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ON e-APPROXIMATE SOLUTIONS FOR CONVEX
SEMIDEFINITE OPTIMIZATION PROBLEMS

Gwi Soo Kim and Gue Myung Lee

Abstract. In this paper, we discuss e-optimality conditions and e-saddle
point theorems for e-approximate solutions for convex semidefinite optimiza-
tion problem which hold under a weakened constraint qualification or which
hold without any constraint qualification.

Moreover, we formulate a Wolfe type dual problem for the convex semidef-
inite optimization problem, and prove e-weak duality and e-strong duality be-
tween the primal problem and the dual problem, which hold under a weakened
constraint qualification.

1. INTRODUCTION

Convex semidefinite optimization problem is to optimize an objective convex
function over a linear matrix inequality. When the objective function is linear and
the corresponding matrices are diagonal, this problem become a linear optimiza-
tion problem. So, this problem is an extension of a linear optimization problem. In
particular, convex semidefinite optimization problem includes many important appli-
cations in systems and control theory [4], approximate theory ([3,9,11]) and combi-
natorial optimization ([1,23,26]). Hence convex semidefinite optimization has been
intensively studied ([20,25,28] and [30]). Polynomial time interior point algorithms
are now available for solving semidefinite programming problem. Many authors
([2,18,19,24,32,33]) have developed interior point algorithms for linear, semidefi-
nite and convex optimization problems.
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In particular, for convex semidefinite optimization problem, strong duality with-
out constraint qualification [27], complete dual characterization conditions of solu-
tions ([13,16]), saddle point theorems [5] and characterizations of optimal solution
sets [14] have been investigated.

From computational viewpoint, algorithms which have been proposed in lit-
erature to solve optimization problems compute only e-approximate solutions for
the problems. To get the e-approximate solution, many authors have established
e-optimality conditions, e-saddle point theorems and e-duality theorems for opti-
mization problems ([6-8,21,22,29,31]).

Recently, Jeyakumar et al. [13] established sequential optimality conditions for
exact solutions of convex optimization problems which holds without any constraint
qualification. Jeyakumar et al. [12] gave e-optimality conditions for convex op-
timization problems, which hold without any constraint qualification. Yokoyama
et al. [31] gave a special case of convex optimization problem which satisfies e-
optimality conditions. Kim et al. [17] proved sequential e-saddle point theorems
and e-saddle point theorems for convex optimization problems.

In this paper, we consider e-approximate solutions for a convex semidefinite
optimization problem and prove e-optimality theorems and e-saddle point theorems
for such solutions which hold under a weakened constraint qualification or which
hold without any constraint qualification. Moreover, we formulate a Wolfe type dual
problem for the convex semidefinite optimization problem and its dual problem,
which hold under a weakened constraint qualification.

2. PRELIMINARIES

Consider the convex semidefinite optimization problem:

(SDP) Minimize f(xz)
m
subjectto  Fy + > a;F; = 0,
i=1
where f : R™ — R is a convex function, and for i = 0,1,--- ,m, F; € S, the

space of n x n real symmetric matrices. The space S, is partially ordered by the
Lowner order; that is, for M, N € S,,, M = N if and only if M — N is positive
semidefinite. The inner product in S,, is defined by (M, N) = Tr[M N], where
Tr[-] is the trace operation.

Let S:={M € S, | M =0} . Then S is self-dual, that is,

St={0€8,| (0,2) 20VZ €S} = S.
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Let F(z) := Fo + >./"  xiF; ,F(m) = Yt xF, e = (x1---,x,) € R™.
Then Eis a linear operator from R™ to S, and its dual is defined by

F*(Z) = (Tx[R\ 2] ,- - -, TY[Fn Z))

forany Z € S, . Clearly, A := {x € R™| F(z) € S} is the feasible set of
(SDP). Let

D:= |J {(F(2),-Tx[ZF)]-6)}.
(Z,6)eSxR 1

Clearly, D is a convex cone, but is not necessarily closed.

If the interior point condition holds for (SDP), that is, there exists & € R™ such
that F + >, 4 F; is positive definite, then D is closed, but the converse may
not hold. For instance, let

0 0 0 1 0 0
FQ—(O 0>,F1—<1 0>andF2—<0 0)

Then it is clear that there does not exists & € R™ such that Fy + Z?Zl Z; F; is
positive definite. However,

D: = U {(Tr[ZF], Tx[ZF), = Tx[ZFy] — 6)}
(Z,5)ESxR;
= {(x,0,2) e R® |z € R,z Z0}.

