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APPROXIMATION FOR BASKAKOV-KANTOROVICH-BEZIER
OPERATORS IN THE SPACE L,[0, co)

Shunsheng Guo, Qiulan Qi and Shujie Yue

Abstract. In this paper we give the direct, inverse and equivalence theorem for
Baskakov-Kantorovich-Bézier operators in the space L,[0,00) (1 < p < o0)
with Ditzian-Totik modulus.

1. INTRODUCTION

In computer aided geometric design, the Bézier method is often used to contruct
curve and surface. Bézier[2] introduced the Bézier basis functions. Some properties
of convergence and approximation for some Bézier-type operators has been studied
(cf.[1, 3, 6-10]), but the studies of this kind is insufficient. In this paper we will
consider the direct, inverse and equivalence theorems for Baskakov-Kantorovich-
Bézier operator(BKB operator). The BKB operator is defined by (cf. [1, 6]): For
f € Ly[0,00),

o kbt
(11) Vialfr2) =1y / FdE (I () — T8 i (1))
k=0""n

o
where a > 1, Jup(x) = Y v (), vny(x) = ("771)2d(1 4+ 2)7"=9. When
j=k
a =1, Vo (f, z) is the well-known Baskakov-Kantorovich operator. For o > 1,
a®—b*<a(a—0b) (1>a>b>0), we know
k+1

n A F(t)dt

n

Un k().

(1.2) Vaalfr )| < @
k=0
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o0

. 1 .
Noticing that / Upk(x)dx = 7 one sees that V,,,(f,z) is bounded and

0
positive in the space L,[0, co).

To describe our results, we will give the definition of the modulus of smoothness
and the K-functional first(cf. [4]).

For f € Lp[0,00) (1 <p < 00), p(z) =+/z(1+2),

st (o 42) s (- 02)

Ky(fit)p = gie%p {1F = gllp+tlled'll}

’ 2

p

Ky(f,t)p = B {If = gllp +tllegll, +£19'll}

where W, = {f| f € A.C.ioc, [|of'|lp < 00, || f'llp < o0} .
It is known that [4].

(1.3) wo(f,t)p ~ Ko(f,t)p ~ Koy (f: 1)y,

here a ~ b means that there exists C' > 0 such that C~'a < b < Ca.
Now we state our equivalence theorem as follows:

Theorem. For f € L,[0,00) (1 <p<00), p(z) =+/z(l+z), 0< 8 <1,

(1.4 [Vaf — fll, = O ((%)3
(1.5) & wlf,t)y=0 ().

Throughout this paper, C denotes a positive constant independent of n and =z,
but it is not necessarily the same in different cases.
2. DIRECT THEOREM

For convenience, we list some basic properties which will be used later and can
be found in [9] or obtained by simple computation.

(2.1) 1= Juo(x) > Jpi(x) > > Jpi(z) > Jppgr(x) > > 0;

(2.2) vy, g (2) =n(Vng1 k-1 (@) —Vnp1,6(2)), V) o(2) ==n0p110(2), k=1,2,---;
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(23) () =0, () = i) > 0, k=12,
! = L ﬁ N Y x X x0);
(24 ) = 3t (£ = ) van(o), € (0.00)
2r
(2.5) Vi((t—x)22) < 57211?), Vi ((t —2)?",2) < Cn™" <<p(x) + %) ,

where 6, (z) = () + ﬁ
Now we give the direct theorem.

Theorem 2.1. For f € L,[0,00) (1 <p < 0), ¢(x) = +/x(1+ x), one has

(2.6) WVaaf — £, < Cuo, (f%) .
P

Proof. By the definition of K, (f,t), and the relation (1.3), for the fixed n,
we can choose g = g, such that

1, , 1, 1
. - — — < — .
(2.7 15 = all + =lled o+ 1l < Co (1 ﬁ)p

Since
[Vaaf = fll, < [Vaa(f = Dllp+ IIf —9ll, + [[Vaag — gll,
<Clf- ng + [Vaag — g”p'

All we have to do is to estimate the second term in the above relation. By the Riesz-
Thorin theorem, we separate the proof of the assertions for p = co and p = 1.
. p = co. We will have to split the estimate into two domains, that is

r€ES=[0,2]andz € E, = (£,00).
t
Note that g(¢) = g(x) +/ g’ (w)du, we write

Vi ( / g wdu, x)

1°. 2 € B, = (%,00), 6,(x) ~ ¢(z): By simple computation we have

t
/ o~ (u)du

/mt g (u)du

[Via(g,2) — g(z)] <

< lleg'lloo

)
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/mt ot (u)du

_ 1 |t — x|
— <2 ! 00 ! nal|l— Viha
Vi) ~9() < 2l [ 0DVaalt= )+ Voo (12
= 2”()09’”00 (M1 + Mg) .

o 1 .
SQ<<P (@er) |t — .

