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WEIGHTED HARDY SPACES ASSOCIATED TO SELF-ADJOINT
OPERATORS AND BMOy,

Suying Liu, Kai Zhao* and Shujuan Zhou

Abstract. Let L be a non-negative self-adjoint operator satisfying a pointwise
Guassian estimate for its heat kernel. Let w be some Ag weight on R™. In
this paper, we obtain a weighted (p, ¢)—atomic decomposition with ¢ > s for
the weighted Hardy spaces Hﬂw(R"), 0 < p < 1. We also introduce the suit-

able weighted BMO spaces BMO? . Then the duality between H} , (R™) and
BMOy,,, is established.

1. INTRODUCTION

One of the central part of modern harmonic analysis is the theory of Hardy spaces
which was initiated by Stein, Fefferman and Weiss [26, 14]. It is known that the
classical weighted spaces HZ,, which are associated to Laplacian, have been extensively
studied by Garcia-Cuerva [15] and Stromberg and Torchinsky [27], where w is a
Muckenhoupt’s weight A,,.

Since there are some important situations in which the theory of classical Hardy
spaces is not applicable, many authors begin to study Hardy spaces that are adapted to
a linear operator L. For example, Auscher, Duong and Mcintosh [1], and then Duong
and Yan [12, 13], introduced the unweighted Hardy and BMO spaces adapted to an
operator L which satisfies the Gaussian heat kernel upper bounds. For more results,
we refer to [3, 2, 20, 19, 18] and the references therein.

Recently, Song and Yan [24] discussed the weighted theory of Hardy space H i,w
associated to Schrodinger operators, for w € A; N RHs. Bui and Duong [4] improved
the results of [24] to Hﬂw, 0 < p < 1, and obtained the atomic and molecular char-
acterizations of the elements of Hiw. In [5], they studied the weighted BMO spaces
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associated to operators, and obtained that the dual space of H}(X,w) in [24] was
BMOp-(X,w) associated to the adjoint operator L*. As we know, the decomposi-
tions of function spaces are very critical in harmonic analysis. The first author and
Song in [21] improved the results of [24]. They gave a new atomic decomposition
(different from that of [24]) for weighted function space H}  (R™). Comparing with
[24], the condition w € A; N RH5 was weakened to w € Alf

One of our purpose in this paper is to extend the results of [21] to H? , (R™), 0 <
p < 1, by the theory of Littlewood-Paley functions and semigroup propertiés. And then
define an adapted weighted BMO space, and establish its duality with H} (R").

The layout of the paper is as follows. In section 2, we prepare some notations and
preliminary lemmas. In section 3, we introduce weighted Hardy spaces Hiw(R") as-
sociated to a non-negative self-adjoint operator with Gaussian upper bounds on its heat
kernel, and obtain an atomic decomposition. In section 4, we study BMOZUJ spaces

associated to operators and establish the duality between H} , (R™) and BM Oy ,,.

Throughout this paper, the letter “C” or “c” will denote (possibly different) con-
stants that are independent of the essential variables.

2. NOTATIONS AND PRELIMINARIES

2.1. Preliminaries

Suppose that L is a non-negative self-adjoint operator on L2(R") and that each of
the heat semigroup e~* generated by —L, has the kernel p,(z, y) which satisfies the
following Gaussian upper bounds, i.e., there exist constants C, ¢ > 0 such that

|z = y\2>
ct )
We note that such estimates are typical for elliptic or sub-elliptic differential oper-
ators of second order (see for instance, [9] and [11]).
Now we introduce the following useful lemma, refer to [9] and [23].

C
(GE) Ipee, )| < S e

Lemma 2.1. Let L be a non-negative self-adjoint operator satisfying (GE). For
every k = 0,1,..., there exist two positive constants Cy, c; such that the kernel
per(z,y) of the operator (12L)*e~ "L satisfies

Ci |z — y|?
. < o
(2 1) ‘pt,k<xa y)‘ = (47Tt>n exXp ( th2 )’

for all t > 0 and almost every =,y € R™.

