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WEAK AND STRONG CONVERGENCE FOR SOME OF
NONEXPANSIVE MAPPINGS

Alireza Medghalchi and Shahram Saeidi*

Abstract. In this paper, we deal with a class of nonexpansive mappings with
the property D(coF1(T), F(T)) — 0, as n — oo, where D is the Hausdorff
metric. We show that nonexpansive mappings with compact domains enjoy this
property and give some examples of this kind of mappings with noncompact
domains in [*°. Then we prove a nonlinear ergodic theorem, and a convergence
theorem of mann’s type for this kind of mappings.

1. INTRODUCTION

The first nonlinear ergodic theorem for nonexpansive mappings with bounded
domains in a Hilbert space was established by Baillon [5]: Let C' be a nonempty
closed convex subset of a Hilbert space H and let T" be a nonexpansive mapping of C
into itself. If the set F'(T") of fixed points of 7" is nonempty, then for each z € C, the
Cesaro means Sy(z) = £ 377 T*z converge weakly to some y € F(T). Bruck
[7] extended Baillon’s theorem to a uniformly convex Banach space whose norm is
Frechet differentiable. Before that, Edeleshtein [9] had obtained a nonlinear strong
ergodic theorem for nonexpansive mappings with compact domains in a Banach
space. Atsushiba and Takahashi [2] improved the Edelestein’s theorem: Let C' be
a nonempty compact convex subset of a strictly convex Banach space and let 7" be
a nonexpansive mapping of C' into itself. Then for each z € C, the Cesaro means
Sp(z) = % > p_o TF" 2 converge strongly to some y € F(T'), uniformly in .

The first purpose of this paper is to prove a nonlinear ergodic theorem for a
specific class of nonexpansive mappings from a nonempty closed convex subset of
a Bananch space into itself, which extends the Atsushiba and Takahashi’s theorem.
Our second goal is to prove a strong convergence theorem of mann’s type [11] for
this specific class of mappings.
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2. PRELIMINARIES

Let E be a real Banach space and let C' be a nonempty closed convex subset
of E. A mapping T : C' — C' is said to be nonexpansive if ||Tz — Ty| < ||z — y|
for each z,y € C. We denote by F.(T) the e-approximate fixed points of T’ i.e.
FAT)={x € C : ||x — Tz| < e}. If C is bounded, then F.(T) # & for each
e > 0 (see [6]). A Banach space E is said to be strictly convex if || %H <1
for z,y € F with ||z| = |ly]| = 1 and « # y. Let E* be the topological dual of
E. The value of z* € E* at x € E will be denoted by z*(x). The open ball of
radius 7 centered at 0 is denoted by B,.. For a subset A of F, we denote by ¢coA
and A the closed convex hull and the closure of A, respectively. The distance from
x to A is denoted by dist(x, A). We denote by I" the set of all strictly increasing,
continuous convex functions v : Rt — RT with v(0) = 0. For each v € T, a
mapping 7' : C' — C is said to be of type (), if for every z,y € C and A € [0, 1],
Y (AN Tz+ (1= NTy =Tz + (1= Ny)ll) < ||z —yl| — [Tz — Tyl|. Obviously,
if T is of type (y) for some 7 € T, then T is nonexpansive and F'(T') is a convex
set. Moreover if C' is also weakly compact, then F'(T) # & (see [10]). If C is
compact and E is a strictly convex Banach space, then every nonexpansive mapping
T:C — C is of type () (see [2, 7]).

3. CONVERGENCE TO THE FIXED POINT SET
First, we prove a lemma which we need in the following.

Lemma 3.1. Let E be a locally convex space and A1 D Ay O --- D A, D

o
- be a decreasing sequence of nonempty compact subsets. Then ¢o( (] 4;) =
i=1

o0

N (€04;).
i=1

Proof.  Obviously co((;2,4i) € Ni2;(coA;). Let a € (2,(¢04;) and
a ¢ co((;2;4i). Since ()72, A; # @, there exist ¢ € E*, r € R and ¢ > 0 such
that

(1) pla) <r—e and r+¢e < p(x)

for every x € ¢o(;2,Ai). Let H, = {z € E; ¢(x) <r} and A} := A; () H, for
every © € N. By compactness of 4;’s we conclude that A;’s are compact. We show
that AY # @ for every i. To see this, let A7 = @ for one j € N. Then r < ¢(b)
for every b € A; and so < ¢(b) for every b € CoA;. But a € (2, (¢oA;), hence
a € ¢o(A;) and we have r < ¢(a); but this is a contradiction to (1). Therefore
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A} D A5 O --- D AY O --- is a decreasing sequence of nonempty compact
subsets of E. Hence, (), 4:)H, = (;,(AiNHy) = ;A # O. But, for
x € ((; Ai) () H, we have p(x) < r. This contradicts (1), and hence the assertion
follows. ]

It should be noted that in general the convex hull of a compact set is not even
closed (see [1, p. 173]. In a normed vector space, it is possible to apply Lemma
3.1 with the norm and weak topologies.

