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APPROXIMATION TO OPTIMAL STOPPING RULES FOR
GUMBEL RANDOM VARIABLES WITH UNKNOWN
LOCATION AND SCALE PARAMETERS

Tzu-Sheng Yeh and Shen-Ming Lee

Abstract. An optimal stopping rule is a rule that stops the sampling pro-
cess at a sample size n that maximizes the expected reward. In this paper
we will study the approximation to optimal stopping rule for Gumbel ran-
dom variables, because the Gumbel-type distribution is the most commonly
referred to in discussions of extreme values. Let X7, X5, ---X,,,--- be in-
dependent, identically distributed Gumbel random variables with unknown
location and scale parameters,o and 3. If we define the reward sequence
Y, = max{Xy, X2, -+, X, } —cn for ¢ > 0, the optimal stopping rule for Y,,
depends on the unknown location and scale parameters « and 3. We propose
an adaptive stopping rule that does not depend on the unknown location and
scale parameters and show that the difference between the optimal expected
reward and the expected reward using the proposed adaptive stopping rule
vanishes as ¢ goes to zero. Also, we use simulation in statistics to verify the
results.

1. INTRODUCTION

Extreme value statistics is the study of rare events that lie beyond common expe-
rience. The main contributions for extreme value theory are a set of limiting results
which enable one to analyze unusual events. It can be applied to extremes in many
fields, including nature, engineering, sport and economics. Accurate assessments
of the probabilities of extreme events are sought in a diversity of applications from
environmental impact assessment ([6, 9, 10, 19]) to financial risk management ([8,
14, 22]) and Internet traffic modeling ([16, 18]). The well-established branch of
statistics has been employed in insurance problems for many years, but has only re-
cently been applied in risk management settings. Its proponents argue that the tools
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provide many supplement or even substitute for the industry-standard approach to
risk measurement.

The Gumbel-type distribution is the most commonly referred to in discussions
of extreme values. The purpose of this paper is to find the approximation to opti-
mal stopping rule for Gumbel random variables with unknown location and scale
parameters, o and 3 in the hope to maximize the expected reward in the sampling
process.

An optimal stopping rule is a rule that stops the sampling process at a sample size
n that maximizes the expected reward. Let X, Xo,---, X, -- be independent,
identically distributed Gumbel random variables with unknown location and scale
parameters, o and 8. The X is observed sequentially and we are allowed to stop
observing at any stage. If we stop at the nth observation then we will receive
a reward Y,,, where Y,, is a measurable function of X;, Xo,---,X,. Optimal
stopping rule depends on the distribution of the X; which has the consequence
that determination of an optimal stopping rule requires complete knowledge of the
underlying distribution for the data. If only partial information is available, e.g.
some parameter values are unknown, then it becomes necessary to use an adaptive
stopping rule to approximate the optimal rule.

In this paper, we assume that the X; is an independent Gumbel random variable
with common probability density function
g(z; 0, B) = lexp(—w — a)exp(—exp(—ﬂ)), —oco<x<oo,a € R, >0

6 6 6

where 3 and «, respectively, scale and location parameters. Let max{Xj, Xo,- -,
X,} be the reward for the first n trials and let ¢ > 0 be the cost for each
trial. Then we will consider reward or net gain functions of the form Y, =
max{X1, X2, -+, X,} — cn. Such reward function arises in the context of sam-
pling with recall. Discussion of their motivations and utility can be found in [5] or
[7].

The problem of finding an adaptive stopping rule to approximate stopping rule has
been studied by [1] that proved that in certain cases involving unknown location
parameters, the ratio of the expected reward under an adaptive stopping rule to the
optimal expected reward will approach one as ¢ goes to zero. [15] assumed that X;
is exponential distributed random variable with unknown mean. [21] considered the
case where the X; has common density function (o — 1)2~%1[; o With unknown
a , where I 4(e) denotes the indicator function for the set A. [12] considered expo-
nential distributed random variables with unknown location and scale parameters.
Under the distribution discussed by [12, 15, 21] the optimal stopping rules have
closed forms. [20] considered the case where the X; is normal with unknown mean
and [11] generalized [20]’s results to include the case where both the mean and vari-
ance are unknown. [13] treated the situation when the X; is Gamma distribution
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with unknown scale parameter, while [2] generalized [13]’s results to include the
case where both the location and scale parameters are unknown. In the situations of
[2, 11, 13, 20] the optimal stopping rules no longer have a closed form and adaptive
stopping rules were used to approximate the optimal stopping rules.