Suppose that F' is a closed set in R™, v € (0, 1) is fixed. We set

. FnB
F* .= {x € R™: for every ball B(z) in R" centered at z, w > ’y},
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and every x as above is called a point having global v-density with respect to F'. One
can see that F™* is closed and F* C F. Also,

‘F*={z e R": M(xer)(x) >1—~},

where M is Hardy-Littlewood maximal function, which implies |°F*| < C|F| with
C' depending on « and the dimension only. We define a saw-tooth region R(F) =
UserD(z), where T(2) = {(y, 1) e RT ¢ |z — y| < t}.

From now on, the paper we denote by ¢F' the complement of F'.
The following lemma is very important for our main result (see [7]).

Lemma 2.2. Suppose that ¢ is a non-negative function on RTl. There exists
v € (0, 1), sufficiently close to 1, such that for every closed set F' whose complement
has finite measure the following inequality holds:

(2.2) // O (y, t)t" dydt < Cv/ // O (y,t) dydtdx.
R(F*) FJJr()

2.2. Muckenhoupt weights

We review some background on Muckenhoupt weights. We use the notation

]{Sh@) do — ‘—;‘/Eh(;ﬂ) dz.

A weight w is a non-negative locally integrable function on R™. It is said that w € A,,
1 < p < oo, if there exists a constant C' such that for every ball B C R,

(][ wda:) (][ w1/ (1) da:)p_l <C.
B B

For p =1, w € A; means that there is a constant C' such that for every ball B C R",

][ w(y)dy < Cw(z) for a.e.x € B.
B

Let w € A, for 1 < p < oo. The weighted Lebesgue spaces L%, can be defined

. 1
by {f + g |/ (@) Pro(x) dz < oo} with norm || £ g, = ( [ |f(2)Pw() dz) ™.
We summarize some of the properties of classes in the following results, for more
details, see [10], [16], [25] references therein.

Lemma 2.3. Denote w(E) := [, w(x) dz for any set E C R™. For 1 < p < o0,
denote p’ the adjoint number of p, ie. 1/p+ 1/p" = 1. We have the following
properties:

(i) Ay CA, C Ay forl1 <p<g<oo.
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(i) If w e Ay, 1 < p < oo, then there exists 1 < ¢ < p such that w € A,,.
<“I> U1<p<oo Ap

(iv) If1<p<oo w € A, if and only if w!™" € A,.

(v) Let w € A,, p > 1. Then for any ball B and A > 1, we have that

w(AB) < CA"Pw(B),
for some constant C' independent of B and \.

2.3. Finite speed propagation for the wave equation

Let L be an operator satisfying (GE), E () denote its spectral decomposition.
Then for every bounded Borel function F' : [0,00) — C, one defines the operator
F(L): L*(R") — L?(R") by the formula

(2.3) F(L) := /OOO F(A) dEL(N).

In particular, the operator cos(tv/L) is well-defined on L2(R™). Moreover, it follows
from Theorem 3 of [8] that there exists a constant ¢y such that the Schwartz kernel
K o1y (%, y) Of cos(tV/L) satisfies

(24) SuppKCOS(t\/Z) ([E, y) - {([B, y) eER"xR": ‘[E - y‘ < C()t}.

See also [6]. By the Fourier inversion formula, whenever F' is an even bounded Borel
function with I’ € L'(R), we can write F'(v/L) in terms of cos(tv/L). More precisely,
by recalling (2.3), we have

F(VI) = (27)" / " B (t) cos(tVT) dt
which, combined with (2.4), gives

(25) KF(\/Z) ([E, y) = (27T>_1 /|t|> _1| y| F<t>Kcos(t\/Z) (fE, y) dt
2Cy |Tr—
Lemma 2.4. Let ¢ € C5°(R) be even and suppy C [—c; ', ¢y '], Let ® denote
the Fourier transform of . Then for each £ = 0,1,..., and every ¢t > 0, the kernel
K pyrauyr)(#:y) of ((°L)*@(1V/L) satisfies

(2.6) suppK(tQL)kq)(t\/z) - {(m,y) ER" X R": |z —y| < t}
and
2.7) \K(tQL)kq)(t\/z) (x,y)| <Ct™,

forall t > 0 and z,y € R™.
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Proof.  For the proof, we refer the reader to Lemma 3.5 in [18]. ]

For s > 0, we define

F(s):= {1/1 : C — C measurable: [|¢(z)] < C%}

Then for any non-zero function ¢ € F(s), we have that { [ |1()[?%}1/? < cc.
Denote ¢ (z) = 1 (tz). It follows from the spectral theory in [28] that for any f €
L?(R™),

(DIt} " = { [ GevDuevDrn )"
(2.8) _ {</w‘¢‘2(tﬁ)%f’ f>}1/2
0

= K|l fllL2n),
00 2 1/2 . . . .
where k= { [ |¢(¢)[*dt/t} ", The estimate will be used repeatedly in this paper.