The following definition is well known:

Definition 3.2. Let (M, p) be a complete metric space and €2 denotes the family
of all nonempty, bounded closed subsets of M. For X, Y € Q, set d(X,Y) =
sup{dist(y, X):y € Y}, d(Y, X) = sup{dist(z,Y) :x € X} and let D(X,Y) =
max{d(X,Y),d(Y,X)}. Then D provides a metric for 2 called the Hausdorff
metric.

Let C be a nonempty closed convex subset of a Banach space F and T :
C — C be a nonexpansive mapping with F(T) # (). It is easy to verify that
D(coF1(T),F(T)) — 0 as n — oo iff dist(x,, F(T)) — 0 as n — oo, for all
sequenges {z,} with x,, € coF1(T),Vn. So, if C' is compact, it is easy to see
that D(coF 1 (T'), (), coF1(T)) 5 0asn — oo; and applying Lemma 3.1, we have
N %F% (T)n: coF(T). ZTherefore, we have shown

D(eoFL(T), F(T)) — 0

as n — 00, in case that F'(T') is convex.
In this stage, we give some examples satisfying the convergence property above,
however C' is not compact.

Example 3.3.

(¢) Let C = [[;en[0, 1] € I°°. Then C is not compact!. Now, let T : C' — C be
a nonexpansive mapping defined by T'(x1, z2, x3,...) = (f(21),0,0,...),
where f : [0,1] — [0, 1] is an arbitrary nonexpansive mapping. Since R is
strictly convex and [0, 1] is compact, f is of type (y) and D(c_0F1 (f),E(f)) —
0. On the other hand, F1( )= F1 (f) x (I Lien—g1310, ). So coF1 (T) =
coF1(f) x (I;en—g13[0,3]) and D coF1 (T),F(T)) — 0, since F(T) =

1
n
{(21,0,0,...) : 1 € F(f)}. Alsoitis easy to see that F'(T) is compact
and T is of type (7).

(ii) Let C = [[;en[0,3] C 1 and T'(21,22,...) = (%, %2, ...). One notes
that both C' and T'(C') are not compact!. Obviously 7" is a nonexpansive
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mapping on C and F1(T) = [[;cy[0,1— /1= 2], for n > 2. Therefore,
D(coF+(T), F(T)) 50, where F(T') = {0}. The mapping T is of type (),
where ’; is the identity mapping: Let x,y € C and 0 < A < 1. Then || ATz +
(1=NTy =Tz +1=Ny)ll = sup; (3]Azf + (1 = )y? — (i + (1= 4)

yi)2)) = 20 Xsup, (;— )2 So, | T —Ty||+ | AT+ (1 -\ Ty —T( Az +

A(1=X
(1= Nyl = 3sup;la? — y2] + 252 sup; (s — :)? < Ssupilas — pil +
sup;|x; — y;| = ||z — yl|, since 0 < z;,y; < 1 for each i € N. Therefore T
is of type (), where +y is the identity mapping. By an elementary computation

we can show 7™ is also of type (), for which ~ is the identity mapping.
(i) Let f : [0, 3] — [0, 3] be an nonexpansive mapping of type (), where v is the
identity mapping, and C' be as in (ii). Define T': C' — C by T'(z1,x2,...) =
(f(z1), %, %E, ...). As in (ii), it is easy to show that for each n, T" is a
nonexpansive mapping of type (7) such that D(¢oF1(T), F(T')) — 0, where

F(T) ={(21,0,0,...): 1 € F(f)}.
(iv) Let C be as in (i) and T': C' — C be a nonexpansive mapping defined by

2 2
T(z1,x2,x3,...) = (21, %2, %3, ...). Then we have F(T') = {(x1,0,0,...) :
x1 € [0,1]} is a compact convex set. Also, we have Fi(T) = [0,1] X

(ILien—g13[0,1—y/1 = 21), for n > 2. Hence, it is easy to note D (¢oF1 (T),
F(T)) — 0, as n — oc.