One has

Using the Hélder inequality and (2.5), we have

00 E+1
My = o oy / [t — 2]t () — T (2)]
k=0""n

o0 E+1
< aap‘l(x)nZﬁ |t — z|dtvn k(2) < ™ ()
k=0""n

Using the relation [4, pp.141 (9.6.3)]: for any integer m, we have
Var(U+6)™™) < C(m)(1+2)"™.

Similarly, we can estimate Ms:

My = ain Y [ L) ~ T )

|\

Q

aI

W=

3
ol
i Ng
— 7
o=
ﬁ

00 kt1 % 00 k1 1
< az"? (nZ/ ! \t—x\2dtvn,k(x)> . <n / 1—tdtvn,k(x)>
k=0 % k=07 *
_ On(z C
< ap l(x) \/(ﬁ) < %

< g lloclt = xl.

/mt g (u)du

Vaalg, z) — g(z)] < C”ngooVnoc(‘t —zl,z) < CHQIHOO

Therefore

on(z)
vn

9" lloo-

<

sQ

)|

1
2
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From 1° and 2°, we get for p = co

1
(2.8) [Vaaf = flloo < Cwy(f, %)oo
Il. p = 1. We will estimate it into two domains z € E¢ and x € E,, too.

1°. ze€ES=10,2].

‘n

V(g 2) \<a2/ | / u)duldton ()

k+1
) / lo(u)g'(w)|du

(2.9) §a§vn,k(x)n/% ! <<P_ (z)+ 7
s

o0
< allegh (go-l 1
k=0 \/—

We obtain

[ Waalg) = g(a)ldo < allog'|1

n

" 1 %LOO i v xr)ax
(/0 ¢l [ =2 )d>

(2.10) [ Wiala.) = a(@)de < —lleg'l.

2°. x € FE,. By the procedure of the relation (2.9), we can write

(2.11) < OC/EHivn,k(%)n/_k"i <‘P_1(1')+% 11+t> dt

T
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o], S ()
/x " Jo(w)g'(w)|du| da

here l 5 \w(u)g'(u)\dul = max l I \w(u)g'(u)\dul.

=: C(Rl + RQ),

kk+1
Using the method in [4, pp.146-147], we estimate R, and Ro. First let

D(l,n,) = {k = lp(a)n ™3 < \% — 2| < (14 V)g(z)n2},

then

[ letwg/wlau]ds

Forx € E,, [ > 1, we have [4, Lemma 9.4.4]

(2.12) Y v < Y F o ¢

— = 2| Vpk(T) g < <
keD(ln,) keD(Ln,) o) = (I+1)

Ry = / Z Z U ()

=0 keD(l,n,x)

Let

F(l,z) = {v v e0,00), lv—z| < (I+ 1)<p(x)n_% + l}j

n
G(l,v)={z: ze€E,, ve F(l,x)}.
From the procedure in [4, pp. 147], we know

<03 i@ [ e @

(2.13) ~
<C) ;/m\w(v)g’(v)\ o @)dardv < C—lpg' 1.
- =0 (l+1)4 0 G1,v) B \/ﬁ

By the Holder inequality, we can get the estimation for Rs

1 n n :
Va 2 ona O T < ( 2 vn’k(x)k—f—n)

keD(l,n,xz) keD(l,n,xz)

2 c -1
<1+x 2 )vnl’k(x)) Saeni? @

keD(ln,x

Sl-
ol

IN

Sl-
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(2.14) R < CTHW Ih.
So,
(2.15) / Waalg, ) — gla)ldr < fugogul

Therefore by (2.10) and (2.15), we obtain (2.6) for p = 1. Following (2.8) we
complete the proof of Theorem 2.1. [ |

3. INVERSE THEOREM

To prove the inverse theorem, we shall first prove the following lemmas.

