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ALGORITHM OF SOLUTIONS FOR A SYSTEM OF GENERALIZED
MIXED IMPLICIT QUASI-VARIATIONAL INCLUSIONS
INVOLVING h-n-MAXIMAL MONOTONE MAPPINGS

Xie-Ping Ding!, Chinsan Lee? and Su-Jane Yu?

Abstract. In this paper, we introduce a new class of h-n-maximal monotone
mappings and a new system of generalized mixed implicit quasi-variational in-
clusions involving set-valued mappings and h-n-maximal monotone mappings.
By using resolvent operator technique of h-n-maximal monotone mappings, A
new iterative algorithm to compute approximate solutions of the system is
suggested and analyzed. The convergence of the iterative sequence generated
by the new algorithm is also proved. These results generalize many known
results in literature.

1. INTRODUCTION

Variational inequality theory has become very effective and powerful tool for
studying a wide range of problems arising in differential equations, mechanics, con-
tact problems in elasticity, optimization and control problems, management science,
operations research, general equilibrium problems in economics and transportation,
unilateral, obstacle, moving, etc. Hassouni and Moudafi [12] introduced and stud-
ied a class of mixed type variational inequalities with single-valued mappings which
was called variational inclusions. Since then, many authors have obtained important
extensions and generalizations of the results in [1] from various different directions,
see [1-11,13-18,20-24]. Verma [26,27] introduced and studied some system of vari-
ational inequalities and some iterative algorithms to compute approximate solutions
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was also suggested and analyzed in Hilbert spaces. Fang and Huang [11] introduced
a class of H-monotone operators and studied a new class of variational inclusions
involving H-monotone operators.

Inspired and motivated by recent research works in this field, in this paper, we
introduce a new class of h-n-maximal monotone mappings and a new system of gen-
eralized mixed implicit quasi-variational inclusions involving set-valued mappings
and h-n-maximal monotone mappings. By using resolvent operator technique of h-n
maximal monotone mappings, A new iterative algorithm to compute approximate
solutions is suggested and analyzed. The convergence of the sequences of approx-
imate solutions generated by the new algorithm to exact solution is also proved.
These results are new and improve and generalize many known results in the fields.

2. PRELIMINARIES

Let H be a real Hilbert space with a norm || - || and an inner product (-, -). Let
21 and CB(H) denote the family of all nonempty subsets of H and the family
of all nonempty bounded closed subsets of H respectively. Let H(-,-) denote the
Hausdorff metric on CB(H) defined by

ﬁ(Av B) = maX{SupaeAd(a’v B)v SupbeBd(A7 b)}7 v A7 B e CB(H)7
where d(a, B) = infyep ||a— b ||: b€ B} and d(A,b) =infeea || a—0 || .

Definition 2.1. [20] A mapping n: H x H — H is said to be

(i) monotone if
<x_y777($7y)> > 07 vay € H7

(ii) strictly monotone if 7 is monotone and the equality holds if and only if z = y;

(iii) «,-strongly monotone if there exists a constant «,, > 0 such that
(@ —y,n(z,y)) > aylle —yl? ¥V 2,y € H;
(iv) L,-Lipschitz continuous if there exists a constant L,, > 0 such that

ln(z, Il < Lylle —yll, ¥ x,y € H.

Definition 2.2. Leth : H — H and n : H x H — H be single-valued
mappings. h is said to be

(i) m-monotone if

(h(x) = h(y),n(z,y)) 20, Vx,y € H;
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(if) m-strictly monotone if & is n-monotone and
(h(x) — h(y),n(x,y)) =0 if and only if = = y;
(i) ap-n-strongly monotone if there exists a constant «y, > 0 such that
(h(x) = h(y),n(z,y)) > anllz —y|*, ¥ 2,y € H;
(iv) Lipschitz continuous if there exists a constant L, > 0 such that

1h(z) = h()|l < Lallz —yll, ¥V 2,y € H.

It is clear that if h = I, the identity mapping on H, then the notions (i), (ii) and
(iif) in definition 2.2 reduce to (i), (ii) and (iii) in Definition 2.1, respectively.

Definition 2.3. [17] Let n : H x H — H be a single-valued mapping and
M : H — 2" be a set-valued mapping. M is said to be

(i) m-monotone if
(u—wv,n(z,y)) 20, Vo,yeH, ue M), veMy);

(ii) m-maximal monotone if M is n-monotone and (I + pM)(H) = H for all
p > 0, where I is the identity mapping on H.

