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A CLASS OF MEROMORPHIC MULTIVALENT FUNCTIONS
WITH POSITIVE COEFFICIENTS

M. K. Aouf

Abstract. In this paper, we introduce a class FY' p(a, B,~) of meromorphic
multivalent functions in U* = {z : 0 < |z| < 1} by using a differential oper-
ator DY f (z). We obtain coefficient estimates, distortion theorem, radius of
convexity, closure theorems and integral transforms for the class F}' p(a, B8,7).
Several results involving the Hadamard products of functions belonging to the

class F;{tp(a, 0,~y) are also derived.

1. INTRODUCTION

Let E;; denote the class of functions of the form:

1 o
(1.1) fle)=—+ > apra ™ (apir > 0ip e N ={1,2,..})
k=0
which are analytic and p-valent in the punctured disc U* = {z : z € C and

0 < |z] <1} =U\{0}.
For a function f(2) € X}, we define the following differential operator:

DS f(2) = f(2),
D}, f(2) = (1=Nf(x) +32f (2) + &

0
= Dxpf(2)(A>0;p € N),
D3 ,f(2) = Dap(Dy ,f(2)) ,
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and

D}, f(2) = Dy (D}, f(2))

= (1=ND}, f(2) + 32(D3, () + B(A = 0m,p € N).

(1.2)

It can be easily seen that

p+ Ak

(13) DY fE) = o+ S (E a2 (e No= NU{0}ipe V).

k=0 p

Also we can write DY f(z) as follows:

Lf(2) = (f : {i + za%f’f)nzm})

k=0
= (f*¥7)(2),

[e.°]
where Uh(z2) = & + > (1%’\]“)”2”’“ and (*) denotes convolution.
k=0

With the aid of the differential operator DY | f(z) we define the class I} (v, 8,7)
as follows:

A function f(z) in X is in the class I (a, B, 7) if it satisfies the following
inequality:

DR, (2) +p

(1.4 27— DD}, f(2) + (2ra—7)

<B(zeU%)

(@0 <a<p);B0<B<1)v(3 <y <1);A>0;p€ N;ne No).
We note that the class Foo’l(a,ﬁ, v) = Xala, ,7)(0<a<1,0< <1 and
% <« < 1) was studied by Cho et al. [4]. Also we note that:

() FE (0 1,1) = B, (@) = {£(2) € T : Re { =" 1(D} ()} > .0 <
a<p,p€N,ne Ny, zeU*};
(i) F9, (0 1,1) = Fy(a) = {f(:) € T;: Re {=2"1f'(2) } > a,0<a <.
pEN,zeU*};
(i) F(a5.1) = Fya )= { ) € 5
a<p0<pf<1l,peN,zeU"}.

P (2) +p
zP+1f/(z)+2oc—p

<B,zeU*0<
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Meromorphically multivalent functions have been extensively studied (for ex-
ample) by Mogra ([9] and [10]), Uralegaddi and Ganigi [15], Aouf ([1] and [2]),
Aouf et al. [3], Srivastava et al. [14], Owa et al. [11], Joshi and Aouf [5], Joshi
and Srivastava [6], Liu [7], Liu and Srivastava [8], Raina and Srivastava [12] and
Yang [16].

In the present paper, we obtain coefficient estimates, distortion theorems, radius
of convexity, closure theorems and integral transforms for the class Fj’\l p(a, B,7).
Several results involving the Hadamard products of functions belonging to the class
Ff’p(a, B3,7) are also derived.

2. COEFFICIENTS ESTIMATES

Theorem 1. A function f(z) defined by (1.1) is in the class F} (o, 8,7) if
and only if

o0

ey Sp+hd ;A’“w(l 287 = Bayk < 28v(p— ),
k=0

f0r0§a<p,0<ﬂ§1,%Sfygl,neNo,peNand)\ZO.
Proof. Suppose (2.1) holds. Then we have
DR F(2)) +p| = B|(@y = DR F(2) + (270 - p)| <0

provided

S+ m(* ;)\k)” ap 2P = B129(p - @)

k=0

=D 2y = D(p+ k)
k=0

(2.2)
D+ Ak

)" ap+kz2p+k‘ <0.

