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TOPOLOGICAL ENTROPY OF PROPER MAP
Dongkui Ma* and Bin Cai

Abstract. By using the Carathéodory-Pesin structure (C-P structure), the topo-
logical entropy on the whole space introduced for a proper map, is generalized
to the cases of arbitrary subset, i.e., we introduce three notions of topological
entropy. Some of the properties of these notions are provided. As some applica-
tions, for the proper map of locally compact separable metric space, we prove the
following variational principles: (1) The upper capacity topological entropy on
any subset and the minimum of the Bowen-Dinaburg entropies always coincide;
(2) For any invariant probability measure, the measure-theoretic entropy and the
infimum of the topological entropies on all sets which are of full measures always
coincide; (3) The relationship between the topological entropies of level sets of the
ergodic average of some continuous functions and the measure-theoretic entropies
are given. These are the extensions of results of Patrdo and Pesin, etc.

1. INTRODUCTION

Let f be a continuous map acting on a compact topological space X, we call
(X, f) a compact system. The concept of topological entropy plays a central role in
topological dynamics. The notion of topological entropy was introduced by Adler,
Konheim and McAndrew [1] as an invariant of topological conjugacy. We call it the
AKM entropy. Later, Bowen[4] and Dinaburg [10] presented equivalent approach to
the notion of topological entropy in the case when the domain of considered map is a
metrizable space. We call it the BD entropy. Since the topological entropy appeared to
be a very useful invariant in dynamical systems and ergodic theory, there were several
attempts to find its suitable generalizations. By using the approach of the definition of
the Hausdorff dimension, Bowen [5] introduced the topological entropy on any subset.
We call it the Bowen dimensional entropy. Let X be a compact metric space, Pesin and
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Pitskel [14] introduced the topological entropy (topological pressure) on any subset of
X. We call it the PP entropy and it coincides with the Bowen dimensional entropy. Let
X be a topological space and f : X — X be a proper map. Patrdo[13] introduced a
topological entropy, it is the extension of AKM entropy. We call it the Patrdo entropy.
The other extensions of topological entropy, one can see, for example, [8, 9, 11, 12,
18].

The classical Carathéodory construction in the general measure theory was origi-
nated by Carathéodory in [6]. Pesin [15] introduced a construction which is a gener-
alization of the classical Carathéodory construction. It produces various characteristics
of dimension type. For example, Hausdorff dimension, topological entropy, etc. We
call it the Carathéodory-Pesin structure(or briefly, C-P structure). It is a very powerful
tool to study dimension theory and dynamical systems.

In this paper, by using the C-P structure, the notion of topological entropy on the
whole space introduced for a proper map, is generalized to the case of arbitrary sub-
set. We introduce three notions of topological entropy. The lower and upper capacity
topological entropies are the extensions of the Patrdo entropy and AKM entropy. The
topological entropy is the extension of PP entropy and Bowen dimensional entropy.
Some of the properties of these notions are provided. As some applications, for the
proper map of locally compact separable metric space, we prove the following vari-
ational principles: (1) The upper capacity topological entropy on any subset and the
minimum of the Bowen-Dinaburg entropies always coincide; (2) For any invariant
probability measure, the measure-theoretic entropy and the infimum of the topological
entropies on all sets which are of full measures always coincide; (3) The relationship
between the topological entropies of level sets of the ergodic average of some continu-
ous functions and the measure-theoretic entropies are given. These are the extensions
of results of Patrdo and Pesin, etc.

This paper is organized as follows. In Section 2, we give some preliminaries. In
Section 3, we introduce the notions of the topological entropy, the lower and upper
capacity topological entropies and some basic properties of them. In Section 4, we
give some further properties. In Section 5, we give some variational principles.

2. PRELIMINARIES

We describe the Carathéodory-Pesin structure(for the full description see refs. [15]).
Let X and S be arbitrary sets and F = {U, : s € S} a collection of subsets in X.
We assume that there exist two functions 7,7 : S — R satisfying the following
conditions:

(1) there exists sp € S such that U, = ¢; if U; = ¢ then n(s) = 0 and ¢(s) = 0;
if Us # ¢ then n(s) > 0 and ¢(s) > 0;

(2) for any 6 > 0 one can find ¢ > 0 such that n(s) < ¢ for any s € S with
b(s) <&
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(3) for any e > 0 there exists a finite or countable subcollection G C S which covers
X (i.e., UsegUs D X) and ¢(G) := sup{¢(s) : s € G} <e.

Let £ : S — RT be a function. We say that the set S, collection of subsets
F, and the functions &, n, 1, satisfying Conditions (1), (2), and (3), introduce the
Carathéodory-Pesin structure or C-P structure 7 on X and write 7 = (S, F, £, n, ¢).
Given a set Z C X and numbers o € R, € > 0, we define

M(Z,0.2) = inf (3 €(shn(e)°),
s€g

where the infimum is taken over all finite or countable subcollections G C S covering
Z with ¢(s) < e for any s € G. The quantity M (Z, «, €) is a monotone function with
respect to ¢, therefore, the following limit exists:

m(Z,a) =1lim M(Z, a,¢).

e—0

It was shown in [15] that there exists a critical value «. € [—o0, +00] such that
m(Z,a) =0,a > a,

m(Z,a) = oo, a < a.

The number «. is said to be the Carathéodory-Pesin dimension of the set Z.

We shall now assume that the following condition holds:

(3") thereexists ¢ > 0 such that for any 0 < ¢ < ¢ there exists a finite or countable
subcollection G C S covering X such that ¢(s) = ¢ for any s € G.

