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THE ABSOLUTE LENGTH OF ALGEBRAIC INTEGERS
WITH POSITIVE REAL PARTS

Qiang Wu* and Xiaoxia Tian

Abstract. Let α be a nonzero algebraic integer of degree d, all of whose conjugates
αi are confined to a sector |arg(αi)| ≤ θ with 0 < θ < π/2. Let P = Xd +
b1X

d−1 + · · · + bd be the minimal polynomial of α. We give in this paper the
greatest lower bounds ρL(θ) of the absolute length L(P ) = (1 +

∑d
i=1 |bi|)1/d

of all but finitely many such α, for ten different values of θ.

1. INTRODUCTION

Let α be a nonzero algebraic integer of degree d, and let α1 = α, α2, · · · , αd be its
conjugates, with P = Xd+b1X

d−1+· · ·+bd−1X+bd ∈ Z[X ] its minimal polynomial.
The length of α is given by

L(P ) = 1 + |b1| + · · ·+ |bd|,
and L(P ) ≥ 2(as P �= x). The absolute length of α is given by

L(P ) = L(P )
1
d .

The length L(P ) is an important measure of a nonzero algebraic integer. We have
the inequality[3] M(P ) ≤ L(P ) ≤ 2dM(P ), where M(P ) is Mahler measure of
P which is given by M(P ) =

∏d
i=1 max(1, |αi|). From Kronecker’s theorem and

Lehmer’s conjecture, we know that M(P ) is either 1 (if P is cyclotomic) or thought
to be bounded away from 1 by an absolute constant (if P is not cyclotomic)[1][2].
From a result of Langevin[5], we know that there is a constant CΩ(V ) > 1 such that
the absolute Mahler measure Ω(P ) := M(P )1/d is either 1 or else satisfies Ω(P ) ≥
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CΩ(V ), when zeros of P are restricted to the closed set V which does not contain
the whole unit circle. In the case where V is the sector {z : | arg(z)| ≤ θ} where
0 ≤ θ ≤ π, G. Rhin and C. Smyth[7] succeeded in finding c(θ) exactly for θ in nine
intervals, where c(θ) denote the largest value of CΩ(V ). In 2005, G. Rhin and the
first author[8] improved the result to thirteen subintervals of [0, π] and extended some
known subintervals.

The absolute length L(P ) is thought to be greater than an absolute constant CL(V ),
when all the zeros of P are restricted to a set V . In fact, from M(P ) ≤ L(P ) ≤
2dM(P ), on taking the dth root, that Ω(P ) ≤ L(P ) ≤ 2Ω(P ). Hence, from Langevin’s
result, we can deduce the existence of CL(V ) > 1 for the same V for which Langevin’s
result is valid.

If P is the minimal polynomial of totally positive algebraic integer α (different
from x− 1), then L(P ) =

∏d
i=1(1 + αi). In 1995, Flammang[3] succeeded in finding

a good value for the constant ρL. She proved that the absolute length of totally positive
algebraic integer α satisfies L(P ) ≥ ρL = 2.36110147 · · · with for five exceptions in
the spectrum given by 7 algebraic integers, whose minimal polynomials are x2 − 3x +
1, x3−5x2+6x−1, x3−6x2+5x−1, x4−7x3+13x2−7x+1, x4−7x3+14x2−8x+
1, x4−8x3+14x2−7x+1, x8−15x7+83x6−220x5+303x4−220x3+83x2−15x+1.
Recently, Mu and the first author[6] improved these results to ρL = 2.364950 · · · , with
the same exceptions.

Let P be the minimal polynomial of algebraic integer α of degree d whose conju-
gates have positive real parts, i.e. �(αi) > 0 for 1 ≤ i ≤ d. As P (−x) is a product
of terms x + α for α real and terms (x + α)(x + α) = x2 + 2�(α)x + αα otherwise
and so has positive coefficients, then the length of α can be written as

L(P ) = |P (−1)| = |(−1 − α1)(−1 − α2) · · · (−1− αd)| =
d∏

i=1

|1 + αi| .

Then

L(P ) =

(
d∏

i=1

|1 + αi|
) 1

d

.