3. Atomic CHARACTERIZATION OF WEIGHTED HARDY SPACES

3.1. Weighted Hardy spaces and weighted atoms

Suppose w € Ay, and 0 < p < 1. We define Hardy spaces H , (R") as the
completion of {f € L?(R") : 1SL ()l p,mny < oo} with respect to L,-norm of the
square function; e.g.,

HfHng(Rn) = HSL<f>HLﬁ,(R")’
where

x € R™.

supe = ( [ /|| Lt ()Y

The (p, q, M, w)-atom associated to the operator L is defined as follows.

Definition 3.1. Suppose that M is a positive integer, w € Ag,1 < s < oo and
0 < p < 1. A function a(z) € L?*(R™) is called a (p, ¢, M, w)-atom associated to
an operator L, 1 < ¢q < oo, if there exist a function b € D(LM), the domain of an
operator L, and a ball B of R" such that
(i) a = LMb;
(ii) supp LFb € B, k=0,1,---, M;
(Wi0) [[(BLY Bl g gy < T (B)VI7HP, ke =0,1,-- M.
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Remark 3.2. It follows directly from Holder’s inequality that (p, ¢1, M, w)-atom
is also (p, g2, M, w)-atom whenever ¢; > go.

Definition 3.3. Let M, w and p be the same as above. The weighted atomic Hardy
spaces H?M(R™) are defined as follows. We will say that f = 3" A;a; is an atomic
(p,q, M, u})-representation (of f) if {/\j}g‘;o € (%, each a; is a (p, ¢, M, w)-atom, and
the sum converges in L?(R™). Set

H%7(2)M<Rn> — {f : f has an atomic (p, ¢, M, w)-representation},

with the norm HfHH%q,JVI given by

(R™)

inf {(Z \/\j\p)l/p Cf = Z/\ja,j is an atomic (p, ¢, M, w)-representation}.
=0 =0

The spaces H ﬁ:‘fj;M (R™) are then defined as the completion of H’fffij (R™) with respect
to this norm.

3.2. Atomic characterization of weighted Hardy spaces
The definition of g , function is given as

61 g0 =( [ (=) " VDol iff?)w,m,

where ¢ and ® are the same as in Lemma 2.4, and ¥(z) := 225®3(z), s > n+1, = €
R™. The following lemma was proved in Lemma 5.1 of [17].

Lemma 3.4. Let L be a non-negative self-adjoint operator such that the corre-
sponding heat kernel satisfies condition (GE). There exists a constant C' > 0 such
that for all w € 4,, 1 <p < oo, p > 3, the following estimate holds:

ng,\lf<f>Hqu(Rn) + HSL(Jf>HLfU(R7t) = CHfHLfU(Rn)'
Then we have the following main result.

Theorem 3.5. Suppose that w € A, 1 < s<oo,and 0 <p < 1.

(i) Lt M e Nand 1 < ¢ < oo. If f € HY (R™) N L*R"), then there exist a
family of (p, ¢, M, w)-atoms {a;}3°, and a sequence of numbers {\;}°, such
that f can be represented in the form f = "2, Aja;, and the sum converges in
the sense of L?(IR™)-norm. Moreover,

o0

(Zo: AifP) P < CHfHng(Rn)'
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(ii) Suppose that M € N, M > % and ¢ > s. Let f = 3"°  Aa;, where
{\i} € P, a;,i=0,1,2,..., be (p,q, M, w)-atoms, and the sum converges in
L*(R™). Then f € HY (R") N L*(R™) and

D
H Z Aia
=0

<C Ail? l/p.
@ S (ZZO:\ ")

Remark 3.6. If s > 1, then w € A, implies w € A;_. for some ¢ > 0. Thus
Theorem 3.5 (ii) holds for ¢ > s > 1.

