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MULTIPLE SOLUTIONS FOR A SECOND-ORDER
STURM-LIOUVILLE BOUNDARY VALUE PROBLEM

Yu Tian and Weigao Ge

Abstract. In this paper, we investigate a second-order Sturm-Liouville bound-
ary value problem depending on the parameter λ. For any λ in some explicitly
determined open interval, the boundary value problem admits multiple gener-
alized solutions by using very recent three critical points theorems stated in a
paper by G. Bonanno (J. Math. Anal. Appl. 29 (2004), 600-614).

1. INTRODUCTION

In recent years, multiplicity results for nonlinear boundary value problems were
extensively studied because of their application in many fields, see [1, 6, 7, 13, 15]
and the references therein. The results have been obtained mainly by the fixed point
theorem in cones, such as Guo-Krasnosel’skii fixed point theorem in a cone [12],
Leggett-Williams fixed point theorem [17], Avery and Henderson’s theorem [6]. In
the last few years, a result of Ricceri (Theorem 1 of [18]) has been widely used to
obtain multiplicity results, see [8-10]. In [19], Ricceri’s variational principle was
established, that is to say, infinitely many local minima of the functional Φ + λΨ
for each sufficiently large λ ∈ R exist under some assumptions. Based on the use
of Ricceri’s variational principle, the exact interval ] 1

ϕ2(r)
, 1

ϕ1(r)
[ is determined in

[3] such that for every λ ∈] 1
ϕ2(r)

, 1
ϕ1(r) [, the functional Φ + λΨ has at least three

critical points. Very recently, in [11] G. Bonanno obtained a new critical point
theorem where the coercity and the Palais-Smale condition are not assumed, so
further improve the critical point theorem.

We first state the critical point theorem in [11].
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At first, given a real Banach space X and two functions Φ,Ψ : X → R, we
define the following functionals

(1.1) ϕ1(r) = inf
x∈Ψ−1(]−∞,r[)

Φ(x) − inf
x∈Ψ−1(]−∞,r[)

ω Φ(x)

r − Ψ(x)
,

(1.2) ϕ2(r1, r2) = inf
x∈Ψ−1(]−∞,r1[)

sup
y∈Ψ−1([r1,r2[)

Φ(x)− Φ(y)
Ψ(y)− Ψ(x)

for all r, r1, r2 > infX Ψ, with r1 < r2, and where Ψ−1(]−∞, r[)
ω

is the closure
of Ψ−1(]−∞, r[) in the weak topology.

Theorem 1.1. [11] Let X be a reflexive real Banach space, and Φ,Ψ :
X → R two sequentially weakly lower semicontinuous and Gâteaux differentiable
functionals. Assume that Ψ is (strongly) continuous and satisfies lim

‖x‖→+∞
Ψ(x) =

+∞. Assume also that there exist two constants r 1 and r2 such that

(j) infX Ψ < r1 < r2;
(jj) ϕ1(r1) < ϕ2(r1, r2);

(jjj) ϕ1(r2) < ϕ2(r1, r2).

Then, there exists a positive real number σ such that, for each

λ ∈
]

1
ϕ2(r1, r2)

,min
{

1
ϕ1(r1)

,
1

ϕ1(r2)

}[
,

the equation Ψ′+λΦ′=0 admits at least two solutions whose norms are less than
σ.

Define

(1.3) ϕ3(r1, r2, r3) = inf
x∈Ψ−1([r1,r2[)

sup
y∈Ψ−1([r2,r3[)

Φ(x)− Φ(y)
Ψ(y) − Ψ(x)

for all r1, r2, r3 > infX Ψ. Clearly, ϕ2(r2, r3) ≤ ϕ3(r1, r2, r3).

Theorem 1.2. [11] Let X be a reflexive real Banach space, and Φ,Ψ : X → R
two sequentially weakly lower semicontinuous and Gâteaux differentiable function-
als. Assume that Ψ is (strongly) continuous and satisfies lim

‖x‖→+∞
Ψ(x) = +∞.

