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WEIGHTED NORM INEQUALITIES FOR FLAG SINGULAR INTEGRALS
ON HOMOGENEOUS GROUPS

Xinfeng Wu

Abstract. Let G be a homogeneous nilpotent Lie group. In this paper, we
introduce a new class of multiparameter weights Af associated with a flag F
on G and show that such class of weights can be characterized via two type of
flag maximal operators. We then prove that singular integrals with flag kernels
are bounded on L%,(G),1 < p < oo, when w € A7 (G), which extends a recent
result of Nagel-Ricci-Stein-Wainger in [13]. As an application, we get weighted
norm inequalities for the multiparameter Marcinkiewicz multipliers on Heisenberg
groups introduced in [11].

1. INTRODUCTION

Flag singular integral operators were comprehensively studied in recent years and
many applications were found in analysis on Heisenberg groups, theory of function
spaces, several complex variables and etc. Such class of operators were introduced by
Mauller, Ricci and Stein [11] when they studied the Marcinkiewicz multiplier on the
Heisenberg groups H™. They obtained the surprising result that certain Marcinkiewicz
multipliers, invariant under a two-parameter group of dilations on C" x R, are bounded
on LP(H"), despite the absence of a two-parameter automorphic group of dilations on
H™. To study the (J,-complex on certain CR submanifolds of C™, Nagel, Ricci and Stein
[12] studied further a class of product singular integrals with flag kernels. Applying the
theory of flag kernels, Nagel and Stein [14] obtained remarkable results on the optimal
estimates for solutions of the Kohn-Laplacian for certain classes of model domains in
several complex variables. More recently, using Littlewood-Paley theory, Nagel, Ricci,
Stein and Wainger [13] extended the above results to a more general setting, namely,
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homogeneous group. We would like to point out that Gtowacki [5, 6] independently
obtained similar results by using Melin calculus on homogeneous groups developed in
[7]. The multiparameter Hardy spaces associated with flag kernels were developed by
Han and Lu [8] in the Euclidean setting and by Han, Lu and Sawyer [9] in the setting
of Heisenberg groups and atomic decomposition characterizations for the Hardy spaces
were established in [16]. For other results about flag kernels, we refer the reader to
[3, 17, 18]. While the theory of flag kernels are satisfactorily established, it is still
open how to develop a theory of multiparameter weightes associated with flag kernels,
even in the setting of Heisenberg groups.

The purpose of this paper is to address this question. More precisely, we shall
introduce a new class of flag weights Apf (associated to a flag F) on a homogeneous
group G and provide characterizations of Apf via two kinds of maximal operators. We
then prove that singular integrals with flag kernels are bounded on L, (G), 1 < p < oo,
when w € Azf(G), which extends a recent result of Nagel-Ricci-Stein-Wainger in
[13]. As an application, we also get weighted norm inequalities for the multiparameter
Marcinkiewicz multipliers introduced in [11] on Heisenberg groups.

To state our main results more precisely, we begin with recalling some basic def-
initions and notations on homogeneous groups. Let G be a homogeneous nilpotent
Lie group with Lie algebra g. A Lie group G is homogeneous means that there is
a one-parameter group of automorphisms o, : G — G for r > 0, with §; = Id.
As a manifold, G is an N-dimension real vector space, and we assume that with an
appropriate choice of coordinates, G = R” and the automorphisms are given by

Slx] =72 =Nz, .. rWVay)

with1 < d; < dy < --- < dy. We identify G with RY as above. The bi-invariant Haar
measure on G is Lebesgue measure dy = dy; - - - dyy. The convolution of functions
f,g € LY(G) is given by

fglx) = /G F ey g(y)dy = /G F(w)glyz)dy.

and the integral converges absolutely for almost all € G. For more details about
homogeneous groups, we refer the reader to [4, 10]

A standard flag F associated to the partition N = a1 +---+ a, (a; > 0) is a
collection of increasing subspaces

(11) (0)CR™ CR™1@R™ C---CR2@--- @R CR” @--- @R =R,

Throughout this paper, we fix the partition and the flag on G = R, In what follows,
for x € RY, we always write x = (1, ..., z,) With 2, = (zp,, . .., 2,) € R% so that
q = pi+a; — 1. Denote by J; = {p;,...,q} the set of subscripts corresponding to
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the factor R* so that {1,..., N} is the disjoint union J; U ... U J,. With the family
of dilations defined above, the action on the subspace R is given by

_ oy dy
reaxp = (r%ay,, ..., rf,,).