In this paper, we define the optimal stopping rule as
(1) i =inf{n >1: X, > 7.}

where ~,. satisfies E(X; —v.)" = ¢, and (X1 — 7.)T = max{X; — 7., 0}. The
stopping rule 7 , maximizes E(Y;) over all stopping rules 7 with E(Y,”) < co
where Y.~ = min{Y;, 0} and the expected reward is E(Y;:) = E(X,:)—cE(1}) =
~.. For more details see [4, p. 56-58].

However, in order to use the optimal stopping rule 7" it is necessary to know .,
which in turn requires knowledge of distribution of X;. If only partial information
about the distribution is available, it would be desirable to find an adaptive stopping
rule to approximate the optimal rule 7 and the optimal reward E(Y.-) as well.
Throughout the rest of this paper we assume that the X; is independent Gumbel
random variable with common probability density function

g(x; 0, B) = %exp(—x g %) exp(— exp(— ——=

), —oco<z<oo,a € R,3>0

We define the function E(X; — o — x)* = f(z, 3), and we can obtain

. f,B) = / i@ - x% exp(~ L) exp(- exp(~ L)y
- X

e B
= / (a—plnz) exp(—=)dz—(a+x)(1—exp(— exp(—B))).
0

Let ~, satisfy

3) fre—a,p) =c

In this case the optimal stopping rule 7 will depend on the unknown parameters,a
and . Therefore, while o and 3 are replaced by its estimator &, and (3,,, we obtain
an adaptive stopping rule 7. which is

4) Te =1inf{n > n. : X;, > .},
where 7,,, satisfies

(5) f(;)\/c,n - anv Bn) =C.
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Where
~ 6 1 — — 2 =~
Bn = FEZ(Xi_Xn)van:Xn_ﬁnd
i=1
and n, is a function of ¢. d is a constant, d = — [; In z exp(—z)dz = 0.577216.

The purpose of this paper is to find an adaptive stopping rule in the case of
sequential observed Gumbel random variables with unknown location and scale
parameters. Using a proposed adaptive stopping rule we prove that the difference
between the optimal expected reward and the expected reward using the proposed
adaptive stopping rule vanishes as ¢ goes to zero. In the next section, we give some
preliminary Lemmas which are useful in studying the behaviors of -, and 7. In
Section 3, we study the performance of 7. and show that if n. = dc—¢ for some
d>0and 0 <6 <1,

E(YT;;) — E(Yz

~)—0 asc—0.

In this paper, different from the previous studies [2] and [13], we especially, in
Section 4, use simulation in statistics to verify if the results from our simulation are
in accord with the theorem. In addition, Shu, W.Y. [21] conducted a simulation study
on approximation to optimal stopping rules with heavy tail when « is unknown. Our
study is more complicated because two parameters « and (3 are considered, and the
optimal stopping rules under Gumbel distribution do not have a closed form; that
is, 7. cannot be expressed in explicit form of ¢, « and S.

2. PRIMARY RESULTS

First we state some properties of f(x, ) which will be needed later.

Lemma 2.1. For fixed 3, f(x, 3) is a strictly decreasing function in z.

Proof.
0
ﬁ_i _ ¢ ;x exp(—%)exp(—exp(—%))

x a—+x x x

—(1—exp(—exp(—5)))+ 5 exp(—ﬁ)exp(—exp(—ﬁ))

- exp(—exp(—%)) ~1<0

We have proved that f(z, 3) is a strictly decreasing function in z.
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Lemma 2.2. For fixed z, f(z, ) is a strictly increasing function in 3 .

Proof.
= M) (-2 expl- exn( D))
e B
—/ In z exp(—z2)dz.
0
z(r + )

exp(—%exp(—exp(—%))

B B

= — /Oe ) In z exp(—z)dz > 0.
We have proved that f(z, 3) is a strictly increasing function in 3 .
Using Lemma 2.1 and Lemma 2.2, it is easy to obtain Lemma 2.3
Lemma 2.3. If 0 < 81 < [, and f(x, 51) = f(y, P2) then y > x.