Assume also that there exists three constants r 1, r2 and r3 such that

(k) infX Ψ < r1 < r2 < r3;

(kk) max{ϕ1(r1), ϕ1(r2), ϕ1(r3)} < min{ϕ2(r1, r2), ϕ3(r1, r2, r3)}.
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Then there exists a positive real number σ such that for each

λ ∈
]
max{ 1

ϕ2(r1, r2)
,

1
ϕ3(r1, r2, r3)

},min{ 1
ϕ1(r1)

,
1

ϕ1(r2)
,

1
ϕ1(r3)

}
[
,

the equation Ψ′ + λΦ′ = 0 admits at least three solutions whose norms are less
than σ.

The existence of multiple solutions for Dirichlet boundary value problem were
studied in [11] by means of Theorem 1.1 and Theorem 1.2. This paper is a contin-
uation for the application of the critical point theorem.

We consider the existence of solutions for the following second-order Sturm-
Liouville boundary value problem:

(1.4)

{
(Φp(x′))′ + λf(t, x)g(x′) = 0, t ∈ [a, b],

αx(a) − βx′(a) = 0, γx(b) + ηx′(b) = 0,

where α, γ ≥ 0, β, η > 0, Φp(x) := |x|p−2x, p > 1, f is an L1-Carathédory
function, g : R → R is a bounded continuous function such that 0 < m :=
inf g, 0 < M := sup g.

For β = 0, η = 0 (1.4) becomes Dirichlet boundary value problem, which has
been studied extensively in recent years, see [4, 11, 14] and the references therein.
For p = 2, β = 0, η = 0, (1.4) has been studied in [1, 22]. For β = 0, γ = 0, (1.4)
becomes mixed boundary value problem, which was studied in [5] by using critical
point theorem [3]. By using cone expansion-compression fixed-point theorem, Erbe
and Wang studied in [16] the equation u

′′
+ g(t)f(u) = 0 and Sturm-Liouville

boundary condition, and get existence result by imposing the following conditions
on f :

(a) lim
x→0+

f(x)
x = 0 and lim

x→∞
f(x)

x = +∞, (superliner);

or
(b) lim

x→0+

f(x)
x = +∞ and lim

x→∞
f(x)

x = 0, (suberliner).

In this paper, we consider the existence of solutions for problem (1.4). Due to
β, η �= 0 in boundary condition, the Banach space X and functionals Φ,Ψ defined
on X are different from [11]. Our approach is based on Theorem 1.1 and 1.2 and
enables us to obtain multiple solutions of (1.4). Our results extend and complement
many results in the literature [2, 5, 11, 16].

This paper is organized as follows. in section 2, we introduce some basic
definition and notation. In section 3, the variational approach is justified and the
regularity of an appropriate functional involved is proved. In section 4, existence
results are given.
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2. BASIC DEFINITIONS AND NOTATIONS

The Sobolev space W1,p([a, b]) = {u : u ∈ C([a, b]), u′ ∈ Lp([a, b])}, 1< p <

∞. The norm overW1,p([a, b]) is defined by ‖u‖W 1,p =
(∫ b

a |u(t)|p + |u′(t)|pdt
) 1

p
.

It is well known that W 1,p([a, b]) is a reflexive Banach space.
In this paper, we need the following notations: ‖u‖∞ = max

t∈[a,b]
|u(t)|, ‖u‖Lp =(∫ b

a |u(t)|pdt
) 1

p
.

Definition 2.1. A function f : [a, b]×R→ R is said to be L1-Carathédory if

(a) t→ f(t, u) is measurable for every u ∈ R;
(b) u→ f(t, u) is continuous for almost every t ∈ [a, b];
(c) for every ρ > 0 there exists a function lρ ∈ L1([a, b]) such that

sup
|u|<ρ

|f(t, u)| ≤ lρ(t) for almost every t ∈ [a, b].

Definition 2.2. A function u : [a, b] → R is said a generalized solution to (1.4)
if u ∈ C1([a, b]),Φp(u′) ∈ AC([a, b]) satisfies Sturm-Liouville boundary condition
and

(2.1) (Φp(u′))′ + λf(t, u)g(u′) = 0

for almost every t ∈ [a, b].
For p > 1, define J : R → R by putting, for any x ∈ R

(2.2) J(x) :=
∫ x

0

(p− 1)|s|p−2

g(s)
ds,

clearly J is an increasing homeomorphism on R and by [4] one has

(2.3)
|x|p−2x

M
≤ J(x) ≤ |x|p−2x

m
for all x ∈ R,

d

dt
J(x(t)) =

d
dtΦp(x(t))
g(x(t))

.