The homogeneous dimension of R is Q; = dj, + -+ +dg, = >_,c 5, d;. The function
Ni(z1) = supp,<s<q, |zs|*/% is a homogeneous norm on R™ so that Ny(r - z;) =

rNi(z)). f a = (ay,...,any) € NV, let & = (ap,, . . ., ag), and set
[a] = ap,dp, + -+ - + g dy, Za]
Jjed
Let
Gk:{a::(azl,...,xn)GRN:x1:~~~:a:k_1:0}

={(0,--+,0,zp,...,2n) €ERY 1 2; €RY k< j < n},

and let G- denote the annihilator of G,. We can identify G, with R% & - - - @ R% so
that G = R% @ --- @ R%-1. For z € G, we also write

fL’—([L’L, )GkaGk

It follows from the formula for group multiplication that Gy, is a subgroup of G. We
let m(E) denote the Lebesgue measure of a set E C G = G4, and my(F) denote the
Lebesgue measure on Gy, of subset F' C Gj. For s = (sg, ..., Sn), let

RF = RI(0) = {(zk, ..., 20) € Gk : zg] < 2%, || < 587}

We say that the size of the rectangle R; is acceptable if si < spy1 < -+ < sp.

Definition 1.1. The maximal function Mf on G is defined by

Mz(f)(z) = D T |f(zy™")|dy,

\R\ R,

where the supremum is taken over all acceptable rectangles R, = Rgl) C G =Gh.

We now introduce the Muckenhoupt weight Apf associated to the flag F on G.
Define the translated acceptable rectangles Rs(z) := z- Rs(0) = {z-y : y € B4(0)}.
Denote by R+ the set of of translated acceptable rectangles.

Definition 1.2. Let w be a nonnegative measurable function on G. We say that w
is a flag weight in A7(G) if

sup / da: / —1/p=1) da:)p_l <oo forl<p< oo,
ReR £ ‘R‘ ‘R‘

(z) < Cw(z), a.e. for p=1.
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We would like to point out that in the Euclidean setting when G’ = R¥, the flag
weights defined above are different from the product weights used in [2]. The standard
maximal function M} on the subgroup G, is defined by

M) ) = sup om0l

where B(p) = B (p) is the automorphic one-parameter ball given by
B®(p) = {a* = (wg, ..., wn) € Gt [wg| < p@, [apaa| < p0, o fzg] < p90),
and - denote the group multiplication on subgroup Gy. Let
BY (p) = {a* -4+ 4 € BW ()}
Define the maximal operator M; on G by
Mi(f)(@) = 5y @ My)(f)(@) = Mi(f (2, ) ("),

where 0.1 is the Dirac mass at (0) € Gi-. We then define another type of flag maximal
operator by

Mf:Mno]/\\J/n_lo...o]/\Zl.

For k =1,...,n, the one-parameter weight classes Aék), relative to ]\A/fk on G, are
defined as follows.

Definition 1.3. Let w be a nonnegative measurable function on G. We say that w
is in AY(G),1<p < o0, if
-1

1 koo ko k 1 ko1 (1) gk )
<\B(k)\ B(k)w(acbx )dx ) <\B(k)\ B(k)w(acl,x) =1 1 <C

for all B®) c G and almost all 2% € GiL. If My(w)(z) < Cw(x), a.e., then we say
we AP (@),

By definition, Aék)(G) consists of those weight functions that satisfy uniform A,
property in flag subvariables of Gy, k=1,...,n.
Our first main result is as follows.

Theorem 1.4. Let 1 < p < oo and w be a nonnegative measurable function on
G. Then the following four conditions are equivalent:

(1) we A(G);
2) we A NnAPG) NN A (@)
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(3) My is bounded on L%, (G);
(4) Mg is bounded on L%,(G).
Using Theorem 1.4, we get the following weighted Fefferman-Stein vector-valued
inequality.