In the above examples coF'1(T')’s are not compact; however, F'(T')’s are com-
pact and we have D(coF'1 (T), F(T)) — 0, as n — co. We can apply some results
of this paper to examples like above.

4. CLUSTER POINT OF MEANS
The following lemmas are essential to our purpose.

Lemma 4.1. Let C be a nonempty closed, convex subset of a Banach space
E and T : C — C be a nonexpansive mapping such that F(T) # & and
D(coF+(T),F(T)) — 0, as n — oo. Then, for any € > 0, there exists 0 > 0 such
that @oFy(T) C Fo(T).

Proof. Lete > 0. Since D(coF'1 (T), F(T')) — 0 there exists § > 0 such that

coFs(T) C F(T) + Be. On the other hand, we have F(T') + B C F.(T'). Hence
the assertion follows. ]
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Lemma 4.2. Let C, E and T be as in Lemma 4.1. If C' is bounded and T is
of type (), then for each 1 > 0 there exists 6 > 0 and N > 0, such that for every
sequence {xy} in C satisfying ||xn+1 — Txy|| < 0 for all n,

1 n
- > xi€ Fy(T)
i=1
foralln > N.

Proof. The proof is essentially the same as Theorem 1.3 of [8]. First, choose
¢ > 0 using Lemma 4.1, so that 20F.(T) C Fu(T) and ed < § where d =
diamC . We choose a natural number p such that d < p%. Next, put ¢(t) =
v71(2t) + t and g, (t) = v(£ +2t) + ¢ and choose 0 < § < ¥ so small that
g?71(8) < % Finally, choose N so large that £ < ¢ and ¢}, ' (6) < % for all
n> N. Putw; = Z i 0 xj4;. Paralleling the proof of Lemma 1.5 of [7], we find
LS wjg — iju < ¢b71(8) provided || ;41 — Tx;|| < & for all i. Obviously
sz+1 w;|| < g for all 7. So by using the triangle inequality we have,

1 n—1
(2) = i T < <2
=0

forevery n > N. Put A(n) ={i € Z:0<i<n-1, ||lwg—Tw;| > e} and
B(n) ={0,1,...,n— 1} — A(n). Then lA(n)' <eby (2 ) Also we have,

n—1 p—1
(3) S w= zwﬁ—z Dleiot — npi]
=0 =1

and p% < p% < de for every n > N. Therefore,

p—1
. 1 n
— — i — Tpti— < —pPd<de< 2
Iy = s = ansicall < gl < de < ]

n—1 n—1
and so, 1 Zo z; € [* ZO wi] + Bu. Fix f € Fo(T). Then,
1= 1=

_sz_ —\A ‘f+% Z wi]—i-[% Z (w; — f)]

1€B(n) 1€A(n)

and H%Zz‘eA(n)(u}i - Nl < #ﬂd <ed < {. So,
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1 n—1
- ng € coF.(T) + Bx + Ba C Fy(T) + By C Fy(T)
1=

for every n > N. This completes the proof. ]

Lemma 4.3. In Lemma 4.2 put S, = (I +T + -+ T V). Then
lim,, [|Sy(y) — T'Sn(y)|| = O uniformly in y € C. Moreover, if F(T) is com-
pact (weakly compact), then for every sequence {yntn>1 in C, {Spn(yn)tn>1 has a
cluster point (weak cluster point) in F(T).

Proof. Set x,, = T"y for each n and y € C, and apply Lemma 4.2 to conclude
the first assertion. For the second assertion, let F'(T") be compact (weakly compact)
and {y,} be an arbitrary sequence in C. We note dist(S,(y,), F(T)) — 0, as
n — oo by using the first part of this lemma. Then for each k£ > 1 there exist
ng > k and fy € F(T) with ||Sn, (yn,) — fxll < £. Since F(T) is compact
(weakly compact), without lose of generality we can assume that fi, — f (fx — f)
for some f, as k — oo. It is enough to conclude the result. ]

5. ErGopIC THEOREMS

By studying the proofs of Lemmas 2.2, 2.3 and 3.1 in [2], we obtain the fol-
lowing lemma:

Lemma 5.1. Let C be a nonempty bounded closed convex subset of a Banach
space E, T : C — C' be a nonexpansive mapping such that F(T) # & and T™ is
of type () for all n. Let x € C. Then, there exists a sequence {i,} in N such that
for each z € F(T),

