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INVERSE PROBLEM FOR A CLASS OF DIRAC OPERATOR
Kh. R. Mamedov* and O. Akgcay

Abstract. In this paper, we consider a problem for the first order canonical Dirac
differential equations system with piecewise continuous coefficient and spectral
parameter dependent in boundary condition. The asymptotic behavior of eigenval-
ues, eigenfunctions and normalizing numbers of this system is investigated. The
completeness theorem is proved. The spectral expansion formula with respect to
eigenvector functions or equivalently Parseval equality is obtained. Weyl solu-
tion and Weyl function for the problem are constructed. Uniqueness theorem for
inverse problem by the Weyl function and by the spectral data are proved.

1. INTRODUCTION
Let us consider canonical Dirac differential equation
(1.2) BY'+Q(2)Y = Mp(2)Y, O<z<m

with boundary conditions

(1.2)
V(Y) := AMbiyz(m) + bayi (7)) + aryn () + asyz(7) = 0,

where

0 1 p(x) q(x) ) <y1(w))
B - ) Q - ) Y - )
( 10 ) (@) ( a(2) —pa) s (2)
p(x), ¢ (x) are real measurable functions, p(x) € La(0,7), q(z) € L2(0,7), X is a
spectral parameter, a1, as, by and by are real numbers,

(z) = 1, 0<z<a,
pT) = a, a<z<T
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and 1 # « > 0. Let us define k := asby — a1b; > 0.

In the finite interval, the inverse problem for Dirac operator is widely developed,
for example [2, 4, 6, 9, 10, 13, 15, 20]. Inverse problems in the periodic case for Dirac
operator was analyzed in [16]. Using the Weyl-Titchmarsh m-function reconstruction of
potential of the Dirac operator was examined in [3]. Extensive review of the literature
on inverse problem in finite interval is discussed in [1]. Inverse problem according
to different spectral data of Dirac operator and Sturm-Liouville operator was given in
detail in [5, 7, 8, 12, 14]. In this study as different from other studies, it is used new
integral representation (not operator transformation) for the solution of the equation
(1.1) (detail in [11]).

In physical events, Dirac differential equations system is frequently encountered.
Therefore the applications of this system is widespread, such as [17, 18, 19]. This
paper is organized as follows: In section 2, the eigenvalues, the eigenfunctions and
normalizing numbers of the problem (1.1), (1.2) are examined. In section 3, the resol-
vent operator is constructed, completeness theorem is proved and the expansion formula
with respect to eigenfunctions is obtained by using contour integration. In section 4,
Weyl solution and Weyl function for the problem are given, uniguness theorem for
the inverse problem by the Weyl function and by the spectral data are proved by the
following the way of [5].

Assume that
/ |Q(2)|| dx < 400
0

is satisfied for Euclidean norm of matrix function 2(x). Then the integral representation
of the solution of equation (1.1) satisfying the initial condition Y'(0) = I, (I is unite
matrix) can be represented (see [11])

w(z)
E(x,\) = e ABH@) +/ K (z,t)e M,
—u(z)
where
() = x, 0<z<a,
pAL) = ar —aa+a, a<z<m

and for a kernel K (x,t) the inequality
m(z)
/ 1K (2, 0)| dt < @) — 1,
—n(z)

where

o (x) = /0 " 19(s)] ds
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is hold. Moreover, if Q(x) is differentiable, then K (x, t) satisfy the following relations
BK, + Q(x)K + p (z) KyB =0,

p (@) [BE(z, p(2))] = -0 (2),
BEK (z, —p (x)) = 0.
In the Hilbert space H, = L ,(0,7; C?) @ C an inner product is defined by

@y (7.2)= [ {n@n@ + w@)nm) s+ g,

where A ( () ) A ( (@) )
Y=\ wlx) | €H, Z=| z(z) | € H,.
Y3 Z3

Let us define

o 1Y)
LY) = ( a1y (7) — azys () )
with
D(L) = {f/\ Y = (y1(2),2(2),y3)" € Hp, y1(2), yz(fﬂ) € AC|0, 7,
y3 = biya(m) + bays (m), 1(Y) € Ly (0, 75 C?), =0}
where

l(Y):L< Yo + (@)Y + a(2)y2 )

P\ —yy + q(@)y — pla)y
The boundary value problem (1.1), (1.2) is equivalent to the equation LY = \Y'.
Lemma 1. The vector-valued eigenfunctions Y (z, A1) and Z(z, A2) corresponding

different eigenvalues A1 # Ao are orthogonal.