Given a set Z C X and numbers « € R, ¢ > 0, we define

R(Z,.2) = mf{}_ &(s)n(s)"),

seg

where the infimum is taken over all finite or countable subcollections G C S covering
Z such that ¢(s) = e for any s € G. We set

r(Z,a) =lim._ R(Z,«a,¢),7(Z,a) = lim._oR(Z, a,¢).
It was shown in [15] that there exist o, @ € R such that
r(Z,a) =0,a> an,1r(Z,a) =00, a < ap;

7(Z,a) =0,a>ac,7(Z,a) =o00,a < ac.

The numbers o and @ are said to be the lower and upper Carathéodory-Pesin ca-
pacities of the set Z respectively.
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For any e > 0 and any set Z C X, let us put

A(Z.) = inf{>_&(s)).
seg
where the infimum is taken over all finite or countable subcollections G C S covering
Z for which ¢(s) = ¢ for all s € G.
Let us assume that the following condition holds:

(4) n(s1) =n(se) for any sq, so € S for which ¢ (s1) = 1(s2).

It was shown in [15] that if the function n satisfies Condition (4) then for any
Z C X,
log A(Z,¢) = T log A(Z,¢)

“Olog(1/n(e)) " T log(1/n(e)’

Example 2.1.  Let X be a compact metric space with metric d, f : X — X
a continuous map and U/ a finite open cover of X. Denote by S,, (i) the set of
all strings U = {U;,, Uy, -+, Ui, : U, € U} of length m = m(U). We put
SU) = U SmlU).

m>0
To a given string U = {U,,, U;,,---,U;,,_,} € S(U) we associate the set

ac = lim,

X(U)={zeX:fl(z)eU;,j=0,1,--- ,mU)—1}.

m(U)—1 )
It is easy to see that X (U) = () f~7U;,. Define the collection of subsets
j=0
F=FU)={X(U):UeSU)}

and three functions £, 7, : S(U) — RT as follows £(U) = 1, n(U) = exp(—m(U)),
»(U) = m(U)~L It is easy to verify that the set S, F and the functions ¢, 7, and
1 satisfy the Conditions (1), (2), and (3) in above and hence they determine a C-P
structure 7 = 7(U) = (S, F, & n,¢) on X. We say that a collection of strings G

coversaset Z C X if |J X(U) D Z. For any set Z C X and « € R, define
Ueg

M(Z,0.U.N) = inf{ ) €(U(0)*} = inf{ Y exp(~am(U))}
Ueg Ueg

and the infimum is taken over all finite or countable collections of strings G C S(U)
such that m(U) > N for all U € G and G covers Z. Defining

m(Z,a,U) = lim M(Z,a,U,N).
N—+oc0

For every real numbers « introduce

r(Z,o,U)= lim R(Z,o,U,N),
N—+oc0
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7(Z,a,U)= lim R(Z,a,U,N),
N—+oc0
where R(Z,o,U, N) = irglf{ >~ exp(—aN)} and the infimum is taken over all col-
Ueg

lections of strings G C S(U) such that m(U) = N for all U € G and G covers Z. By
the definition of C-P structure, define

o (f,U) == inf{a : m(Z, a,U) = 0} = sup{a : m(Z, a,U) = +o0},
ChEP (f,U) :=inf{a: 17(Z,a,U) = 0} = sup{a : r(Z, o, U) = +00},

mgp(f,U) =1inf{a: 7(Z,a,U) =0} = sup{a:

Moreover, define

(Z,a,U) = +00}.

=3I

hy"(f) = sup hz"(f,U),
|U|—0

Chy"(f) = l;}lpoﬁgp(f,u),

—+PP ——PP
Chy (f) = |2}1p00hz (f.u),

where |U/| denotes the maximum of the diameters of A € I/ in the sense of d. We call

the quantities K27 (), ChL” (f) and ﬁgp(f), respectively the PP entropy and lower
and upper capacity PP entropy of f on the set Z(see [14,15]). The other papers that
used the C-P structure, one can see, for example, [2, 12].

Let X be a topological space and f : X — X be a proper map[13], i.e., f is a
continuous map such that the pre-image by f of any compact set is compact. An open
set is called an admissible open set if the closure or the complement of it is compact.
An admissible cover of X[13] is an open and finite cover ¢/ of X such that, for each
A €U, Aisan admissible open set. Given an admissible cover I/ of X, forany n € N
, we have that the set given by

U :={AgN f1AIN--NfTA, A €U}

is also an admissible cover of X, since f is a proper map. Given an admissible cover
U of X, we denote by N (U™) the smallest cardinality of all subcovers of ™. The
Patrao entropy of the map f is defined as

1
hP (f) := sup h(T,U) = sup{ lim —log N(U™)},
u u noeen

where the supremum is taken over all admissible covers of X. We note that, when X
is compact, the Patrdo entropy coincides with the AKM entropy.

If X is a locally compact separable metric space, we can associate with X its
one-point compactification, which we denote by X. We have that X is defined as the
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disjoint union of X with {co}, where co is some point not in X called the point at
infinity. The topology in X consist of the former open sets in X and the sets AU{oc},
where the complement of A in X is compact. Let f : X — X be a proper map,
defining f : X — X by

f(:f): 00, T = o0,

we have that f is also a proper map, called the extension of f to X. We note that the
separability of X is equivalent to the metrizability of X.

Let (X, d) be a metric space and denote by B(z,d) the open ball centered at x
with radius § > 0. The metric d is called admissible[13] if the following conditions
are satisfied:

(1) If Us = {B(x1,9),---,B(zk,d)} is a cover of X, for every § € (a,b), where
0 < a < b, then there exists d. € (a, b) such that ¢s_ is admissible.

(2) Every admissible cover of X has a Lebesgue number.

It is easy to see that, if (X, d) is compact, then d is automatically admissible.

