Suppose that 0 < o < n+2v|,and Q € L, ,(B;) (p > 1), where Bf denotes
the unit sphere of R;\. Moreover, €2 is homogeneous for degree zero. In this work,
we define the fractional maximal operator by

Mg o.0f (x) = sup n+2|v| *w(n,v) /f ST Hy%’

r>07T

where

and the fractional integral operator by
IQan /f Ty ‘x‘a n—2|v| Q } Hy2vz

The classical fractional integral I, , is defined by

Toaf(x /ﬁf( )y, 0<a<n.

In 1971, B.Muckenhoupt and R.Wheeden [5] studied the weighted norm inequalities
for the classical integral I o, with power weight. In 1993, S.Chanillo, D.Watson
and R. Wheeden [1] proved that the classical Iq , fractional integral operator is

n

of weak type (1,-"~) under the restriction of s > —"—. On the other hand, in
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1997, Y.Ding [2] studied the idea in [6] to extend the result about weighted weak
type (1, ") for classical I, and Mg, to power weights. The Iq . fractional
integral operator generated by the generalized shift operator is the generalized Riesz
potential for Q(z — y) = const. The boundedness of this potential from L, ,(R;")
to Lq(R;) was proved for % = % — o7 [7-9]- Moreover, H. Yildirim and M.
Z. Sarikaya studied the boundedness of the derivatives of the this potential [8].
Using the harmonic analysis associated with the Bessel operator (generalized
translation operators, generalized convolution, Fourier-Bessel transform, etc.) and
the same idea as for the classical case, we defined and study in this paper the
fractional integral operator with the Bessel operator. In this paper, we will study the
weighted weak type (1, %) for the I ., fractional integral operator generated
by the generalized shift operator. Finaly, we show that the I o, and Mgq o4

B(nt2lv|-a)
are bounded operators L ,, (\x\ 2] ,Rj) 0L niop (\x\ﬂ,Rf{) where
n+2[v|—a’
0<a<n+2|,v=_(v1,...,0,),v1 >0,...,0, >0, |v|]=v; + ... + v, and —1<
6< 0.

2. MAIN RESULTS

This part is the main part of the article. In this part we prove some main
theorems for the fractional integral and maximal operators. Before giving these
theorems we will give lemmas with proof for the sake of use the proof of theorems.

Lemma 2.1. Let x,y € RT . In this case there is the following inequality for
the generalized shift operator

lo —y? <2 +y? — 2y cosl < (x +y)?
where 0 € [0, 7].

Lemma 2.2. Let f € L, ,(R;}). There is the following inequality

1 1
x)|" < x , or -+—==1, < p < o0.
TYf(2)|P < TY P o 1, 1<

Proof. Let

Fla,z,y) = f(\/x% +y2 — 221Y1 COS Q1 ..oy /T2 + Y2 — 22,Yy, COS Q)

From Holder’s inequality, we get

™ n p
Cy [ oo [ Fla,z,y) T] (sin?" ! a;day;)
0

=1

T f ()] =

O—x

=1

< [(cvof...ofw(a,x,y)\p 1] (sin2v! aidai))]
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(] i d>)]

=1

< T (1f(2)").
Lemma 2.3. Let f € L, ,(R}), 1 < p < co. Then we have

ITE fllpw < 110 -

Proof. From Lemma 2.2 there is the following inequality
T2 fIlp = | |TEf (= \p(H yi")dy
R
< f+ T (If(2)") (H yi")dy
Ry

If we consider the properties (¢) and (d) of the operator 7Y, then we have the
following inequality

1T f 1l < (f IF @I ( Hy%l) y) = [1fllp0 -

Lemma 24. If f,g € L, ,(R}) and f is a increase function, then
T} [f9l (x) < f(z —y)Tg ().

Theorem 2.1. Let 0 < o < n+2Jv, 1 <p< ooand% = %_ﬁﬂvl'
If f € Lp(RY), then the integral I [ is absolutely convergent almost for

everywhere.