Proof. Since Y (x, A1) and Z(x, A2) are eigenfunctions of the problem (1.1), (1.2),
we get

Yo, M) + p(@)y1(w, M) + q(@)ya(z, M) = Ap(@)yr (@, M),
—y (2, M) + @)y (2, A1) — p(a)ya(z, M) = Aip(x)y2(z, M),
2(m, A2) + p(2)21(w, A2) + q(2) 22(m, A2) = Aap(2) 21 (, Aa),

—21 (2, M) + q(2) 21 (2, A2) — p(x) 22(x, o) =

Multplying these equalities by z1 (z, A2), z2(z, A2), —y1(x, A1), —y2(z, A1) respectively
and adding together
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d
. {z1(@, A2)ya(z, A1) — v, A1) za(, A2) }
= (A1 = A2) p() {y1(, M) 21 (2, A2) + y2(z, A1) 22(z, A2)}
is found. Integrating it from 0 to 7 and using the conditions (1.2), we have
(O — 2) { / (1 (2, M) 21 (2, Aa) + 1 (2, A1) 22 (2, Ao)] pla)da
0
1
+o [b1y2(m, A1) + oy (1, A1)] [brza(mm, A2) + bazy (m, /\2)]} = 0.
Since A1 # Ao,
i 1
/ [y1(z, A1)z1(x, A2) + ya(w, A1) za(z, Ao)] p(x)dx + TYs%8 = 0. u
0

Corollary 2. The eigenvalues of the boundary value problem (1.1), (1.2) are real.

Let S(x, \) and ¢ (x, \) be solutions of (1.1), (1.2) boundary value problem satis-
fying the initial conditions

S(0,)) = < _01 ) and W (m, \) = < _Afg;r_“jl )
Clearly,
U(S) := 51(0, ) = 0,

V(Z/J) = A <b11/12<7T, /\) + b21/11<7T, /\)) + a11/11<7T, /\) + a21/12<7T, /\) = 0.

(1.4)
Let Y(x,\) and Z(z, A) be vector solutions of the equations system (1.1). The
expression
WY (z,\), Z(x,\)] = ya(x,N)z1(x, A) — y1(x, N) 22z, \)
is called Wronskian of the vector solutions Y (x, \) and Z(z, \). Denote
(1.5) AN) = WI[S(z, \), ¥(z, N)].

The function A(A) is called characteristic function of the problem (1.1),(1.2) and
substituting z = 0 and « = 7 into (1.5), we get

(1.6) AN =V(S) = -U(¥)
or

A(/\) =A (5152<7T, /\) + b5, <7T, /\)) + a151 <7T, /\) + CLQSQ(W, /\) = —1/11(0, /\)
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Lemma 3. The zeros A, of characteristic function coincide with the eigenvalues
of the boundary value problem (1.1), (1.2). The function S(z, A,,) and ¥ (x, A,,) are
eigenfunctions and there exist a sequence £, such that

1/J<$, /\n> = ﬂns<$; /\n>, Bn # 0.

