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BOLZA TYPE PROBLEMS IN DISCRETE TIME

R. Sahraoui and L. Thibault
Dedicated to Professor Wataru Takahashi on the occasion of his 65th birthday

Abstract. In this paper we study a discrete time version of optimization
problems of Bolza type. The functionals are assumed to be merely lower
semicontinuous. We obtain optimality conditions which are always necessary
and which are also sufficient in the convex case whenever the given problem
satisfies a qualification condition.

1. INTRODUCTION

The general problem of Bolza in the Calculus of Variations (see, e.g., [6, 13, 18,
22]) can be formulated in Nonsmooth Analysis as the minimization of the functional

(1.1) I(z) = l(x(t), x(t1)) + /t1 L(t,z(t), z(t)) dt

to

over the space of all absolutely continuous arcs x : [tp,t1] — R"™. This general
formulation has the advantage to incorporate the equality and inequality constraints
relative to the initial/end point pair (z(t¢), z(¢1)) and the triple (¢, z(t), (t)) since
the functions [ and L(t,-,-) are extended real valued, that is, they are allowed to
take the value +00. The model even permits to include nonsmooth set constraint
and set-valued constraint.

In the corresponding discrete time problem, one considers in place of an arc
x: [to, t1] — R™ a vector x = (20,21, -+, 27) € R x --- x R* = (R")T*! and
in place of x = Cfl—f the difference Ax; = 2y —x4_1 fort = 1,---,T. The associated
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problem (P(l, L)) takes then the form: Minimize over all z = (zo, z1,...,27) €
(R™)T+L the function

T
o(x) = l(xo, x7) + Z Ly(xi—1, Axy),
=1

where [ and L; for all t = 1,--- T are functions from R™ x R™ into R U {400}
which are proper, that is, none of which is identically +oco. Throughout, unless
otherwise stated, we assume that these functions are lower semicontinuous (lsc, for
short) or locally Lipschitzian. Then ¢, too, is Isc with values in R U {4+00}. As
for the Bolza problem above in calculus of variations, it is important to observe
the fact that in (P (I, L)) the constraints are implicit in the inequality ¢(x) < oo,
because only vectors z satisfying ¢(z) < +oc are of interest in the minimization.
Throughout, we assume that ¢ is proper, that is, there exists some z € (R?)7+1
such that [(zg, 27) < 400 and Ly(z4—1, Az) < +oo forallt =1,---,T. Letting

(1.2) C={(u,v) e R" xR" | l(u,v) < oo}
(that is, C' is the effective domain dom [ of ) and
(1.3) Fi(u) ={v e R"| Li(u,v) < oo},

it is emphasized in [20] that, without loss of generality, one can restrict attention in
(P(I, L)) to minimizing ¢ (z) over the set of all 2 € (R™)7+! which satisfy

(1.4) (xg,z7) € C and Axy € Fy(zy—q)Vt=1,---,T.

Implicit in the dynamical constraint Ax; € Fy(x;_1) is the state constraint ;1 € Z;
fort =1,---,T, where Z; = {z € R"|Fy(z) # 0}.

Conversely, given finite valued functions [ and L., set constraint C' C R™ x R"
and set-valued mapping constraints F; : R™ == R", it is also of interest to study
the minimization problem (P¢ (I, L)) consisting in minimizing the function ¢(x)
above over all the vectors = € (R")? ! satisfying the constraints in (1.4). At a first
step, this problem may be translated in the form of problem (P (I, L)) by putting on
the one hand [(u,v) = I(u,v) if (u,v) € C and [(u,v) = +oo otherwise and on
the other hand L;(u, v) = Ly(u,v) if v € Fy(u) and Ly(u,v) = +oo otherwise.