Let . satisfy f(y. — ,3) = ¢, this implies E(X; — .)" = c in this case.
For fixed 3, by lemma 2.2, we have ~. which is a decreasing function of c.

Lemma 2.4. For any b > 0, we can get v, = o(c™®), as ¢ — 0.

Proof.

= f(re - B) = /°°<y—%%exp(—y;}“)exp(—exp(—y;}“»dy
Ye
< /7 (y %);exp(—y;a)dy
= Pexp(— ﬁa)

= cgﬂexp(—ﬂy _

Ye — &

= Inc<Ing—
= 7. <a—[F(lnc—1np).

For any b > 0, we can get 7. = o(c™?), as ¢ — 0.
Therefore, we can choose ¢y, which is small enough such that for all ¢ € (0, ¢y),
~v. — a > 0,and obtain Lemma 2.5.
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Lemma 2.5. For 0 < ¢ < ¢y, we have P(X; > v.)ef3 > ¢

Proof. From the equality as the following

P(X;>7) = —exp(—x;}%exp(—exp(—x;}“))dx

obtain exp(—2%=2) < 1 and exp(—exp(—%52)) > 1/e. Hence
B B

From this integral, we know z > ~, and —22¢ < —2=2% < (. Therefore, we
g 8t 3 3

1 -«

P(Xi27%) > Cep(~—2
C
D

ef

)

Therefore, we obtain P(X; > v.)ef > c.

Lemma 2.6. Let 7 be as defined in (1) . Then {(¢7¥)P : 0 < ¢ < ¢p} is
uniformly integrable for all p > 0.

Proof. Since 7 is a geometric random variable, we have cE(7}) = ¢[P(X; >
ve)] 71 Using Lemma 2.5 for all ¢ € (0, cp), we obtain supg<.<., cE(7¥) < ef.
This implies
SUPg< <y E(cTy)P < My(ef3)?, where M, only depends on p.

3. PERFORMANCE OF T,

For the rest of this section, we define d = — [ In z exp(—z)dz = 0.577216.
Unlike 7, the adaptive stopping rule 7, defined by (4) and (5) is not a geometric
random variable. The key to study the behavior of 7. is to approximate 7. by T;Lb

and Teb which are defined as follows:

(6) rh=inf{n>1:X,> fy:b}
and
(7 Top = inf{n >1: X, >}

where vF, and v, satisfy

(8) f(vh —a—24c6d3 /7%, (1 + 12¢%d2% /72)B8) = ¢,
c,b
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and
9) fyep —a+ 24cP3d® 72, (1 — 12¢Pd? /7% B) = «,

respectively. By lemma 2.3, we have ~, < 7. < “YS,Lb- For fixed positive S,
the function f(x, ) is a function of = only and denotes f(x, ) = h(z). From
(2),(3),(8) and (9) it is easy to obtain lemma 3.1.
Lemma 3.1. For fixed positive 3, and 8 > 0, we have
(@) ve —a=h""(e);
(b) v}, —a=(1+ 12cbd2/w2)h_1(m) + 24cPpd3 /7%,

(©) Yop — = (1 = 126 /)™ (i3 5 ) — 24”3 /.

Proof. From (2),we have c = f(y.—a, ) = ﬂfi% zexp(—z) exp(—exp(—=z))dz

— (e — @) f'?coﬁ—a exp(—z) exp(— exp(—=z))dz = h(y. — ).
For fixed 3,

fOre—a, B) = h(ye —a) = ¢,

hence 7. = h~1(c) + a.
For (b), from (2) and (8), we have

fvh, —a—248d° /72, (1+ 12¢°d% /%) )

= (1+ 126bd2/72)ﬁﬁjb_a—24cbﬁd3/w2 zexp(—z) exp(— exp(—=z))dz

(1+12¢bd2 /x2)3

x
—('Y;Lb —a— 24Cbﬁd3/7r2) /wjb—a—%cbﬁvﬁ/”g exp(—z) exp(— exp(—z))dz
’(1+120bd2/7r2)ﬁ

’y:b — o — 24cbBd3 /n?
1+ 12cbd2/n2

= (1+12c¢Pd? /%) h( = c.
We obtain v/, — o = (1 4 12¢°d*/?)h~(
we can obtain

Vop— = (1— 12¢Pd? /n?)h=Y(

Trdaye) 24¢°Bd? /2. Similarly

71_125(12”2) — 24cPpd3 /7.