Proof. Let Ao be a zero of A(X). Then, because of (1.4)-(1.6), ¢ (z, Ag) =
BoS(x, Ng) and the function ¢ (z, Ag) and S(z, \o) satisfy the boundary condition
(1.2). Thus, Ag is eigenvalue and ¢ (x, Ag), S(z, \g) are corresponding eigenfunctions.
On the other hand, let Ao be an eigenvalue of the problem (1.1 ), (1.2) and Yy(x) =
( ()

Y5 ()
condition (1.2). Without loss of generality, we put y?(7) = Ab; + a2. Then y8(7) =
—Abe — a; and consequently Yy(x) = ¢ (z, Ao). Hence from (1.6), A(\g) = 0 and for
each eigenvalue there exist only one eigenfunction. ]

) # 0 be a corresponding eigenfunction. Then Y, (z) satisfies the boundary

2. THE SPECTRAL PROPERTIES

Lemma 4. The eigenvalues {\,,}°2 _ . of the boundary value problem (1.1), (1.2)
are in the form

A=A te,,
)

where \0 = (mr + arctan Z—;) ﬁ and {e,} € la.

Proof. Using S(z,\) = E(z, \) < _01 ) , We obtain the integral representation

of the solution S(x, \) in the form

2.1) S(a. A>:< sim\u(a:)) ) +/Ou<a:) A@’t)( sin\t )dt’

—cos A\ (x — cos At
where
(2) = x, 0<z<a,
a axr — aa + a, a<x<,

Aij<IE, ) € LQ(O,TF), 1,]=1,2 and
Ai(z,t) = Kni(x,t) + Kz, —t), Az, t) = Kio(z,t) — Kia(z, —t),

Agi(x,t) = Koi(x,t) + Koy(x, —t), Aga(x,t) = Kooz, t) — Kooz, —t).
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From (2.1), it follows that
A(N) = A(besin Ap (m) — by cos Ap (7)) 4+ ag sin Ay () — ag cos Ay (m) +

w(m)
+A / [bQAH (7T, t) + b1 A9 (7T, t)] sin \tdt —
0
w(m)
- / [b2A12(7T, t) + b1A22(7T, t)] cos Atdt +
0
w(m)
+/ [alAH(W,t) + a2A21(7T,t>]Sin/\tdt —
0
w(m)
— / [a1A12(7r, t) + a2A22(7r, t)] cos \tdt.
0

Since the zeros of A()\) are the eigenvalues,

asinAp (m)  agcos Ap ()
A A

basin Ay (m) —by cos A () +

w(m)
+ / [bQAH (7T, t) + b1A21(7T, t)] sin Atdt
0

w(m)
(2.2) — / [b2A12(7T t) + b1A22(7T, t)] cos Atdt

S
S

a1A11 7T t) + a2A21(7T t)]SIH Atdt

>/|>~ >/|H

a1A12 7T t) + a2A22(7T t)] cos Atdt =0

is valid. Denote by

by sin Ay () — by cos A () := x(N),

and

>4, n=0,£1+2.. }

1
Gs = {/\ : ’/\ — <n7r —i—arctanb—)
by) p(m)

where ¢ is a sufficiently small positive number. For A € G,

IX(M)] = Csexp ([ImA] ()
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is valid, where Cj is a positive number (see [5]). Taking into account the following
contour

b1) 1 s }
I'y:=<¢A: |\ =(nm+arctan — | —— + , n=0,%1,%2,... »,
D= be) () + 2l

for sufficiently large values n, we get
A0 = x(V)| < Cseap (ImA|u(r)), A€ T,

Thus N
B0) = x| < xO1-
Applying the Rouche theorem, it is obtained that the number of zeros of the function
{5(/\) — X(/\)} + x(A\) = A()) inside the contour T,, coincides with the number of
zeros of function x(\). Moreover, using the Rouche theorem, there exist only one zero
Ap, Of the function A(X) in the circle
W (d) = {/\ : ’/\ — <n7r + arctan b—l) L < 5}
b2 ) p(m)

is concluded. Hence, the eigenvalues of the boundary value problem (1.1),(1.2) are
obtained as follows

b1 1
(2.3) Ap = <n7r + arctan E) (7T) + €n, ngglw €, = 0.