Lemma 3.1. For f € L,[0,00) (1 < p < 00), =14 x), on(
o(z )+\/_,one has

(3.1)

(D] < ovalfl

Proof. We will show (3.1) for two cases p = co and p = 1. Since

() —az / e [725 (@) @) = T (@) T e ()]

Using (2.1) and (2.3) we write

Vralfs2)] < all fll

(32) <Z[Jﬁﬁl() T (@) } n k1 (2 "’ZJgkl ) o i )D

=0
= allflleo (J1 + J2) -

By (2.2) (let v, —1(z) = 0), one has for x € ES

\/——1—1 =
On () Z [VUn11,k—1(2) — Ung1 k(T Z nUn41,k(2) < 63/n.
k:
By (2.4), one has for = € E,
%
= n |k 2 [ |k
Op(2)J2 < 20(x ——x|vp k(2 S— — —z| vpi(z) | <4v/n.
(@)02 < 20(0) 3 sl o\ z)
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For z € [0, 00), we obtain

(3.3) Su(z)Js < CV/n.

Note that J}, 4(2) = 0, then

Bo=30 (I @) = T @) T (@)
k=0
—ZJffkl nk T) — v;k(x)) ZJﬁ‘kil( ) ;,k+1($)
k=0
<ZJa 1 ZJgkjlq n,k+1(9€)

+ZJ7?/§1 )on k()] = Jo.
We get

(3.4) Sn(z)J1 < Cy/n.

Combining (3.2)-(3.4) we get for p = c©

(3.5)

u @)Vl fs2) | < OVl o

k+1

For p =1, let ax(f) = nﬁ " f(t)dt, we write

n

fa)| < Z\ak D7) = I3 @)] T (2)

(36) +Z\ak PTG @) (@)
= <J1 + Jg) .

Writing

(3.7) /0 h

On(2) Vi f (/ /) ) (1 + 1) da.
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Now we estimate the four parts in the right of (3.7):

b () Joda < / Z\ak I (Vo1 () + Vs 4(2)) d
ES
+ [ on(@)]ao(f)|nvny10(z)de.
ES
For x € ES, 6,(x) % notlng/ V(T

(38) [ ol Jgdx<—z / I NI

Eg
since J2 " (x) — Jop i1 (@) <1, T,y (@) = nong k(x), we have
CONN RCETEE Z ax(F)lntn () < 3Vl F]1.

3

To estimate [, 8 () Jadz , we will need the relation [4, pp.129 (9.4.15)]:

By Holder inequality and (2.4), we get

/5 J2dx<22\ak \/ ¢2T(Lx
@10 <203 o) (/E e (/ ros(opn)

< sz / (1)ldt = Vil £l

In order to estimate fEn (5n(x)jldx, we considertwocasesa > 2and 1 < o < 2
(when a= 1, 1 = 0). For a > 2, in;l( ) — Jgkil( ) < (o — D)oy ().
Using integration by parts, we can deduce
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/ 5 Jldx < Cz‘ak ‘/ 'Unk nk—f—l( )dw

-c Z a(/ ( D) I @fF - [ Jn,k+1<x>d<go<w>vn,k<x>>>

n

_CZ\ak )V (@) T o1 ()| T

n

°° 1422
-C a Ikt () ———v, ik (2)dx
%\m (/ (7))

— /;O Jn,k+1($)¢($)vqlz,k($)d$> :

n

. o0 1+2
Noting that o (2) v, 4(2) g () < 0, / Tkt () — e, () d >
" 1 2y/z(1+ x)

n

0 and (2.4), we have

(@) < C Y lan )] [ Vs (@)t (o)l
En k=0 n

- ( / n vn,k(x)dx>

N
N

0 k T 2
a1 <Pl ( /| %vn,mm)

< ch / (Oldt = OVl -

When 1 < « < 2, using the differential intermediate value theorem, we know
Tt (@) = I (@) = (a = 1)(&(2)) " on(z)
where J,, 11 (2) < &k(z) < Jpi(z) and a — 2 < 0, then

Joe (@) = Ty () < (o= DIRE, (2)vn k(@)

For 1 < o < 2, we get from the procedure of (3.11)
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S (@) J1da
2 /
<c [ }jmk ons(e)(@ = DIGE @), s (2)do

—CZ\ak \/ x)op k(2 ngk—lkl( )
<c§]% [, el < OVl

(3.12)

Combining (3.11) and (3.12), we get for o > 1

(3.13) On(z)hrdz < CV/nl f]1.

En

From (3.6)-(3.10) and (3.13), we obtain for p = 1

(3.14) | s@Wiatr.olde < vl .