For |z| = r < 1 the left hand side of (2.2) is bounded above by

e}

+ Ak,
Z(p + k)(pT) ap+k7"2p+k —207(p—a) +
k=0

> B2y = 1)(p+ k)
k=0

p+ Ak 2k

)nap+kr

o0

<Y+ k)
k=0

p+ Ak
p

)"(1 428y = B)apsr —28v(p—a) < 0.
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Hence f(2) € FY (., 3,7).
Conversely, suppose
(DY f(2)) +p
(2y = D2Pt(D} f(2))" — (27— p)

> (9 + k) () a2
k=0 *
= ~ < B(zeU").
2y =1 - kZ (p+ k) (EE2E)mqy, 1229 HF) — (2ya - p)

=0

Using the fact that |Re(z)| < |z| for all z, we have
> (p+ k) (EEE) a2tk

(23) Re h=0 <B(zeU").

21(p—0) = 3 (29 1)(pK) (2 a2

Now choose the values of z on the real axis so that zp“(DQ’p f(2))" is real. Upon
clearing the denominator in (2.3) and letting z — 1~ through positive values, we
obtain

e}

>+ k)(2 ;Ak)”(l + 208y = B)aprk < 20v(p — ).
k=0

Hence the result follows.

Corollary 1. If the function f(z) defined by (1.1) is in the class F'}! (e, B,7),
then

26y(p — )
(p+ k) (EE2E)2(1 4 28y - B)

This result is sharp for the function f(z) given by

1 267(p — )
(2.5) f(2) = 2P * (p+ k)(z%/\k)”(l + 28y - B)

Putting n = A =0 and 6 =+ = 1 in Theorem 1, we obtain:

(2.4) aprk < (k>0;pe N;ne Ny).

2P TE (k>0;p€ N;ne Ny).

Corollary 2. A finction f(z) defined by (1.1) is in the class F;(a)(0 < a < p)
if and only if

(2.6) > (p+k)ape < (p—a).
k=0
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We note that this result is obtained also by Mogra [10].

3. DISTORTION THEOREM

Theorem 2. If the function f(z) defined by (1.1) is in the class F'{ (c, 8,7),
then for 0 < |z| =r < 1,

1 _20p-a) 1 20p-a)
(3-1) P p(1+28y— ﬁ)rp <IfEI= 5+ p(1+ 28y — ﬁ)rp7
and
(32) p _ 2/87(19_ Oé) ,rp—l < ‘f/(z)‘ < p 2/87(19 - Oé) ,rp—I'

ol (14268 = B) (14287 = B)

The bounds in (3.1) and (3.2) are attained for the function f(z) given by

1 2 -

Proof. In view of Theorem 1, we have

p(1+287 = B) > aper < S (p+ k)(p; J°(1+ 267 — B)aps
k=0 k=0
< 28v(p— ),
that is, that
> 26v(p — @)
o 2 S 2 )

Thus, for 0 < |z| =r < 1,

1 o0
1F(2)] < =+ appar?™h

rp
k=0

1 9]
(35) < ST apan
k=0

1 208v(p — «) P

— P p(1+28y - f)
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and
1 o0
@)= = =3 apr™
k=0
1 o0
(36) Z ’I“_p — szap+k
k=0

1 2b-a) ,
P p(l+267-0)

which, together, yield (3.1). Furthermore, it follows from Theorem 1 that

- 26y(p — @)
3.7 + k) _
Hence
’ P > _
1f ()] < ot Z(p + k) apppr?
k=0
p _
(3.8) < pFL + P 1§(p+k)ap+k
P 260(p—a) p
=i T 25— )
and
’ P s _
1f ()] = e Z(p+k)ap+k7“p+k !
k=0
p
3.9 > ey —pp1 Z (p+ k) a,p+k
k=0
P 26y(p—a)

ST T2y -5

which, together, yield (3.2). It can easily be seen that the function f(z) defined by
(3.3) is extremal for Theorem 2.

4. RADpIUS OF CONVEXITY

Theorem 3. Let the function f(z) defined by (1.1) be in the class I (c, B, 7),
then f(z) is meromorphically p-valent convex of order 6(0 < § < p) in 0 < |z| <
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(A, p,n, o, 3,7,0), where

p(p = 3)(E52)(1 + 25y — 9) | 7T
268v(p— )(3p+k — )
(k>0;p€ N;ne Nyp).