Definition 2.4. Leth: H — H andn : H x H — H be single-valued mappings
and M : H — 2 be a set-valued mapping. M is said to be h-n-maximal monotone
if M is n-monotone and (h + pM)(H) = H for all p > 0.

Remark 2.1. It is clear that if h = I, the identity mapping, the concept of I-n-
maximal monotone mapping coincides with that of n-maximal monotone mapping
defined in [17]. If n(z,y) = =z — y for all z,y € H, the concept of h-n-maximal
monotone mapping reduces to that of ~-maximal monotone mapping (which is called
h-monotone operator in [11]).

Definition 2.5. [7,8,17] Letn : H x H — H and ¢ : H — R |J{+oc} be
a proper functional. ¢ is said to be n-subdifferentiable at a point z € H if there
exists a point f* € H such that

o(y) —o(x) > (f*,n(y,x)), VyeH,

where f* is called a n-subdifferential of  at x. The set of all n-subdifferential of
¢ at x is denoted by Ag(z). The mapping Ay : H — 21 defined by

Ap(z) ={f"€ H:p(y) —p(x) > (" n(y,z)), Vye H}
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is said to be n-subdifferential of ¢ at x.

Proposition 2.1. [7,8,17] Letn : H x H — H be continuous and strongly
monotone with constant » > 0 such that n(z,y) = —n(y,z) for all z,y € H,
and for any given = € H, the function h(y,u) = (z — u,n(y,u)) is 0-diagonally
quasi-concave in y (see [7]) . Let ¢ : H — R |J{+oco} be a lower semicontinuous
n-subdifferentiable proper functional. Then Ay : H — 2 is n-maximal monotone,
i.e, forany p >0, (I +pAy)(H)=H.

Proposition 2.2. Let h : H — H be a n-strictly monotone mapping and
M : H — 2H be h-n-maximal monotone. Then M is n-maximal monotone.

Proof. Since M is n-monotone, by Proposition 1 of Lee et al. [17], it is
sufficient to prove

(u—v,n(x,y)) >0, V (y,v) € Gr(M) implies u € M (x),

where Gr(M) = {(x,u) € H x H : uw € M(x)} denotes the graph of M. Suppose
that M is not maximal n-monotone, then there exists (xg, up) ¢ Gr(M) such that

{uo = v, n(zo,y)) 2 0, ¥ (y,v) € Gr(M).

By assumption that for any p > 0, (h + pM)(H) = H, there exists (x1,u;) €
Gr(M) such that
h(z1) + pur = h(zg) + pup.

It follows that
P<u0 — Ui, 77($07 fL'l)> == —<h(fI,'0) - h(fI,'l), n(x07 $1)> Z 0.

Since h is strict n-monotone, we must have xg = x; and so ug = wu;. Hence
(zo,uo) € Gr(M) which is a contradiction. Therefore M is n-maximal monotone.

Remark 2.2. Proposition 2.2 unifies and generalizes Proposition 2.1 of Fang
and Huang [11].

Example 1. Let H = R, and h, n and M be defined as follows: h(x) =
23, n(z,y) = 22 —y?, M(x) = {22}, V 2,y € R. Then M is h-n-maximal
monotone, but not n-maximal monotone.

Proof. By the definitions of 2,7 and M, we have

(M(x) = M(y),n(z,y)) = (2° —y*)*> >0, Vz,y € R.
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Hence M is n-monotone. Since for any p > 0, we have
(h 4 pM)(z) = 2 + pa®, ¥V € R.

It is easy to see that (h + pM)(R) = R. So M is h-n-maximal monotone. Since
(I+M)(z) =2+ 2% € [-1, +00) for all z € R, therefore (I + M)(R) # R and
hence M is not n-maximal monotone.

Example 2. Let H = R, and h, n and M be defined as follows: h(x) =
22, n(z,y) = |lvyl(x —y), M(z) = {z}, ¥V 2,y € R. Then M is n-maximal
monotone, but not A-n-maximal monotone.

Proof. By the definitions of &, n and M, we have
(M(x) = M(y),n(z,y)) = lzy|(z —y)* > 0, V 2,y € R.
Hence M is n-monotone. For all p > 0, we have
(I+pM)(x)=(1+p)z, VzeR.