Let (X, d) be a metric space and f : X — X a continuous map, we say that f
with the specification property if for any £ > 0 there exists an integer m = m(e) such
that for arbitrary finite intervals I; = [a;,b;] C N,j =1,--- k&, such that

dist(1;, I;) > m(e),i # j,

and any xz1,---,x, in X there exists a point z € X such that

d(f7H (@), fP(x5)) < e

forallp=0,---,bj—ajand every j =1,--- k.
The following general concept of multifractal spectra is introduced in [3].
Let X beasetand g: X — [—oo, +00] a function. The level sets of ¢

Ki={zeX : g(x)=a},—-0<a<+x0
are disjoint and produce a multifractal decomposition of X, that is
x= |\J K
—oo<a<+oo

Let now G be a set function, i.e., a real function that is defined on subsets of X.
Assume that G(Z,) < G(Zy) if Z1 C Z,. We define the function F : [—oo, +00] — R
by F(a) = G(KY). We call F the multifractal spectrum specified by the pair of
functions (g, G), or the (g, G)—multifractal spectrum.
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It often happens that the function ¢ is defined only on a subset Y C X. In this
case the decomposition (1) should be replaced by

x= |J xwUJx\v).

—oo<a<+oo
We still call this decomposition of X a multifractal decomposition.
The following results appeared in [16] and [7] respectively.

Theorem A. ([16]). Let X be a compact metric space, f : X — X be a continuous
map with the specification property and ¢ € C(X,R). Let g(z) = lim;, 0 % Z;‘:_Ol
o(f¥(x)). For some a € R, suppose K& # (), then

h?g(f) = sup{h,(f) : p € M(X, f),/cpdu = a},

where M (X, f) denotes the set of all f—invariant probability measures on X, h,(f)
denotes the measure-theoretic entropy of f with respect to . € M (X, f).

Theorem B. ([7]). Let X be a compact metric space, f : X — X be a continuous
map with the specification property and € C(X, R) satisfying inf ,c s (x, 5y [ ¢dp <
supueM(XJ)fcpdu. Let

n—1

1 . .
Q, ={reX: nh—>rgo - Z:cp(f (x)) dose mnot exist.}

Then
hGh (f) = AR (),

where hAKM (£ denotes the AKM entropy of f.

3. ToroLocicAaL ENTROPY AND LOwER AND UpPPER CAPACITY ToPoOLOGICAL ENTROPY
INTRODUCED IN THIS PAPER AND ITS SOME BAsIC PROPERTIES

In this section, by using the C-P structure, the topological entropy and lower and
upper capacity topological entropies are introduced for a proper map.

Let X be a topological space, f : X — X a proper map and &/ an admissible cover
of X. Denote by S,,(U) the set of all strings U = {U;,,U;,,---,U;,,_, : Us; € U}
of length m = m(U). We put S(U) = |J Sm(U).
m>0

To a given string U = {U;,, Ui,,---, U, ,} € S(U) we associate the set

X(U)={zeX:fl(z)eU;,j=0,1,--- ,mU)—1}.
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m(U)—1 )
It is easy to see that X(U) = [\ [f7’U;;, then X(U) is an admissible open set.
=0

Define the collection of subsets
F=FU)={X(U):UeSU)}

and three functions &, 7,1 : S(U) — R™ as follows £(U) = 1, n(U) = exp(—m(U)),
¥ (U) = m(U)~L It is easy to verify that the set S, F and the functions &, 7, and
satisfy the Conditions (1), (2), and (3) in Section 2 and hence they determine a C-P
structure 7 = 7(U) = (S, F,&,n,v) on X. We say that a collection of strings G covers

aset ZC X if |J X(U) D Z. Forany set Z C X and « € R, define
Ueg

M(Z,0.U.N) = inf{ ) €(U(0)*} = inf{ Y, exp(~am(U))}
Ueg Ueg

and the infimum is taken over all finite or countable collections of strings G C S(U)
such that m(U) > N for all U € G and G covers Z. Defining

m(Z,o,U) = lim M(Z, a,U,N).
N—+400
For every real numbers « introduce

r(Z,o,Ud)= lim R(Z,o,U,N),
N—+oc0

7(Z,a,U)= lim R(Z,a,U,N),

N—+400

where R(Z, o,U, N) = irglf{ >~ exp(—aN)} and the infimum is taken over all col-
Ueg

lections of strings G C S(U) such that m(U) = N for all U € G and G covers Z. By
the definition of C-P structure, define

hz(f,U) ;= inf{a: m(Z,a,U) =0} = sup{a : m(Z, a,U) = +o0},

Ch,(f,U) :=inf{a:
Chz(f,U) :=inf{a :

Moreover, define
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where the supremum is taken over all admissible covers of X. We call the quantities
hz(f),Chy,(f) and Chz(f), respectively the topological entropy and lower and upper
capacity topological entropy of f on the set Z.

Remark 3.1.

(1) If X be a compact topological space, then it is easy to see that the topological
entropy and the Bowen dimensional entropy[5] coincide. If X be a compact
metric space, then the topological entropy coincides with the PP entropy(or see
the following Theorem 4.2).

(2) It is easy to see that

hz(f) < Chy(f) < Chz(f),VZ C X.

By the basic properties of the Carathéodory-Pesin dimension[15] and definitions,
we get the following three basic properties.

Proposition 3.1. Let X be a topological space and f : X — X be a proper
map, then
(1) hy(f) =0.
2 hzl<f> < hZ2<f> if 71 C Zy C X.

(2)

(3) hz(f) =suphg,(f), where Z=J Z;,Z; C X,i=1,2,---.
i>1 i>1

(4) If f is a homeomorphism then hz(f) = hyz) (f)-

Proposition 3.2. Let X be a topological space and f : X — X be a proper
map, then
(1) Chy(f) = Chy(f) = 0.
(2) Chy (f) < Chy,(f), Chz (f) < Chz,(f) i Z1 C Z C X.
(3) Chy(f) = sup Chy, (f) and Chz(f) > sup Chy,(f), where Z = U Z;, Z; C
i>1 i>1 i>1

X,i=1,2--.