1 n—1 o
lim |- ZTJ'H"QU — z|| exists.
n—oo 'n —
ji

Moreover if {il,} is a sequence in N such that i}, > i,, for each n > N, then for
every z € F(T),

n—1 n—1

1 L 1 L
lim [|= Y Tz — 2] = lim =Y T9"ng — 2.
n—oo nij n—oo nij

Recall that E is said to satisfy Opial’s condition, if for each sequence {z} in
FE, the condition that the sequence x,, — x implies that

limsup ||z, — x| < limsup ||z, — y||
n—oo n—oo

for all y € F with y # .
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Theorem 5.2. Let C' be a nonempty closed convex subset of a Banach space
E and T : C — C be a nonexpansive mapping such that F(T) # & and T" is of
type (7y) for all n and D(coF1 (T), F(T)) — 0, as n — oo. Let x € C. Then,

(i) If F(T) is compact, then * Z?:_ol T ha converges strongly to a fixed point

n
of T uniformly in h > 0.
(ii) If F(T') is weakly compact and E satisfies Opial’s condition, then % > h—o
Tk+ing converges weakly to some y € F(T), for a sequence {i,} like the
sequence in Lemma 5.1.

Proof. Let z be an arbitrary element of F(T'). Set D = {y € C : |ly — z|| <
||lx—z||}. Wenotethat z € D, T(D) C D and D is a bounded closed convex subset
of C. So we can assume that C' is bounded. By Lemma 5.1, there exists a sequence
{in} in N such that for each f € F(T), lim, .o ||2 Z?;OI T7Hng — f|| exists.
Now put {®,} = {2 Z?:_ol Titmg}. We first prove (i). If F(T) is compact, then
{®,,} has a cluster point yo in F'(T') by Lemma 4.3.

Consequently, we have ®, — yo; and from the last part of Lemma 5.1,
1 Z?:_ol Tit+h+in g converges strongly to 1 uniformly in A > 0. Let € > 0. Then,

there exists m € N such that || Z?:_ol Ti+h+ing — 4|l < e for every n > m and

n—1
h € NU{0}. Then, it follows from the equality (3) that ||+ Zo Tz — |
1=
LSS Al N (rpith—1 i+hdn—1
=l ZO o OT’”* z = yol + [7m Zl(m—z)(T’+ Tl =T )|
1= J= 1=
n—1 m—1 ) m—1 . .
< % Z H% Z Tit+h+is, _ yoH + % Z (m _ ’L')HTH'h_lx _ Tz—l—h—l—n—le
i=0 =0 i=1

1 im—1 1 m—1 Bt 1 N—im—1 1 m—1 hetii
= 2l X T e —goll+ 5 X N5 X TV — o
=0 3=0 i=0 §=0

m—1 . . . .
+ % S (m— ’L')HTH'h_lx _ TH—IH—”_IIL'H < ZmnM + (n—;m)e I %7
i=1

for every n > i, and h € NU {0}, where
M = sup{|| Tz — yo| : j € NU{0}}.

Since € > 0 is arbitrary, %Z;ZOI T*+hg converges strongly to g uniformly in
h € NU{0}, and so the proof of (i) is completed. To prove (ii) we assume F'(T) is
weakly compact and F satisfies Opial’s condition. Then {®,,} has a weak cluster
point f in F'(T'), by Lemma 4.3. We show ®, — f as n — oo. Let ®,, — fi,
P, — fo and f1 # fo. Since f1, fo € F(T'), we put rq := lim,, . [|®n, — fi]|
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and 79 := lim,, . |5, — f2||. By Opial’s condition, we conclude
ry = lim H‘I’nk — f1H < lim H‘I’nk — fg” =T
k—o0 k—o0
= lim ||y, — fol| < lim [[@p, — fill = 71,
k—o0 k—o0

which is a contradiction. It means that f; = fo. This leads to the desired conclu-
sion. [ |

The following example shows that the condition D(coF1(T), F(T)) — 0 in

n

Theorem 5.2 can not be omitted.