Proof.

Step 1. Let f € HY  (R™) N L*(R™). Here we will apply the similar idea with
[21] to obtain the weighted atomic decomposition.

Let ¢ and ® be the same as in Lemma 2.4. Set ¥(z) := 22*®3(z) and a =
M +n + 1. By L2-functional calculus ([22]), for every f € L?(R™), one can write

f(z) = cy /OO \I/(t\/z)tQLe_t2Lf(x) dt

0 t

(3.2) N . gt
= lim C\I// U(tVL)EPLe E f(2) —
) ¢

N—oo /N
with the integral converging in L?(R™).
Now for each k € Z, we define Oy = {x € R" : S.(f)(z) > 2"} and O} = {z €
R” : M(xo,)(z) > 2=("*D}. Then we know that Oy C O; and |O}| < C|Oy] for
every k € Z. Let {Q?}j be a Whitney decomposition of O}, and O;; be a tent region,

that is
O} = { (2,1) € R" x (0,00) : dist(s,°0}) > t}.

Choose a large constant ¢. Let Bf denote the ball with the same center as Q¥, but ¢
times its diameter. Then for every ¢, j € Z, we define

—

(33) TF = BF 0 (QY x (0, +00)) N (O;\Oj )+

and A% = 2w (BF)1/P. Note that R ! = U, TF and TF are disjoint for different ;
or k. Then one can write

flz) = Z Cy /OO U(tV'L) (XT]thLe—FL)f(a:)%
(3.4) pkez 0

_ gk
IR

J,kEZ
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where a¥ = LM% and
bk‘ _ Ak —1 OOtQOan-f—l(I)S(t\/Z) t2L —t2L f( )ﬁ
3= ) e | Xyt e Y
We claim that, up to a normalization by a multiplicative constant, a,;? are (p, q, M, w)-
atoms. Once the claim is established, we shall have

IAFP =N " okryy(BE) < ) " 2"Pw(QF) <C’ 2kPw(0%)
J
j7k

Jsk Jsk

< C3227(00) < OWlly

as desired.

Let us now prove the claim. By Remark 3.2, it suffices to show that for every
k € Z and q > s, the function C~'ay is a (p, ¢, M, w)-atom associated with the ball
Bf, for some constant C. From Lemma 2.4, the integral kernel K(tQL)iq)g(t\/z) (z,y)

of the operator (¢2L)'®3(t/L) satisfies
supp K(tQL)iq)s(t\/z)(x,y) C {(z,y) eR" xR" : [z — y| < 3t}.
This, together with the fact (z,¢) € Tf - 1/3} implies that for every i =0,1,---, M,
supp(Libé?) - 3B§“.

To continue, for any s < ¢ < oo and every ball Bf we consider some g €

Lq/_q//q(?)Bk) such that HgH y < 1. Then for every i = 0,1, ---, M, we have
w w—d'/a
|| Chyy e as
; ; dydt
(35) P2 LR e Dg(y)Le ™ f(y) S
J

Tk

ZMC\I/ // |(£2L)" 103 (1) g (y)| |2 Le 2Ly (y ), dydt
Bk\0k+1

where in the mequallty above we have used the fact 0 < ¢t < rpk-

By Lemma 2.2 and estimate (3.5), we obtain

| / (réw)"bﬂx)g(x)dx]
n+14i 2 dydt
< —jr Ok+1<// t2L) g3 (/L) g( Ht2 t Lf(y)’ pr )da:

C n i 42 dydt
r2M // t2 +1+4 <I>3(t\/_ Ht2 t Lf(y)] t”“) dx.
B’“DCOk+1

/\kj
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We observe that if |z — y| < ¢, then (=—L—)"" > C. By Holder’s inequality, we

have e
’/(r%fL)lbéc(a:)g(a:)dx’
c o dydiy1/2
Sp(f)(x) dx
| c
SO [ @S d
J i k+1
c / g
< ([ Gra@@) w1 @ds)
J
(/ SL(N@) wle)dr)
B’“DCOk+1
Note that
(37) / (SL(f) (@) w(z) do < C2¥0u(BY).
B}“DCO;C_H