Theorem 1.5. Let 1 < p < oo and w be a nonnegative locally integrable function
on G. Then the following weighted Fefferman-Stein vector-valued inequality holds

I2(G) = CH(/R ‘ft‘2%>1/2’

n
+

wy||( [ esrrg) "

MR

if and only if w € A7(G).

L5(G)’

The following definition of flag kernels on G was introduced in [13].

Definition 1.6. A flag kernel adapted to the flag JF is a distribution K € S'(RY)
which satisfies the following differential inequalities (part (a)) and cancellation condi-
tions (part (b))

(@) For test functions supported away from the subspace x; = 0, the distribution
IC is given by integration against a C*°-function K. Moreover for every a =
(a1,...,an) € ZN there is a constant C,, so that if ay, = (., ..., ayg,), then
for # 0,

|0°K ()| < Ca [ [N1(1) + - + Niag) |71,
k=1
(b) Let {1,....,n} = LUM with L = {ly,...,lo}, M = {mq,...,mg} and
LN M = 0 be any pair of complementary subsets. For any ¢ € C§°(R™)
and any positive real numbers Ry, ..., Rg, put Yr(Tmy,- .-, Tmy) = Y(R1 -
Ty - R - Tmy,). Define a distribution ICffR € S'(R T py setting

<ijR’ (P> - <IC7 wR ® (P>

for any test function ¢ € S(R** ) Then the distribution ICjR satisfies
the differential inequalities of part (a) for the decomposition R*1 & - - - @ R%r,
Moreover, the corresponding constants that appear in these differential inequal-
ities are independent of the parameters { R, ..., Rs}, and depend only on the
constants {C,, } from part (a) and the semi-norms of .

The constants {C,} in part and the implicit constant in part are called the flag
kernel constants for the flag kernel K.

The second main result of this paper is the following
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Theorem 1.7. Let 1 < p < oo and w € A7 (G). If K a flag kernel on G, then the
convolution operator T'(f) = f * K is bounded on L%,(G).

Finally, we give an application of Theorem 1.7 to Marcinkiewicz multipliers on
Heisenberg group H™. Recall that the Heisenberg group H" is a two-step homogeneous
nilpotent group on C™ x R with the multiplication law

(z,t)- (2, 8) = (2 + 2, t+1 +23(2- 2)).
Let Z be the center of H™ define by
Z={(0,t): 0 C",t € R}.
The flag F on H" is given by
(0) c Z2 Cc H"™.
In [11], Muller-Ricci-Stein studied a class of multiparameter Marcinkiewicz multipliers
on H™. They showed that such class of Marcinkiewicz multipliers can be characterized
by the flag singular integrals on H™. Applying Theorem 1.7, we then get the following
weighted norm inequalities for the multiparameter Marcinkiewicz multipliers studied
in [11] on H".

Theorem 1.8. Let 1 < p < oo and w € A7 (H"). Suppose that m(¢,7) is a

function on R™ x R satisfying

|(€06)*(18y) m(&,m)| < Cap
for all o, 3 < N, with N large enough. Then m(L,i7) is a bounded operator on
L%, (H™). Here L is the sub-Laplacian and 7 is the central element of the Heisenberg
Lie algebra.

2. PrRooOF oF THEOREM 1.4

We prove Theorem 1.4 by showing (1) = (2) = (3) = (4) = (1).

We show first (1) = (2). Note that all one-parameter balls B(")(p) are acceptable,
we thus have A7 (G) C Aél)(G), 1 < p < oo. To see that A7 (G) C Aék)(G), 1<k<
n, we assume that w € A7 (G). Given any translated one-parameter ball B®) (2 p)
and r < p, set

k k
BP(r) = BY (af.7)
={a® o (yr, 1) € G | < Q- k| < @R

Then B'"(r) shrinks to =% € Gi as r tends to zero. Moreover, B\") (2% r) x
BW(a*, p) € Rr. Thus, w € AT (G) gives

! TIRTAY: Tl /
(‘B Pl JB® (p (méf)(mw@’y)dy)d‘y)

1 1 7)Y\ ay )’
X —_— : dy )d <C.
(\B & (p)| Jew(, (\B )( )| /Bgc)(r)w@ v) y) y)
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Letting » — 0 and applying Lebesgue’s differential theorem, we get

-1
/ w(zk ,y / w(zk y) e 1)cly>p <C
1B®)(p)] *)(p 1B®) (p)] *) (p

for all B®)(p) C Gy, and almost all ¥ € G+, This verifies w € AY)(G) and thus
the implication (1) = (2) is proved.

