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ON NONLOCAL BOUNDARY VALUE PROBLEMS
FOR HYPERBOLIC-PARABOLIC EQUATIONS

Allaberen Ashyralyev and Yildirim Ozdemir

Abstract. The nonlocal boundary value problem for hyperbolic-parabolic
equations

Cult) L Au(t) = f(£)(0 <t < 1), 240 4 Au(t) = g(t)(~1 <t < 0),

L N L
w(=1)=>" azu () + Y B’ (X)) 4+, - lail, D 18] < 1,0< s, \i<1
; ; i=1 =

for differential equation in a Hilbert space H, with the self-adjoint positive
definite operator A is considered. The stability estimates for the solution of
this problem are established. In applications, the stability estimates for the
solutions of the mixed type boundary value problems for hyperbolic-parabolic
equations are obtained.

1. INTRODUCTION

It is known that some problems in fluid mechanics (model of the motion of an
ideal fluid filling, exhibiting both viscous and non-viscous phases) and other areas
of physics and mathematical biology (taxis-diffusion-reaction model) lead to partial
differential equations of the hyperbolic-parabolic type. Methods of solutions of the
nonlocal boundary value problems for hyperbolic-parabolic differential equations
have been studied extensively by many researchers (see, e.g., [1-12, 22, 23] and the
references given therein).

In the present paper we consider the nonlocal boundary value problem
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d?ul(t)
dt?

du(t)
dt

N L
u(=1) = agu () + Y B () + ¢,
=1 i=1

T Au(t) = (O <t < 1),

+ Au(t) = g(t)(-1 <t < 0),
(1.1)

N L
Yolal, Y0168 < 1,0 < pi, A <1
i=1 i=1

for differential equations of mixed type in a Hilbert space H with self-adjoint
positive definite operator A.

A function w(¢) is called a solution of the problem (1.1) if the following condi-
tions are satisfied:

(i) w(t) is twice continuously differentiable on the interval (0,1] and continuously
differentiable on the segment [-1,1]. The derivative at the endpoints of the
segment are understood as the appropriate unilateral derivatives.

(ii) The element u(t) belongs to D(A) for all t € [—1, 1], and the function Auw(t)
is continuous on the segment [-1,1].

(iii) u(t) satisfies the equations and nonlocal boundary condition (1.1).

In the paper [18] the following theorem on the stability was proved.

Theorem 1.1. Suppose that ¢ € D(A) and f(t) be continuously differentiable
on [0,1] and g(t) be continuously differentiable on [—1,0] functions and «; =
0,7=2,---,Nand 3; =0,i=1,---, L. Then there is a unique solution of the
problem (1.1) and the stability inequalities

max || u(t) |a< M[|| ¢ ||x

—1<t<1
—1/2
+ max [ g(0) ll + max || A727(0) |1a
1/2 < MIIl Al/2
(e | AV2u(t) [l < M(| A2 |1

0
+11900) = +_f1 lg'(®) Il dt + max || f(2) |la],

D e EEO

m

—13);0 dt ogtagxl az 2

+ max || Au(t) |ln< M| Ap |l + | AY29(0) ||

1
+ 1 fO) [l + max  g'(2) e +0f I f/(#) Nl ]

hold, where M does not depend on f(t), g(t) and .
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We have not been able to obtain the same stability estimates for the solutions
L
of the problem (1.1) for > |3;| # 0. Nevertheless, in the [23, 24] the stability

estimates for the solution Zof1 the problem (1.1) in the cases «; = 0,7 = 2,-- -, N
and 5; = 0,7 = 2,---, L under a stronger assumption than f(¢) be continuously
differentiable on [0, 1] and ¢(¢) be continuously differentiable on [—1, 0] functions
are established.

Theorem 1.2. Suppose that ¢ € D(A), g(0) € D(A%),g’(o) € H, f(0)
D(A%) and f/(0) € H. Let f(t) be twice continuously differentiable on [0, 1] and
g(t) be twice continuously differentiable on [—1, 0] functions. Then there is a unique
solution of the problem (1.1) and the stability inequalities

—1/2 1
‘max Ju®)ly <M |llelly + max [[AT2g 0]

(1.2)
A 2000 + A0 + s 42|

0<t<1

s, L gy, 1@ < M A
(1.3) - T ]

!/ /
+9(0) s+ max lg'Oll + 117 0) + . 1)

A
o ma [Au(t)

e+ g [

C) M [l + AP0 + IO+ max "l

+IA210) | + 17O + g 1770

hold, where A does not depend on f(t), t € [0, 1], g(t), t € [-1,0] and .