So, D is closed in R3.
We will use ths closedness of the set D as a constraint qualification for (SDP).
We give the definition of e-approximate solutions.

Definition 2.1. Lete = 0. Then Z € A is called an e-approximate solution of
(SDP) if for any x € A,
flx) 2 f(z) —e

Definition 2.2. Let g : R” — R be a convex function.
(1) The subdifferential of g at a is given by
dg(a) :={veR" | g(z) 2 g(a)+ (v,x —a), VzeR"}

where (-, -) is the scalar product on R".
(2) The e-subdifferential of g at a is given by

0ge(a) :={veR" | g(x) 2 g(a) + (v,x —a) —¢, Vo e R"}.
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From Theorem 3.1.1 in [10], we can obtain the following proposition.

Proposition 2.1. Let f : R™ — R be a convex function and 6 is the indicator
function with respect to a closed convex subset C' of R™. Let ¢ = 0. Then there
exist eg, €1 = 0 such that ¢g + ¢; = ¢ and

ae(f + 50)(£) - asof(j') + aElf(‘i.)

From Theorem 1 (Feasibility Theorem) in [4], we can obtain the following
Lemma.

Lemma 2.1. Let F; € S, i =0,1,---,m. Suppose that A # (. Let u € R™
and a € R. Then the following are equivalent:

(i) {xeRm\Fo—i—iFixitO}C{weRmHu,mZa}.
o (e ()

Lemma 2.2. Letz € A and e = 0. Then Z is an e-approximate solution of
(SDP) if and only if there exist g, €1 = 0, v € O, f(Z) such that ¢y + ¢; = eand

(i ) e e, {( o) o )}

eSxXR4

Proof. = € A is an e-approximate solution of (SDP)
<= 0€ 0.(f+9a)(x),where §4 is the indicator function with respect to A.
<= (by Proposition 2.1) there exist ey, e; = 0, v € O, f(z) such that ey +
€1 = ¢ and
(v,2) = (v,T) — €, forany z € A

Thus it follows from Lemma 2.1 that Lemma 2.2 holds. ]

Lemma 2.3. [15] Let A : R™ — R be a continuous convex function and
u:R™ — RU{+o0} be a proper lower semicontinuous convex function. Then

epi(h 4+ u)* = epih* + epiu’.
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3. ¢-OPTIMALITY THEOREMS
Now we give e-optimality theorems for (SDP).

Theorem 3.1. Letz € A and U(Z’5)€SXR+{< —Tf[WZ(FZO]) i )} is closed in

R™ x R. Then z € A is an e-approximate solution of (SDP) if and only if there
exist g, €1 = 0, v € O, f(Z), Z € S such that g + €1 =,

v=F*(2)
and

0< Te[Z - F(z)] € 1.

Proof. = € A is an e-approximate solution of (SDP).
<= (by Lemma 2.2 and assumption) there exist ¢y, e; = 0, v € O, f(Z) such
that eg +¢; = € and

( 0,5~ ) - (Z,é)U ( _Tf%f 4 ) |

eSxXR4
<= thereexistep, e =20, v € O, f(Z), Z € S, 6 2 0suchthateg+e; =e,
v=F*(Z) and
—Tr[ZFy] — 0 = (v, T) — €7.
<= thereexistep,e1 20, v € 0, f(Z), Z € S, § Z0suchthatey+e; =e,
v=F*(Z) and
€1 —0 =Tr[Z - F(z))].
<= there exist €y, €1 =2 0, v € O, f(Z), Z € S such that ¢g +¢; = ¢
v=F*(Z) and

0< Te[Z - F(7)] € 1.

Example 3.1. Consider the following semidefinite program.