The second implication can be proved as in the Euclidean case (see [15]) while the
third follows immediately from the following Lemma (see [13, Lemma 9.3]).

Lemma 2.1. There is a constant C so that for all z € G,

Mz(f)(z) < CMz(f)(2).

To show the last implication (4) = (1), we assume that M is bounded on L%, (G)
for a non-negative locally integrable function w. Apply this to the function fxgr
supported in an acceptable rectangle R and use that 1/|R| [, |f| S Mr(fxr)(x) for
all x € R to obtain

wl ‘R‘/\f )| dz) <c/ M (Fxn)(@))Pw(2)dz

<G, [ 1f@Puta)s

where w(R) = [ w(x)dz. It follows that

(G [ 1) < -2

for all R € R and all functions f. Now we take f = w/?, which gives fPw =
w~P'/P. We thus get that w should satisfy the inequality (1) under additional assumption
that infz w > 0 for all acceptable rectangles R. If infrw = 0 for some acceptable
rectangles R, we take f = (w+5)—p//p. Repeating the similar argument, we can derive

/ )z ) / o ) <
a: r dx < Gy,
\R\ \R\ !

from which we can still get the conclusion (1) via the Lebesgue monotone convergence
theorem by letting ¢ — 0. This ends the proof of the implication (4) = (1) and hence
Theorem 1.4 follows. u

x)|Pw(z)dz

3. ProoF oF THEOREM 1.5

To prove the sufficient part of Theorem 1.5, we need the following one-parameter
weighted Fefferman-Stein’s inequality.
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Lemma 3.1. Let 1 <k <mn,1 < p,q < oo and let u be a A,(G}) weight (i.e.
the classical Muckenhoupt weight on Gy).

(3.1) H (% \Mk(fmg)lm’ Lo < C’H (]ZE; ‘fj\2>1/2’

The key tool in the proof of the above inequality in Euclidean setting is the the
Calderon-Zygmund decomposition. Such decomposition in the current setting was
provided in [15]. Based on the Calder6n-Zygmund decomposition, the proof of Lemma
3.1 is just a recreation of the Euclidean one in [1]. We omit the details here.

We now assume that w € A7 (G). By Theorem 1.4, w € Aék), k=1,...,n. Thus
for each a:l e G, (acL, -) is in A, (Gy) uniformly for xL Thus the the Welghted
Fefferman-Stein’sinequality in Lemma 3.1 hold for u = w(z% , -). Lifting to G yields

LE(Gy)

S ) NS )y 15050
By iteration,
[0y = ()

This together with Lemma 2.1 yields
6 (TR, =l (S )"
JET

To pass to the continuous one in Theorem 1.5, we assume first that f;(z) is jointly
continuous and has compact support. For each ¢ > 0, apply the conclusion (3.2) to
the case where { f;(z)} are enumeration of the €/2F.j, ¢, . cin (), for (ji, 32, - - -, jn)
ranging over (Z*)™, and then let ¢ — 0, obtaining the desired result in this case. For
the general f;, assuming that is finite, find a sequence ft(k) (x) of continuous functions

of compact support, with ft(k) (x) — fi(x) almost everywhere, so that

I 1) = I, i)

Applying the previous case and Fatou’s lemma, we obtain the desired estimate.
Concerning the necessity of w € Azf(G), take f; = f fort € [1,2]" and f; =0

otherwise. Then we see that w € Azf(G) is necessary by the scaler-valued result in

Theorem 1.4. This concludes the proof of Theorem 1.5. ]

LP

(@)
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4, ProoF oF THEOREM 1.7

The proof is similar to the unweighted case in [13] and we provide it for the sake
of completeness. We first recall the square functions introduced in [13]. Since each
subgroup Gy is a homogeneous group with family of dilations §,., there exists a finite-
dimensional inner-product space V;, and a pair o(¥), (k) of Vj-valued functions, with
©F) € C5°(G},) supported in the unit ball, and »¥) € S(G}) a Schwartz function, so

that
/ o®) (z)dx = Y (z)dx = 0
G G

and

) (o =1y (8 (o 38
(4.1) ; Vo (Y ™) - ©q (y>;—5o~
Here

Pl = 4Dt g6, (2)

with a similar definition for z/J{gk)(a:) and - denotes the inner product in Vj. See [4,
Theorem 1.61].