Proposition 3.3. Let X be a topological space, f : X — X be a proper map
and U/ be an admissible cover of X, then

1 __ 1
Chy,(f,U) = Jim log MZU.N),Chz(f.u) = T —logA(Z U, N),

where A(Z,U, N) denotes the minimum cardinalities of all finite or countable col-
lections of strings G C S(U) such that m(U) = N for all U € G and G covers
Z.
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We can also prove the following properties.

Proposition 3.4. Let X; be a topological space and f; : X; — X; be a proper
map (i = 1,2). If fy is a factor of fi, i.e., there exists a continuous surjection
w: X7 — Xy such that wo f; = fo o, then

hz(f1) > hrz(f2),
Chy(f1) > Chyz(f2),
mz<f1> > mﬂz<f2>, VZ C X.

In particular, if f; and f, topological conjugate, i.e., the map = is a homeomorphism
then

hz(f1) = hxz(f2),
Chy(f1) = Chyz(f2),
mz<f1> = mﬂz<f2>, VZ C X.

Proof. Let i, be an admissible cover of X,. Then
M(nZ, a,Us, N) = inf Z exp(—am(U)),
g Ueg

where the infimum is taken over all finite or countable collections of strings G C S(Us)
such that m(U) > N for all U € G and G covers wZ. Put

U, = {7T_1Ui :U; € MQ}.

Then U, be an admissible cover of X;. For each string U = {U,,,U;,,---,U;,, ,} €
S(Uy), let 771U = {r U, 7~ U4y, -+, 7 U;, _,}, then 771U € S(U,), Con-
versely, for each string V. € S(U,), there is a unique string U € S(Us) such that
V = 7—1U. Furthermore, m(U) = m(r~'U) = m(V) and

X(V)=X(r"'U)=7"1X(U).
So M(nZ,a,Us, N) = M(Z,a,U1, N). Letting N — oo, we have
m(nZ, a,Us) = m(Z, a,Uy).

Moreover,
hrz(fa,Us) = hz(f1,Ur) < hz(f1).
Therefore,
hrz(f2) < hz(f1).
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If 7 is a homeomorphism, then 71 fo = fi7~! so, by the above, we have that bz (f1) <
hzz(f2). Hence,
hz(f1) = hzz(f2)-

The others can be proved in a similar fashion. ]

Proposition 3.5. Let X be a topological space and f : X — X a proper map,
then hyz)(f) = hz(f), Chyz)(f) =Chy(f), Chyz)(f) =Chz(f),VZ C X.

Proof. Let ¢/ be an admissible cover of X and G C |J S, (i) cover Z, ie.,
m>N
Zc U X(U). We write U = {Ujy, -, Uj,,,_, } forany U € G. Then
Ueg

12y < r(Jxwy)=J rxy

Ueg Ueg
Ueg
- U (U, N---N f—m(U)+2(Uim(U)_1)).
Ueg

That is, {U;, N ---n f~™U+2y; }ueg covers the set f(Z). Therefore,

m(U)—1
M(f(Z),a,U,N—1) < e*M(Z,a,U,N).
Letting N — oo, then
e*m(Z, a,U) = m(f(Z), a, U),
which implies
hz(f,U) > hyz)(f,U).

Then
hz(f) = hyz)(f)-

On the other hand, For any G C |J S, () covering f(Z), i.e.,
m>N

fzyc |Jxw)y = Wi,n-n ™M, o)
Ueg Ueg

Then

ZcHf2)c | W) n 20 00 O )

Ueg
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Choose {Uy, - -, U} C U such that it covers Z, i.e., Z C UL U;. Then

k

zZc(JuNU U ) n 2 W) -0 7O, 0)
j=1 Ueg
k

= U U (Uj N f_1<Uio> N f_2<Ui1> M---nN f_m(U)<Uim(U)—1>>'

Ueg j=1

That is to say, {Uj N U) N2 U) N -0 7O, Cov-

w1 }13j3k,Ueg
ers the set Z. Therefore,

M(Z,0,U, N+1) < kM(f(Z),0,U, N).
Letting N — oo, we have
m(Z,e,U) < k-m(f(Z),a,U).
Thus
Moreover,

hz(f) < hyz)(f)-
The others can be proved in a similar fashion. ]

Remark 3.2. Proposition 3.4 and 3.5 extend Bowen’s results [5].

Example 3.1. Let X be a topological space and I : X — X the identity map,
then hz(I) =Ch,(I) = Chz(I)=0,YZ C X.

In the next example, we consider a non-trivial map and its entropies.

Example 3.2 Let X =R, f(z) = 22, then

hz(f) = Chy(f) = Chz(f) = 0,¥Z C [0, +00).

Proof. We only need to show the case of Z = [0, +00). It is easy to see that f is
a proper map. For any admissible cover U = {Uy, Uy, - - -, U,,,—1} Of R, there exists
a U, € U such that R\U, is compact, i.e., R\U, is a bounded closed set. Letting
K = sup{z : = € R\U,}. Since U is a cover of R, assume 0 € Uy, 1 € Uy, then
there exist closed intervals [ag, bo] and [a1, b1], Where by < a4, such that 0 € [ag, by] C
Uy, 1 € [a1,b1] € U;. By the monotonicity of f, there exists no € N such that
f™(a1) < by < 1, f™(by) > K. Let N > ng, we discuss it in the following four
cases.
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(1) For any x € [by, +00), f™0(z) > fm(b1) > K, i.e., z € Uy, f(z) € Uy, - - -,

froNw) € U,y _ys () € Up, -+, fN"H(a) € Uy, Where g, it - - ,ing—1 €
{0,1,---,m — 1}. Then there exist at most m™ strings in Sy (U) cover
[bl, —l—oo).