(SDP)  minimize xy + 23

subject to (0 xl) > 0.
il 0
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Let f(z1,22) = 11 —|—x%,

0 0 01 0 0
FQZ <0 0), F1: <1 0) and F2: <0 0)
Then (SDP) becomes

minimize f(x1, z2)
2
subjectto  Fy + ZxZFl = 0.
i=1
Then A := {(0,22) € R? | 25 € R} is the set of all feasible solutions of (SDP).
and the set of all e-approximate solution is {(z1,x2) € R? | 1 = 0, x5 = 0}. Let
€0 € [0,¢] ande; = 0 be such that eg+€; = e. Then for any z2 € R, 0., f(0, Z2) =

{1} x [229 — 2\/@0, 272 + 2,/e0) . Let

E:= U {(F*(Z) € Dey f(#1,72),0 £ T[ZF (%1, 72)] < €1}
Z€8,6020,¢1 20.€0+€1 =¢

Then by Theorem 3.1, E is the set of all e-approximate solution of (SDP). Now
we caculate the set of E.

E= |J {0,22)€eR?|F(Z)€d,f(0,12)}.
Z€S,e0€(0,€]

= | {(0,2) eR? | (Z ﬁ

e0€[0,€]
U {(0,22) € R? |0 € [22, — 2\/eq, 22 + 2\/c0]}-

0<ep<e

= {(0,Z2) € R? |0 € [2F3 — 2V/€, 2F5 + 2V/€]}.

= {(0,79) €R?* | - Ve S T < V).

) , € 0 f(0,Z2),a 2 0,¢ 2 0,b? < ac}.

and
D:= |J {(F"(2),-TZFR) -4}
(Z,6)eSxRy
= U {(m[zR] 2R, -Tx(ZFR] - )}
(Z,6)eSxRy

= {(2,0,2) ER3 |z € R, 220}

Thus D is closed in R3. Hence Theorem 3.1 holds for this example.
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Theorem 3.2. Let z € A. Then z is an e-approximate solution of (SDP) if and
only if there exist e, €1 = 0, v € O, f(Z),Zn € S, 0, = 0suchthatey +¢; = e,
v= lim F*(Z,)

n—oo
and
€1 = lim (Tx[Z,F(Z)] + 6n).
n—oo
Proof. z is an e-approximate solution of (SDP)

<= (by Lemma 2.2) there exist ey, e; =0, v € O, f(Z), Z, € S such that
€ + € =€ and

(o= ) e e ( vz s )

eSxXR4

<= there exist ¢g,e1 = 0, v € O, f(Z), Z, € S, 0p 0 such that

€0 +€1 =€,

v

v= lim F*(Z,) and

n—oo

€1 = lim (TI“[ZnFQ] + 5n)

n—oo
<= there exist ¢g,e1 = 0, v € 0 f(Z), Z, € S, 0, = 0 such that
€0 +€1 =€,
v= lim F*(Z,) and

n—oo

e = lim (Tt[Z,F(Z)] + 6,).

n—oo

Example 3.2. Lete € [0, %). Consider the following semidefinite program.

L. 1
(SDP)  minimize nt g z?
1
subjectto | 0 271
5 il i)

Let f(z1,22) = x1 + % 2,

(00 _ : (00
FQ—(O 0),F1—< 0) andF2—<0 1)

= O
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Then (SDP) becomes
minimize f(x1, z2)

2
subjectto  Fy + ZxZFZ =0,
i=1

and the feasible set of (SDP) is {(x1,z2) € R? | z1 = 0, 2o = 0} and the set

of all e-approximate solution is {(x1,z2) € R? | 21 = 0, 29 = 0}. Leteg = 0

and €; = 0 be such that ¢y + ¢ = e. Let (z1,Z2) = (0,0). Then (z1,Z2) is an

e-approximate solution of (SDP) and 9., f(0,0) = [1 — /2, 1 + /2¢p] x {0} .
Then since € € [0, 3), 1 —v/2¢p < 1 and hence (1,0) € 9, f(0,0). Let

1

n 1

2 n
Then Z, = 0 for all n, F*(Z,) = (Tx[Z,F1], Tx[Z,F]) = (1, 1), Tv[Z, ) =
Oand lim F*(Z,) = lim (1,1) = (1,0). Let §, = 1. Then we have, (1,0) €

n—oo TL—>OOA
Oeo [(Z1,T2), (1,0) = lim F*(Z,),and ¢; = lim (Tr[Z, Fy]+6,). Thus Theorem
n—oo n—oo

3.2 holds for this example. But we can not apply Theorem 3.1 to this example.
Indeed, let D = Uz s)csxr, {(Tt[ZF1], Tr[ZF], —Tx[ZFp] — &)} Then

D: = {(bye,=0)€R?|a>0,¢20,b*> < ac,d >0}
= {(b,e)eR?*|a>0,c20,b°<ac} x (-Ry)
= {(0,0,2) e R} |z S0} U{(x,y,2) e R®*|z € R,y > 0,2 < 0}

This means that D is not closed, and hence we can not apply Theorem 3.1 to this
example.