The operators Pék) and Qflk), acting on functions on Gy, are defined by Pék) (f) =
f* (p((lk) and Q,(lk)(f) = f* z/zék). Note that (4.1) implies that

4.2) / OO
0 a

Next, define the square functions S and S,f by setting

sune@ = ([T Ieo@re) " st = ([T 1ePnwre) "

a a

Since w € A7 (G), by Theorem 1.4, w(zk,-) is in A,(Gg), uniformly in 2% € Gy
Then the classical weighted Littlewood-Paley theory gives

43 W, @~ IS, o~ ISEDIe L 6
w w(z w(z® -

G
(x’j,»( F k,

for 1 < p < oco. Now, we transfer these inequalities to the whole group G. Let

() =
HOE

(51’1 Tk—1 ®§0a )>7
*(51’1 Tk—1 ®1/1 )

f
f
& ‘Qda 1/2’
e
0

*
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Then by (4.3) we have

112z ~ 156Nz ~ I1SF (D)

Moreover, these inequalities also hold for Hilbert-valued functions.
For each t = (t1,...,t,) € (RT)", set

p=B".p" Y. ... B,
Thatis, P,(f) = f*®,, where &, = @Ef&(ﬁ@* . ~>x<(ﬁ§:), and @Ef) = Ogyap_y ®cp§f).
Similarly, define

o= O = CINNN =0

t1
Q=0 QD G,
* ~(1 ~(2 ~(n
Qr = le) . Q§2) ..... an).
Note that Q;(f) = f * 1y, with ¢ = Jt(ll) Kook Jt(") and 1, is also V-valued. Finally,
set

s = ([ 1rowig)"

s = ([ 1enmig)”

and £N1)2
s@ = ([ ltrertro@n@Py) ",
(R+)n [t]
where [t] =1 - to - - t,. Then by (4.2), we get the following reproducing formula

dt
PO~ qa.
/(R+)" T

To prove Theorem 1.7, we need the following
Lemma 4.1. Let 1 < p < oo and w € A7 (G). We have

(@) 1S(Hllzzay ~ ISF (O ey ~ 1oy
0) 18(Nlezc) < Cllflliz )
Proof. ~ We first use induction on n to prove the < part of (a). The case n = 1

follows from (4.3). Assume that the assertion holds for n = k — 1. The Hilbert-valued
version of inequality (4.3) together with the inductive hypothesis yields

IS ez
4.4 e - dty - -dtp_1\1/2
OO (R Bty

ocyi-t ty--tp—1

15G) Sl e -
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This gives the desired conclusion for n = k.
The converse inequality follows by duality argument. Indeed, by Cauchy-Schwarz’s
inequality,

1 £1l e,
= sup ’/f da: sup ’/G’(/" P;QAf)@)%)@dx’
geLr | +

) giﬂf’_ / ’/G/ . Pt<g><x>Qt(f>($)%da:’

gy LU ) s
< o ([, o), N(feowrg)

s H(/+ ‘Qt(f)(xM?%)l/?

Similarly, we can show that the assertion (a) continues to hold if the operator S is
replaced by S#.

To prove the assertion (b), we use the weighted Fefferman-Stein’s inequality in
Corollary 1.5 and a similar inequality to (4.4) with S replaced by S# to get

LY,

ISz = ([, 100 Mo @)

SIS*(Dllz ey S Iz

Li(G)

This proves assertion (b) and hence Lemma 4.1 follows. |

We also need the following lemma, whose proof can be found in [13].

Lemma 4.2. Suppose K is a flag kernel and T'(f) = f « KC. Then
S[T(Hl(x) S 6(f) ().

Now, we are ready to give

Proof of Theorem 1.7. Applying Lemmas 4.1 and 4.2 yields

1Tz S NISTT N eniey S 16Nz S 1l

Hence Theorem 1.7 is proved. ]
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