Lemma 3.2. Foranyb>0,0 <~} , —v, =o(c"*) asc— 0.

Proof. Since

1 c 1 c
3> .
h (1+126bd2/7r2) 2 h (1—12617d2/7r2)7
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and by Lemma 3.1, we have

0< fy;Lb ~Yep — 48¢°3d® m®

C C

A I R W T B
=h (1+126bd2/7r2) h (1—126bd2/7T2)
12¢bd? [ c _ c
2 1( b2 2) +h 1( _ b2 2)
T 1+12¢Pd2/n 1—12¢5d2 /7
_1 c a1 c
= h (1+126bd2/7r2) h (1—126bd2/7T2)
24cbd? c
+ 2 1( b2 2)'
T 14 12¢bd2?/n
Using the Mean-Value theorem, we get
C C

-1 -1
h (1+126bd2/7r2) h (1—126bd2/7T2)
: —24c" @2 /7
- 07 @) (e )

1 — 14424 /nt
24cb1 2 72 h=t(cz*) -
p— 1 —_— —_— _——
(1 - 14462bd4/7r4> { exp/ eXp( 3 >)} ’

where z* € (1+12c,1)d2/7r2, 1_126,1)d2/7r2) and (h~1)" is the first derivative of h~1.

Using
+ b33 /2
h_l(cw*) < h_l( ¢ )= Jep O 7 24CBd>/m
- 1+ 12¢bd? /72 1+ 12¢bd2/m2
and letting ¢ = Trissa In Lemma 3.1, we have v, —a = () =
+ _—24cb8d3 /72 . ;. .
%”’lfmif;gfwg/w . Replacing ¢ by ¢ in Lemma 2.5 and using Lemma 2.4, we
get
24c10q? /7
Yoo " Veb = P 5o, (- 1 T2 (v — ) /m*+48c"Bd* |
C
24cbd? /m2c

P(X, > ~v,)(1—12cbd?/n?)
+24c%d? (v, — )/ + 48¢PBd3 [
24cbd2%ef3

< -
= 1-12¢d2 /72

+ 24P 20(c 7MY + 48P Bd3 /n? < o).

Therefore 0 < v, — ., = o(c?/*)as ¢ — 0.
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Since 7., and 7, are geometric distributed, it is easy to obtain Lemma 3.3.

Lemma 3.3.
(i) {(CT )P+ 0 < c <o} is uniformly integrable for all p > 0.
(ii) {(er_ )P : 0 < c < co} is uniformly integrable for all p > 0.

Now, for all b > 0 define

2
(10) L(b) =sup{n >1: ﬂ‘ > ¢ <12ﬁd )
3
(11) Lfb) = sup{n>1:|a, —a| > ocb <12ﬁd ) |
2 ot
02 Ly =suwln =1 ZX P (ot pd) = | 2 S
and
(13) LY =sup{n>1:]X, —a—gd| > b 52 £ e,
c,b,1 = n > - ﬁd)
Lemma 3.4.

(i) {(c%LSb))p : 0 < ¢ < ¢o} is uniformly integrable for all p > 0.
(i) {(c%Lfb))p : 0 < ¢ < ¢o} is uniformly integrable for all p > 0.
Proof. For the case of o + 3d > 0, we can choose ¢ which is small enough
such that (o + 3d)? — ¢?5%d? > 0, then
{IX5 = (a+ Bd)?| < "B2d?)
= {(a+Bd)* - EFPd* < X, < (a+ Bd)? + 52}
= {(a+8d)(1 =B/ (a+5d)2) <X, < (a+Bd)*(1+c"32d / (a+0d)?)}
D {(a+pBd)[1—-c"8%d? /(a+Bd)2]? < X, < (a+Bd)[1+F%d% ) (a+Bd)?) 2}
Using 0 < z < 1, the inequalities 1 + z/4 < (14 x)"/? and (1 —z)Y/2 < 1—2/4,
we have

(X7 = (a + Bd)?| < PB2d2}

322 _ B2 d>
= M B = gy gqp) < Ho <l B0 e )
cbp2d?