It is easy to see that (I + pM)(R) = R and hence M is n-maximal monotone.
Since

1
(h+M)(z)=a>+z€ [_Z’+OO)’ Va2 eR,

we have (h+ M)(R) # R and so M is not h-n-maximal monotone.

Theorem 2.1. Letn: H x H — H. Let h: H — H be n-strictly monotone
and M : H — 2H is h-n-maximal monotone. Then for any p > 0, the inverse
operator (h + pM)~!: H — H is single-valued.

Proof. For any given v € H, let x,y € (h+ pM)~!(u). Then we have
u—h(z) € pM(x) and u — h(y) € pM(y).
Since M is n-monotone, we have
0 < (u—h(z) = (u—"(y)),n(y) = —(hz) - h(y),n(z,y)).

It follows from the strict -monotonicity of & that = = y. Therefore (b4 pM)~! a
single-valued mapping.

Remark 2.3. If n(z,y) = x — y for all z,y € H, then Theorem 2.1 reduces to
Theorem 2.1 of Fang and Huang [11].
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Definition 2.6. Letn: H x H — H and let h : H — H be n-strictly monotone
and M : H — 2 be h-n-maximal monotone. The resolvent operator R’Mp cH —
H of M is defined by

R%/Lp(x) = (h+4 pM) Yz), ¥V z € H.

Theorem 2.2. Let n : H x H — H be L,-Lipschitz continuous, h : H — H be
ap- n-strongly monotone and M : H — 2H be h-n-maximal monotone. Then the
resolvent operator R%,p of M is i—;L-Lipschitz continuous, i.e.,

L
”R?W,p(x) - R?M,p(y)H < (X_ZHx - yH7 v T,y € H.

Proof. By the definition of the resolvent operator Rﬁmp of M, forany z,y € H,
we have

Rl () = (h+pM)~'(z) and Rl (y) = (h + pM) ™' (y).
It follows that
1 1
;(w — h(R} ,(x))) € M(R} ,()) and ;(y — (Rl ,(y))) € M(R}y ,(y)).
Since M is n-monotone, we have

(x — h(R}; () — (y — h(RYy (1)), n(Riy (), Ry ,(y))) = 0.
It follows that

Lyllx =yl IR3s o) = Rl o)l = llz = yllIn(Rhy (), Rl (1))l
> <(L‘ - Y n(R%/[,p(x)v R%/[,p(y)»
> (R} () = W(R} (), n(Ri p(2), Riro(9)))

> ahHR?W,p(x) - R?M,p(y)lp

It follows that

L
IRS, () = Ry ()| < a—ZHw —yl, Va,ye H.

Remark 2.4. If n(z,y) =« — y for all z,y € H, then Theorem 2.2 reduces to
Theorem 2.2 of Fang and Huang [11].

Definition 2.7. Let N : H x H — H be a single-valued mappingand A : H —
CB(H) be set-valued mappings.
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(i) N(-,-)issaid to be an-strongly monotone with respect to A in first argument
if there exists oy > 0 such that

(N (u1,v) — N(ug,v),z1 — 22) > ay||z1 — z2||?, V 21, 72,

veH, u € A(zy), ug € A(xg),

(if) N(-,-) is said to be L n-Lipschitz continuous in first argument if there exists
Ly > 0 such that

|N(u1,v) — N(ug,v)|| < Ly|lur —us2||, ¥ u1,us,v € H,

(iii) (Ref. 24) N(-,-) is said to be mixed Lipschitz continuous with respect to first
and second arguments if there exist r1, 7o > 0 such that

HN(ul,’Ul)—N(’LLQ,’Ug)H S 7"1H’LL1—’LL2H—|—7"2H’U1—’U2H, Vui,vi < H, = 1, 2,
(iv) A is said to be L 4-Lipschitz continuous if there exists L 4 > 0 such that

H(A(z), A(y)) < Lallz =yl Y,y € H.

Let hy, ho,: H — H and Ny, No,n1, 1m0, Q : Hx H — H be single-valued map-
pings, and M, : H x H — 2" and M, : H x H — 2% be hy-1;-maximal monotone
and ho-n9-maximal monotone in first argument respectively. Let A, B,C, D, E :
H — CB(H) be set-valued mappings.