4. ¢-SADDLE PoINT THEOREMS AND e-DUALITY THEOREM

Now we give e-saddle point theorems and e-duality theorems for (SDP). Using
Lemma 2.1, we can obtain the following lemmas which are useful in proving our
e-saddle point theorems for (SDP).

Lemma 4.1. Letz € A. Then Z is an e-approximate solution of (SDP) if and
only if there exists a sequence {Z,,} in S such that

f(z) = liminf Tr[Z,F(z)] = f(z) — e, forany z € R™.

n—oo
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Proof. (=) Let z € A be an e-approximate solution of (SDP). Then f(z) =
f(z) —¢ forany z € A. Let h(z) = f(x) — f(Z) + e Then h(zx) + da(z) = 0,
for any = € R™. Thus we have, from Lemma 2.3,

0 € epi(h+ 04)* = epih™ + epids*
= epif” + (0, f(Z) —€) + epids™

and hence (0,e — f(Z)) € epif* + epids™. So there exists (u,r) € epif* such
that (—u,e — f(Z) — r) € epid4™ and hence there exists (u,r) € epif* such that
(—u,z) < e—f(z)—rforany x € A. Since f*(u) < r, (—u,z) < e— f(x)— f*(u)
for any z € A, and hence it follows from Lemma 2.1 that

( —e+f(fuj + f*(u) ) c ((Z,(S)U ( _Trlig(é])_ ’ >> |

eSxXR4

So, there exists (Z,, d,) € S x Ry such that

w= lim F*(Z,),

n—oo

—e+ () + f*(u) = — lim [Tr[ano] + 54.

n—oo

This gives

(u, ) — f(z) < f*(u) = — lim [Tr[ano] + 54 — f(%) +¢, forany z € R™.

- n— 00

Thus we have, for any =z € R,

F(@) —e€ < (—u,z) + f(z) — lim [Tr[ano] +5n}

n—oo

2) = lim (F*(Z),2) — lim [Tr[ano] +5n}

x) — lim [<F*(Zn), x> + Tr[Z, Fo] + 571}

n—oo

x) —liminf Tr[Z, F(z)] — lim inf §,,

n—oo n—oo

I
I
= f(&) = lim [Te{Z,F ()] + 6]
I
£( x)].

x) —liminf Tr[Z, F

(<) Suppose that there exists a sequence {Z,} in S such that
f(z) = liminf, .o Tr[Z,F(z)] 2 f(Z) — ¢, for any € R™. Then we have,

f(z) 2 f(z) = liminf Tr[Z, F(z)] = f(Z) — ¢,

n—oo
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forany x € A and hence f(x) = f(z)—e, forany z € A. So  is an e-approximate
solution of (SDP). n

Lemma 4.2. Letz c A. Suppose that | J {( ~Tr[ZFp| - ¢ >} °
(Z,6)eSxRy

closed. Then z is an e-approximate solution of (SDP) if and only if there exists
Z € S such that for any x € R™,

f(2) = TY[ZF(2)) 2 f(z) -«

Proof. (=) Let z be an e-approximate solution of (SDP). Then with the same
arguments as in proof of Lemma 4.1, we can check there exists © € R™ such that

(s )€ 9, Aatdil-o)}

Thus there exist (Z,d) € S x R4 such that

This gives

(F(2).2) ~ $0) = (o) — 1) < (0
= _TX[ZFy) - 6 — f(z) +e,

for any z € R™. Thus we have, for any z € R™,

(<) Suppose that there exists Z € S such that
f(x) = Tx[ZF(z)] = f(Z) — €,
for any = € R™. Then we have,

f(x) 2 f(x) = Tr[ZF(z)] 2 f(T) — e
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forany x € A. Thus f(x) = f(z)—e, forany = € A. Hence z is an e-approximate
solution of (SDP). n

Let e = 0. Consider the following sequential e-saddle point problem and e-saddle
point problem:
(SSP).  Find # € R™ and a sequence {Z,,} C S such that

(7)]
< f(x) — liminf, o Tr[Z,F(z)] + €

for any x € R™ and any sequence {Z,,} C S.