= {|Xn—a—pd < 1.

4(a + Bd)
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This implies
Cbﬁ2d2
4(a+pd)

14 {[Xo—(a+Bd)?% =62} C {|X—a—pd|> ).

From (14), we have
lzn:x2_72_ﬁ27r2
n ! " 6

2.2

C - X2 2 /87T

C { j{: (o)~ ——

Therefore, we obtain

(1912 0 (222))
T

7T2
_ {—‘//8\721 _ /82‘ > 2Cb/82d2}

2 2 ﬁ” b a2 52 a P p2d?
{ ZX o+ Bd) cﬁd}U{\Xn—a—ﬁd\z4(a+ﬁd)}.

Since
12/32d?
-z (255}

e (i) u{Rer (-5}

and using 0 < x < 1, the inequalities (1 4+ z)'/2 <1+ =z and (1 —z)'/2 > 1 — 2,
we have
12 2 72
{\32—52\261’( ﬁQd )}
™
. 2 1/2 2\ 1/2
7T

a%
> Fn>ﬁ<1+c”12d2>}U{B =p ( b12d2>}

Zcbﬂ2d2} U{Xn—(a+8a)? = %%

b2 o o Cbﬁ2d2
>cb32q }U{\Xn—a—ﬁd\z4(a+ﬁd)}.
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This implies

R )

C { ZX2 (o + Bd)? @ ZcbﬁZdZ}
2>
U{ ﬁﬂ—4a+ﬁ®}'

Hence, we have

{28 >3} < {Ll, > U{Ld > 4},
and this implies
(15) P (L) >j) <P (L8, > i)+ P (L), > ).

By Theorem 7 in Chow and Lai(1975),

(16) {(2L))) 0 <e<e)
and
(17) {(#r3),) o< c<eo)

1057

are uniformly integrable for all p > 0. From (15), (16), and (17), we have

{(chLSb))p 0<ce< co}

is uniformly integrable for all p > 0.
For part (ii), since

o)

()
- {res o (U

(oo (U

2

123d3
ﬂ1> (%))
(12ﬁd2

s

)}
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Therefore, we have

(195 5} € {10 = HU 1)

3
el s (22)

s

where

This implies
P(18)>j) <P (L) > )+ P (L), > ).
Therefore, we obtain
{(c%Lfb))p 0<c< co}

is uniformly integrable for all p > 0.
For the case of « + fd = 0 and « + Gd < 0,(13) can be simplified as follows:

Lgb),l =sup{n>1: |Yn| > Cbﬁ2d2}
and
/82d2

1) Bd b
Lo - >1:|X, —a—pd >s—2%
el sup{n > ! o ﬁd| > c 1o+ Ad)

}

respectively. Similarly,we can prove

{(chLfb))p 0<ce< co}
is uniformly integrable for all p > 0.

Lemma 3.5. {(c7.)P : 0 < ¢ < ¢} is uniformly integrable for all p > 0 as

c—0

Proof. For K sufficiently large,c < ¢y, we have Kc¢=! > 2n.. Treating
Kc71/2 as an integer, we get P(c7. > K) < P(LS,,) > Ke 1/2) + P(Lfb) >
Kc1/2)+ P(c7. > K, Lglb) < Kc1)2, Lfb) < Kc71/2). From the definitions of
LS), Lfb) and 7., we have

(7> K, LY) < Ke™ty2, %) < ket 2}

C {Kc_1/2 <n< Ke ' X, < ens ‘Bn - f

< 12¢°8d% /72, |ay, — af < 24¢°6d3 /n%)

= {Kc')2<n<Ke™' Xy < Ao, (1— 12802 /7)< B
< (14 12¢%d%/72)3, a — 24¢°Bd3 )