Substituting (2.3) into (2.2), using x(An) = x(A\2)e, + o(e,) and the relations (see
[14, p. 66]),

w(m) by 1
/ [b2A11(m,t) + by Aoy (7, t)] sin [(mr + arctan — 2 ) ( ] + en] tdt € I,
0 2

p() by 1
/ [boA1a (7, t) + b1 Aga (7, t)] cos [(mr -+ arctan —) + en] tdt € I,
0 ba (7T>

we have {¢,} € la. [

Lemma 5. Eigenvector functions of boundary value problem (1.1), (1.2) can be
expressed in the following form

24)  S(z, ) =

sin [(mr + arctan & ) N < Un () ) ’

— COS [(TMT + arctan 7+ ) (—frﬂ

vp(z) € Iy and z,(z) € Iy, for all z € [0, 7.
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Proof.  Putting the eigenvalues (2.3) in the representation (2.1), we get

S1(2, A) = sin [(mr + arctan b—l) p Ex;] +un(z),
p ()

pu ()

b1
So(x, A\p) = — cos [(mr + arctan b_)
2

] + 2z, (z),

where

vn(a:):sin[<mr+arctan—) x>]{cosenu )~ 1}

7T
(o rarcinit)
+cos | | nm 4+ arctan —

sine,p (x
g st
r ) b1 1
+/ Aq1(z, t) sin [(mr -+ arctan —) + en] tdt
0 by (7T>
r b1 1
— | Aja(z,t)cos || nm+ arctan — + e, | tdt,
0 by (7)

an(@) = — cos [(mr + arctan b—l) M] {cos enpu(z) — 1}

ba ) p(m)
+sin [(mr + arctan Z—;) o Ei;] sin eppu ()

* b1 1
+ / Aoy (z, t)sin [(mr + arctan — ) + en] tdt
0 ba (7)
* b1 1
— / Ago(x,t)cos [(mr + arctan —) + en] tdt.
0 ba (7T>

Since ¢, € 9, then v,, and z,, € [, are obtained.

Lemma 6. Normalizing numbers of problem (1.1),(1.2) are as follows:
(2.9) Q= () + T, T € la.

Proof.  For normalizing number of (1.1), (1.2), we have

(077} :/OW{‘SI(xa An>‘2+‘52(x7 An)ﬁ} ( )d.’l?—i— ‘blSQ(Tr A )+b2Sl(Tr7 An>‘2

From this equality,

™
oy = / sin? [(mr—i—arctan —) o a:)] p(x
0

()
g b

+/ cos? [(mr—i—arcta 1) s ]p Ydx + T,
0 ba ) ()

= M(']T) + Tnu
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where
. b\ u(x)
n = 2 sin | [ nm + arctan — vp (@ x)dx
e [( )il (&) } pl)
T W\ p(x
—2 cos | | nm + arctan — Zn(x z)dx
IRt ) 3] o ot
T 2 1 2
+ [ [on(@) + 20 (2)] p(z)de + T b12n () + bovn(m)|” .
0
Furthermore, using v, (z) € lo and z,(x) € la, 7, € I is found. ]

Lemma 7. The eigenvalues of boundary value problem (1.1), (1.2) are simple.
Proof.  Since S(z, A) and ¢ (x, \) are solutions of this problem,
P, A) + p(a) (@, N) + a@)a(a, A) = Ap(@)ir (2, A),
—y (@, N) + a(@)y (2, A) = pla)a(e, A) = Ap(@)a(a, \),
So(, An) + p(2)S1(, An) + () Sa(, An) = Anp()S1 (2, An),
=S1(2, An) + (@) S1(2, An) = p(2)S2(, An) = Anp ()o@, An)
are valid. Multiplying the equations by S;(z, An), So(2, An), =1 (2, ), —s(x, N)
and adding them together, we get
(51w A, ) — (o NSl )
= (A= An) p(z) {S1(, An)1(z, A) + Sa (@, An)a(z, A) } .