(2) Forany x € [1,by), if K > by, we discuss it in the following three cases.

(2.1) fN=Y(x) > K. In this case, there exists j € {1,2,--- N — 1} such
that fj_l(x) < by, fi(x) > by, e, x € Uy, f(z) € Uy, -+ LN 2) €
U17 f](fL') S Uiju T 7f]+n0_1(x> € Ui]'_,_no_p f]+n0(x> S Up7 Tty
fN"Y(z) € Uy, where ij,iji1, ,ijing—1 € {0,1,---,m — 1}. Then
there exist at most Nm™ strings in Sy (i) cover these points.

(2.2) by < fNlU2) < K. If fN2(2) < by, fN"Y2) > by, e, = €
U, f(x) € Up,---, fN2(z) € Uy, fN"Yx) € Uiy_,, where in_1 €
{0,1,---,m — 1}, then there exist at most m strings in Sy () cover
these points. If fN3(2) < by, fN"2(x) > by, ie, © € Uy, f(z) €
Ur, o fN3) € Ur fN2(x) € Uiy, fN"1x) € Uiy, where

iN_2,in_1 € {0,1,---,m — 1}, then there exist at most m? strings in
Sy (U) cover these points. - - - - - - N N0t (1) < by, fN70(2) > by,
e,z U, f(x) €U, -, Nt () ey, fN—0(z) € Uin pgs"" " »
fN"Y(z) e Uiy, wherein_pgy, -+, in—1 € {0,1,---,m—1}, then there

exist at most m™° strings in Sy () cover these points. If fN=("0+2)(z) <
by, fN=(otD) (z) > by, then fN=1(z) > f™(by) > K and return to the
case (2.1).

(2.3) fN¥=1(x) < by. Inthis case z € Uy, f(z) € Uy, -+, fN"Y(x) € Uy, then
there exists one string in Sy (U) cover these points. So we get that there
exist at most 1 +m + - - - + m™ + Nm™ strings in Sy (U) cover [1, b).

If K < by, similar to the above, we can consider the cases f¥~!(x) > K and
fN=1(x) < K < by respectively, there exist at most 1+m™ strings in Sy_1(U)
cover [1,by).

(3) For any x € (a1, 1), we discuss it in the following three cases

(3.1) f¥=1(x) < bg. In this case there exists j € {1,2,---, N — 1} such
that f/=1(x) > a1, fi(z) < ay, then z € Uy, f(x) € Uy,---, fi71(x) €
U, fj(a:) c Ui]-; . ’fj-f—no—l(x) c Uij+no—17 fj+no(x> e Uy, -,
fN=Yx) € Uy, where 5,5 +1,--+,5+mng—1 € {0,1,---,m — 1}.
Then there exist at most N'm™ strings in Sy (i) cover these points.

(3.2) bp < fNYx) < a1, I fN2(2) > ay, fVHz) < ay, then = €
U, f(x) € Up,---, fN2(z) € Uy, fN"Yx) € Uiy_,, where ix_1 €
{0,1,---,m—1}, there exist at most m strings in Sy (&) cover these points.
If fN=3(x) > a1, fN2(z) < ay,thenx € Uy, f(x) € Uy,---, fN3(x) €
U, fN"2(x) € U, fN"Yx) € Uiy, Where iy_o,in_1 € {0,1,---,