Definition 2.3. A function u : [a, b] → R is said a weak solution to (1.4) if
u ∈W 1,p([a, b]) and

(2.4)

∫ b

a
J(u′(t))v′(t)dt+ J

(
αu(a)
β

)
v(a)− J

(
−γu(b)

η

)
v(b)

=
∫ b

a
λf(t, u(t))v(t)dt
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for every v ∈W1,p([a, b]).
We claim that generalized solutions to problem (1.4) coincide with weak ones

when f is an L1-Carathédory function. In fact, if u ∈ C1([a, b]) is a generalized
solution, it is clear u ∈W 1,p([a, b]). Since g : R→ R is a continuous function and
inf g > 0 we have

(2.5)
(Φp(u′(t)))′

g(u′(t))
+ λf(t, u(t)) = 0,

Multiplying (2.5) by v ∈ W1,p([a, b]), then integrating them on [a, b], in view of
the boundary condition, we obtain (2.4). On the other hand, if u is a weak solution,
by integrating by parts and (2.3) we have

0 =
∫ b

a

J(u′(t))v′(t)dt+ J

(
αxu(a)
β

)
v(a)

−J
(
−γu(b)

β

)
v(b)−

∫ b

a
λf(t, u(t))v(t)dt

= J(u′(b))v(b)− J(u′(a))v(a)−
∫ b

a

(Φp(u′(t)))′

g(u′(t))
v(t)dt

+J
(
αxu(a)
β

)
v(a)− J

(
−γu(b)

η

)
v(b)−

∫ b

a
λf(t, u(t))v(t)dt.

i.e.

(2.6)
0 =

[
J(u′(b))− J

(
−γu(b)

η

)]
v(b) +

[
−J(u′(a)) + J

(
αu(b)
β

)]
v(a)

−
∫ b

a

{
(Φp(u′(t)))′

g(u′(t))
+ λf(t, u(t))

}
v(t)dt

holds for any v ∈ W1,p([a, b]). and hence for all v ∈ C∞([a, b]). Thus, by
fundamental lemma of variational, x satisfies the equation (2.5) for a.e. t ∈ [a, b].
Then (2.6) become[

J(u′(b)−J
(
−γu(b)

η

)]
= v(b) +

[
−J(u′(a)) + J

(
αu(b)
β

)]
v(a) = 0

for all v ∈W 1,p([a, b]). We will show x satisfies boundary condition in BVP (1.4).
If not, without loss of generality, we assume

γu(b) + ηu′(b) > 0,

which means J(u′(b)) − J
(
−γu(b)

η

)
> 0. Let v(t) = t − a ∈ C∞([a, b]) ⊂

W 1,p([a, b]), then
[
J(u′(b))− J

(
−γu(b)

η

)]
(b−a) > 0, a contralicaion. Therefore,

u is a generalized solution of problem (1.4).
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3. PRELIMINARIES

For each u ∈W1,p([a, b]), put

(3.1) Ψ(u) =
∫ b

a

(∫ u′(t)

0
J(s)ds

)
dt +

β

α

∫ αu(a)
β

0
J(s)ds+

η

γ

∫ −γu(b)
η

0
J(s)ds,

and

(3.2) Φ(u) := −
∫ b

a
F (t, u(t))dt,

where F (t, ξ) =
∫ ξ
0 f(t, x)dx for t ∈ [a, b]. By (2.3), via a simple calculation, we

have

(3.3)

1
Mp

[
‖u′‖p

Lp +
αp−1

βp−1
|u(a)|p +

γp−1

ηp−1
|u(b)|p

]

≤ Ψ(u) ≤ 1
mp

[
‖u′‖p

Lp +
αp−1

βp−1
|u(a)|p +

γp−1

ηp−1
|u(b)|p

]
.

Lemma 3.1. If u ∈ W 1,p([a, b]), and there exists r > 0 such that Ψ(u) ≤ r,

then

‖u‖∞ ≤ p
√
Mpr

(
p

√
βp−1

αp−1
+ (b− a)

1
q

)
.