(SP). Find z € R™and Z € S such that

f(@) = Te[ZF(@)] - € £ f(z) - Tt[ZF(2)] < f(2) — Te[ZF(z)] +
forany x e R™ and any Z € S.

Now we give a useful characterization of solution of (SSP)..

Lemma 4.3. Suppose that A # (). Let (7, Z,) € R™ xS, n=1,2,---. Then
(%, Z,) is a solution of (SSP). if and only if

f(#) — liminf Tv[Z, F(7)] £ f(z) — liminf Tr[Z,F(x)] + €
for any x € R™,
liminf Tr[Z, F(7)] < €

n—oo

and F(z) € S.
Proof. (=) Let (z, Z,) be a solution of (SSP).. Then

f(z) — liminf Tr[Z,F(2)] £ f(z) — liminf Tr[Z,F(z)] + ¢,
n—oo n—oo

for any z € R™. Letting Z, = 0 in the first inequality of (SSP). , we have
lim inf, o Tr[Z,F(Z)] < €. Now we prove that liminf, .., Tr[Z,F(z)] = 0.
Assume to the contary that lim inf,, ., Tr[Z,F(z)] < 0.

Then from the first inequality of (SSP). , — liminf,, . Tr[Z,F(Z)] — € <
— liminf, o TY[Z,F(z)], for any Z, € S.
Letting Z,, = M Z,, with M > 0. We have that (1 — M) lim inf,, o, Tr[Z,F(Z)]
e . Setting M — oo, this is a contradiction.

[IA
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(<) Since 0 < liminf, o Tr[Z,F(z)] < eand F(z) € S, we have, for
any sequence Z,, C S,

£(@) ~ limnf T Z,F(2)] 2 [(2) ~ e
> f(7) ~ lim inf Tr{Z, F(2)] -
Thus (z, Z,,) is a solution of (SSP).. n

Using Lemmas 4.1 and 4.3, we give a sequential e-saddle point theorem which
holds between (SDP) and (SSP)..
Theorem 4.1. (Sequential e-Saddle Point Theorem)

(1) fze Aisan e-approximate solution of (SDP), then there exists a sequence
Z,, such that (z, Z,) is a solution of (SSP).

(2) If A+# 0 and (z,7,) is a solution of (SSP)., then Z is an 2e-approximate
solution of (SDP).

Proof. (1) Let z € A be an e-approximate solution of (SDP). Then f(x) =
f(z) —e forany z € A. It follows from Lemma 4.1 that there exists a sequence
Z, in S such that

(4.1) f(z) —liminf TY[Z, F(x)] = f(Z) — e for any z € R™.

n—oo

Since lim inf,, .o, Tr[Z,F(Z)] = 0, we have, for any x € R™,

f(z) = liminf Tr[Z,F(x)] + € = f(z) — liminf Tr[Z,F(z)].

n—oo n—oo

Letting z = & in (4.1), we have

liminf Tr[Z, F(Z)] < «.
Hence it follows from Lemma 4.3 that (z, Z,,) is a solution of (SSP)..
(2) Since (7, Z,) is a solution of (SSP)_, it follows from Lemma 4.3 that for
any = € A,

H\/

f(z)+ (r) —liminf Tv[Z, F(x)] + €

n—oo

v

f
f(z) —liminf Tr[Z,, F(2)]
f

(z) -

v
Kl
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Hence f(z) + 2¢ = f(z) for any z € A. By Lemma 4.3, F(z) € S, i.e, T € A.
Consequently, Z is an 2e-approximate solution of (SDP). ]

Example 4.1. Consider the following semidefinite linear program.