Throughout this paper, we will consider the following system of generalized
mixed implicit quasi-variational-like inclusion problgms (SGMIQVLIP): find
(z,9) € Hx H, 4 € A(z), v € B(y), w € C(9), d € D(&) and é € E(&) such
that
2.1) { 0 e hl(i‘) —i‘+pN1(’EL,’f))+pQ(i‘,ﬂ)+pM1(i‘,’lf)),
| 0 € ha(j) — yNa(d, &) + 7 Ma(i, &),

where p > 0 and v > 0 are two constants.
Special Cases

() If hy is the identity mapping, Na(d, z) = zforalld,x € H, My =0, and
Q(z,y) = z, then the SGMIQV LIP (2.1) reduces to the following generalized
mixed implicit quasi-variational-like inclusion problem ( GMIQV LIP ): find
€ H,ue Az), v € B(z) and w € C(&) such that

(2.2) 0 € hy (&) + pN1(t, D) + pM; (2, ),
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where p > 0 is a constant.

Clearly, the variational inclusion (3.1) studied by Fang and Huang (Ref. 11)
is very special case of the GMIQV LIP (2.2). The problem (2.2) includes many
generalized mixed implicit quasi-variational inclusions, generalized mixed implicit
quasi-variational inequalities as special cases.

(1) If Ry, ho are both the identity mapping, No(d,z) = > forall d,z € H,
My =0, m(z,y) =2z —y forall z,y € H, and M; is maximal monotone, then the
GMIQV LIP (2.1) reduces to the following multivalued quasi-variational inclusion
problem ( MQVIP): find & € H, u € A(z), 0 € B(&) and w € C(z) such that

(2.3) 0 € N(,9) + Q(&, %) + My (2, b).

The MQV IP (2.3) with C being single-valued mapping and ¢ = 0 was intro-
duced and studied by Moudafi and Noor [18] which has many important applications
in pure and applied sciences. Indeed, a number of problems arising in structural anal-
ysis, mechanics, composite problems, and economics, see, for example [1-18,20-25].

(1) If hy and ho are both the identity mapping, and M; and M, are ;-
maximal monotone and r,-maximal momotone in first argument respectively, then
the SGMIQV LIP (2.1) reduces to the following SGMIQV LIP: find (z,9) €
Hx H, 4 A(Z), o€ B(§), v € C(j),d € D(z) and é € E(&) such that

{ 0 € Ny(i,0) + Q(Z,9) + M (&, W),
(2.4)

0 € § —yNo(d, &) + yMa(g, &),

where v > 0 is a constant.

(IV) If C and E are both single-valued mappings, then the SGMIQV LIP
(2.4) is equivalent to the following system of generalized mixed quasi-variational-
like inclusion problems ( SGMQVLIP ) : find (z,5) € H x H, 4 € A(%),
o € B(9) and d € D(&) such that

{ 0 € Ni(a,0) +Q(%,9) + M (2, C(9)),

(2.5) ) . o
0 € g —vNo(d, ) + v Ma(3, E(2)),
where v > 0 is a constant.

(V) Letp: Hx H— R|J{+oc} and ¢ : H x H — R|J{+o0} be such that
for each fixed w € H, (-, w) and v (-, w) are both lower semicontinuous, and are
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n1-subdiffrentiable and 7,-sundifferentiable proper functionals respectively where
n1 and n satisfy the conditions in Proposition 2.1. Then, for each fixed w € H,
Ap(-,w)and Ay (-, w) are n;-maximal monotone and 7,-maximal monotone respec-
tively by Proposition 2.1. Let M; (-, w) = Ap(-,w) and My(-,e) = Ay(-, e) for all
w, e € H respectively. By Definition 2.5, it is easy to see that the SGMIQV LIP
(2.4) reduces to the following system of generalized mixed implicit quasi-variational-
like inclusion problems: find (2,9) € H x H, 4 € A(%), v € B(g), w € C(3),
d € D(#) and é € E(&) such that

{ (N1(@,0) + Q(&, ), m(x, &) > (&) — p(z,0), V& € H,
(2.6)
(5 — Y Na(d, 2), m2(y, §)) > v (9, €) —v(y, ), ¥y € H,

where v > 0 is a constant.

(VI) If C(y) = {y} and E(z) = {z} for all y,x € H, then the SGMIQVIP
(2.6) reduces to the following system of generalized mixed quasi-variational-like
inclusion problem: find (z,9) € H x H, u € A(z), v € B(y) and d € D(z) such
that

{ (N1(@,0) + Q(&,9), m(z, &) > (&, 9) — ¢(z,9), Va € H,
2.7)
(5 — ¥ No(d, 2), m2(y, §)) > v (9, &) — v¢(y, @), Yy € H,

where v > 0 is a constant.