Integrating it from O to = and using the condition (1.2),

/O (51 A1 (2, A) + Sl An)ia(, N)) ple) e+

1 A(N)
+E [b1.S2(m, Ap) + b2S1 (7, Ap)] [b1002(, A) + bathr (m, N)] = .

is found. From Lemma 3, since ¢(z, \,,) = 5,5(x, \y,), 8 A — A, we obtain
Bom = A(An),
where 3, = —5(0, \,,). Thus, it follows that A()\,,) # 0. n
3. SPECTRAL EXPANSION FORMULA

If \ is not a spectrum point of operator L, then the resolvent Ry = (L — \I)~!
exists. Now we find this expression of the operator R).
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Lemma 8. The resolvent Ry is the integral operator with the kernel which has the
following form

1 eS8y, t<a,
(3.1) @t =305 { S(z, N, A),  t >,

here S(t, A) denotes the transposed vector function of S(¢, ).

Proof. Let F(z) = ( fj(“j) ) € D(L) and f(z) = < ;;Ei; ) To construct the

resolvent operator of L, we need to solve the initial value problem
(3.2) BY'+ Q(z)Y = Ap(2)Y + p(z) f(x),

y1(0) =0,

(33) A(bra () + oy () + @y () + asya(w) = — .

By applying the method of variation of parameters, we want to find the solution of
problem (3.2), (3.3) which has a form
(3.4) Y(z,A) = ci1(x, N)S(z, A) + ca(z, N (z, ),

where S(z, A), ¥(x, \) are solutions of homogeneous problem. Then we get the
equations system

1(
5(

Using the system (3.5), we get

C

A){/}(wa A)BS(x, ) = lg(w, A (@)p(x),
S

(3.5)
A)S(z, \)By(z, A) =

x?
Cy(x,

36) 1l 0) = ea(m. ) = 5755 [ ANl
(37) (@A) = (0, \) — ﬁ /O "3 N F)p(t)dt.

Substituting (3.6) and (3.7) into (3.4), we obtain
Yz, \) = /07r R, ) £(£)p(£)dt + ea(0, At (2, ) + 1, \)S(, A),

where
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Taking the condition (3.3), we get

J:
¢2(0,A) =0, cl(w,/\):—Fi\).
Thus
" J:
(38) Y (2, \) = /O Ra(e. ) (Dp(t)d = 555z ). .

Theorem 9. The eigenvector functions {S(x, A\,)},— . of boundary value prob-
lem (1.1), (1.2) form a complete system in Lo ,(0, 7; C2) @ C.

Proof.  According to Lemma 3

9) pla ) = 050 0,
using (3.1) and (3.8) we get
(310)  ResV(w,\) = ——S (2, An) / S(t, M) f(£)p(t)dt — A(f;n)s@’ An)-
We assume that
(F(x), 5(x, An))

(3.11)

/ S(t, An) f () p(t)dt + % (b1S2 (1, ) + b2S1 (7, X)) =0,
where F(z) = < fj(c? ) € Lo ,(0,7;C?) @ C. From (3.9), we have
(3.12) S1(m, Ap) = Ablﬂ: Q2 and  Sy(m, An) = %

The formula (3.10) can be rewritten as follows
ResY(a: )= ——Sa: An) {/ S(t, An) )dt—i—g—g}
Using (3.11) and (3.12), we obtain Ref Y (x,\) = 0. Consequently Y (z, A) is entire

7”

function with respect to A for each fixed = € [0, 7]. Taking into account
A(X) = [N Cs exp([ImAp(r)])

and the following equalities being valid according to [14, Lemma 1.3.1]

/sm p(t)dt| =

(3.13) |/\1|1m Jnax exp(— [ImAu(x
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/wm p(t)dt

lim max |Y(z,\)|=0.
|)\|—>ooO<a,’<7T

Hence Y (x, A) = 0 is obtained. It follows from (3.2) and (3.3) that F'(x) = 0 a.e. on
(0, 7). ]

1
(3.14) |/\1|1inooOr<]r1ﬂ§1<x7r B exp(— [ImA (p(

we find

Theorem 10. Let f(x) be an absolutely continuous vector function on [0, 7] and

f1(0) =0, f(m) = Abi + az . Then the expansion formula
—/\b2 — a1

fle) = > enS(@ M),
(3.15) =
fa =D cn(b1Sa(m, An) + b2S1(m, An))
is valid, where .
Cp = a_n <f<33>, S<xa /\n>> .