(SDLP) minimize ]
0 X1 0
subject to T1 To 0 = 0.
0 0 z1+1

Let f(xl, wg) =T,
0 0O 010 0 0O
Fob=10 0 0, F=(1 0 0) andF,=(0 1 O
0 01 0 0 1 0 0O

and € > 0. Then the feasible set of (SDLP) is {(x1,z2) € R? | 21 = 0, 23 = 0}
and the set of all e-approximate solution is {(z1,x2) € R? | 1 = 0, 2o = 0}. Let
(Z1,Z2) = (0,1). Then (Z1, Z2) is an e-approximate solution of (SDLP). Let

- n%()
Zn=1|3 2 0
00 0

Then for any sequence {Z,,} C S, f(Z1,Z2) — lim inf Tr[Z, F(Z1,Z2)] —€ < —¢,
_ n—oo
f(z1,2) — lim inf Tr[Z, F(Z1,Z2)] = — lim inf% =0, and for any (1, x2) €
9 n—oo n—oo
R=,

f(z1,29) — lim inf Tr[Z, F (21, x2)] + €

n—oo
L 1
= 21 — lim inf(x; + —x9) +¢€
n—o00 n
= e

Thus ((z1, Z2), Z,,) is a solution of (SSP).. Hence (1) of Theorem 4.1 holds. =

Theorem 4.2. (e- Saddle Point Theorem) Suppose that U
(Z,6)ESxRy
{ ( £(2) ) } is closed. If z € A is an e-approximate solution of (SDP)
—Tr[ZFp) -6 ' ’
then there exists Z < S such that (z, Z) is a solution of (SP)..
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Proof. Let z € A be an e-approximate solution of (SDP). Then f(z) =
f(z) —e, forany xz € A. By Lemma 4.2, there exists Z € S such that

(4.2) f(@) = TH{ZF ()] 2 £(z) — e,
for any x € R™. Since F(z) € Sand Z € S, Tr[ZF(z)] = 0. Thus from (4.2),
f(@) = TH{ZF(@)] +€2 f(z) - Tr(2

for any x € R™. Lettingz = 7 in (4.2), 0 < Tr[ZF(z)] < e. Hence we have,
forany x e R™ and any Z € S,

[ZF(z)]

Consequently, (z, Z) is a solution of (SP).. [ ]

Example 4.2. Consider the following semidefinite program.

(SDP)  minimize x1 + 23
subject to (0 xl) = 0.
il 0

Let f(z1,x2) = 21 + 23,

0 0 01 0 0
FQ—(O 0>,F1—<1 0) andF2—<0 0)
Then as shown in Example 3.1, | { F*(2) } is closed
p = U(Z,6)eSxR4 —Tr[ZFQ] -4 '
Let e =2 0 and (Z1,Z2) = (0,+/€). Then (Z1,Z2) is an e-approximate solution

of (SDP). Let f(xy,22) = x1 + 23 and F(x1,z2) = (3? %1> . Then for any
1

[—=

Z € S,f(i‘l,i‘g) — Tr[ZF(i‘l,i‘g)] —e=e—€e=0. Let Z =

A= S, f(i‘l, i‘g) — Tr[ZF(xl, xg)] +e= 1‘% 4 €. Thus ((3_71, i‘g),
of (SP).. Hence Theorem 4.2 holds.

2
1) . Then

is a solution

N/~

1
1
2
)

Theorem 4.3. If (z,Z) is a solution of (SP)., then Z is an 2e-approximate
solution of (SDP).

Proof. Since (z, Z) is a solution of (SP)., we can prove by the similar way in
the proof of Lemma 4.3, that

f(x) = Tr[ZF(z)] + € = f(z) — Tr[ZF(z)]for any = € R™,
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Tr[ZF(z)] S eand 7 € A.

Thus we have, for any z € A,

f(x)+e = flx) - Tx[ZF(x)] + €

> f(z) ~ TT[ZF ()]
> f(z) -«

Hence f(x) + 2¢ = f(z) for any x € A. Consequently, Z is an 2e-approximate

solution of (SDP). n

Now we formulate the dual problem (SDD) of (SDP) as follows:
(SDD) Maximize  f(x) — Tr[ZF(x)]
subjectto 0 € 9, f(z) — E*(2)

Z =0
€0 € [0, €.

We prove e-weak and e-strong duality theorems which hold between (SDP) and
(SDD).