@1 r(Apn,a, 8,7) = inf [
The result is sharp.

Proof. 1t is sufficient to show that

(2 (=) +pf(2)

<p—2§ for 0<|z[ <r(\,p,n,B,7,9).

f(z)
Note that
(zf'(2)) +pf (2) kio(p+k)(2p+k)ap+kzp+k—l
f/(z) - —pz_(P-H) + § (p 4 k)ap+kzp+/f—1
k=0
§ p+Ek)(2p+ k)ap+kr2p+k

< k=0 _
p— > (p+ k)appr?rth

k=0
(4.2) Z (p+k)(3p +)k 9) ay i < 1.

=0

But Theorem 1 ansures that

1+ k pHAE\n 1+2ﬁ —ﬁ
ws) SUHE

k=0
In view of (4.3), it follows that (4.2) will be true if

(p+F)Bp+k—=0) spin
p(p —9)
(p+ k) (EE2E)"(1 428y — )
<
- 2Bv(p—9)

(4.4)

(k>;pe N;ne Ny)
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or if

1
p(p — 6)(EE25)" (1 + 28y — B)] ¥
45 r< P E>0:pe N;:neNy).
267(p— ) (3p+ k — ) ( R
Setting (X, p, n, a, 3,7, 9) in (4.5), the result follows. The result (4.1) is sharp
with the extremal function f(z) given by (2.5).

5. CLOSURE THEOREMS

Theorem 4. Let

(5.1) fra(z) = &
and
(52)  forr(z) ==+ 26v(p—a) P (k>0: pe N;neNy).

@ (k) (BB (1287 = )

Then f(z) is in the class FL p(a, B3, 7) if and only if it can be expressed in the form

(5.3) f(z) = Z tp+e fp+k (2) 5

k=-1

where

o0
ppt+k = 0 and Z Pptk =1 .
k=-1

[e.°] [e.°]
Proof. Let f(2) = > pp+kfprk(2), where ppy, > 0 and Y ppqp = 1.
k=—1 k=—1
Then

flz) = Zﬂp—kkfp—l—k(z)

k=-—1
_ 15 23y(p — @) E
= B T o)
Then
iupwc 2By(p— @) ' (p+ k) (EE22)"(1 4 28y — )
=T 0+ k) (2R (1 428y - 9) 26v(p — a)

o
= Zﬂp+k =1l—ppa <1,
k=0
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which shows, that f(z) € F{' (o, 3,7).

Conversely, suppose f(z) € FY' (a, 3,7). Then
267(p — @)

aprk < (k>0;pe N;ne Ny).
" (p+ k) () (1 4 28y — )
Setting
26v(p — )
Pptk = apik (k> 0;p € Nyn € Ny)
T (M1 428y - 8)
and

o0
pp—1=1— Zﬂp+k )
k=0

o0
it follows that f(2) = > pp1k fp+k(2). This completes the proof of Theorem 4.
k=0
Theorem 5. The class Ff p(a, B,7) is closed under convex linear combina-
tions.
Proof. Let each of the functions
1 o0
(5:4) Fi(2) ==+ apir " (apiry > 0,5 =1,2)
S
be in the class FY' p(a, B,7). It is sufficient to show that the function h(z) defined
by
(5.5) hz) = (1 —=1)fi(z) +tfa(z) (0< < 1)

is also in the class Ff’p(a, B,7). Since

1 o0
(56)  h(z) =+ [(1=apna +tapinal O <t < 1),
k=0

with the aid of Theorem 1, we have

o0

> 0+ L4 25 = 510~ Dy + i
k=0

o0

= (1= (p+k)

k=0

D+ Ak

)"(1 4267 — B)apir,1 +

> p+ Ak
+t> (p+k)(
k=0 p

< (1=1)28v(p — a) +28v(p — ) = 28v(p — ),

)" (1 4208y — ﬁ)ap+k,2
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which shows that i(z) € F} (a, 8,7). Hence we have Theorem 5.

6. INTEGRAL TRANSFORMS
In this section we consider integral transforms of function in the class £y’ p(a, B,7).

Theorem 6. If f(z) is in the class F}! (o, 8,7), then the integral transforms

1
(6.1) Foipoi(z) = c/uc+p_1f(uz)du, 0<ec<oo
0

are in the class F,; (0),0 < 6 < p, where

p2p+¢)(1 426y —B) —26~(p — a)c
(2p+¢)(1 428y - B) '

The result is best possible for the function f(z) given by (3.3).