The discrete Bolza type problem (P (I, L)) has been introduced and largely stud-
ied in the convex setting by Rockafellar and Wets [20] and they also considered the
stochastic version in discrete time where the decision at any time ¢ is required to
depend only on past random events. This stochastic discrete Bolza type problem
is related to stochastic problems with recourse. Other results of interest concerning
stochastic optimization problems with recourse can be found, e.g., in [19, 10, 4]
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and the references therein. Results concerning the discrete Bolza problem in the
form (Pc,r(l, L)), with [ and L locally Lipschitzian, have been also provided in
Mordukhovich [13][Theorem 6.17] (see also [12]). The study of such problems
by Mordukhovich was the first step of his efficient approach to derive necessary
optimality conditions for optimal control problems after making appropriate dis-
cretizations of the control problems. It is also worth mentioning that, among do-
mains of its own interest, the problem (Pc (I, L)) contains as particular case the
modelization of various economic dynamics (see, e.g., [8, 11]). In the present paper
we focus our attention to the discrete problem without any convexity assumption.
We first establish general necessary optimality conditions for the discrete above
problem (P (I, L)). Optimality conditions for the problem (Pc r(l, L)) is then de-
rived when the functions [ and L; are locally Lipschitzian around the candidate
point through some relative qualification condition. A particular attention is paid
to the case when the images of the set-valued mappings F; are prox-regular. The
corresponding optimality conditions of [20] in the convex setting are also derived.

2. DEFINITIONS AND PRELIMINARIES

In the next section, although our necessary optimality conditions could be given
with the use of many types of subdifferentials, we will limit ourselves to state and
establish them with the basic limiting subdifferential.

Recall first that for a proper Isc function f : R" — RU {400} and u € dom f
the Fréchet subdifferential O f (u) is defined by the fact that a vector v € of (u)
when for any positive number ¢ there exists some positive number 7 such that one
has

(v,u' —u) < f(u') — f(u) +el|v’ —wul| forallu’ € B(u,n),

where B(u, n) denotes the open ball with radius 7 centered at the point u. One puts
in general 0f(u) = 0 when f(u) is not finite.

When f is the indicator function dg of a closed subset S C R”™, that is, dg(u) =
0 if u € S and 05(u) = +oo otherwise, its Fréchet subdifferential at a point u € S
is a cone. It is generally called the Fréchet normal cone to S at v and one denotes
either Ng(u) or N(S, ).

Since the Fréchet subdifferential enjoys only fuzzy calculus rules (see, e.g.,
[13] for more details), one considers a limiting process of such subdifferentials
yielding to the so-called limiting (basic) subdifferential. A vector v is in the limiting
subdifferential 0 f (u) at a point u € dom f when there exists a sequence (u, f(ug))
converging to (u, f(u)) and vectors v, € of (ug) with vy, — v. As above, one sets
df(u) = 0 if u & dom f. The set df(u) is nonconvex in general but it enjoys
full pointbased calculus rules. For example, if g : R™ — R is a locally Lipschitz



1388 R. Sahraoui and L. Thibault

function one has (see [13, 21]) the inclusion

2.1 (f +g)(u) C Of(u) + 9g(u),

where the addition in the second member is taken in the usual Minkowski sense,
that is, Of (u) + dg(u) := {v+v'|v € df(u), v' € dg(u)}.

The inclusion (2.1) can be also obtained under a much weaker condition than the
local Lipschitz property of one of the functions f and g. To see that, let us recall the
concept of singular limiting subdifferential. Modifying slightly the definition above,
we say that a vector v belongs to the singular limiting subdifferential 0°° f(u) at a
point u € dom f when there exists a sequence (ug, f(ux)) converging to (u, f(u)),
positive numbers \; | 0 and vectors vy € ) f(ug) such that A\pvi, — v. So, if for two
Isc functions f, g the qualification condition 0 f(u) N—0*°g(u) = {0} holds, then
one has (see [13, 21]) 9(f + ¢)(u) C Of(u) + dg(u). This qualification condition
can be translated (see [13, 21]) in the case of any finite number of Isc functions:

for a finite number of Isc functions f;, ¢ = 0,1,---,m, and for u € N ;dom f;
one has

m m
(22) 00y f)w) € Y 0fi(u)

i=0 i=0

whenever for any y; € 9% f;(u) with )", y; = 0 one necessarily has yp = y; =
-+ =1, = 0. The inclusion (2.1) is a particular case of (2.2) since

(2.3) 0%¢g(u) = {0} whenever g Lipschitz near u.