< Qp < o+ 24°6d3 /7).
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Since 7., satisfies f(Je.n — Gn, Bn) = ¢, and we can get f(Jo.n —a — 24c? Bd3 /72,
) > c by Lemma 2.1. From Lemma 2.2, we have f(3., —a —24c°Bd3 /72, (1 +
12¢%d?/7%)B) > c. Because of f(v, —a —24cPBd3/n?, (1 + 12¢Pd? /n?)B3) = ¢,
we obtain 7, —a—24c"Bd?/m* > o —a—24c"Bd? /72, Thisimplies v, > Fen,
and

{7 > K, L) < Ke'y2, L) < K™l 2}
{Kc'2<n<Ke ' X, <~vh}

{75, > Kc1)2}

N 1N

where 7, = inf{m > 1: X, .-1/2 > 77, }. Therefore

P(cr. > K) < P(cL) > K/2) + P(c
= P(cL') > K/2) + P(c

L% > K/2) + P(c7}, > K/2)

L% > K/2) + P(erh, > K/2).
From Lemma 3.3 and Lemma 3.4, {(¢7.)P : 0 < ¢ < c¢o} is uniformly integrable
forallp >0asc— 0.

Lemma 3.6. Let ?c be as defined in (4) and (5) with n, = §¢=%, 6 > 0and 0 <
§<1.For0<b< %andasc— 0, wehave E(7.) < o(l)+(nc—1)+E(r;Lb).

Proof. Using Lemma 3.4 for p > (6/2 — b)~! and Lemma 3.5 for p = 2, we

E(7) < BRI )+ BRI )+ BT

[ng >ne [L(1)< Ne, L(2)<nc])

B[P = 0]

1/2
+ [P = n0)] Ty 4 Blintin = e X, > 25
1/2

(L) >n.

IN

me] e mdy] e [ma ) o0 emes)
B ]1/2 b0 ) O02P15(1) 1 (ny — 1) + E(1},)
= o(1) + (ne— 1) + E(7}).

IN

IN

The proof is completed.

Lemma 3.7. Let 7. be as defined in (4) and (5) with n, = §¢~?, § > 0 and
0<6# <1 Thenfor0<b<6/2 asc— 0,

E(7.) > E(T;b) + (ne — 1) —o(1).
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Proof. Let Lglb) Lfb) be as defined in (10) and (11) respectively.

E(7.)

A\

BEIy0, 100

E([inf{n > n,: Xn > Yot

Y

[Lgl) <nc L(2)<nc])

Y

E(inf{n > nc: X, > 7,,})
—E([inf{n 2 ne : X 2y 1005, Hpos, )

Taking p = 2 in Lemma 3.3 and p > (6/2 — b)~! in Lemma 3.4, we have

E(7) > (ne—1) + B(r,,) = {E[(n = 1) + 7, )}/ *{[n; E(L{))7]/2
Hn" LGN}
(ne = 1) + B(7.;) = {O(c™*) + O(c™"™1) + O(¢ )} 20 270r)
(ne = 1)+ E(r;;) = O(c?27 1)
(ne —1) + E(7_;) —o(c?), for some ¢ > 0.

AV AVARNAY]

The proof is completed.
From Lemma 3.4, it is easy to obtain Lemma 3.8.

Lemma 3.8. Let L(l) and L(2) be as defined in (10) and (11) with n, = d¢?
for some 6 > 0 and 0 < 9 <1. Then for b € (0,6/2),

Z E(|X; \I[L(2>> P 0 asc—0;

J=nec

(i1 Z E(|X; \I[L(1)> ]) 0, asc—0.

J=nc

Proof. For (i), since

Z E ‘X ‘I[L(2)> ])

J=nec

< Z{E<x;>p<ng > )2

jfnc

Z{E L(2 )2p1/j2p1}1/2

J=nec

IN
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E(X2N\ /2 g C2bL(2) 2p1111/2 .- C—2bp1j—p1
1 c,b

<
J=nec

< {BXD)YVHE[(LE) N 2o (gt

< O(C—prl—ﬁ’—l—m 6’)

_ O(Cp1(6—2b)—6’) )

Therefore taking p; such that p; (6 — 2b) — 6 > 0, we have

o0
> E(\Xj\I[L@ng]) — 0, as ¢ — 0.

J=nc

Similarly, we can prove part (ii).

Lemma 39. E(X;)> E(XII[Xlz'YIb])E(Tc_vb) +o(l) as ¢ — 0.