The series converges uniformly with respect to « € [0, 7]. Moreover, the Parseval
equality holds:

o0

(3.16) IF17 =" anleal®.

n=—oo

Proof.  Since S(z, A) and ¢ (x, \) are solution of the problem (1.1), (1.2),

Y (2, A) = —fmw(;p, A /O {-%5@, NB+S8(t, /\)Q(t)} Ft)dt

1 4 0 ~ ~
A A)/I {‘&W’ B+t /\)Q(t)} Ft)dt
f3
—A(/\>S(a:, A)
can be written. Integrating by parts and using the expression Wronskian
(3.17) Y(z,\) = ——f( ) — —Z(a: A) — AJESMS(;B, )

is obtained, where

Z(x,\) = W(z, \) /O S(t, \)Bf'(t)dt + S(z, /\)/'J(t, /\)Bf’(t)dt}.

50
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By applying (3.13) and (3.14), we have

(3.18) lim max |Z(z,\)|=0, XeGs.

[A| =00 0<z<T

Now, we integrate of Y (x, ) with respect to A over the contour ' with oriented
counter clockwise as follows:

where

by 1 T
Fy=<X:|A\=|Nn+arctan — | — + ,
v={rem=( 2) i )

N is suffeciently large naturel number. Using Residue theorem, we get

N
I(xz) = /\}ie/\iY(m, A)
n=—N
Ny r N f
-y Lo, /\n)/ St M) F(O)p(t)dt — REEPTSNY
nZ—N An 0 nZ—N A(An>
On the other hand, considering the equation (3.17)
N
(3.19) f@)= 3" S, \) +en(@)
n=—N
is found, where
1 1
———— ¢ ~Z
en(z) omi fi % (x, \)dA
and _—
en=— [ St ) f(O)p(t)dt.
Ay 0

It follows from (3.18) that,

lim max |ey(z)| =0.
[A]—o0 0<z<m

Thus, by going over in (3.19) to the limitas N — oo the expansion formula (3.15) with
respect to eigenfunction is obtained. Since the system of {S(xz, \,,)},~ _ is complete
and orthogonal in L ,(0, m; C?) & C, Parseval equality (3.16) is valid. The extending
the Parseval equation to arbitrary vector valued functions of class L ,(0, ; C2) is done
by the usual methods. [ |
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4, WEeyL SoruTioN, WEYL FUNCTION

Let the function ®(x, \) be the solutions of the system (1.1), satisfying the condi-
tions
(I)1<07 A) = 17
A (bl(I)2<7T, /\) + b2(I)1<7T, /\)) + a,1<I>1(7r, /\) + CQ‘I’Q(W, /\) =0.
The function ®(x, ) is called Weyl solution of the problem (1.1),(1.2). Denote by
C(z, M) the solution of system (1.1), satisfying the initial condition C(0, \) = < 1

0
The solution v (z, \) can be written the following form

(4.1) Pz, N) = —12(0, \)S(z,A) — AN)C(z, N).

We define that

(4.2) M(\) = Y20, 2)

It is obvious that
(4.3) O(x,\)=C(x,\) + M(N)S(z, ).

The function M (\) = —®4(0, A) is called the Weyl function of the problem (1.1),(1.2).
The Weyl solution and Weyl function are meromorphic functions having simple poles
at points \,, eigenvalues of problem (1.1), (1.2). It is obtained from (4.2) and (4.3)
that

(4.4) O(x,\)=—

The solution ¢(z, A) has the representation as
Uiz, A)

(4.5) a(r—z) _ (Ab1+ag) cos A\t — (\ba+aq) sin At
— v N+ [ Ay d,
0 — (b1 +ag) sin Xt — (\ba+aq) cos At

where

Ab1 4+ ag) cos da(m —x) — (Abg +a7)sin A (m — x
%(x’A):(( + az) ( ) = (Abz + a1) ( ))