IN_2)
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m — 1}. Then there exist at most m? strings in Sy (/) cover these points.
~~~~~~ CF N () > aq, fNTO(2) < ay, then o€ Uy, f(z) €
Uy, -, fN=ot () € Uy, fN-70(2) € Uinpgs - VN (2) € Uiy,
where in_p,, - ,in—1 € {0,1,---,m—1}. Then there exist at most m™°
strings in Sy (1) cover these points. If fV=(10+2) () >qy, N0+ (2) <
ay, then fN=1(x) < f0(a;) <by and return to the case (3.1).

(3.3) f¥=L(x) > ay. Inthiscase x € Uy, f(z) € Uy, -+, fN"Yx) € Uy, there
exists one string cover these points. So we get that there exist at most
1+m+---4+ m" 4+ Nm" strings in Sy (U) cover [aq,1).

(4) For any z € [0, a1], since there exists ny € N such that " (z) < by, then = €
Ui07 f(fE) € Ui17 T 7fn0_1<x> € Uino_p fn0<x> S U07 T 7fN_1<X> S UO'
Hence there exist at most m"° strings in Sy_;(U) cover [0, a;].

By the above four cases, there exist at most L := 2m™ +2(1 +m +---+m" +
Nm™) + (1 4+ m') strings in Sy (U) cover Z = [0, +o00). So we get that

R(Z,a,U,N) < Lexp(—aN).

For any a >0, we have 7(Z, o, U) =0, then Chz(f,U)<0. Moreover, Chz(f)<0.
By 0<hz(f) <Chy(f)<Chz(f)<0, we have hz(f)=Chy(f)=Chz(f)=0. =

4, SoME FURTHER PROPERTIES OF THE ToPOLOGICAL ENTROPY AND LOWER AND UPPER
CaraciTY ToproLoGICAL ENTROPY

In this section, we give some further properties of these entropies introduced in this
paper. These results show some relationships among these entropies and some classical
entropies and generalize some classical results.

Theorem 4.1.

(1) Let X be a topological space and f : X — X be a proper map. For any
Z C X and satisfy f~1(Z) = Z, we have Ch,(f) = Chz(f). In particular,
hP(f) = Chx(f) = Chx(f), Where h”(f) denotes the Patrao entropy of f.

(2) Under the conditions of (1), if Z is compact set, then hz(f) = Ch,(f) =
Chz(f), in particular, if X is a compact space, then h”’(f) = hAKM(f) =
hx(f) = Chy(f) = Chx(f), where RAKM( f) denotes the AKM entropy of f.

We can use the analogous method as that of [15] to prove this theorem, so we omit
the proof.

Remark 4.1. It is easy to see that the lower and upper capacity topological en-
tropies are generalizations of the Patrdo entropy and AKM entropy. The topological
entropy are generalizations of the Bowen dimensional entropy and AKM entropy.
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Theorem 4.2. Let X be a locally compact separable metric space and f : X —
X be a proper map. Let d be the metric given by the restriction to X of some metric
d on X, the one-point compactification of X. Then for any Z c X, the following
limit exist:
lim hz(f,U) = hz(f),

|U|—0
|Z}{1|rilo Chz(f,U) = Chz(f),
|L1{1|rilo Chy(f,U) = Chy(f),

where U/ is any admissible cover of X.

Lemma 4.1. ([13]). Let f: X — X be a proper map, where X is a locally
compact separable metric space. Let d be the metric given by the restriction to X' of
some metric d on X, the one-point compactification of X. Then d is an admissible
metric and for any € > 0 there exists an admissible cover of X, such that the diameter
of this cover is less than e.

Proof of theorem 4.2. It is easy to see that

|L1{1|r110 hz(f,U) < Sup hz(f,U) = hz(f).

We are going to show that lim hz(f,U) > hz(f). By Lemma 4.1, for any ¢ > 0
|U|—0
there exists an admissible cover V such that |V| < e and sup hz (f,U) —e < hz(f, V).
U

Let 6 be a Lebesgue number of V and W be an admissible cover of X with |W| <
0. Then each element of W is contained in some element of V. Hence we get
that M(Z,a,V,N) < M(Z,a,W,N). Then hz(f,V) < hz(f,). Moreover,
suphz(f,U)—e < hz(f,V) < hz(f,W). Letting [W| — 0, we have sup hz(f,U)—
U

e< lm hz(f,W). Bythearbltrarllyofewehavesuphz(f U) < hm hz(f,W).

|[W|—0 W|—0
Hence |1i|m hz(f,U) = hz(f). The existence of two other limits can be proved in a
Uu|—o0
similar fashion. m

Remark 4.2. It is easy to see that the topological entropy is a generalization of
the PP entropy.

Theorem 4.3. Let X be a locally compact separable metric space and f : X —

X be a proper map. Let X be the one- point compactification of X and f X =X
be the extension of f. Then for any Z C X, we have that

hz(f) = 5P (F), Chy(f) = ChEF (), Chyu(f) = Chy' (f).
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Where h2P (f), ChLP(f), and Chy" (f) denote the PP entropy and lower and upper
capacity PP entropy of f on set Z respectively.

_ Proof. Let d be the metric given by the restriction to X of some metric d on
X and U = {Uy, Uy, -+ ,Uk_1} be an admissible cover of X. Let U; = {y: 3z €
Ul,d(ac y) < |Ui},0<i<k—1,thend = {Upy,---,Us_1} be an open cover of

X and || — 0 implies /| — 0. LetG c | S, ( ) cover a set Z C X. For
n>N

any U = {Uy,, Uy, -+ Ui, .} €G, define U = {Ts, Uy, -+, Ui, _,} € Su(U) and
denote by G the collection of all these strings, then G covers Z C X. Moreover, we
have that
M(Z,a,U,N) = mf{z exp(—am(U))}
Ueg

>1nf{Zexp (—am(U))} := M(Z,a, U, N).
g Ucg
Letting N — oo we have

m(Z,a,U) > m(Z, o, U)

and then hz (f,U) > hEP(f,U). Applying Theorem 4.2 and letting |24 — 0, it follows
thathz(f) > h5P(f).

we are going to show that hz(f) < hiP(f). WUz = {B(30,5), -+ B(#x—1, 5)}
is a cover of X, for every ¢ € (a,b), where 0 < a < b. By the density of X in X, it
follows that there exist {xg,---,z3—1} C X, such that d(z;,2;) < 5,0<i <k — 1.
If z € X, we have that d(z, Z;) < s, for some z; € {Zo,---,Zr—1}. Hence it follows
that d(z, z;) < d(x,%;) + d(z;, T;) < e, showing that {B(zg, ), -, B(zx_1,€)} is