By (3.5) and (3.14), Lemma 3.1 holds. |
Lemma 3.2. For f € W), ¢(x) = Jz(1 + ), o(z) = o(x) + \/_, one has

(3.15) bn(@)Vialf2) | <

Proof. By the Riesz-Thorin interpolation theorem, we will show Lemma 3.2
for p = oo and p = 1. For f € W}, and noting that .J,, ;(z) = 0, we write

V?’/L,Oé(f7x) =« [Zn/ dthkl( ) nk( )

—Zn/ dthkL( ) é,k+1($)]

aZn < f(= —|—t dt—/
0

wofw o k-1
oy [ [T s e ) o),
k=1 “0 JO ’

>JO‘ H() T, (2)

then
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o(fr ) < aZ/ — +v) dvJ,, 1. (x)
(3.16) kZ/ )| v}, i ()

_ a(/oﬁ‘ ()| dv +Z/ ) v k+1(m)>
=:1a(Q1+ Q).

I. p=oco. We estimate (3.16) in two cases.

1°. z € E¢. Noting that J,,(x) ~ \/_, we write

! - % ! k !

@Vl < 23 |7 E | dndipn @)

< Cllonf"loo D vnri(@)
k=0

o0
Since Y vny1k(x) =1, one has
k=0

(3.17) |00 (2) Vo (f 2)| < Clldn f[loo-
2°. x € Ep, 0p(z) ~ ¢(x). We write

3o

P@)Q1 < 9f o) /0 o () dv ]! ()

2
< 2P oo )y 2 o(e) < Al o

here we have used the relation (f#% <1.

Similarly, noticing that Zap 2 ?]z Joni1x(2) < Cp2(x), we have

P(2)Q2 < oS (e Z / S 00T, (o)

< QH‘Pf HOO‘P Z‘P 'Un-l—lk )
=1

o0

2l loei(2) w—2<§>vn+1,k<w>> < Cllgf e

k=1

N

IN
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Then for x € E,, we get from (3.17)

(3.18)

u(0)Vial £52)| < Cllon sl

xD
I. p = 1. First we will estimate / 6n(2)Q2dx. For k>1,0<v < 2, one
0

has
wl, k Lk /% &
= < - - - .
[T G rn|ar< @) [T oo [FE o) do
Therefore we have
00 E+2
@)@z <3 [T ola) [F@]dun [ o ()80 @)vnis(a)do
0 k=1""n
o) k+2 00 31
<Y [ sl ([T et mae)
k=1""n
Noticing k£ > 1, %#vnﬂ,k(x) = %vn_l,kﬂ(m, then

*n n 1\?
o —) vnra(@)d
/0 kn+k («p(w)+ ﬁ) Uner1 k() d
“n n 9 1
4 n :
/0 [ <<p (x)—i—n) Upt1 k(2)dx

o n n 1 n
4 2(2) 2, d e d
([ @@t [ )
o0 1 C
4 <4/ Un—1 k1 (z)dz + —) = —.
0

n n

IN

IN

IN

Combining the above relations, we can deduce

(3.19) /O T ba(2)Qadr < Cllof 1.

Secondly, we consider @;. Noticing d,,(u)/n > 1, one has

3o

5u(2)Q1 = G () /0 ()| duT ()

< (5n(x)/05\/ﬁ(5n(u)‘f’(u)‘du “MUp41,0 () Sn% H(Snlel(Sn(x)vn—i—l,O(x)v
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then
/Oo 50(2)Q1dx < 1|16, f |1 /oo <<p(9c) - L) Vpy1,0(z)dx
0 o 0 ) vn '
(3.20) < n3 |6, f'1 [(/o @2(1')'[)”4_1’0(1')61([') i \/Lﬁ +n

1
<1 2
= 3 f"ls [n ([ o)

Combining (2.23), (3.20), we obtain

wolw

= 2[|6n fll1-

(3:21) |80 Wiat o] do < €167 1
0
Therefore Lemma 3.2 can been proved by (3.18) and (3.20). |

Using Lemma 3.1 and 3.2, we can prove the inverse theorem.

Theorem 3.3. For f € L,[0,00) (1 <p <o0), p(x)=+/z(1+z), 0<f
< 1, then

Vaalf:2) = f(@)]l, = O (%)
implies wy,(f, 1), = O (%) .

Proof. Using Lemma 3.1, 3.2 and the same method in (cf. [4, pp.165, [5,
pp.145],). For a suitable function g, we have

Ko(f.t)p < I1f = Vaa()llp + tloVia (D]l
< On %+ (|8VLalf = 9o + [16aVin(9)1n)

8 1
< Cn 2 +tyn <Hf —gllp, + %”5719/”1:)

8 1 1
< ont 1 (I = gl + Sl + 2161

IN

n

C<n—§+ t E,(f,n—%)p) §C<n—%+ thg,(f,n—%)p)

o=

By the Berens-Lorentz Lemma, the above relation implies K, (f,t), = O(t%).
w,(f, 1), = O(t?) holds from (1.3), we see that the proof of Theorem 3.3 is
completed. =

Remark 1. From Theorem 2.1 and 3.1 we can deduce (1.4) < (1.5).
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Remark 2. In [6], the author also studied the Szasz-Kantorovich-Bézier oper-
ators, using the above method, we can obtain the similar direct, inverse and equiv-
alence theorem for the Szasz-Kantorovich-Bézier operators without any difficulty.