(62) 0= e(pvauﬂufyac) =

o0
Proof. Suppose f(z) = & + kz app2P Tk € F}(a, 3,7). Then we have
=0

Foip_i1(z) = c/uc+p_1f(uz)du

_ L ¢ p+k
zp+]§2p+k+cap+kz .
In view of Corollary 2, it is sufficient to show that
o
k+p c
6.3 . <1.
63) %p—@ 2p+k—|—cap+k_
Since f(2) € FY,(a, 3,7), we have
00 ptAk\n
p+Ek)(F=)"(1+ 268y -0
(6.4) Z( )&, )ap+k§1.
— 267(p — a)
Thus (6.3) will be satisfied if
p+ k) (B (1 4+ 28y — 3
(k+p)e _ e BT v —B) for cach k.

(p—0)2p+k+c) — 267(p — )
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or

p(2p+k+¢)(p+ k) (B2 (1 + 287 — 8) — (k+p)2B7(p — a)c

. 0
() 0= @+ Ft o)+ 2R (11 257 )

Since the right hand side of (6.5) is an increasing function of k, putting £ = 0 in
(6.5), we get
g < PCp+)(1+26y —f) —26v(p—a)e
- (2p+c)(1+ 28y - B)
Hence the theorem.

7. CONVOLUTION PROPERTIES

For the functions f;(2)(j = 1, 2) defined by (5.4) belonging to the class 3, we
denote by (f1 * f2)(z) the Hadamard product (or the convolution) of the functions
fi(z) and fa(2), that is

1 o0
(7.1) (fix fo)(z) = 5 + > apiniapi et
k=0

Theorem 7. Let the functions fj(z)(j = 1,2) defined by (5.4) be in the class
FY (e, 6,7), then (fi * [2)(2) € Y (6,,), where

2P —a)?
p(1+28y - )
The result is sharp for the functions f;(z)(j = 1, 2) given by

1 28y(p—0)
22 p(1+28y—p)

(7.2) =

(7.3) fi(z) = 2(j=1,2peN).
Proof. Employing the technique used ealier by Schild and Silverman [13], in
order to prove Theorem 7, we need to find the largest ¢ such that

© (k+ p)(EE2E) (1 + 26y - )
(7.4) % 2%7(19 =9 At Oprk2 < 1
for fj(z) € FY (¢, 3,7)(j = 1,2). Since fj(z) € FY (a,8,7)(j = 1,2), we
readily see that

. (p+ k) (EEE) (14 267 — ) .
(7.5) % Q%V(p_ Oé) aptkj <1 (.] = 172) :
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Therefore, by the Cauchy-Schwarz inequality, we obtain

< (p+ k) (EE2R)"(1+ 28y - B)

(7.6) Z 25 (p—a) VOpik10pik2 < 1.
k=0
This implies that we need only to show that
Ap+k,10p+k2 _ +/ Ap+k,10p+k,2

(7.7) L < k>0;pe N

v —) h—a) )
or, equivalently, that

p—

(7.8) Vaptk10ptk2 < Ep—iz; (k>0;peN).

Hence, by the inequality (7.6), it is sufficient to prove that

208y(p — ) < -9
(p+ k) (B2 (14287 =) ~ (P— )

It follows from (7.9) that

(7.9) (k> 0).

28v(p — a)?
(p+ k) (EE2E)2(1 4 28y — )

Now, defining the function ¥ (k) by

(7.10) 6<p—

(k>0) .

(7.11) U(k)=p— 26v(p— o)’ (k>0) .

(p+ k) (B2 (1 4 28y — )

We see that U(k) is an increasing function of k. Therefore, we conclude that

. 28y(p—a)?
(7.12) 6<W(0) =p—

which evidently completes the proof of Theorem 7.

Using arguments similar to those in the proof of Theorem 7, we obtain the
following result.