Proof. If u ∈W 1,p([a, b]), it follows from the mean value theorem that

(3.4) |u(t)| =
∣∣∣∣u(a) +

∫ t

a

u′(s)ds
∣∣∣∣ ≤ |u(a)|+ ‖u′‖Lp(b− a)

1
q .

In view of Ψ(u) ≤ r and (3.3) we have

1
Mp

[
‖u′‖p

Lp +
αp−1

βp−1
|u(a)|p +

γp−1

ηp−1
|u(b)|p

]
≤ r,

then

(3.5) ‖u′‖Lp ≤ p
√
Mpr, |u(a)| ≤ p

√
βp−1

αp−1
Mpr.

The conclusion then follows from (3.5).
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Lemma 3.2. Let Ψ : W 1,p([a, b]) → R be defined as (3.1). Then Ψ :
W 1,p([a, b]) → R is a sequentially weakly lower semicontinuous and continuous
functional and lim

‖u‖→+∞
Ψ(u) = +∞, whose Gâteaux derivative at the point u is

the functional Ψ′(u) ∈ (W 1,p([a, b]))∗ given by

Ψ′(u)(v) =
∫ b

a
J(u′(t))v′(t)dt+ J

(
αu(a)
β

)
v(a)− J

(
−γu(b)

η

)
v(b)

for every v ∈W 1,p([a, b]).

Proof. First we will show that Ψ is a continuous functional. Let un → u on
W 1,p([a, b]) as n → ∞, then ‖u′

n − u′‖Lp → 0 and un(a) → u(a), un(b) → u(b)
as n→ ∞.

(3.6)
|Ψ(un)− Ψ(u)| ≤

∫ b

a

∣∣∣∣∣
∫ u

′
n(t)

u′(t)
J(s)ds

∣∣∣∣∣ dt+ β

α

∣∣∣∣∣
∫ αun(a)

β

αun(a)
β

J(s)ds

∣∣∣∣∣
+
η

γ

∣∣∣∣∣
∫ −γun(b)

η

−γun(b)
η

J(s)ds

∣∣∣∣∣ ,
by (2.3), we have

(3.7)

∫ b

a

∣∣∣∣∣
∫ u

′
n(t)

u′(t)
J(s)ds

∣∣∣∣∣ dt ≤ 1
m

∫ b

a

∣∣∣∣∣
∫ u

′
n(t)

u′ (t)
|s|p−2sds

∣∣∣∣∣ dt
=

1
mp

∫ b

a

∣∣|u′(t)u′n(t)|p − |u′(t)p|∣∣dt
Let ψ(x) = |x|p, by mean value theorem at u′n(t) and exists 0 < ξ(t) < 1 such that

|ψ(u′n(t)) − ψ(u′(t))| = |ψ′(u′n(t)) + ξ(t)(u′n(t)) − (u′(t))× (u′n(t))− (u′(t))|,
i.e.
||(u′n(t)|p − |(u′(t)|p| = p |Φp(u′n(t)) + ξ(t)(u′n(t) − (u′(t))| × |u′n(t)− u′(t)|

≤ p (|u′n(t)| + |u′n(t)− (u′(t)|)p−1|u′n(t) − u′(t)|
≤ k

[|u′n(t)|p−1|u′n(t) − u′(t)| + |u′n(t) − u′(t)|p]
Therefore

(3.8)

∫ b

a

∣∣∣∣∣
∫ u

′
n(t)

u′(t)
J(s)ds

∣∣∣∣∣ dt
≤ k

mp

(∫ b

a
|u′(t)|p−1|u′n(t) − u′(t)|+ |u′n(t) − u′(t)|pdt

)

≤ k

mp

(
‖u′(t)‖

p
q

Lp‖u′(t) − u′‖LP + ‖u′(t) − u′‖p
LP

)
→ 0 as un → u on W 1,p([a, b]).
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Moreover, by (2.3)

(3.9)

∣∣∣∣∣
∫ αun(a)

β

αu(a)
β

J(s)ds

∣∣∣∣∣
≤ 1
m

∣∣∣∣∣
∫ αun(a)

β

αu(a)
β

|s|p−2sds

∣∣∣∣∣ ≤ 1
mp

∣∣∣∣
∣∣∣∣αun(a)

β

∣∣∣∣p −
∣∣∣∣αu(a)β

∣∣∣∣p
∣∣∣∣

=
αp

βpmp
||un(a)|p − |u(a)|p| → 0 as un → u on W 1,p([a, b])

and

(3.10)

∣∣∣∣∣
∫ −γun(a)

η

−γu(b)
η

J(s)ds

∣∣∣∣∣→ 0 as un → u.