4. A NOTE ON THE SECOND ORDER MoDULUS
In this section we will explain that the second order modulus can not be used.
Lemma4.1. Ifa;, b;>0(i=0,1,---,n—1; j=mn,---), e >e >+ >

n xD
en_1>en>--->0and Zai :ij, then we have

j=n

n—1 o0
(4.1) Zaiei > ijej.
i=0 j=n

Proof. The inequality (4.1) is equivalent to Z ai

>Zbe_1.

Since “— > 1 and ] - <1, we have
>
Zazen_ Zaz Zb >Zbe_1
=0 =0 j=n
The proof of (4.1) is complete. ]

Now we explain that in the direct resultw, ( f, ) can not be replaced by w, (f, t).
Takef()—t—l a =2, z=1.Then for t > 0, wZ(f,t) = 0. Ifww(f,t)
can be replaced by w?(f, ), it would be [V,o(f, 1) — f(1 )\ =0, i.e.

But as
ktl
n

Via(f, 1) =n (t— 1)dt[J2,k(1) - Jg,k—l—l(l)]

3=
el
3
—

NEIRNgE

Il
3

(t = Vdtvp 1 (1)[Jn k(1) + Jnps1(1)]

i
[e=]
3

with (4.2) we have
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op_92i-1
L= Y — . Uni(DIni(1) + Jnis1 (1))
(4.3) = 51— om
= > L (1) + T (D] = Lo,
j=n

Take a; = W’U”,i(l), e = Jn,z‘(l) + Jn,z‘+1(1), bj = W%J(l), e; =
Jng(1) + Jpjs1(1) (1 =0,---,n—1; j=mn,---), since Vo1 (t — 1,1) = 0, we

n—1 00
have Zai = ij. Obviously, eg > e1 > - > e,_1 > €, > --- > 0, by
=0 i=n

Lemma 4.1, we get I; > I5. This is contradictory with (4.3).

ACKNOWLEDGMENT

We express our gratitude to the referee for his helpful suggestions.

REFERENCES

1. U. Abel and V. Gupta, An estimate of the rate of convergence of a Bézier variant
of the Baskakov-Kantorovich operators for bounded variation functions, Demons.
Math., 36(1) (2003), 123-136.

2. P. Bézier, Numerical Control-Mathematics and Applications, John Wiley and Sons,
London, 1972,

3. G. Chang, Generalized Bernstein-Bézier Polynomial, J. Comput. Math., 1(4) (1983),
322-327.

4. Z. Ditzian and V. Totik, Moduli of Smoothness, Springer-Verlag, New York, 1987.

5. S. Guo, L. Liu and Q. Qi, Pointwise estimate for linear combinations of Bernstein-
Kantorovich operators, J. Math. Annal. Appl., 265 (2002), 135-147.

6. V. Gupta, On the Bézier variant of Kantorovich operators, Comput. Math. Appl.,
47(2/3) (2004), 227-232.

7. Z. Liu, Approximation of the Kantorovich-Bézier Operators in L, (0, 1), Northeastern
Math. J., 7(2) (1991), 199-205.

8. X. Zeng , On the Rate of Convergence of the Generalized Szisz Type Operators for
Bounded Variation Functions, J. Math. Anal. Appl., 226 (1998), 309-325.

9. X.Zeng and V. Gupta, Rate of Convergence of Baskakov-Bezier Type Operators for
Locally Bounded Functions, Comput. Math. with Appl., 44 (2002), 1445-1453.

10. X. Zeng and A. Piriou, On the Rate of Convergence of two Bernstein-Bézier Type
Operators for Bounded Variation Functions, J. Approx. Theory, 95 (1998), 369-387.



Baskakov-Kantorovich-Bézier Operators in the Space L,[0, co)

Shunsheng Guo and Qiulan Qi

College of Mathematics and Information Science,
Hebei Normal University,

Shijiazhuang 050016,

People’s Republic of China

E-mail: ssguo@hebtu.edu.cn

E-mail: gigiulan@hebtu.edu.cn

Shujie Yue

Department of Mathematics,

Shijiazhuang Posts and Telecommunications Technical College,
Shijiazhuang 050016,

People’s Republic of China

E-mail: yuesj@163.com

177