Example 5.3. Let C and F be as in Example 3.3 (i). Define T : C — C' by
T(z1,x2,23,...) = (A1, AoT2, A3T3,...), where 0 < \; < 1 for each i € N,
and lim; .o, A; = 1. Then T is a nonexpansive mapping such that 7" is of type

o0
(7) for all n and F(T') = {0} which is compact. Also, F'1 (T') = [] (][0, n(%_/\)] N
" i=1 ‘

[0,1]). So coF1(T) < F(T). Now, by considering x = (1,1,...) in C' we have
L3570 Tix|| = supp(L 350, AL) = 1, since limgoo Ay = 1. So 1577 Ty
does not converge to a member of F'(T'). ]

6. A STRONG CONVERGENCE THEOREM OF MANN’S TYPE

In this section, using the iterative method of Mann’s Type [11], we study how
to find a fixed point of a nonexpansive mapping as in Theorem 5.2. Let C be a
nonempty closed convex subset of a Banach space F and let T' be a nonexpansive
mapping on C' with F(T') # &. Consider the following iteration scheme:

(4) x1 =z € Cand Tp41 = anxy + (1 — ) Sp(zy)

for every n € N, where S, = 2(I+T+T7?+---+T" 1) and {«,} is a sequence
in [0, 1]. For any w € F(T) we can prove

(5) [2nt1 — wll < |l — o

for every n € N and hence lim,,_, ||z, — w|| exists (see [3]).
The following lemma is essential.

Lemma 6.1. Let C be a nonempty closed convex subset of a Banach space E
and T : C — C be a nonexpansive mapping of type () such that F(T) # & and
D(coF1(T),F(T)) — 0, as n — oo. Let {ay,} be a sequence in [0, 1] such that

o (Ti — ) = o0. Suppose that x1 = x € C and let {x,} be as in (4). Then

n=1

lim || Tz, — z,| = 0.
n—oo
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Proof.  As in Theorem 5.2 we can assume that C' is bounded. Fix ¢ > 0
and set My = sup{||z|]| : z € C}. Then, by Lemma 4.1, there exists 6 > 0
such that coF5(T) C F.(T). From Lemma 4.3, there exists M € N such that
|1Sn(y) — TSy (y)|| < 6 for every n > M and y € C. Thus

(6) Sy (zy) € F5(T)

for every n > M. We have for each k € N,

M+k-1 M+k-1
(7) e = [[ ademr+(= ] ed)ww
=M =M

where
1 M+k—2 M+k—1

Yk = (Y (C I e —a))Si(e))

1- Hz‘:M QG j=M i=j+1

+(1 — ap4r—1)SM4k—1(Trr4k—-1))
(see [3, 4]). Now, from

M+k—2 M+k—1 M+k—1
SSUI] s -—an+-apmw—)=1- [ o,
J=M  i=j+1 i=M

it follows that y;, € co{Sy,(z,) : n > M} and hence yi, € coF5(T) C F.(T) for
each k € N, by (6). From the Abel-Dini theorem and >_;°,,(1 — o) = oo, there
exists p € N such that Hf\i }\L/[k_l o; < g5 for all k > p. From (7) we obtain

M+k—-1 c
lzmtk — vkl = 1_]\[4 aillzar — yell < MQMO =
1=

for each k > p. Hence |Txnrir — eamtkll < N Txnmrve — Tyell + | Tye — vkl +
lye —zarrrll < 2l@nrn — vrll + [Ty —yrll <26+ =3¢
for every k > p. So lim, . || T2y — z,|| = 0. |

Theorem 6.2. Let C' be a nonempty closed convex subset of a Banach space E
and T : C — C be a nonexpansive mapping of type (7y) such that F(T) # & and
D(coF.(T),F(T)) — 0, as n — oo. Let {ay,} be a sequence in [0, 1] such that

o0

o2 (1=ay) = oo. Supposethatx1 = x € C and xpip1 = apxp+(1—ay)Sp(xy)
for every n € N. Then, {x,,} converges strongly to a fixed point of T.
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Proof. By Lemma 6.1, lim,_, ||Tz, — x| = 0. From the assumption
D(coF1(T),F(T)) — 0, we have limd(x,, F(T)) — 0 as n — oco. Hereafter, we
will prgve that {x,} is a Cauchy sequence. For all ¢ > 0, there exists a natural
number N such that when n > N d(x,, F(T')) < §. Specifically, d(xn, F(T')) <
7 Thus there exists a point yg in F(T') such that ||z, —yo|| < |zn — yo| < § for
each n > N, using (5) and the definition of d(zx, F'(T)). It follows that for each
n> N and min N, ||z, — Zpim| < |2n — Yoll + [[Zn+m — vol| < €. This implies
that {x,,} is a Cauchy sequence. Because the space is complete, the sequence {z,, }
is convergent to a point that is a fixed point of 7. ]

Remark 6.3. It is not assumed in Theorem 6.2 that C' be bounded nor F(T)
be compact.
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