The same qualification condition above also gives (see [13, 21])

(2.4) 020> fi)(u) € >0 fi(u).
=0 =0

Concerning the composition operation, we will recall the result with the com-
position with a linear mapping. If A : R™ — R" is a linear surjective mapping,
then see [13, 21]

(2.5) I(foA)(u) C A*0f(Au) and 0°°(f o A)(u) C A*0™ f(Au),

where A* denotes the adjoint of A and A*Jf(Au) := {A*v|v € Of(Au)}.

As for the Fréchet normal cone (see above), the limiting normal cone to a closed
subset S at u € S is defined through its indicator function by Ng(u) := 9dg(u).
Sometimes one write N (S, u) in place of Ng(u). The connexion with the singular
subdifferential is provided by the equalities

0%0g(u) = ddg(u) = N(S,u).



Bolza Type Problems in Discrete Time 1389

Of course, when the point © is a minimum point for the function f one has both
0 € Of(u) and 0 € Of(u), the first inclusion being obvious under the minimum
point assumption and the second one being a consequence of the fact that one always
has & f C Of. Further, when f is convex, the Fréchet subdifferential and the limiting
subdifferential coincide with the usual Fenchel subdifferential of Convex Analysis.

In the next section, we will just say subdifferential of f and normal cone to S
in place of limiting subdifferential of f and limiting normal cone to S.

3. NECESSARY OPTIMALITY CONDITIONS

The following theorem states the first result of the paper. Here the functions [
and L; are neither convex nor locally Lipschitzian.

Theorem 3.1. Let & € (R™)T*! be a solution of problem (P(1, L)).
Assume that | and L, are proper and Isc for allt = 1, --- T and that the following
qualification condition Q(Z) holds:

the only vector y = (yo, - - ,yr) € (R™)T ™ for which
(y07 _yT) € aool(‘rf(h i.T) and (Aytv yt) S aOOLt({ft—lv Ai‘t)v Vit = 17 T 7T

is the zero vector in (R™)T T,

Then there exists some vector p = (po, - -+ ,pr) € (R™)T T such that:
a) (po, —pr) € 9l(Zo, TT)
b) (Apt,pt) c aLt(ft_l, Aft) fOl" all t = 1, s ,T.

Proof.
Step 1. Consider the function ¢ : (R?")T*! — R U {+oc0}
T
x— @(x) := (g, z7) + Z Li(xi—1, Axy)
t=1

and put po(x) :=l(zg, x7) = (L 0 Ap)(z) and
pi(x) 1= Li(mp-1, Azy) = (Lyo Ay)(x) fort=1,--- T,
where Ag, A; : (R™)T+1 — (R")? are linear mappings defined by
Apzx := (zg, z7) and Az := (x4—1, Axy) forallt =1,--- | T.

As T is a solution of the minimization problem (P(l, L)) we have

0 € dp(z) = (o + Z ©1)(T).
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Step 2. Let us show that a corresponding qualification condition holds for the
functions g, @1, ..., @ET.
In fact we are going to prove that for each y = (w, ..., yr) € (R")T*! for which

T
Zyt = 0 with y; € 0°¢(z) forallt =0, -, T,
t=0

then we necessarily have y = 0.
Indeed fix any such y. As the linear mappings A; are surjective fort =0,---, T,
then according to (2.5)

Yo € 0Fpo(Z) = (L o Ag)(z) C AFO™®I(AoZ)
and
Y € 0%p(T) = 0% (Le 0 Ay)(T) C AjO™Ly(Apr) ViE=1,---,T,
which gives the existence of some
(3.1 20 = (23, 28) € 81(Zo, 1) such that yo = A%z
and some
(3.2) z = (2},27) € 0°Ly(T4_1, AT;) suchthat yp = Afz fort=1,---,T.