— (Aby + ag) sin A (m — ) — (Aba + aq) cos Ao (7 — z)

and A; j(z,.) € Ly(0,7), 4,5 =1,2.
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We define (19), (2°) boundary value problem in the case of Q(z) = 0 in the
boundary value problem (1.1),(1.2). Thus the boundary value problem (1°), (2°) has
the characteristic function

Ag(N) = A (besin Ay (1) — by cos A (7)) + aq sin Ap (7) — ag cos A (1),
Weyl function

(4.6) A4<A>___¢m2ﬂlk)__(Abl+wm)anAaﬂ-+(Ab2+_aﬁCOSAaW
: 0 B 0,10, A) B (Ab1 + az) cos Aam — (Abg + a1 ) sin Aarr’

normalizing numbers o and eigenvalues \).

Theorem 11. The expression

4.7) M) =—

1
a0 =) > G Y oo

n=-—oo

n#0
holds.
Proof. It follows from (4.5) that

[ %01(0,X) fi(A)
oA = ( Y20, ) ) ! ( £2(0) ) |

w(m)
A = / A31(0,4) [(Abr + a2) 08 At — (b + ar) sin M] df —
0

where

w(m)
— / A12(0,t) [(Ab1 + a2) sin At 4 (Aba + ay) cos At] dt,
0
w(m)
BV = / A1(0, ) [(\b + az) cos At — (b + a1 sin A] df —
0

w(m)
- / A22(0, 1) [(Aby + a2) sin At + (Aba + a1 ) cos At] dt.
0

From (4.2) and (4.6), we have

_ fi fo
M(X) — My(A) = MO(/\)—A(/\> + A
Moreover, applying Lemma 1.3.1 in [14], we have

lim e ImARE) | f(N)| =0, i=1,2, XeGs.

[A]—o00
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Thus using this expression and the estimate |A(X)| > Cs |A| exp(|ImA| u())

(4.8) lim [M(X) — My(A)| =0

[Al—o0

is obtained. The vector functions S(z, A,) (So(z,AY)) and ¢ (z, An)  (vo(z, AD))
are eigenvector functions of the boundary value problem (1.1), (1.2), ((1.1%), (1.2%)).
Accordingly there exists constants 3,,(5%) such that

(@, An) = BuS (2, An) (ola, A7) = BnSo(x, A7)
It follows from these equalities that
Brn = _1/]2(07 /\n> (ﬂg - —1/10,2(07 /\n>>

Moreover ) .
anfn = A(An) (agﬂg = A()(/\(r)z))'
Applying these relations, we find

1

Res M(\) = Y20 h) 1

A=An A(An) Qn

(49) 10,2(0, A7) 1
Res My(\) = o2 lnd

>\:>\n AO(A%) an

We consider the following contour integral
1 M(&) — My(§) ,
I = — —_— 7 tr
N(A) i /FN(A) £— 2 d¢, & emtl'y,

where

by 1 T
I'yvy=<M:|AM=(Nnm+arctan— | ——+ ——— .
w= o= ( n) i )

Using (4.8), we have
lim Inx(A)=0.

N—oo

On the other hand, applying the residue calculus and the residues (4.9), we get

IN(A) = M(X) — Mo(A) + Z <a0(/\(} -\ an(/\i - /\>) .

AyleintFN n n
Thus, as N — oo
(4.10) M) = M) - 3 ! !
' -0 = Nan(A =) af(A=2))

is found. We can write for the function () the following expansion
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o0

1 1 1
My(A) = — — .
W= @ 7;§i)<a2<A—-A2>*'a2A2)
n£0
Substituting the last formula into (4.10),

o0

1 1 1
a0 =) > SR e

n=-—oo

n#0

M) = -

is obtained. -

Now we seek inverse problem of the reconstruction of the problem (1.1), (1.2) by
Weyl function and spectral data {\,, a, } .- Using the Weyl function, uniguness

n=—oo"

theorem for the problem is proved. We assume that the problem L with the potential

Q(x) has the same form with L.