Proof. Let us write K (z) = |#|* " 2"l and decompose K as K7 + Ko, for
arbitrary p > 0,

K(z), if |z] <p 0, if |z] <p
() Ki(z) = » Koo(z) =
0, if |z| > p K(z), if |x|>p

Thus we write K * f convolution as follow

Kxf=(K +Kx)xf=(Ki*f)+ (Kx*f).
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Here it is seen that the integral K * f is a convolution of functions K in Ly ,,
and f in L, ,. Hence from Minkowsky inequality for integrals, (c), (d), Lemma 2.2,
and Lemma 2.3, we have the following inequality

1K1 % fl, 1
< <f+ L |£ |f(y)TY (K1 (2)Q(z )H(H y“)dy] <ﬁ1w?”i>dx>p
< (f L J \[Kl(y)ﬂ(y)]T%’f(w)\(H y“)dy] <ﬁw?”i>dw>p

) RE Jyl<p . =1
§||£ Ki(y) f\Ty \p(Hw2”’) x] (Hy””)
S||£ Ki(y) f\f )P ( Hw%l) x] (H i) dy

= [ B9, (11l <.

Thus Ky * f € Ly, ,. Similarly, the integral K * f is a convolution of function f in
L, and any function in L, ,, dual space. As a consequence, since (a—n—2 |v|)p" <
—n — 2 |v] is equivalent to ¢ < oo, we have the following inequality

HKOO * f”oo,v S HKOOQHp/,v Hf”p,'u .

Since || f]|,,, < oo, we only need to show that || KQ||,, , < co. In fact, using
(. —n —2v|)p’ < —n — 2 |v| and spherical coordinates we have

'B\l =

1K ]y, = ( Sl @) P (] x?vi)dHC)
|z[>p i=1

1
7

= O], (rlem=tibpr el 12) 7 < o

where [|Q(0)],, , = f |2(0)] H(sm%l 19,d0;). Therefore || Ko % fllo. is ab-

=

solutely convergent. Thls finishes the proof of Theorem 2.1.

Theorem 2.2. Let 1 <p < q<ooand f € Ly,,. Then the inequality
Hoaofll,, < Calpa,v) Ifll,,, 0<a<n+2|vl

has been hold if and only if

a=(n+2|)(

).

@IH
QlH
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Therefore, in the case of p = 1, the integral 1, is of weak type (1, q). That is,
if f € Ly, for arbitrary positive A,

C q
mes{z : |loaof] > A} < <%>

where

n
mesE = [([] 27%)dz, E C R}.
E i=1

Proof. We assume that the following inequality holds

Hoawflly, < Calp;g,v) £,

Let us show that

a=(n+2[))(=--).
Let v, be the dilation by the factor p, ¢ > 0, that is (v,f)(z) = f(ox). Then we
have the following equalities

S | =
Q| =

L Vo1 [Iﬂ,a,v’)'@f] (1‘) = Q_alﬂ,a,vf(x)

—n—2|v|

IL vefll,o =20 7 Ifll,.
n+2|v|

IL ||79_119,a,vf|| = QT HIQ,oc,foq,v

[7]. From I, II, III, and our assumption we get

e TSl = e Unanrefl,,

n+2|v|

= Q a HIQ,OC,’UFYQqu"U

n+2|v|

S Coz(p7Q7v)Q E ”FYQpr,v :

n+2jv] —n—2|v|
Thus we obtain [Io,a,0fl,, < Calp,q,v)0% ¢ o P | fll,, This result
necessitate

1 1
a=n+2ph -0

Now let us assume that & = (n + 2 \v\)(% — %) where 1 < p < ¢ < co. We show
that inequality
Hoawflly, < Calp,q0)Ifll,,
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q
is valid for f € L,,. Substituting ;2 with 1* = g || f|l;>"" > 0 in (1), then we
obtain
n
K0, = [ lal g [ = Cal)®
i <p =t
1
3 , , v
Ok, = (el @) (1T 22 da
’ || >p i=1
_ n+2|y|
= Cay(pr) ¢

where % + 1% = 1. On the other hand, let us show that the mapping f — K * f is
of type (p,q). That is, for f € L, ,(R;") and arbitrary positive A,

mes{a: K+ f] >} < (C(p’q’”) i ”Pv”)q

A

1_1_ _a
Where1§p<ooandq—p P T

Now for any positive A we write
mes{x: |K * f| >2\} < mes{z: |Ky* f| > A} + mes{x: |Ko * f| > A}