Since s < ¢, then w € A, implies w € A,. By (iv) of Lemma 2.3, we have w—7/9 ¢
Ay. Together with Lemma 3.4, we obtain

/q

68 ([ Gs@@) v @) <ol <c

—d'/q

Combing estimates (3.6)-(3.8) and the definition of A*, we have

’/(r%fL)lbﬁ(a:)g(a:)dx’ < Créjkww(Bf)l/q_l/p,

J

which implies that a,;? are (p, q, M, w)-atoms for s < ¢ < oo, and thus for 1 < ¢ < oc.
To prove Theorem 3.5 (ii), we need the following lemma (see [4]).

Lemma 3.7. Fix M ¢ N, 0 < p < 1and w € A,. Assume that T is a non-
negative sublinear operator, satisfying the weak-type (2,2)

plz € R [Tf(@)] >0} < Cr 2 flaggy,  foralln>0,
and that for every (p, ¢, M, w)-atom a, we have

HTaHLﬁ,(R") <C
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with constant C' independent of a. Then T is bounded from HY (R™) to Lf,(R™),
and

N1 g, gy < CllF Ny ey

Step 2. By Lemma 3.7, it is enough to establish a uniform L%,, 0 < p < 1, bound
on any (p, ¢, M, w)-atom. That is to say, there exists a constant C' > 0 such that

(3.9) Sz (a) <C,

ez @y

where a is a (p, ¢, M, w)-atom associated to a ball B = B(xzpg, rp).
We can write

Sr(a) () w(x)de = Sr(a) () w(x)dz St (a) () w(x)dz
[ Gua@yu@i = [ (Sua@yueie [ (Su0@) e
=11 +1I.

To estimate term I, note that if w € A, and 1 < s < ¢, then w € A,. Thus, we
use Holder’s inequality and Lemma 3.4 to obtain that

b ([ @) i) ( [ wa)

< C||SL(a w(2B)' 7P/

Mzg @y
< CllallZg gayw(2B)' =

< Cw(B)P1/a=1/P)y(B)—Pla
<G,

where in the fourth inequality above we have used the definition of (p,q, M, w)
-atom a.
It remains to estimate term I,. For any = €¢ (2B), we write

"B +oo dydt
21 —t2L 2 ay
— (/ +/ )/ ’t Le a(y)’ )
0 rB |lz—y|<t

=: In1 + Ino.

Observe that z € (2B), z € Band |z —y| < timplyrp < |z —z| <t+ |y — z|.
Thus, |z —xp| < |z —y|+ |y — 2| + |z —zB| < 3(t+ |y — z|), which, combined with
Lemma 2.1, implies that for all N > 0,



Weighted Hardy Spaces 1673

tV 2 dydt
L, < C d
. / /| _yl<t /t+\y—z\>"+N‘“(Z>‘ )

(3.10) < Oy [ PV ol

r%N 2
< EEEEEE lallz: gny-

Consider the term Iy,. Noting that a = L b, applying Lemma 2.1, we obtain

* _ dydt
Iyy = / / 2L~ (LMb) (y) P 2T
rp Jlz—y|<t t

2)M+1,-1L 2 dydt
ARG bl srits
|z— y|<t

N 2 dydt
. <C b(z d) I
o A /| U T 1) st
dt ,
< Co—— ey | g e
B
T’2N 4M
B 2
< ¢ B ‘2n+2NHbHL1(R")7

|lx —

whenever M > N/2.
Therefore, combing (3.10) and (3.11), we have

—2M
I e R CL (R )

Using Holder’s inequality and the definition of (p, ¢, M, w)-atom and w € A,, we

obtain
1-1/q
a ny < a n /wa: (a1 g
H HLl(R )y > (H HLZ,(R ))( ( ) )

< Cw(B)VVPw(B) =4 B|
< Cw(B)~Y?|B|.

(3.12)

Similarly, one also can have
(3.13) r5 M bl g rey < Cw(B)V/P|B|.