Theorem 12. If M(\) = M()), then L = L. Namely, the boundary value problem
(1.1), (1.2) is uniquely determined by the Weyl function.

Proof.  We describe the matrix P(z, A) = [P;;(x, A)]; ;_, » With the formula

i

(4.11) P(z,\) < g; 2; ) = < g; i; ) .

The Wronskian of the solutions

~ B 5‘(30,/\) ~ . P (x, \)
sen=(guy ) =00
is as follows
(4.12) WS (z, \), ®(x, \)] = Si(x, \) Doz, \) — Sz (2, \)®1(z, \) = 1.
Multiplying both sides of (4.11) from right by the matrix
@g(ac, A) —@1(30, A)
—§2<$, /\) gl (ac, /\) ’
we get
Pri(z, \) = Sy (z, \)®o(z, \) — ®1(, \)So(z, \),
(4.13) Pra(z, ) = &1 (2, 1) S1(2, \) — S1(x, \)®1(z, ),
' Pyi(x,\) = Sy, \)Po(x, ) — o(z, A)Sa(x, \),
Poy(x, \) = ®o(x, \)S1(, \) — Sa(x, \)P1(x, \)
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and
Si(z, ) = Pry(z, \)Si(z, X) + Pra(z, N)Sa(z, \),
414 Sy(z, \) = Py (z, A)?l(:p, A) + Poy(, A)%(a;, A),
O (z, A) = Pri(z, A\)D1(x, A) + Pra(x, \)Po(x, ),
Do(z,\) = Por (2, \)®1(x, \) + Pog(z, \)Po(x, \).

Taking into account (4.4), (4.12) and (4.13),

{}{}
Piae, ) = P 5,03y = 5300} 810, {z/? o) wﬁ;;>}’
- 52 5 sﬁ»}m»{%aw—%za?}’
Prafe A)— 1= ZZIA(:(BA’)M {SQ(IB’ ) — Sy(e, /\)} + 51 (z, ) {1/;2(21;) B wz(fi;)}

are found. Using |A(N\)| > Cs |A|exp(|[ImA| p(m)) and the expressions of solutions
S(xz, A), ¥(z, A), we obtain

lim max |[P(z,\)—1] =0, lim max |Pa(z,\)|=0,

IA|—oc0<z < A —oc0<z <
(4.15) AEG P
' lim max |[Py(z,A\)—1]=0, lim max |Py(z,\)|=0.
[A]—o00<z<T [A]—=oc0<z<T
P P

Substituting (4.3) into (4.13), we have
Pyi(x,\) = Sy(z, \)Co(x, \)=Ci(x, \)Sa(, \)+S1(z, A)Sa(x, \) :M(/\) — M(/\): ,
Pio(x, \) = Cy(z,\)S1(x, \) =Sy (x, \)Cy (z, \)+S1 (z, ) S1(xz, \) :M(/\) — M(/\): ,

Py (x, \) = So(x, \)Co(x, \)—Cy(x, \)Sa(, \)+Sa(x, ) Sa(x, \) :M(/\) — M(/\): ,

Pyo(x, \) = Co(z, A)Sy(x, \)—=Sa(x, \)Cy (, \)+Sa(z, \)S1(xz, \) :M(/\) — M(/\): .

Hence, if M(\) = M()), P;j(z, \); j=1.2 are entire functions with respect to \ for
every fixed z. Then from (4.15), we find

Pii(z,N) =1, Pia(z,A\) =0, Py(z,\)=0, Py(x,\)=1.
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Substituting these identities into (4.14),

Si(z, A) = Si(x, ), Sa(x,\)= So(z,\)
y(x,\) = Dy(x, ), Doz, ) = Po(z, \)

are obtained for all z and . Thus, L = L. n

Theorem 13. If A\, = A\n, an = Gy, for all n € Z, L = L. That is, the problem
(1.1), (1.2) is uniquelly determined by spectral data.

Proof. Since Ap = An, Qn = @y, forall n € Z and consjdering the formula (4.7),
we have M (\) = M (). Using the previous theorem, L = L is obtained. |
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