It follows from (3.6) (3.8)-(3.10)that Ψ(un) → Ψ(u) as un → u. Thus we have
shown that Ψ is continuous, taking into account that Ψ is convex, from (Proposi-
tion 25.20 [20]) we obtain that Ψ is a sequentially weakly lower semi-continuous
functional.
Now let ‖u‖ → ∞, and consider two cases: (i) ‖u′‖Lp → ∞, (ii) ‖u‖Lp → ∞.

(i) By (3.3) we have Ψ(u) → ∞.

(ii) In view of ‖u‖Lp ≤ (b − a)
1
p ‖u‖∞ we have ‖u‖∞ → ∞, together with

continuity of u on [a, b] we get u(a) → ∞ or u(b) → ∞, therefore Ψ(u) →
∞. So lim

‖u‖→∞
Ψ(u) = ∞.

By the definition of Fréchet derivative, it is easy to see that

Ψ′(u)(v) =
∫ b

a
J(u′(t))v′(t)dt+ J

(
αu(a)
β

)
v(a)− J

(
−γu(b)

η

)
v(b).

for every v ∈W1,p([a, b]). The proof is complete.

Remark 3.1. If u ∈ W1,p([a, b]) is a critical point of Ψ + λΦ, in view of
Definition 2.3, then u is a weak solution of problem (1.4).

4. MAIN RESULTS

Theorem 4.1. Let f : [a, b]×R→ R be an L1-Carathédory function, and put
F (t, ξ) =

∫ ξ
0 f(t, x)dx for every (t, ξ) ∈ [a, b]×R. Assume there exist two positive

constants 0 < c1 < c2 and a function y∗ ∈W 1,p([a, b]) such that
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(H1) cp1 ≤
{
‖y∗′‖p

Lp + αp−1

βp−1 |y∗(a)|p+ γp−1

ηp−1 |y∗(b)|p
}[

(b− a)
1
q + p

√
βp−1

αp−1

]p

≤ m
M cp2;

(H2) AciMp

[
(b− a)

1
q + p

√
βp−1

αp−1

]p

<

∫ b
a F (t,y∗(t))dt−∫ b

a sup
|ξ|≤c1

F (t,ξ)dt

Ψ(y∗) for i = 1, 2.

Then for each

λ ∈


 Ψ(y∗)∫ b

a F (t, y∗(t))dt− ∫ b
a sup

|ξ|≤c1

F (t, ξ)dt
,

min{ 1
Ac1

, 1
Ac2

}

Mp

[
(b− a)

1
q + p

√
βp−1

αp−1

]p


 ,

the problem (1.4) has at least two generalized solutions whose norms in C([a, b])
are less than c2, where Ac = 1

cp

∫ b
a sup

|ξ|≤c
F (t, ξ)dt.

Proof. Take the Banach space X = W 1,p([a, b]). The functional Φ,Ψ have
been defined as in (3.1) and (3.2). It is well known X is a reflexive Banach
space. Lemma 3.2 and [4] have showed that Φ,Ψ : X → R are two sequentially
weakly lower semicontinuous and Gâteaux differentiable functionals and that Ψ is
continuous and satisfies lim

‖x‖→+∞
Ψ(x) = +∞.

We will obtain at least two critical points of Ψ + λΦ by applying Theorem 1.1.
It remains to verify conditions (j)(jj)(jjj) in Theorem 1.1.