Then we have
HKOO * f”oo,v S HKOOQHp/,v Hf”p,'u

_ n+2[y|
= GC(w) Nl
_ n+2|y|
= Ca(p) @
_ n+2|y|
Here if we take Cao(u) ¢ = A, then || K * f[,, < A. Therefore, we obtain

mes{z : |Ko * f| > A} = 0. On the other hand, we have the following inequality
from (2)
K= f|?
mes{z: |K * f| >2\} < Hl)\#
_ QU 1150
AP '

_ n+2|y| __q __q
Since Cy(p) 4 = ), there is equality pu* = C3(\) +2l00 || f|| »+2[*[ | From
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1_1_ _a
¢ = p " mio and (3) we have

q
__gqx o 2
mes{z: |K * f| > 2\} < <c4<x> 2T || £y A f 2 ')
( g qo q
= <c4<x> w2 || £ ”“'”')

( o) ufupv>

This means that the mapping f — K * f is of type (p,q). If p = 1 and % =
1-— then

o
n+2|v|’

mes{z: |K* f| > A} < < (p’Q7)\)”fH1v>

That is, the mapping f — K * f is of weak type (1, q).

According to Marcinkiewcz interpolation theorem, a strong type is obtained
from simultaneous two weak types. As a consequence of this theorem, we have the
following inequality

Moaofll,, < Calp.g, ) Ifll,, -
This is also proof of second part of the theorem. Here, using with weak types
(po,qo0) = (1, qo) and (p, q1), we obtain

1 1 o

pog n+2y

from the following equalities

1 1-6 0 0 1 1—-6 0
== t—=1-0+—, == + =
p Pbo b1 b1 q q0 q1
1 o 11 a
9 n+ 2|’ @ p1 n+2|

Therefore, the integral I, f is of strong type (p, q).

Lemma 2.5. Let q > 1 and A be a sublinear operator satisfying for each
a > 0 the estimate

H% < ‘x‘sa: | (fX{|a:|>2a}) |>)‘}|

¥ |y [ v (ww) Hym

ly|>2a

IN
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Then, if A is of weak type (1,q), it is also of weak type <L1 o(|x| 9 ) g.00(|Z] ))

for —1 < 3 <0.

Proof.  Given f, we now define, for each k € Z, fro = fX{jz<2++1} and
fxq = f — fro. Then we can write, as usual,

[ASf(x

‘ < Z‘Aka‘XAk +Z‘Afk I‘XAk

—Aof( )+ A f ()

where Ay = {z € R} : 2871 < |2| < 2¥} for each k € Z.

If we call wg(x) =

wa{z: Aof > A} =

IN

IN

IN

/\

|z|” , we have
wp(x) (] [ 27")da
{J?:Aof>>\} i=1
< Cng(Qk) ‘{1‘ € Ak : AOfk,O > )\}‘
k 1
2
e Z wp(2Y) H Y dy
F \ly|§2’“+1
a
172 ws@) | Y /\f Hy%l
k j<k+1A
q AN
c v
N > [ Qs | ws2
k>j— lA
1y 4
C q
21}1
< Z/\f Hy y| 3 ws(2)
k>j—1
q
C 1 "
S [ \wﬂTQHyZZ
L 7 A
q
1 o
/ st (L)

Here we have used that A is a weak type (1, ¢) bounded operator and 3 < 0. In
order to estimate Aj, we make use of (4):
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wa{z: Aif > A} = / wa(a) ([ [ 27 da
{2 ALF>A) ‘
< Cng ) {z € A+ Aifio > A}

|\
x|
S
=@
o
=
»QI»—‘
:1 1=
§°

IA
4l
™
—

KH

IN
z1Q
S

=

S
_|H
»QI»—A

where we have used that 5 > —1. This finishes the proof of Lemma 2.5.