Proof. Let Lglb) Lfb) be as defined in (10) and (11) respectively.

E(Xz) = ) E(XIp—)

J=nc

o0
Z E(X; I[?c:j,LS,B < L&) <) Fol)

Y

Y

o0
> E(XJI[?c:j,(1—1zcbd2/w2)ﬂsﬁn3(1+12cbd2/7r2)ﬂalan—a|<2c”(—12553)

J=nc

for all n > j])

Y

o0
Z E(XJI[?c:j,(1_1zcbd2/ﬂﬂgﬁng(1+1zcbd2/7r2)ﬂ,|an—a|<2cb(12:;;3)

J=nc

for all n > 5, X; > 7))

Y

o0
> E(XJI[?czj,(1—1zcbd2/w2)ﬂsﬁn3(1+12cbd2/7r2)ﬂalan—a|<2c”(—12553)

J=nc

for all n > j, X; > +.1,])

o0
= E(X;I I , ,
> B, [XG>77] [Tczj,LS;q,Lf,Zq])

J=nc

x
> BT g = Ty = Ty no )

J=nc

Y



1062 Tzu-Sheng Yeh and Shen-Ming Lee

= D0 BT Trzg) = 2 BUXHT )

Jj=nc Jj=nc
o0
J="c
From Lemma 3.8, it is easy to obtain
o0
E(Xz) > ) P{7>}E(XIy o) +o(1)

J=nec

= E(XlI[Xlz,y:b]) [E(’/i'\c) — (nc — 1)] + 0(1)
By Lemma 3.7, we have

E(Xz,) 2 E(XiI x5+ DE(75) +o(1).

Lemma 3.10. For all b > 0, v.(1 — P(X1 > )/ P(X1 >v;,)) — 0 as

c— 0.
Proof. Note that
P(X, Z’Y;Lb) = P(XI—OCZ’Y:,FI;_@)

[T Y el exn( Y

_/wib—aﬁe p( ﬁ)e p(— exp( ﬁ))dy-
+ _

éexp(_ﬂyc’bﬁ a)

Y

and {1 = P(X1 = 7,)/P(X1 2 7,,)} < 7{P(7;, < X1 < 70y)}/P(X0 >
VS,Lb)- Using the Mean Value theorem to compute P(v_, < X; < ngb), we have

1 Vep — O ’Y:—b_a

Py, < X1 <7, < (vf,b—v;b)ﬁexp(— “ 7 exp(—exp(— =)

1 Vep — @
< (’Y:b_’Yc,b)BeXp(_ . 3 ).

Therefore

+ —
_ _.€ Ve ™ Veb
(18) (1 — P(X1 > 7))/ P(X1>.,)) <ve(v), —v0p) 7 exp(——=—= 5 :

3 )
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By Lemma 2.4 and Lemma 3.2, take b < p/4 and we have
0 < 7(1 = P(X1>7],)/P(X1 > 7))
< o(c™®o(?*o(1) — 0as ¢ — 0.
Lemma 3.11. E(XII['YCS)(lS'YIb])E(TC_vb) —0asc—0.

Proof.

IN

<A HP (e, < X1 <)/ P(X > ).
Using Lemma 3.2, we have v, = . + o(c"/*), therefore
0< E(XII['YCSXIS'Y:b])E(TC_vb)
< (et o)1~ P(X1 2 77)/P(X1 2 43,).

Using Lemma 3.10 it is easy to obtain the result.

Lemma 3.12. ¢{E(7.) — E(7_,)} — 0 asc¢— 0.

Proof. From Lemma 3.6., we have

AE(T) — E(r,)} < {B(7),) = E(1.3)} +c(ne — 1) + o(1)

AEB(1},) — E(1.,)} +o(1)
cP(y,, < X1 <70)

T P(X; > T P(X1 > 7,) +oll)
CP('YC_,b <X; < ’Y::b)

T P(X1> 7 )P(X1> )

+o(1).

Using (18), Lemma 2.5 and Lemma 3.10, we obtain
AE(T) — E(r,,)} — 0asc— 0.