In the present paper the stability estimates for the solution of the problem (1.1)

N L
for > |ayl, D2 18] < 1,0 < w4, Ay < 1 under the assumption that f(¢) be twice

=1 =1
contzinuouslyZ ifferentiable on [0, 1] and ¢(¢) be twice continuously differentiable

n [—1,0] functions are established. In applications, the stability estimates for

the solutions of the mixed type boundary value problems for hyperbolic-parabolic
equations are obtained.

Finally note that the methods for numerical solutions of the nonlocal boundary
value problem (1.1) have been studied extensively (see [14-17, 19-22], and the
references therein).
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2. THE MAIN THEOREM

Let H be a Hilbert space, A be a positive definite self-adjoint operator with
A > 61, where 6 > §p > 0. Throughout this paper, {c(t),t > 0} is a strongly
continuous cosine operator-function defined by the formula
itAl/2 +e—itA1/2
2

c(t)=

Then from the definition of the sine operator-function s (¢)

s(t)u = /tc(s)u ds
0

it follows that
itA/2 e—itA1/2

24
For the theory of cosine operator-function we refer to [25] and [26].
Now, let us give some lemmas that will be needed below.

s(t) = A71/2E

Lemma 2.1. The estimates hold:

2.1) le@®lg—p <1, HA1/2 HHHH

(2.2) [A%e™ |, <t e t>0,0<y<1,6>0.

Lemma 2.2. The operator

I—- Zaz — As ()] 44 Zﬁz i) (A)] Ae™4

has an inverse

L

< Z a; [e — As ()] e + Zﬂi [s (i) + ¢ (N\i)] Ae_A>

i=1
and the following estimate

(2.3) T|lg—m <M
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holds, where M does not depend on «;, G;, ; and A;.

Proof. The proof of the estimate (2.3) is based on the estimate

Z az AS Mz +Z ﬁz )] Ae A

Using the definitions of ¢ (1) and s (i) and positivity and self-adjointness property
of A, we obtain

<1.

(2.4) ‘

H—H

H— S e () — As ()] e + z Bils () + ¢ (A)] Ae A

< s I— 2 o [eos (vpui) = ypsin (v

+ ZL:lﬁi [/psin (/pAi) + peos (/pAi)] | e
Since
cos (y/pp) — /psin (yppi) = vp + Lcos (\/ppi — pio)
\/ﬁsin (\/ﬁ)\z) + p cos (\/ﬁ)\z) = \/ﬁ\/mcos (\/ﬁ)\Z — )\Z‘O) s
we have that
H— - asle ) = As ()] + 3 5 fs (4 + (1)) e

< sup z\azucos VPri) = /psin (/o) |

6<p<oo =

+Z\ﬁi\|\/ﬁsin (\/PAi) + pcos (\/—)\i)He—p
< sup [Z o] o+ 1+ Z 1Bi| /oD F T)e*

§<p<oo i=

< ap VEEI(A e

0<dp<I<p<oo

H—H

Since  sup  p+1(1+,/p)e” <1, we have the estimate (2.4). Lemma
0<dp<I<p<oo
2.2 is proved.

Now, we will obtain the formula for solution of the problem (1.1). It is known
that for smooth data of the initial value problems

(2.5) {“"“HAU(U:f(t), 0<t<1),
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u(t)+Au(t)=g(t), (-1<t<0),
26) ( ( ( ( )
u(—1) =wu_y,

there are unique solutions of the problems (2.5), (2.6) and the following formulas
hold:

e u=cOuO+sO0 O+ [ st-n i)y 0<i<,
and

(2.8) w(t) =e A + / tl e VA () dy, —1<t<0.
Using formulas (2.7), (2.8) and equation (1.1) we can write

0

wl) = e asO)fetu+ [ oty ay

45090+ [ s(t—9) 1wy

0

(2.9)

Now, using the condition

Zaz (1) +Zﬁz i)+ o,

we obtain the operator equation

N L
{I_ ;1 o [e (i) — As (11i)] €_A+;ﬁz‘ [s (Xs) + ¢ (A)] Ae_A} u_y

N 0
=Y ailleu) — As()] [ g v)dy

-1

(210) s (ui) g (0) + /O s — ) £ () dy)
0

+3 Bi{l-As (Ai)—Ac()\i)]/ g (y) dy

i o
+c<Ai>g<o>+/0 ¢ —9) f (4)dy} + .

Since the operator

L

- Zaz — As ()l e+ D0 Bi[s () + e ()] Ae

=1
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has an inverse

T (I = 3 asle ) — As ()] e+ 35 fils ) + ¢ ) Ae-A)_ ,

=1

for the solution of the operator equation (2.10) we have the formula

u_1:T

N 0
> alleu) — As (] [ g ) dy

s () g (0) + /0 G- £ ) dy)

(2.11) .

+ 32 Brl=As () = deh)) [ g )y

i -
e+ | c(Ai—y)f(y)dyH«p]-

Hence, for the solution of the nonlocal boundary value problem (1.1) we have the
formulas (2.8), (2.9) and (2.11).