Lemma 2.6. Let 0 < a <n+2v|, Q€ Ly(B;) and s > 1. Then there is a
C > 0 depending only on n, o and v such that

(5) MQ,a,vf(x) < CI|Q|,a,v(‘f‘)(x)'

Proof. Fix r > 0, then we have from (c) and (d) of the operator 7Y

Loy a0 (|f]) (2 / |f(y)|TY [‘x‘o‘ n— 2|v|‘Q } Hy2vz

lyl<r
/ ‘y‘a n— 2|v|‘Q ‘Ty‘f Hy2vl
(6) |y|<7’
21}1
> / Q)| 7Y | (a Hy

lyl<r

lyl<r
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Taking the supremum for > 0 on two sides of (6), we get

lioenllf@) = s [ 11T 00 Hy%z

lyl<r

This is (5).

Theorem 2.3. Let 0 < a<n+2|v|,—-1< (<0, %<s<ooand

n+2|v|—a)
f € Ls(BY). Then Iq 4, is a bounded operator from L1, <\x\ n+2v] R;) to

B(n+2]v|—a)
L oniop (\x\ﬂ,Rj) . That is, for any A\ > 0 and any f € L, <\x\ n+2[v]

n+2|v|—a’

R,

n
||® (H x?”l> dx
{z: ‘Ig’a’vf‘>>\} =1

n+2|v|
n+2|v|—a

Bn2fvl—a) (I
/‘f ‘x‘ Tt Hxivz dx
i=1

where C' is independent of A and f.

Proof.  Since Iq o, is weak type (1, %) from Theorem 2.2, by Lemma
2.3 we only need to show that I  , satisfies (4) for ¢ = % and any a > 0

. In fact, from Lemma 2.1, 2.2, 2.3 and 2.4

Hg <|z|<a: | (FX{lal>201) (@) > )\|H

n
< / |IQ a,v fX{|1|>2a} fow
i=1

|J,|<a

- / @I T [J2” =2 jo)]| Hy% ([ 22")da

[z|<a [ly[>2a 1:11
: aTnTiw I 5 Vg - Vg

<51 [ uwr] [ (@[ o)) [Tatde] (T

ly|>2a |z|<a i=1 i=1
< g |f 1 [T |Q(x)|]q (H xzm)dx (H y-Q”*)dy
Y . (n+2[v|—a)gl™ = ] i | ;

yl i=1 i=1
y|>2a |¢|<a
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C 1 n . ? )
< I / |f(y)l W |Q(x)|‘1(sz2 Vdz Hyz s
ly|>2a 4 [z <a i=1
C 1 [ 2ly|+a q B 4
< IV / |f(y)| W / / |Q(9)|‘17an+2|1)|—1d7ﬂd9 (H yf"”)dy
ly|>2a Y 1B+ 2lyl—a i=1
q
¢ 1 n v v
<501 [ VOl 190, (@@l oK Hy%
|y
ly[>2a .
= C|Q 1 207
= H ( | q,v E | |y| Hy

ly|>2a

Thus, the conclusion of Theorem 2.3 immediately follows from Lemma 2.5.

n+2|v|

) wral—a < s < oo and

Theorem 2.4. Let0 < a<n+2pp,-1<8<0

B(n+2]v|—a)
f € Ls(By). Then Mg, o, is a bounded operator from L 1, <\x\ n+2] Rj) to

B(n+2|v|—a)
L o T (\x\ﬂ ,R:) . That is, for any A\ > 0 and any f € L, <\x\ n+2[v]
RY),

[ e AL

{z: ‘Mg’a’vf‘>>\} =1

B(n+2|v|—o)
<C /\f IFezzoe Hx%’

where C' is independent of Aand f.

n+2|v|
n+2|v|—a

It is easy to see that proof of Theorem 2.4 is a direct consequence of Theorem
2.3 and Lemma 2.6.
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