(VID If K; : H — 2% and Ky : H — 29 are two set-valued mappings
such that for each =,y € H, K;(y) and K»(x) are both closed convex subsets of
H, m(z,y) = n2(z,y) = v —y foral z,y € H, and ¢(-,y) = Ix,(y(-) and
V() = Ik, () are the indicator function of /1 (y) and Ko(x) respectively, i.e.,

0, ifUEKl(y),

+o00,  otherwise,

IK1(?/) (’U,) = {

+o00,  otherwise,

then the SGMQV LIP (2.7) reduces to the following system of generalized non-
linear mixed quasi-variational inequality problems: find (2,9) € K1(§) x Ka(2),
€ A(z), v € B(y) and d € D(z) such that

{ (Ni(it,0) + QU 9), w — ) > 0, ¥ & € Ki(d),

(2.8) (§ —yNa(d, 2),y —9) >0, Vy € Ka(2),
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where v > 0 is a constant.

In brief, for appropriate and suitable choices of hq, hs, 11,12, A, B,C, D, E,
My and Mo, it is easy to see that the SGMIQV LIP (2.1) includes a number of
systems of generalized mixed implicit quasi-variational-like inclusions, systems of
generalized mixed implicit quasi-variational-like inequalities, generalized mixed im-
plicit quasi-variational-like inclusions and generalized mixed quasi-variational-like
inequalities studied by many authors as special cases, for example, see [1-18,20-28].

From the definition of resolvent operator of h-n-maximal monotone mapping,
we have the following result.

Theorem 2.3 (2,4) € H x H, @ € A(2), o € B(§)), w € C(), d € D(&) and
éeE(z)isa solutlon of the SGMIQV LIP (2.1) if and only if

= R]\/ll (a,pl® = PN1(G, ) — pQ(Z, §)] and § = R%( O [yNa(d, #)],

where R’“( o 0) = (ha()+ pM ) (W) and R o () = (ha() +
YM(,8) ).

3. EXISTENCE AND ALGORITHM

In order to compute approximate solutions of the SGMIQVLIP (2.1), we
suggest the following iterative algorithm.

Algorithm 3.1 For any given zp € H and \ € (0, 1], take any dy € D(x() and
ey € E(xo). Let

3.1) yo = Ry o [YNa(do, ao)].
Take any ug € A(zg), vo € B(yo) and wp € C(yo). Let
3.2 w1 = (1= Nao + ARy o Twg = pNi(uo, vo) — pQ(wo, yo)]-
By Nadler [19], there uy; € A(x1), di € D(x1) and e; € E(z1) such that
lur — uol < (14 1)H(A(21), A=),
ldy — dol| < (1+1)H(D(1), D()),
ler — el < (1+1)H(E(21), E()).
Let

(33) R?\jg( 51) ’Y’ [PYNQ(dlv xl)]?
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By Nadler [19], there exist v; € B(y;) and wy € C(y1) such that
lor = woll < (1 + 1) H(B(y1). B(wo)),

lwy —woll < (14 1)H(C(y1), C(yo))-

Following this way, we can define sequences {z,,}, {yn}, {un}, {vn}, {wn}, {dn}
and {e,} as follows:

up € A(xy), vp € B(yn), wy € C(yn), dn € D(xy,), e, € E(xy,),
[tnsr = unll < (14 ) H(A(zp41), Ala)),
1041 = vnll < (1+ 27 H(B(Ynt1), B(ya)),
lwn+1 = wall < (14 1) H(C(ynr1), Clyn)),
B4) q lldnta —dnll < (1+ i VH(D(z41), D(wn)),
lent1 = enll < (14 737) H(E(zns1), E(2n)),
Yo =Ry oo [YNa(dn, ),

Tn4+1 = (1 - )\)xn + )\RMl( Wn, ) [ Tn — le(unv'Un) - pQ(xnvyn)]v
n=01,2,-

Theorem 3.1 Let ny,m2 : H x H — H be L,, -Lipshitz continuous and L,,-
Lipschitz continuous respectively. Let hy, he : H — H be ap,-n;-strongly mono-
tone and ay,,-no-strongly monotone respectively. Let My, My : H x H — 2 be
h1-n1-maximal monotone and ho-n2-maximal monotone in first argument respec-
tively. Let A,B,C,D,E : H — CB(H) be Lipachitz continuous with Lipschitz
constants L 4, Lg, Lo, Lp and Lg. Let N1, No,QQ : H x H — H be such that

(i) N1(-,+) is an,-strongly monotone in first argument with respect to A, r;-
Lipschitz continuous in first argument, and r»-Lipschitz continuous in second
argument,

(if) Na(-,-) is mixed Lipschith continuous with constants &1, k2 > 0,
(iii) Q(-,-) is mixed Lipschitz continuous with constants s, s2 > 0.