a cover of X. Applying Lemma 4.1, we have that d is an admissible metric, then there
exists 6 € (a,b) such that Us := {B(xg,9), -, B(zx—1,9)} is an admissible cover
of X. For a < 1 < 6 < b, we have that

M(Z,a,?jl%l, mf{z exp(—am(U))}
Ueg
> irglf{UZE:geXp(—am(U))} = M(Z,o,U,N),

where the first infimum is taken over all finite or countable collections of strings
g C S(U%) and the second infimum is taken over all finite or countable collections

of strings G C S(Us). Letting N — oo, we have

ﬁl(Z,Ck,Z:{%) Z m(Z,a,Z/l(;).
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Moreover, hgp(f,sz%l) > hz(f,Us). Letting b — 0, then e — 0 and 6 — 0.

Applying Theorem 4.2, it follows that k5T (f) > hz(f). Then hz(f) = hEP(f). The
other equalities can be proved in a similar fashion. [ |

Remark 4.3.  In [13], Patrdo proved AP (f) = RAKM(f), this is a special case
of Theorem 4.3.

Example 4.1. Let f : R — R be a homeomorphism then hz(f) = 0,VZ C R.

Corollary 4.1. Let X be a locally compact separable metric space and f : X —
X be a proper map. Then we have that

hz(f") = nhz(f), Chy (f") = nChy(f), Chz(f") = nChz(f),¥Z C X,¥n € N.

Proof. Since hLP (/") = nhLP(f),¥Z C X,Vn € N[5]. Applying Theorem 4.3,
we have hz(f) = hEP(f), hz(f™) = hET (™). Hence

hz(f") =nhz(f),VZ C X,Vn € N.
The other equalities can be proved in a similar fashion. ]

Corollary 4.2. Let X be a locally compact separable metric space and f : X —
X be a proper map. Let g : X — [—o0, +0o0] be a function and g : X — [—00, +00]
any extension of g. If the set functions G and G is defined as G(Z) = hz(f) and
G(Z) = hLP(f) respectively, then (X, f) and (X, f) have the same multifractal
spectrum specified by (g, G) and (5’, f) respectively.

Proof. Let a € [—o0, +00], then
Kg:{xe)?:ﬁ(x):a}:{xeX:g(a:):a}:Kg,
or
Ki={zeX:jx)=a}={zreX:gx)=alU{x}=KIU{cx}.

Combining the fact that hfoi’}(f) = 0, Theorem 4.3 and Proposition 3.1 gives us our
desired result. m

Corollary 4.3. Let X be a locally compact separable metric space, f: X — X
be a proper map with the specification property respect to the metric that is the
restriction of some metric on X, ¢ € C(X,R) be bounded and can be continuously
extended to X and satisfies inf e nr(x,f) [ @dp < supuenr(x,p) [ pdp. Let

n—1
.1 i .
Qp={reX: nll_%o - Eﬁ o(f'(x)) dose not exist.}
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Then
ho, (f) = hx(f) = h"(f).

Lemma4.2. Let X bealocally compact separable metric space, f : X — X bea
proper map with the specification property respect to the metric that is the restriction
of some metric on X. If f satisfies the specification property, then f satisfies the
specification property too.

Proof. Let d denote the metric on X and d the restriction of d to X. For any
e > 0 there exists an integer m = m(e) such that for arbitrary finite intervals I; =
[a;,b;] CN,j=1,--- k,such that

dist(1;, I;) > m(e),i # j,
and any zq,---, 2, € X = X \ {oo} there exists a point z € X such that
d(frrei (@), fP(x5)) < e

forallp=0,---,bj—ajand every j =1,--- k.

If z1,---, 2 C X and z; = oo,1 <4 < k. Putting m(e) = m(5) such that for
arbitrary finite intervals I; = [a;,b;] CN,j=1,---, k, such that

dist([i, Ij) > ﬁl(é‘),i 7& ]

By the density of X in X and the uniform continuity of f~, fQ, e ,fbi—“i, it follows
that there exists y; € X, such that

AT (), ) < G-l ), 2o (i) <

N ™

g
2
For zq, -+, xi—1, ¥, Tit1, - - -, Tk € X there exists a point z € X such that

glv(fp+“j(z),fp(xj))<g,p:0,~~~,bj—aj,j:1,~~~,i—l,i—i—1,~~~,k,

and

Ao (2), FPw) < 5op =0, bi = s

Then d(f7+7(2), f2(2:)) < d(f7* (2), [P(4) +d( [P (yi), [P(2:) < 545 = e.p =
0,---,b; —a;. Hence we get that f satisfies the specification property.

The Proof of Corollary 4.3. Letp € C’(f(, IR) be a extension of o, then Q5 = Q,,
or Qz = Q, U {oo}. Combining the fact that hfoi’}(f) = 0, Theorem 4.3, Proposition
3.1, Lemma 4.2 and Theorem B gives us our desired result. ]
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Remark 4.4. If X is a compact metric space, under the same conditions as that
of Corollary 4.3, Chen, Kupper and Shu[7] proved Theorem B. Then Corollary 4.3 is
a extension of Theorem B.

Example 4.2. Let X be a locally compact separable metric spaceand f : X — X
be a proper map. Let p € M(X, f)and £ = {4y, Ag,-- -, A} be a finite measurable
partition of X. For every n € N, we write " = {4;,Nf "1 A;,N---Nf"4;, « A;, € &}
and denoted by £" () the element of the partition £™ that contains the point z. Consider
the subset Y C X consisting of all points x € X for which the limit

hu(f, & x) == nlLrgo—%logu(fn(m))

exists. The number h,(f, &, x) is called the p—Ilocal entropy of f at x(respect to &).
By the Shannon-McMillan-Breman theorem, p(X \ Y') = 0. We define the function ¢
onY by g(z) = h,(f,&, ). Defining [i(A) = p(AN X), it is immediate that 7z be a
f—invariant probability measures on X, since X and {o0} are f—invariant sets. Let
€ = {A; U{oc}, Az, -+, Ay}, then € is a finite measurable partition of X respect to
fi. Let Y C X consisting of all points z € X for which hi(f, &, x) exists. We define
the function § on Y by g(z) = h;(f, &, x). If the set functions G and G is defined

as G(Z) = hz(f) and G(Z) = hLP(f) respectively, then (X, f) and (X, f) have the

same multifractal spectrum specified by (¢, G) and (g, G) respectively.

5. SoME VARIATIONAL PRINCIPLES

In this section we present three variational principles involving entropies.

Theorem 5.1 Let f: X — X be a proper map, where X is a locally compact