Let ri = c
p
i

Mp

(
(b− a)

1
q + p

√
βp−1

αp−1

)−p

, i = 1, 2. By (3.3) and (H1) we have

Ψ(y∗) ≤ 1
mp

[
‖y∗′‖p

Lp +
αp−1

βp−1
|y∗(a)|p +

γp−1

ηp−1
|y∗(b)|p

]
< r2

and
Ψ(y∗) ≥ 1

Mp

[
‖y∗′‖p

Lp +
αp−1

βp−1
|y∗(a)|p +

γp−1

ηp−1
|y∗(b)|p

]
> r1.

It is easy to verify that (j) holds since r1, r2 > 0.
We will now show that (jj) in Theorem 1.1 is satisfied.
Taking into account that the function u ≡ 0 on [a, b] obviously belongs to

Ψ−1(]−∞, r[) and that Ψ(0) = Φ(0) = 0, we get

ϕ1(r) = inf
x∈Ψ−1(]−∞,r[)

Φ(x)− inf
x∈Ψ−1(]−∞,r[)

ω Φ(x)

r − Ψ(x)

≤ −1
r

inf
x∈Ψ−1(]−∞,r[)

ω
Φ(x).



984 Yu Tian and Weigao Ge

Noticing Ψ−1(]−∞, r[)
ω

= Ψ−1(] −∞, r]), by Lemma 3.1 we obtain

(4.1) ϕ1(r) ≤ 1
r

∫ b

a

sup

|ξ|≤ p√Mpr

[
(b−a)

1
q + p

√
βp−1

αp−1

]F (t, ξ)dt.

So

ϕ1(ri) ≤
Mp

[
(b− a)

1
q + p

√
βp−1

αp−1

]p

cpi

∫ b

a

sup
|ξ|≤ci

F (t, ξ)dt, i = 1, 2.

On the other hand, by Lemma 3.1 and r1 ≤ Ψ(y∗) ≤ r2 we have

ϕ2(r1, r2) = inf
x∈Φ−1(]−∞,r1[)

sup
y∈Ψ−1([r1,r2[)

Φ(x) − Φ(y)
Ψ(y)− Ψ(x)

≥ inf
x∈Φ−1(]−∞,r1[)

Φ(x) − Φ(y∗)
Ψ(y∗)− Ψ(x)

≥ inf
x∈Φ−1(]−∞,r1[)

1
Ψ(y∗)− Ψ(x)

(∫ b

a
F (t, y∗(t))dt−

∫ b

a
F (t, x(t))dt

)

By (H2) we have that
∫ b
a F (t, y∗(t))dt− ∫ b

a F (t, x(t))dt > 0, so

ϕ2(r1, r2) ≥ 1
Ψ(y∗)

(∫ b

a
F (t, y∗(t))dt−

∫ b

a
sup
|ξ|≤c1

F (t, ξ)dt

)
.

From (H2) we have (jj) (jjj) in Theorem 1.1 hold. By choosing σ = r2, the
conclusion follows.

In Theorem 4.1, condition (H2) is related to the function y∗ ∈W 1,p. A different
function y∗ ∈ W 1,p would lead to a different condition, which is similar to (H2).
For example, we let y∗(t) = d(t−a), where d is a constant. We have the following
result.

Corollary 4.2. Let f : [a, b]× R → R be an L1-Carathédory function, and
put F (t, ξ) =

∫ ξ
0 f(t, x)dx for every (t, ξ) ∈ [a, b]× R. Assume there exist three

positive constants c1, d, c2 such that

(H1)′ c1 < d
[
(b− a) + p

√
γp−1

ηp−1

]p [
(b− a)

1
q + p

√
βp−1

αp−1

]
< p
√

m
M c2;

(H2)′ Aci
M
m

(
(b− a)

1
q + p

√
βp−1

αp−1

)p [
b− a+ γp−1

ηp−1 (b− a)p
]
< B(d(t − a), d, c1)

for i = 1, 2,
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where Ac is defined in Theorem 4.1 and

B(d(t− a), d, c1) =
1
dp

[∫ b

a

F (t, d(t− a))dt−
∫ b

a

sup
|ξ|≤c1

F (t, ξ)dt

]
.

Then for each

λ ∈


b− a+ γp−1

ηp−1 (b− a)p

mpB(d(t− a), d, c1)
,

min{ 1
Ac1

, 1
Ac2

}

Mp

[
(b− a)

p
q + p

√
βp−1

αp−1

]p


 ,

the problem (1.4) has at least two generalized solutions whose norms in C([a, b])
are less than c2.