Assume that there exist p, ~, d, u > 0 satisfying

35 IR}, ) () — R’;;( L) < 8wy —wol|, ¥ wi, wa, u € H,

BO) IRy () = Ri oy (] < pller = eall, ¥ ex,e0,u e H.
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If
3.7)
0Lo < 1, roLp + 81 + 89 < riL4, Ochl(l — 5Lc) < L7717

an, > L;llahl(l — 5Lc)(7“2LB + 51+ s9)

/134 — (2L + 51 + 2)7(1 — Lyl (1 — 6Lc)?),

N, — L;lahl(l — 5Lc)(7“2LB + 51 + 82)

1
r2L2% — (roLp + s3 + s2)?

lp—

\/[OéNl —L,;ll(l—(SLc)(TgLB-f—Sl +82)]2—(7’%L124—(7’2LB+81 +82)2)(1—L,71204i1 (1—6Lc)2)
< T%Li—(T2L3+S1+82)2 )

ahz(l — MLE)
Ly, (k1iLp + k2)’

plp <1, 0 <y <

Then there exist (2,3) € H x H, 4 € A(z), v € B(9), w € C(9), d € D(&)
and é € E(z) such that

38 { 0 € hi(Z) — 2 + pN1(1, ) + pQ(2,9) + pM1(Z, W),

0 € ha(9) — YNa2(d, &) + yMa(3, &),

and the iterative sequences generated by the Algorithm 3.1 satisfy: x,, — Z, vy, — 9,
Uy — U, Uy — 0, Wy, — W, d, — d and e,, — é.

Proof. For convenience’ sake, write
apn = Hxn - le(um 'Un) - pQ(xnv yn)”
By the Algorithm 3.1, (3.5) and Theorem 2.2, we have

[Zn+1 — 2ol

=11 = Ny + AR%(.,W),,}[% = pN1(un, vn) — pQ(n, yn)]

h
_(1 - )‘)xn—l - )\R]\/ljl(.’wn_l)’p[xn—l
(3.9) —pN1(Un—1,Vn-1) = pPQ(Trn—1,Yn—1)]|
h h
< (T=MNlzn =zl + )‘HR]\/}I(.,wn),rhO(an) - R]\/l[(.,wn)p(an—l)H
h h

+)‘HR]\/1[(.,wn)’p(an—1) - R]\/l[(.,wn_l),p(an—l)H

< (T=MNlzn =zl + S lan — an—1| + Ad[|wn — w1

Oéhl
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lan — an—1]]

|2 — pPN1(tn, vn) — pQ(Tn, Yn)

(3.10) —(Tp—1 = pN1(Un—1,Vn-1) — pPQ(Tp—1,Yn—1))l

|2 — @p—1 — p(N1(tn, v) — N1(tn-1,vn))|

N1 (1, vn) = N1(un1, 1) |42 I1Q (@0, yn) = Q15 Y1) |-

Since Ni(-,-) is an,-strongly monotone in first argument with respect to A and
r1-Lipschitz continuous in first argument, and A is L 4-Lipschitz continuous, by
(3.4), we have

IN

IN

Hxn — Tpn—-1 — p(Nl(urm 'Un) - Nl(un—lv vn))H2

= [|zn — 2n_1]]? = 20(N1(tn, vn) — N1(Un_1,Vn), Tn — Tn_1)
(3.11) +02|[N1 (tn, vn) = Ni(un—1,0n)||

< lwn = an-1l? = 200, l2n — 2ot l? + p*rE|un — wp—1|?

< (1= 2pan,)|zn — @1 ]? + pPr7 (1 + 5)2[H(A(zn), A(zn-1))]?