Now we must calculate Aj and A} fort =1,---,T.
We have A} : (R")? — (R")TH ¢t =1,.-. T and

(Aj(21, 22), h>(Rn)T+1 = ((21, 22), A0h>(Rn)2 = ((21, 2z2), (ho, hT)>(Rn)2
= <(21, 0, .. .,0, 22), (h()7 h17 N 7hT)>(Rn)T+1 .

Then
Aé(zl, 22) = (21, 0,...,0, 22) for all (21, 22) S (Rn)2.

In the same way, for A} we have
(A1(21, 22), ) gmyr+1 = ((21, 22), A1h) (gny2 = ((21, 22), (ho, b1 — o)) (gny2
— <(21 — 292,29, 07 Ce 70)7 (h()7 h17 Ce 7hT)>(Rn)T+1 .

So,
Al (z1,22) = (21 — 22,29,0,...,0) forall (21, 22) € (R”)2

and similarly we have

A:(Zl,ZQ)Z(O,---,0,21—Zg,Zg,O,...,O)fOI'aHtZ1,---,T.
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Therefore

Yo = (2’6707"'70723)

1 = (Z%—Z%,Z%,O,---,O)

Yt = (07 7072t1_zt272t2707"' 70)
yr = (07 7072%“_272“72%)'
As 32Ty = 0, then we have
(a) 5 +21—22=0
(b) 22 +2f—22=0 fort=2--- T—1
(c) 22 +22=0.

Put gqo = 2§ and ¢ = 2% forallt = 1,---,T. So forany t = 2,--- , T — 1
we have Ag; = ¢ — ¢—1 = 27 — z?_; and hence from equation (b) we obtain
Ag; = z}. Further from equation (a) we have Agq; = q1 — qo = 27 — 2} = 21 and
from equation (c) we also have qr = 22 = —2z2. If we substitute in the relations
(3.1) and (3.2) , we obtain

(qo, —qr) € 0°U(Zo, Z7) and (Aqy, qr) € OFLy(Ty—1, AZy) VE=1,---,T.

According to the qualification condition ()(Z) that we have assumed, we see that
go =¢q1 = ---=qgpr = 0, and then: O:qozzé,O:qt:z,?,O:Aqt:ztl for
allt=1,---,T, and 0 = gy = —z3. This yields 2} = 2 = 2} = 2? = 0 for all
t=1,---,7T and hence

yo=A"zg=0and y; = A*z; =0forallt =1,---,T,

which means
vy = (Yo,y1,--,yr) = 0.

Step 3. As the functions ¢; are Isc over a finite dimensional space for all
t =0,---,T and as the qualification condition in Step 2 holds, we have by the
formula (2.2)

Do+ > p)(T) C Opo(T) + > Do ()

and hence
T

0€0(loA)(T)+ Y (Lo A ().

t=1
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This ensures the existence of &y € J(l o Ag)(Zz) and & € I(L; o Ay)(Z) for all
t = 1,---,T such that ZtT:o & = 0. As the mappings A; are surjective and
the functions I, L; are Isc for all t = 1,--- T, according to the calculus rule of
subdifferential of composition function in (2.5), we have

(1o Ao)(Z) C ALl(Aoz) and &(Ly 0 A) (%) C ALOLy(A) YVt =1,---,T.