Thus,



1674 Suying Liu, Kai Zhao and Shujuan Zhou

k+1B\2kB ‘[E — [EB‘ n+N

T’%N 00 T’%N
_ _ d
/23 \x—xB\"JFN kz/ w(z) dz
[0.9]
2k‘+1B
(3.14) Z riB vy (2 B)

(k+1)sn
C’Z 2’%9 e 2 w(B)
< Cw( )IB|?,
where in the third inequality above we have used (v) of Lemma 2.3. The condition
that M > & p) ensures us to find N such that 27 > N > 2s=2)

It follows from estimates (3.12)—(3.14) that I, < C, which cZ())mpIetes the proof of
(3.9) and the proof of Theorem 3.5. ]

4. BMOp, . DUALITY WITH Hiw(]R") SPACES

In this section, we introduce and study the duality of the weighted Hardy space
Hiw(R"). Following [13], we introduce the definition of the class of functions that
the operator L act on. For any 8 > 0, a function f € L (R") is said to be a function
of B-type if f satisfies

flx 2 1/2
(a.1) (/R 1“36‘)7‘% dr) " <e< oo,

Denote by M g the collection of all functions of s-type. If f € Mg, the norm of f in
M is defined by
I fllm, = inf{c > 0: (4.1) holds}.

Then, we give the definition of BMOZW where 1 < p < oo.

Definition 4.1. Let L be a non-negative self-adjoint operator such that the cor-
responding heat kernel satisfies condition (GE). For w € A,,1 < s < oo and
1 <p < oo, an element f € Mg is said to belong to BMOY  if

1/p
I fllsaon ::Bsup( [ la- ) f\pwl_pda:) < oo,

where the sup is taken over all balls B in R™, I denotes the identity operator on R™.
In particularly, for p = 1 denote BMOiw =: BMOyp, .

We have the following theorem.

Theorem 4.2. H}%M(R™)* = BMOY  (R™), ¢ > 1.



Weighted Hardy Spaces 1675

Proof.  We begin by showing that each f € BMOj{/w induces a bounded linear
functional on H ;%" (R"). Suppose that a is a (1, ¢, M, w)-atom in H;%M (R), and
let f € BMOY  (R™). Then

[pa(z)f(z)de = /B(]I— (1+r5L) " HMa(x) f(x) da
+/B (1- @= @ +rE0)™)M)a(@)/ (x) da

=:J; 4+ Jo.
For the term Jq, by Holder’s inequality and the properties of atom,
’ ’ 1/‘1/
3 < el ([ 10= @30 )Y @) 0 dr)
B

< Clfll w(B)Y/" " w(B)Y

BMOY
< Ol yroy
To analyze Jo, by condition a = LMb and the fact that L is self-adjoint, we write
( ([ (1+r30)"Y )a(a:)

LM (1= (1= (14 73L) )M )b(a)

M)
A

tnﬂz

LMY - (14 03L) ") M b(a).

i
I

Thus,

—
IN

Mz T[]z

or Sl [ DM e 4 ) ) da

M! 1/q'
Gt I bl ([ L) ) @)t )

IA
i

< Crg? Mg w(B) 1 w(BY T fll o
CH.]EHBMOq

Therefore, for every h = 3" \ja; € Hy %M (R™), where a; are weighted atoms, we
have
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’ f(z da:’< \/\H/ f(x)aj(x da:’

Rn

< CZ\Aj\\!f\!BMOqL/
j W

S CHhHH},,w,at,M (R")HfHBMOszu

and the assertion follows.
Conversely, suppose that i € H}  (R")*. Forany g € H} , (R™) () L?(R"), which
is dense in H}  (R™), I can be represented by f in the form

o) = [ g(@)s(@) da.

For fixed ball B, let ¢ € Ly, (B) and [|@]| g 5y < 1. Set
1 2 —1\M

Then it is not difficult to check that a is a (1, ¢, M, w)-atom (see the Theorem 6.4 in
[18]).
Consequently,
1] = [|1(a)]

= B)ll l/q/ (I— (1+73L) " HYMpf () da

a(x) =

tU

- B; 7 [ o= (B0 (o) de

Thus, by duality it readily follows that

/4’
(515 L 10 @4 rBD DM @ ras) < i,

which is what we wanted to show. ]

Remark 4.3. By Theorem 3.5 and Theorem 4.2, we can obtain BMOY =~ ~
BMOy,,, for 1 <p < o0,
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