< (1= 2pa, + P22LA(1+ 22 — a2

Since Ni(-,-) is ro-Lipschitz continuous in second argument and B is L p-

Lipschitz continuous, by (3.4), we have
Ni(un—1,vn) — N1(un—1,vn-1
(3.12) [[N1(tn -1, 0n) (Un—1,vn 1)H
< rollvn — vnal| < L1+ ) lyn — yn-1ll-

Since Q(-, -) is mixed Lipschitz continuous with constants s; and s3, we have

B13)  [[Q@n,yn) = Q@n-1, Yn-1) [l < s1llzn — Zn-1ll + s2llyn — yn-1)||-
From (3.10)-(3.13) it follows that

lan = an—1] < [\/1 = 2pany, + prPLA(1+ 1) + psilllan — wn|

+(praLp(1+ %) + ps2)lyn — yn—1l-
Since C is Lo-Lipschitz continuous, by (3.4), we have

By (3.9),(3.14) and (3.15), we obtain

(3.14)

AL
[n1 —anll < (1= M)l — xn—lH'f'WT
(3.16) (\/1 —2pan, + p2r2LA(1+ 1)2 4 psy) |z — 20|
AL
+H(Z 2 (praLp(1+ ) + ps2) + MLe(1+ ) yn — v |-

Oéhl
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Note that N, is mixed Lipschitz continuous with constants k1, ks > 0, D and F
are Lipschitz continuous, by(3.4) and (3.6), we have

lyn = ynll = IR, ... o [7N2(dns 20)]
“Ri%en ) YN2(n1 20|
HRQ/QIQ(.,@”M[’YNﬂdn,xn)]

—RYE Y Na(d o, )]

HIRY ey 5[V N2(dn1, @n1)]

IN

—R o A Na(dnr, )|

(3.17) %(;]NQ(dn, )

IN

—Ni(dn—1, zn-1)|) + pllen — en—1l

IN

T2 (nlldn = dnoa ]|+ Ran = )
(1 ) H (B (), B(n1))
(L2 (k1 Lp(1+ £) + k)

+pu(L+ ) Lglllzn — 2ol

IN

= Jonn — Tp—-1 H7

where o, = WOZL"Q( 1 Lp(1+2)+ko)+p(1+ L) Lp — 0 = %(leD+k2)+uLE

whenever n — oo. The condition(3.7) implies o < 1 and so o,, < 1 for sufficient
large n. By (3.17), for sufficient n, we have

(3.18) lyn = yn—1ll < onllzn — 2l < [lon — -]
It follows from (3.17) and (3.18) that for sufficient large n,
[Znt1 — 2pll < (1= (1 = )N |20 — Tn1]],

where

L 1 1 1
0, = a—Zl(\/l — 2pan, + p*r?L% (1 + 5)2+p(r2LB(1+E)+31+32)HéLC(HE)'
1

Hence we have

L
0, — 0 = i(\/l —2pan, + p*riL% + p(reLp + 51+ s2)) + 0Lc, asn — oo.
an,



Involving h-n-Maximal Monotone Mappings 5901

By (3.7), we have 6 < 1. So there exists 6y < 1 such that for sufficiently large n,
0, < 6y and
[Zn1 = 2nl < (1= (1= O0)N)[[2n — 20

It follows that {z,} is a Cauchy sequence. Let z,, — & as n — oco. By (3.18),
{yn} is also a Cauchy sequence. Let y,, — ¢ as n — oo. The condition (3.4) and
Lipschitz continuity of A, B, C, D, E imply that {u,}, {v,}, {wn}, {ds} and {e,}
are all Cauchy sequences. Let u, — 4, v, — 0, w, — W, d, — d and e,, — &
respectively. By (3.4), we have
d(ii, A(£)) < [[@ = unl| + d(un, A(E)) < [[@ = unl| + H(A(zn), A(2))
< [t = unll + Lallan — 2| = 0,

and so @ € A(z). Similarly, we can show that & € B(3), @ € C(3), d € D(&) and
é € E(z). By (3.4), we have

Yn = Rﬁg(,ven)ﬁ[')/]\b(dm wn)]v

Tpt1 = (1= N)zp + )‘Rg/ll1(~,wn),p[x” — pN1(Up, vn) — pQ(Tn, Yn)]-

By Theorem 2.2 and the assumptions in Theorem 3.1, letting n — oo in the above
equalities, we can obtain

B =Ry o8 = pNi(,0) = pQ(, )],
By Theorem 2.3, (z, 9, u, 0, W, d, é) is a solution of the SGMIQVIP (2.1). This
completes the proof.
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