Then &y € AjOl(Zo, Tr) and & € A;Ol(Ti—1, AZy) for all ¢ = 1,---, T, which
ensures the existence of some ug € 0l(Zo, Zr) such that {§ = Afup and some
uy € OLy(Zy—1, AZy) such that & = Afuy for all ¢ = 1,---,T. This can be
translated in the form

(3.3) uy = (up, ud) € dl(Zo, Zr) and & = (ug,0,---,0,ud)

and forallt=1,---,T

(3.4) ur = (uf,u?) € OLy(Z_1, AZ;) and & = (0,---,0,uf —uZ,u?,0,---,0).
Putting pg = uj and p; = u? forall t = 1,--- | T, we see that

T 1 1 2 9 1 2
0=>"0&=( wuy+uy —uf,ui+uy—uj, -,
9 1 2 2 1 2 .9 2
uy_y Uy — U, up g+ up — W, UG+ ug),

which gives uf +u} —u? = 0 for the first component, u?_; +u} —u? = 0 for any
t=2,---,T, and u + u2 = 0. Then

Apt:pt_pt—l :’U,?—’U,?_l :utlv Vt:27 7T
and for ¢t = 1 we also have Ap; = p; — pg = u? — u} = u}. Observe also that
pr = u% = —ud, so u3 = —pr . Finally, if we replace in (3.1) and (3.2) we
obtain that the vector p = (po,p1,---,pr) € (R™)TT! satisfies the requirements
(po, —pr) € 9l(Zo, Tr) and

(Ape,pt) € OLp(Te—1,AZy) VE=1,---,T.
This completes the proof of the theorem. -

The following corollary deals with the discrete problem (Pc p(I, L)), that is,
the case of Lipschitzian functions [ and L., explicit set constraint C' and set-valued
mapping constraint F;. Before stating the corollary, we need to recall that the graph
of the set-valued mapping F; is the subset

gph F} := {(u,v) e R" x R"|v € Fy(u)}.
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In the corollary we assume that the sets C' and gph F; are closed in R™ x R™,

Corollary 3.2. Let # € (R™)TH be a solution of problem (Pc (1, L)).
Assume that the functions | and Ly are locally Lipschitzian for all t = 1,---,T
and that the following qualification condition Q(Z) holds:

the only vector y = (yo, - ,yr) € (R™)T*! for which
(y07 _yT) € NC(‘%Ov i.T) and (Aytv yt) S ngth (j.t—lv Ai‘t) Vit = 17 T 7T

is the zero vector in (R™)T+1,

Then there exists some vector p = (po,- - ,pr) € (R™)T! such that:

(a) (po, —pr) € Ol(Zo, T1) + Nc(Zo, T1)
(b) (Apt,pt) c aLt(i‘t_l, Afi’t) + ngth (i’t_l, Aft) fOl" all t = 1, s ,T.

_ Proof.  Put S; = gphF; for all t = 1,---,7T. Consider the functions
l(xo, xT) = l(xo xT) + 50(1‘0, xT) and

Li(xp—1 Axy) = Li(zi—1 Azy) + 0, (241, Axy),

and observe that they are Isc and proper. Let us show that the qualification condition
Q(z) of Theorem 3.1 holds for the functions [ and L for all t = 1,---,T. So let
y € (R™)T+1 such that

(y0, —yr) € aooi(azo,a‘cT) and (Ayg, yt) € aooit(azt_l, AZy), Vt=1,---,T.

As [, Ly are locally Lipschitzian functions for all ¢ = 1,-- -, T, we see first that by
(2.4) and (2.3)

(0, —yr) € 8®(%0, T1) C 8¢ (o, T1) C Ne (o, 1)

and also

(Ayt, yt) < 8°°Et(aft_1, Aft) C ngth (i’t_l, Aft), Vi= 1, oo 7T‘.

By the qualification condition Q(Z) we have yy = y1 = ... = yr = 0, that is, the
qualification condition Q(Z) is satisfied.
Since [ and L, are proper and Isc for all t = 1, - - -, T and since the qualification

condition Q(Z) relative to the problem associated with [ and L holds, we may apply
Theorem 3.1 to obtain some vector p = (py - - - pr) € (R?)T*+! such that

(po, —pT) S 8[(9?0, i‘T) and (Apt,pt) S 8L~t(@_1, Ai‘t), Vi=1,---,T.