Theorem 4.4. (e-Weak Duality) For any feasible = of (SDP) and any feasible
(. Z) of (SDD),
f(x) 2 fly) — Tx[ZF(y)] — e

Proof. Letx and (y, Z) be feasible solutions of (SDP) and (SDD), respectively.
Then Tr[ZF(z)] = 0 and there exists v € d, f(y) such that v = F™*(Z). Thus, we
have

f@) ={fly) = T[ZF(y)]} = (v,x—y) —e0 + Tr[ZF(y)]
= (F*(Z),x —y) — o + Tx[ZF (y)]

= Te[Z()_aiFy)] + Te[ZF] — e
=1

Tr[ZF(x)] — €

v

—€0

v

—€.
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Hence f(z) = f(y) — Tx[ZF(y)] — . u

] : F*(Z)
Theorem 4.5. (e-Strong Duality) Suppose that U {( _T[ZFy] -6 )}
(2,5)ESxRy

is closed. If z € A is an e-approximate solution of (SDP), then there exists ZeS
such that (z, Z) is an 2e-approximate solution of (SDD).

Proof. Since  is an e-approximate solution of (SDP). It follows from Theorem
4.2 that there exists Z € S such that (z, Z) is a solution of (SP).. Thus we have,
forany x e R™ and any Z € S,

f(@) = Tr[ZF(z)] - € < f(7) = Tr[ZF(2)]
< f(x) = Tr[ZF(x)] + e

Letting Z = 0 in the first inequality, we have Tr[Z F(z)] < e. The second inequality
means that z is an e-approximate solution of the following problem:

Minimize f(z) = Tr[ZF(z)]
subjec to x €R™
and hence there exists ¢y € [0, €] such that
0€ 8., f(T) — F*(2).
So, (z, Z) is feasible for (SDD). For any feasible (y, Z) of (SDD),
1(@) = Tr{ZF (@)~ {f(y) — TrZF W)} = [(2) — {f(y) - Tr[ZF W)} - ¢
> —e—¢€ (by e-weak duality)

—2e.

Thus (z, Z) is an 2e-approximate solution of (SDD). n

Example 4.3. Consider the following semidefinite program.

(SDP)  minimize x1 + 23

subject to (0 xl) = 0.
il 0

Let f(xz1,22) = 11 —|—x%,

0 0 0 1 0 0
FQ—(O 0>,F1—<1 0) andF2—<0 0),
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and € > 0. Let f(z1,20) = 21 + 22 and F(zy1,20) = <£ %1> . Then A :=
1

{(0,z2) € R? | x5 € R} is the set of all feasible solutions of (SDP) and the
set of all e-approximate solution is {(z1,z2) € R? | 21 = 0, 2o = 0}. Let
F:={((z1,22), Z) |F*(Z) € Oy f(x1,22),Z 2 0, €0 € [0, €] }.

Then F is the set of all feasible solution of (SDD). Now we can calculate the
set F.

21, T2), ( )) | B (Z g) € {1} x [225 — 2v/e0, 222 + 2+/e0),

a>0,c20,0%< ac e € [0, e]}

a 3
fI:l,fI,'Q 1

2 C

0,c

-

-
(o

{(

) S {1} X [2(L‘2 - 2\/67, 21‘24—2\/5],

N———
N———
5N

*
7 N
= Q

O N

v < ceoe[Oe]}

0,
a 1
12)) (1,0) € {1} x [222 — 2\/e0, 222 + 2/e0),
2
a>0,c20b< cmemd}
1
= 1‘1,1‘2 <61L g)) ‘06[21‘2—2\/—,21‘2—1—2\/6_],
2
a2 0c 20b<acmemd}
1 1
:{<<x1,x2>, a g)) [0 €R—VESm S VR aZ0.020.5 <ac)
2

1
For any (1'171‘2) € Axy + x% and any <(m1,x2)7 <61L g ) €F
2

1

.

Fonem) ={(§ 2) Pl —c = m+d —n—e = 13— S0 < f(ar, ).
2

Hence Theorem 4.4 (e-weak daulity) for this example holds.

Let (z1,72) € A is an e-approximate solution of (SDP). For any (a1, z2) € A
and any Z € S, Tr[ZF(x)] = 0. So from arguments, in Example 3.1, there exists
Z € S and ¢ € [0,€ such that F*(Z) € ., f(Z1,Z2), that is, there exists Z € S
such that ((z1,22),Z) € F and hence by weak duality, ((Z1,Z2),Z) is an e-
approximate solution of (SDD).

So Strong duality (Theorem 4.5) holds.
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