Theorem. Let 7, be as defined in (4) and (5) with n, = d¢=? for some § > 0
and 0 < 0 < 1. Then

)—E(Yz) —0 asc—0.
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That is, the expected loss due to not knowing « and [ vanishes when we use the
approximating rule 7. as ¢ — 0.

Proof.

0 < E(Yr)— E(Yz) =1— E(Xz,) + cE(7)
< Ye — E(XII[Xlz,yj‘b])E(T;b) + CE(?C)

Ye — {E(XlI[Xlz ’Yc]) — E(XlI['ychlg'yzb])}E(Tc_,b) + CE(’/T\C) + 0(1)

IN

From the result in Lemma 3.9, the second inequality holds. Using Lemma 3.11
and the equality
E(X1I[x,5+,]) = ¢ +7P(X1 > ),

we have
0 < E(Yy)-E(Yz)
< {1l = P(X1> 7)/P(X1 > 7,)} + A ET) — E(1_,)} +o(1)
< {1-P(X1> 7)) /P(X1 > 7))} + {E(7) — E(12,)} +o(1).

By Lemma 3.10 and Lemma 3.12, we obtain
0 < E(Y)—-E(Y;)—0asc—0.

The main result is proven.

4. SIMULATION STUDY

In this section, we use simulation to compare E(Y;+) and E(Yz, ) . Assuming
that «, 6 and ¢ are known, we use the numerical method to compute the theoretical
values of E(Y;:) . Let n, = [¢™] + 1 and we try to find out the differences in
different ¢ and . The combinations of («, 3),c and 6 under our simulation are as

followed:

(1) (a,0) = (3,2) and (1,1);
(2) ¢=0.01, 0.001 and 0.0001;
(3) # =0.4 and 0.5.

For each combination of («, 3), 6 and ¢, we generate the sequence of X, Xo--- X, - - -
to evaluate Y- and Y%, . In our simulation, 1000 data sets are generated. In these
1000 times of simulation, we obtain 1000 values of Y= = and thus compute the
mean of Y.« — Yz

Ten®
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As seen from Table 1, both values of E(Y) and the sample mean of Y.« show
that the optimal reward grows larger as ¢ becomes smaller. We also find the sample
mean of Y. under 1000 times of simulation is very close to £(Y;-) , and the
sample mean of Y, — Yz approaches to 0 as the value of ¢ becomes smaller. The
sample mean of Yr(, — Y5, when 6 = 0.4, is larger than that when ¢ = 0.5. And
it is more robust and effective to evaluate the estimate of («, ) when 6 = 0.5 than
when 6 = 0.4.

From the theorem we know the E(Y,+) — E(Yz,, ) > 0, but in simulation results
Avg. Y- — Yz  is negative when ¢ = 0.0001. It is because as 7., > ., We get
Tem > To and X7 — Xz < 0 by the definition. Moreover, from Y.« = X« —c7
and Yz = X;w; — CTemn » We know that Avg. Y. — Yz is possibly negative
in simulation. When ¢ = 0.0001, it took more than one week for the computer to
run 1000 times of simulation. If we want to get more accurate results, we need to
increase the times of simulation, but that will definitely take a very long period of
time. In general, the results show that the value of E(Y;-) — E(Yz, ) approaches

c,mn

to 0 as ¢ — 0. The result accords with the theorem we have proved in Section 3.

Table 1. As different ¢, («, 5) and 6 are concerned, a comparison of bias under the
1000 times of simulation

Ave. Ave.
(Oé, ,8) C 9 E(YT:) YT: YT: — Y?c’n
(3,2) .0100 .50 13.59413 13.47871 0.97365
.0010 .50 18.20155 18.08640 0.04780
.0001 .50 22.80695 22.73885 -0.01626
(3,2) .0100 40 13.59413 13.54595 1.18501
.0010 40 18.20155 18.13743 0.16041
.0001 40 22.80695 22.82204 0.09603
1,2) .0100 .50 5.60267 5.60619 0.55970
.0010 .50 7.90751 7.94844 0.23996
.0001 .50 10.21032 10.12079 -0.11683
(1,2) .0100 40 5.60267 5.61478 0.74359
.0010 40 7.90751 7.90466 0.27135
.0001 40 10.21032 10.17189 -0.04366
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