1394 R. Sahraoui and L. Thibault

As 1, L; are locally Lipschitzian functions for all ¢t = 1,--- 7T, we have according
to (2.1)

8[(920, i‘T) C 8[(9?0, i‘T) + 8(50(@‘0, i‘T)
and

OLy(Zi_1, ATy) C OLy(Ty_1, AZy) + 005, (Tp_1, AZy), YVt =1,---,T

So we conclude that

(a) (po, —pT) S 8[(9?0, i‘T) + Nc(i‘o, i‘T) and
(b) (Apt,pt) € OLy(Tt—1, AZ¢) + Ngph F, (Tp—1, AZy), VE=1,--- | T. [ |

Remark 3.3. We can take any Asplund space E in place of R" in Theorem
3.1 and Corollary 3.2 to obtain the same results, but we must assume in addition
some sequential normal compactness property in the qualification condition (see,
e.g., [13]). We did not pursue this line since our next objective will be the study,
through the present paper, of the stochastic version where naturally z7(w) € R™.

Let Cy be a nonempty closed subset of R™. The next corollary concerns the
minimization problem (Pc, r(g, L)) where the objective is to minimize the function

T

x— g(zr) + Z Li(xy, Axy)
t=1

under the initial constraint ¢ € Cj and the inclusion constraints Az, € Fy(z4—1)

forallt=1,---,T.

Corollary 3.4. Let & € (R™)T*! be a solution of problem (Pc, r(g,L)).
Assume that the functions g and Ly are locally Lipschitzian for all t = 1,---,T,
and that the following qualification condition Q(Z) holds:

the only vector y = (yo, - ,yr) € (R™)T*! for which
Yo S NOO(£‘O)7 yr = 07 and (Aytvyt) S ngth({ft—lv Ai‘t) Vit = 17 T 7T

is the zero vector in (R™)T+1,

Then there exists some vector p = (pg, -+ ,pr) € (R™)T T such that:
(a) po € N¢,(%o), pr € —09(TT),
(b) (Apt,pt) c aLt(i‘t_l, Afi’t) + ngth (i’t_l, Aft) fOl" all t = 1, s ,T.

Proof. Put l(xzg,z7) := g(xr) and C := Cy x R™. Then the normal cone to
C'is given by No(Zo, Z1) = N, (Zo) x {0} and the function [ is obviously locally
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Lipschitzian with the equality 0l(Z ¢, Z7) = {0} x dg(Zr). Further, it is easily seen

that the qualification condition Q(Z) holds. Thus, the result is a consequence of
Corollary 3.2. n

The corollary belove is relative to the case when the images of the set-valued
mappings F; are prox-regular. Recall that a closed subset S of R” is p-prox-regular
(for some p €]0, +00]) when for any point z of the p-open enlargement of S

Uy(S) :={ueR"|d(u,S) < p}

(where d(-, S) is the distance to S with respect to the Euclidean norm), the set S
has a unique nearest point (denoted by Pg(z)) to z. This class of sets has been
introduced in R™ by Federer [9] under the name of positively reached sets. The
local property has been proved in [16] to be related to the fact that the indicator
function of S is prox-regular in the sense of Poliquin and Rockafellar [15]. So the
authors of [16] used the name of p-prox-regular sets in the above case. A closed
set S C R”™ is characterized in [16] to be p-prox-regular if and only if

(v1 — vg,u1 —ug) > —|lu; — uz|?

for all v; € Ng(u;) with ||v;|| < p. Another characterization is that for any nonzero
vector v € Ng(u) one has u € Projg(u + pﬁ), where Projg(z) denotes the set
of all nearest points in S to z. Translating the latter inclusion in the form

v

llu — (u —i—pW)H2 <lu—d|? foralld €S,
v

we see that it is equivalent to the inequality
1

(3.5) (v,u' —u) < 2—”1}” |u —ul|® forallu € S.
P

Observe that the latter inequality still holds for v = 0.