separable metric space. Then it follows that

Chz(f) =minhg"(f,2), VZCX.

Where the minimum is attained whenever d is the metric given by the restriction to X
of some metric d on X the one-point compacification of X and h5P(f, Z) denotes
the BD entropy.

Lemma5.1. Let (X, d) be a metric space, then every admissible cover of X has
a Lebesgue number.

Proof. If (X,d) is compact, the existence of a Lebesgue number is a classical
result. Thus assume that (X,d) is not compact. If 4 = {Ay, Ay, ---,A,} is an
admissible cover of X, there exists at least one A; € U with compact complement
in X. Assume U has not Lebesgue numbers, i.e., for every i € N, there exists a set
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E; C X, such that diam(E;) < + and E; can not contain in any element of Z{. Then

there exists z; € E; and z; € X\ Ag. Since X\ Ay is compact, then there exists a

convergent subsequence {xz;, } of {z;}. If ‘h-rfl x;; = wo, then zo € X\ Ay By U is
J—+oo

an admissible cover of X, then there exists A,,, € U, such that zo € A,,,. Since A,, is
an open set, then there exists ¢ > 0 such that B(zg,e) C Ap,.

On the other hand, there exists a N' € N such that if j > N then ;. € B(xo,5) C
Ap,. Letting j > N + 2, then for any = € E;,, we have that

d(w, 7o) < d(w,z1,) + d(wiy, 70) < 5 + 5 = <.
Hence E;, C B(wo, ) C Ay, then we get a contradiction. ]

Remark 5.1. By Lemma 5.1, the (2) of the definition of admissible metric[13]
can be deleted. In [18], the authors proved that every co-compact open cover of a
metric space has a lebesgue number.

The proof of theorem 5.1.  For every metric d induced the topology of X. Let i/ be
an admissible cover of X. Applying lemma5.1, I/ has a Lebesgue number denoted by 6.
Let S bea (n,e)—spanningset of Z, such thate < 4, then for every = € S, there exists a
string U € S,,(U) such that X (U) D B,,(z, &), where B,,(z, ¢) denote the Bowen ball.
Hence we have that A(Z,U,n) < S,(Z,¢), where S,,(Z, ) denote the smallest car-
dinality of all (n, c)—spanning sets of Z. So Chyz(f,U) = ng_r_{loo LlogA(Z,U,n) <

@ LlogSn(Z,¢), Letting e — 0, we have that Chy(f,U) < hFP(f, Z). More-
over, we have that Chz(f) = sup Chz(f,U) < hEP(f, Z). By the arbitrarily of the
u
metric d, we have that Chz(f) < igf hEP(f, 2).

On the other hand, if the metric d’ is given by the restriction to X of the d on X. By
the lemma 4.1, d’ is an admissible metric, then for any ¢ > 0, there exists an admissible
cover of X such that the diameter of the cover is less than . Let ¢/ be an admissible
cover with |U| < +o0. Assume G € S,,(U) covers Z. Fixing zy € X(U),VU € G,
then S := {zy : U € G} be a (n, [U|)—spanning set of Z. Moreover, we have that
Sn(Z,|U|) < A(Z,U,n). Hence

— 1 — 1 —
lim ElogSn(Z,\U\)S lir_’{l ElogA(Z,U,n):C'hz(f,U).

n—-+00
Applying Theorem 4.2 and letting |2/| — 0, we have that h}P(f, Z) < Chz(f).
Then Chz(f) :mdinthD(f, Z), and Chz(f) = hEP(f, Z). ]

Remark 5.2. In [13], Patrdo proved h¥(f) = min hBP(f, X). This is a special
case of Theorem 5.1.
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Theorem 5.2. (Inverse variational principle). Let X be a locally compact sepa-
rable metric space, f : X — X be a proper map and u € M (X, f) then

hu(f) = inf{hz(f) : Z C X,p(Z) = 1}.

where M (X, f) denotes the set of all f—invariant probability measures on X and
h,(f) the measure-theoretic entropy of f with respect to . € M (X, f).

Proof. If u € M(X, f), defining fi(A) = (AN X). It is immediate that

n e M(X, f)~, since X and {oo} are f—invariant sets. It is also immediate that
hu(f) = ha(f). By Bowen and Pesin’s result([5,15]), i.e., hz(f) = inf{hZ"(f NE
ZCX,i(Z)=1}.1fZc X and u(Z) =1, then ji(Z) = 1. If Z C X, 00 € Z and
i(Z) =1, then u(Z N X) =1 and fi({oc}) = 0. Applying theorem 4.3, we have that
inf{hF(f): Z c X, ji(Z) = 1}
=inf{hL7(f): Z=2U{cc} or Z=2C X p(Z) =1}
=inf{hz(f): Z C X, u(Z) = 1}.
Hence, h,(f) =inf{hz(f): Z C X, u(Z) = 1}. [

Remark 5.3. Theorem 5.2 is an extension of the classical result of Bowen and
Pesin ([5, 15]).

Relative to the classical variational principle[17], we call Theorem 5.2 the inverse
variational principle. Recently, there are some extensions of the classical variational
principle, such as [9] and [13]. Under the same conditions as that of Theorem 5.2,
Patrao[13] proved a variational principle, i.e., h”(f) = sup{h,(f) : p € M(X, f)}.
For the compact system, Feng and Huang[9] defined the measure theoretical lower
and upper entropies and obtained some valuable variational principles for topological
entropies of subsets. We can consider the extensions of these results for some proper
maps. We will do this work in another paper.

Theorem 5.3. Let X be a locally compact separable metric space, f : X — X be
a proper map with the specification property respect to the metric that is the restriction
of some metric on X to X. Let ¢ € C’(X R) be bounded and can be continuously
extended to X. Let g(z) = lim,_ o ) S Lo(fi(x)) = a. If there exists some
o € R such that K7 # 0, then

hiy (f) =sup{hu(f) : p € M(X, f),/cpdu = a}.

Proof. Combining Lemma 4.2, Corollary 4.2 and Theorem A, we get the result
immediately. ]
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Remark 5.4. If X is a compact metric space, under the same conditions as that
of Theorem 5.3, Takens and Verbitskiy[16] proved Theorem A. Then Theorem 5.3 is
a extension of Theorem A.
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