Theorem 8. Let the function f1(z) defined by (5.4) be in the class F! (a1, B,7),
and the function f2(z) defined by (5.4) be in the class F} (a2, 3,7). Then

(fi* f2)(2) € FY ,(n, B,7), where

2By (p—a1)(p — a2)

(7.13) =P T 0 28y B)
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The result is sharp for the functions f;(z)(j = 1,2) given by

1 28v(p—)

(7.14) WG =5+ sitag g PEN)
and
(7.15) fa2(2) :zipﬂ%zp (pe N).

o0
Theorem 9. If fi(z) = & + Py aprk1 2T € FY (a, B,7), and fa(z) =

L+ Z apik22PTE with |apiko| < 1,k =0,1,2,..;p € N, then (f1 * f2)(z) €
( ﬁa 7)-
Proof. Since
= (p+ k) (E2E)" (1 + 267 — B)
% 2%,),(19 — Q) |aptk,1Gp+i,2]
= (p+ k) (25 (1 + 267 — B)
- % 2%’)’(19 — Q) ptk,1 | Opti,2|
2 (p+ k) (P (14 26y — B)
1
: % 267(p— ) otk = 1

by Theorem 1, it follows that (fi * f2)(2) € FY (. 3,7).

o0
Corollary 3. If fi(2) = & + = aprk1 P € FY (o, 5,7), and fa(z) =

=+ Z apik 22 (0 < aprra <1k =10,1,2,..5p € N), then (f1 = f2)(2) €
( ﬁa ).

Theorem 10. Let the functions f;(z)(j = 1,2) defined by (5.4) be in the class
F}, (@, 6,7) and

(7.16) p(1+28y —B) —4py(p—a) >0,

then the function i(z) defined by

o0

1
(7.17) h(z) = zp + Z (Apyr1 + a’p+k g)2PTE
k=0
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belongs to the class FY' (v, B, 7).
Proof. Since fi(z) € FY (a, B,7), we have

x (p+ k) (E2E) (1 + 28y — B)
Z 2%7(19 —a) aprk,1 <1

k=0

and so
(p+ k) () (1 1 26y — )] .
26v(p — a) Ui

Similarly, since fa(z) € Ff’p(a, B,7), we have

M8

k=0

= [0+ RERE) (1 426y - 8)]°
kzg 2%7( a) g <1
Hence
= 1 [0+ R)(EE)(1+ 287 - 9)]
Z 2 2%7(19 — ) (apyp + pppo) < 1.
k=0

In view of Theorem 1, it is sufficient to show that

(p+ k) (E2E)™(1 4 28y - B)
2%7(19 — ) (ap g1 +apipo) < 1.

(7.18) i

k=0

Thus the inequality (7.18) will be satisfied if, for £k = 0,1, 2, ...

(p+ B) () (1 4 26y — )]

(p+ k(B (14+28y - 8) 1
(7.19) 237(p — @) =3 237(p— ) ’
or if
(7.20) 0+ W21 128y — ) — 4By(p—a) >0,

for kK =0,1,2,.... The left hand side of (7.20) is an increasing function of k, hence
(7.20) is satisfied for all £ if

p(1+268y—8) —48y(p—a) >0,
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which is true by our assumetion. Hence the theorem.

Theorem 11. Let the functions fj(z)(j = 1,2) defined by (5.4) be in the
class FY (v, 3,7). Then the function h(z) defined by (7.17) belongs to the class
FY (9, B,7), where

o ABy(p—a)?
720 YT e )

This result is sharp for the functions f;(z)(j = 1, 2) defined by (7.3).

Proof. Noting that

< [+ nE2ra+2s-9)]
9 _ 2 Aptk,j
(7.22) — 267(p — )] 2
= (p+ k) (PE)"(1 + 26y — §) .
= [% 2%7(19— a) Wik S1U=12),

for f;(z) € FY (o, B,7)(j = 1,2), we have

o [0+ k) (EE) (1 + 20y - B)]

2 2
(7.23) % T (apyp1 +apyps) < 1.

Therefore, we have to find the largest ¥ such that

1+ R(EFH" (14267 0)

e R T
that is, that
4Br(p— a)®
7.25 U <po k>0).
) S TR a2 )
Now, definig a function H (k) by
(7.26) H(k)=p— 45v(p — o)’ (k>0) .

(p+ k) (EE22)(1 4 28y — )
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We observe that H (k) is an increasing function of k. We thus conclude that

4B~ (p — o)?
7.27 V<HO)=p— ——"———
(72D == i - )
which completes the proof of Theorem 11.
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