In fact, those results has been proved in [16] in the setting of (infinite dimen-
sional) Hilbert space (for which one needs to require, in addition, in the definition
above the continuity of Ps over the open enlargement U,(S)). For several other
results, we refer to [9, 3, 6, 16, 7]. See also [1] for the framework of uniformly
convex Banach space.

Recall also that for any set-valued mapping G : R” = R" the coderivative of
G at a point (u,v) € gph G is the set-valued mapping D*G (u, v) : R™ = R" given
by ¢ € D*G(u,v)(§) if and and only if (¢, —&) € N(gphG, (u,v)).

We will also need the Lipschitz property concept for set-valued mapping. Recall
that the set-valued mapping G is locally Lipschitzian around a point @ with a non-
negative number ~ for Lipschitz modulus provided that there exists some positive
number 7 such that for all u, ' € B(u,n) one has

G(u) € G(u) +v|lu—u||B,
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where B denotes the closed unit ball of R™ centered at the origin.
We can now state the corollary for the problem (P, r(g)) where each function
L, is equal to the nul/ function.

Corollary 3.5. Let & € (R™)T*! be a solution of problem (P ¢, r(g)). Assume
that the function g is locally Lipschitzian and that each set-valued mapping F'; is
locally Lipschitzian around x4—1 fort =1,---T.

Then there exists some vector p = (pg,---,pr) € (RMTT! such that: a)
po € Ne,(To), pr € —0g(Z7),

b) (Apt,pt) € Nephr, (Te—1, AZy) forallt =1,--- T, that is,

Apy € D*Fy(Zy-1, AZy)(—py).

If in addition the sets F(u) are p-prox-regular for u near to T,_1 for each
t=1,---,T, then one also has

(pt, AZy) = Hy p(ZTp—1, AZy, pr)

Jorallt =1,---,T, where H; , may be considered as the generalized Hamiltonian
up to the p-square, in the sense that

(3.6)  Hip(u,v,8) = sup{(§, w) — %H&H lw = vl|* |w € Fy(u)}.

Proof.  Without loss of generality we may suppose that all the set-valued
mappings F;, for t = 1,---, 7T, have the same Lipschitz modulus v > 0, that is,
for some real number 1 > 0

(3.7) F,(v') C Fy(u) + v||u' — u||B

forall t = 1,---,7T and u,u’ € Z;_1 + nB. Let us show that the qualification
Q(Z) of Corollary 3.4 is satisfied. Fix any vector y = (10, --,yr) € (R™)T+?
such that yo € N¢,(Zo), yr = 0, and (Ayt,y:) € Ngphr,(Te—1, AZy) for all
t =1,---,T. It is not difficult to verify (see also [13]) that the Lipschizian
property (3.4) of F; ensures that for each ¢t = 1,---,T, one has ||| < v][|{]| for
any (¢, &) € Ngph F, (-1, AZ¢). So we have || Ay < 7||ye|| and hence using the
equality y; = 0 we obtain yr = yr_1 = - - - = yo = 0, which says that @(E) holds.
Therefore the assertions (a) and (b) follow from Corollary 3.4.

Assume now that in addition the prox-regularity assumption of the theorem
holds and fix any ¢ € {1,---,T}. Put w := &1, v := A, and take any
((,€) € Ngphr,(u,v). Then, by definition, there exists a sequence of Fréchet
normal vectors ((, &) converging to (¢, &) with (g, &k) € ]/\\[gpth(’U,k,’Uk) and
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with (ug, vk) — (@, ) and uy, € @+ nB. For any € > 0 there is some 7, < 1 such
that for all (u,v) € gph F; with (u,v) € (ug, vg) + nxB one has