Theorem 2.1. Suppose that ¢ € D(A), g(0) € D(A%),g’(o) € H, f(0)
D(A%) and f'(0) € H. Let f(t) be twice continuously differentiable on [0, 1] and
g(t) be twice continuously differentiable on [—1, 0] functions. Then there is a unique
solution of the problem (1.1) and the following stability inequalities

<M A—1/2 /
max [lu()lly < M| l¢lly + max [|A729'0)],

A2 0) |+ A2 + g 47270

(2.12)

5L+ g, 140l < M 1Ay

(2.13) .
+19O) I + max lg"(t)[l + [[£(0)ll 7 + max [[f' ()]l |

—1<t<0 0<t<1

du Pu
s [, + max |52+ max 4wl

@19) = [IAgly + A2y + 1Ol + max " Ol

+ A2 O]y + 1Ol + max 15Ol

hold, where A does not depend on f(t), t € [0, 1], g(t), t € [—1,0] and .

Proof. First, we obtain estimate (2.12). Using formula (2.11) and an integration
by parts, we obtain



1082 Allaberen Ashyralyev and Yildirim Ozdemir

(2.15) .

. —-A_(_ 0 A 1 )
+Ac (\) <e g ( 1/\)'—i-/_1 e’ g (y) dy
FAs D10+ s £ v} ]
Using estimates (2.3), (2.1) and (2.2), we obtain

HuwH<MDmM+Imxw4m

1<t<0 HH

(2.16)

o], ol g b o, )

HH 0<t<1

Using formulas (2.8), (2.9) and an integration by parts, we obtain

u(t) =e DAy 4 471 (g () - e g (-1)

2.17
247 —/teyA (y) dy, —1<t<0>
—1

u(t) =lc(t) — As(t)] {e_Au_l
0
(218) -hwd(gw>—eﬂw<—m—1[léA <>@Q} 5(t)90)
+A*{ﬂw—cwfm»—/3u—ynwwd%OStsy]
0

Using estimates (2.1) and (2.2), we obtain

I Olln <M |lacally + s 472, + 42900 | -1<e<0.
b 01 <01 [ |40+ 450,

ually + max 472

+HA—1/2 H ] 0<t<l.
—1<t<0 H

@,
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Then from (2.16) and the last two estimates, it follows (2.12).

Second, we obtain estimate (2.13). Applying A'/2 to the formula (2.15) and
using estimates (2.3), (2.1) and (2.2), we obtain

(2.19) HAW“‘IHH =M [HAW‘PHH +_max ')l

Ol + 1Oy + guas 170

Applying A'/2 to the formulas (2.17), (2.18) and using estimates (2.1) and (2.2),
we obtain

|ar2u)||, <M [((A1/2u_1((H + max [|g'(t)]; + Hg(@)HH] . —1<t<0,
0<t<1

|472u)||, < n [max 17O + 1O

H|a 2], + ‘max g’ @] + Hg(O)HH] , 0<t<l

Then from (2.19) and the last two estimates, it follows (2.13).

Third, we obtain estimate (2.14). Using formula (2.15) and an integration by
parts, we obtain

u_1:T

> aife(u) [A7 (9(0) —e g (1)
'i:_1 0
At g ) =g ) - [ ety dy])

+As (113) (e‘Ag(—l) +A7! [9’ (0) —e g (-1) - /0

3 evg" () dy] )
:f (1) — ¢ (us) £ (0) — [ ) 0= [ s =01"w dyH }
320 Fasoi (50 =g -7 [y -t - [ engra))

) (g (1) + A [g' 0) -y -1~ | pran dy])

+A71
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Using estimates (2.3), (2.1) and (2.2), we obtain

< " !/
lAu—1llg < M |lApllg + max llg"®)lly + 19" O)la

1A+ 4270+ 17O + g, 170

(2.20)

Using formulas (2.17), (2.18) and an integration by parts, we obtain

u(t) =e DAy _ 4 A1 (g(t) - e g (-1)

t

e [g' 0 - (-0- [ ety )ay ) Li<t<o,
~1

w(t) = [e(t) = As (8)] {eMur + A7 (9(0) — e Ag (~1)

+s () g (0) + A7 f () — () £ (0)
t
~fswros [sa-nrwa] ot
0
Applying A to the last two formulas and using estimates (2.1) and (2.2), we obtain

4w @)l < M | Al + max [lo" O] + |4290)]| + Hg'<o>HH] :
-1<t<0,

40 @) < M | |77+ 42 70), + 170

sl + 0"+ 4720, + 6 O] 0<e<t

Then from (2.20) and the last two estimates, it follows (2.14). Theorem 2.1 is
proved.