Example 4.1. Let p = 2, α = 1, β = 1, γ = 3, η = 1, g : [0, 1] → R be defined
by g(x) = 1 + | sinx| for every x ∈ R, inf g = m = 1, sup g = M = 2. Moreover,
let f : R → R be the function defined as follows

f(x) =




1, x ∈] −∞, 1],

x10, x ∈]1, 4],

410(−x+ 5), x ∈]4, 5],

0, x ∈]5, 40],

f∗(x), x ∈]40,+∞[,

where f∗ is an arbitrary function on ]40,+∞[ satisfying f∗(40) = 0. It is easy
to verify all assumptions of Corollary 4.2 by choosing c1 = 1, d = 5, c2 = 40.
Therefore, thanks to Corollary 4.2 for each λ ∈] 50

410 ,
200
410 [, the problem

(4.2)

{
x

′′
+ λf(x)(1 + | sinx′|) = 0,

x(0)− x′(0) = 0, 3x(1) + x′(1) = 0

admits at least two classical solutions whose norms in C([0, 1]) are less than 40.
We denote the two solutions as x1, x2, by λ > 0, f(xi) ≥ 0 and g(x) > 0, we
have x

′′
i (t) ≤ 0 on t ∈ [0, 1], i = 1, 2, which together with xi(0) − x

′
i(0) =

0, 3xi(1) + x
′
i(1) = 0 shows that xi(t) ≥ 0 on [0, 1].

Remark 4.1. If we are applying some cone expansion-compression fixed point
theorem [12], then some superlinear or sublinear assumptions on f must be imposed
in order to obtain existence results, see [16]. In our approach, we do not need such
assumptions, as Example 4.1 shows.
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Theorem 4.3. Assume that there exist five constants c 1, d1, c2, d2, c3 with

ci < di

[
(b− a)

1
q + p

√
βp−1

αp−1

]p [
b− a +

γp−1

ηp−1
(b− a)p

] 1
p

≤ ci+1
p

√
m

M
, i = 1, 2

such that

(4.3)
M

m

[
p

√
βp−1

αp−1
+ (b− a)

1
q

]p [
b− a+

γp−1

ηp−1
(b− a)p

]

A∗(c1, c2, c3) ≤ B∗
c1,c2(d1, d2),

where A∗(c1, c2, c3) = max{Aci : i = 1, 2, 3}, B∗
c1,c2

(d1, d2) = min{B(d1(t −
a), c1), B(d2(t− a), c2)}. Then for each

λ ∈

b− a+ γp−1

ηp−1 (b− a)p

mpB∗
c1,c2(d1, d2)

,
1

MpA∗(c1, c2, c3)

[
(b− a)

1
q + p

√
βp−1

αp−1

]−p

 ,

problem (1.4) has at least two nonzero generalized solutions whose norms in
C([a, b]) are less than c3.

Proof. Take the Banach space X and the functionals Ψ,Φ on X are as in

Section 2 and in (3.1)(3.2). Let ri = cp
i

Mp

(
(b− a)

1
q + p

√
βp−1

αp−1

)−p

, i = 1, 2, 3 and

y1(t) = d1(t− a), y2(t) = d2(t− a). Arguing as in the proof of Theorem 4.1, one
has

r1 < Ψ(y1) < r2 < Ψ(y2) < r3,

ϕ2(r1, r2) ≥ mp

dp
1 +

γp−1

ηp−1
dp

1(b− a)p

B(d1(t− a), d1, c1),

ϕ3(r1, r2, r3) ≥ ϕ(r2, r3) ≥ mp

dp
1 +

γp−1

ηp−1
dp

1(b− a)p

B(d2(t− a), d2, c2),

ϕ(ri) ≤ Mp

[
(b− a)

1
q + p

√
βp−1

αp−1

]p

Aci , i = 1, 2, 3.

Therefore, taking into account (4.3), from Theorem 1.2, there exist at least three
generalized solutions. Not taking into account the zero solution, there are at least
two nonzero generalized solutions whose norms in C([a, b]) are less than c3.
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