(Chs = uk) + (Ey v = vg) < e([fu— gl + [lo = vk )

and hence taking u = uy, we see that (§,v — vg) < €llv — vgl[. This means
that & € N(Fy(ug), vk). Our prox-regularity property entails by (3.3) and by the
inclusion N(-,-) C N(-,-) that

1
(3:8) (G v =vr) < o flEkl v = vell* Yo € Fy(ur).
Now by (3.4) we have Fi(u) C Fi(ux) + ||t — ug|/B, which yields that any
w € Fy(u) may be written, for each integer k, in the form w = wy, + 7v||@ — ug||bg

with b € B. The latter implies on the one hand wj; — w and on the other hand
according to (3.5)

(&, w — vg) = (&, wi — vg) + (&, w — W)

1
< %kaH |wi — vi||? + (€, w — wy).

Passing to the limit with k — +o0o we obtain (£, w —v) < 5 |||| ||w — ©||?, that is,

= 2
1 _192 _
(§w) — %HfiH lw—2* < (£, ).
Letting ({, &) = (Apy, pt) according to (b), we see that
(pt, AZy) = Hy p(ZTp—1, AZy, pr),
which completes the proof. ]

Remark 3.6. It is clear in the proof above that assertions (a) and (b) still holds
when the Lipschitz property of F; is relaxed in the Aubin property for F; around
the point (@, v) := (Z4—1, AZy), that is, for some n > 0 and v > 0 one has the
inclusion

(0 +nB) N Fi(v') C Fy(u) + ||v — u||B

for all u, v’ € u+nB. However, the Lipschitz property is required in the proof of the
equality (3.6). Nevertheless, (3.6) could be established with some other regularity
properties in [2] instead of the prox-regularity.

In the case when the functions [ and L; are convex (non necessarily lsc), our
approach in Theorem 3.1 allows us to provide another proof of the result of Rock-
afellar and Wets [20] where appears a qualification condition making use of the
relative interiors of the functions [ and L.
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Theorem 3.7. Assume that the functions | and Ly are proper and convex (non
necessarily Isc) for all t = 1,---,T and assume also the following qualification
condition holds:

there exists some point z € (R™)T T such that
(20, 27) € ridoml and (z4—1,Az) € ridom Ly, VEt=1,---,T.
Then, a feasible point ¥ € (R™)T+1 of the problem (P(l, L)) is a solution of
this problem if and only if there exists some vector p € (R™)TH! satisfying relations
(a) and (b) of Theorem 3.1.

Proof. Assume that Z is a solution of the problem (P(l, L)) and consider the
linear mappings Ay, A; and the functions g, ¢; in the first step of the proof of
Theorem 3.1. We see that these functions are convex and 0 € dp(z) = 9(po +
S°1_, @¢)(Z) since T is a minimum point of ¢.

Let us prove that ﬁtTZOri dom ¢; # (). Indeed we have

dom ¢y = dom (I 0 Ag) and dom ¢, = dom (l; 0 Ay), VEt=1,---,T

and our assumption may be written in the form Agz € ridom! and A;z € ridom L;
for t = 1,---,T. Therefore (see [17]) z € ridomyg and z € ridom, for
t=1,---,T, which implies that NZ_,ri dom ; # 0.

The nonemptyness of the latter intersection ensures (see [17]) the first equality
below

T T T
Apo+ Y e (@) = dpo(®) + Y dpu(T) = (I 0 Ag)(@) + Y A(ls 0 A) (%),
t=1 t=1 t=1
The linear mappings Ay and A; for t = 1,---,T being surjective we have 0(l o

Ap)(z) = A§Ol(Apz) and O(Ls o Ay)(z) = AfOly(Az) for t = 1,---,T. Thus,
the proof of optimality conditions follows the arguments of the second part of Step
2 and the arguments of Step 3 in the proof of Theorem 3.1.

Finally, the sufficiency of the optimality conditions through the convexity of [
and L, is straightforward and we omit it. ]
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