Remark 1. Applying this approach we have not been able to establish the
same stability estimates for the solution of the problem (1.1) when an operator 7" is
unbounded or not exist.

3. APPLICATIONS

First, we consider the mixed problem for hyperbolic- parabolic equation
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vy — (a(z)vg)e + 0v = f(t,2),0<t <1, 0 <z <1,

v — (a(x)vg)r +ov=g(t,z), -1 <t <0, 0 <z <1,

N L
’U(—l,(I)) = ZO&Z"U (M’va) + Z/B’ivt()"ivx) + QO((I,'), 0<z<1,
(3_1) i=1 i=1

N L

Z‘az‘vz‘ﬁz‘ S 170 < M’M}‘Z S 17

=1 =1

v(t,0) =v(t,1),v.(¢,0) = vy (t,1), -1 <t <1,

Problem (3.1) has a unique smooth solution v(t, z) for the smooth a(z) > a >
0(z € (0,1)), ¢(x) (z € [0,1]) and f(t,x)(t € [0,1], x € [0,1]), g(t,x)(t €
[—1,0],z € [0,1]) functions and 6 = const > 0. This allows us to reduce the
mixed problem (3.1) to the nonlocal boundary value problem (1.1) in Hilbert space
H with a self-adjoint positive definite operator A defined by (3.1). Let us give a
number of corollaries of the abstract Theorem 2.1.

Theorem 3.1. The solutions of the nonlocal boundary value problem (3.1)
satisfy the stability estimates

masx [o(0)],j0 < M [Hf(O)HLQ[o,u t+ max L)l 0,1

O+ 1 I + 1o

max lo® lwor < M |:Hf(0)HL2[O,1] + max £l Ly70,1)

O + 1 It Olgon + elbugn

nax, H’U(t)HWQQ[O,l] + hax, el 0,11 + Juax o (Ol 0,11

< M {lellwzoay + 11 O) iy + 1 0)l 0,0 + Juax 1fet ()l Ly70.11

o) gton + ho O lgon + mas el

where M does not depend on f (¢, x) (t € [0,1],z € [0,1]), g(t,x) (t € [-1,0],x €
[0,1]) and p(z) (z € [0, 1]).

The proof of this theorem is based on the abstract Theorem 2.1 and the symmetry
properties of the space operator generated by problem (3.1).
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Second, let 2 be the unit open cube in the n-dimensional Euclidean space
R" (0 < xp < 1,1 <k<mn) with boundary S, Q@ =QUS. In[0,1] x Q we
consider the mixed boundary value problem for the multidimensional hyperbolic-
parabolic equation

n

Vgt — 21 (ar(®)vg,),, = f(t,7),0 <t <1,

x=(1,...,2,) € Q,

n

Ut — Z (ar(x)vmr)mr = g(tv fI,'), _1 S t S 07
r=1

x=(T1,...,2,) € Q,
(3.2)

N L
v(=1,2) = > v (i, z) + Y. Bive(Ni, z) + p(x),z € €,
i=1 i=1

N L
Z ‘a’i‘7 Z ‘/82‘ S 170 < M’M}‘Z S 17
i=1 i=1

u(t,x) =0,z € S, -1 <t <1,

v(0+, ) = v(0—, x),v:(0+, ) = v (0—, ), 2 € Q.

We introduce the Hilbert spaces Lo(£2) of the all integrable functions defined
on €, equipped with the norm

1/2

ey =4 [+ [ 1P d,
meﬁ

Problem (3.2) has a unique smooth solution v (¢, z) for the smooth a,(x) > a > 0,
o(z) (x € Q) and f(t,z) (t € (0,1), x € Q),g(t,x) (t € (=1,0), x € Q)
functions. This allows us to reduce the mixed problem (3.2) to the nonlocal boundary
value problem (1.1) in Hilbert space H with a self- adjoint positive definite operator
A defined by (3.2). Let us give a number of corollaries of the abstract Theorem
2.1.

Theorem 3.2. The solutions of the nonlocal boundary value problem (3.2)
satisfy the stability estimates

Jmax [o(t) @) < M [Hf(O)HLQ@ + max [/l ,@)

Ol + s IOl + el

_max, o) llwz @ < M |:Hf(0)HL2(§) + Juax e @)l 1, )
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o) + Il + el

—1<t<0
o)l +_max ot + max ot e
< M| |l bwz@ + 15O gy + 17O |z + max 1Ol e

+ 190w @) + 9:(O)l 1, @) + _naxs Hgtt(t)HLg(ﬁ)] ;
where M does not depend on f(¢,z) (t€(0,1],z€ Q), g(t,x) (t€[-1,0],z€ Q)
and p(z) (z € Q).

The proof of this theorem is based on the abstract Theorem 2.1 and the symmetry
properties of the space operator generated by problem (3.2).
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