The aim of this paper is to find not only the value for the constant CL(V (θ)) but
also a good value for a constant ρL(θ) > CL(V (θ)) such that L(P ) ≥ ρL(θ) for all
but an explicit finite list of P when all the zeros of P are restricted to a set V (θ),
where V (θ) is the sector {z : | arg(z)| ≤ θ} for a fixed θ with 0 < θ < π/2. It is clear
that ρL(θ) is a non-increasing function of θ. We succeed in finding ρL(θ) exactly for
θ with ten different values. We have

Theorem 1. Let P be the minimal polynomial of algebraic integer α of degree d

whose conjugates have positive real parts. Let V (θ), L(P ), ρL(θ) and CL(V (θ)) be
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defined as above. If all the zeros of P are restricted to the set V (θk) for each θk in
Table 1, then the absolute length of P satisfies L(P ) � ρL(θk) respectively, except
for those algebraic integers whose minimal polynomials are denoted Q∗

j in Table 1.
In particular, the value CL(V (θ)) of L(P ) for such P is attained by L(P ) as given
in the 4th column of Table 1.

Remark 1. In Table 1 Q∗
16 = (x3 − 5x2 + 6x − 1)(x3 − 6x2 + 5x − 1), Q∗

30 =
(x4 − 7x3 + 14x2 − 8x + 1)(x4 − 8x3 + 14x2 − 7x + 1).

In Section 2, we prove Theorem 1 by using explicit auxiliary functions. We briefly
describe the research method in Section 3.

2. THE EXPLICIT AUXILIARY FUNCTION FOR THE ABSOLUTE LENGTH OF P

2.1. The explicit auxiliary function for the absolute length of P

For a fixed θk , we consider an explicit auxiliary function of the type

(2.1) fk(z) =
1
2

log(1 + z)(1 + z) −
J∑

j=1

ekj log |Qkj(z)|,

where z is a complex number, the numbers ekj are positive real numbers and the
polynomials Qkj are nonzero elements of Z[X ]. The numbers ekj and the polynomials
Qkj are always chosen to maximize the minimum of fk(z) on V (θk). We denote by
mk the minimum of fk(z) for z ∈ V (θk). Since the function fk is harmonic in this
sector outside the union of arbitrarily small disks around the roots of the polynomials
Qkj , this minimum is taken on the boundary of V (θk).

We have ∑
1≤i≤d

fk(αi) ≥ dmk

and

log L(P ) ≥ dmk +
∑

1≤j≤J

ekj log

∣∣∣∣∣∣
∏

1≤i≤d

Qkj(αi)

∣∣∣∣∣∣ .∏
1≤i≤d Qkj(αi) is equal to the resultant of P and Qkj . If we assume now that

polynomial P does not divide any polynomial Qkj , then this resultant is a nonzero
integer. Therefore

logL(P ) ≥ dmk,

so that

(2.2) L(P ) ≥ emk .
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2.2. The proof of the Theorem 1

For each θk in Table 1, we take Qkj in the auxiliary function fk as Qj (which is
given in Table 3) in the kth row of Table 1 and ekj respectively in the kth row of Table
2. With (2.2), by numerical computation, we then obtain Theorem 1.

3. THE METHOD

In order to get the largest lower bound for L(P ), we only need to find the greatest
mk. If, in the auxiliary function of (2.1), we replace the real numbers ekj by rational
numbers we may write

(3.1) fk(z) =
1
2

log(1 + z)(1 + z)− t

hk
log |Hk(z)|,

where Hk is in Z[X ] of degree hk and t is a positive real number. We want to obtain
a function fk whose minimum mk in V (θk) is as large as possible. That is to say, we
seek a polynomial Hk ∈ Z[X ] such that

sup
z∈V (θk)

|Hk(z)|t/hk ((1 + z)(1 + z))−1/2 ≤ e−mk .

Now, if we suppose that t is fixed, say t = 1, it is clear that we need to get an effective
upper bound for the quantity

tZ,ϕ(V (θk)) = lim inf
hk≥1

hk→∞
inf

Hk∈Z[X ]
deg Hk=hk

sup
z∈V (θk)

|Hk(z)|t/hkϕ(z)

in which we use the weight ϕ(z) = ((1 + z)(1 + z))−1/2. To get an upper bound for
tZ,ϕ(V (θk)), it is sufficient to get an explicit polynomial Hk ∈ Z[X ] and then to use
the sequence of the successive powers of Hk.

The function tZ,ϕ(V (θk)) is a generalization of the integer transfinite diameter. For
any h ≥ 1 we say that a polynomial H (not always unique) is an Integer Chebyshev
Polynomial if the quantity supz∈V (θ) |H(z)|t/hϕ(z) is minimum. With the first author’s
algorithm[10], we compute the polynomials H of degree less than 30 and take their
irreducible factors as the polynomials Qj . We start with the polynomial x− 1, get the
best e1 and take t = e1. When we have computed J polynomials, we optimize the
numbers ej with a refinement of the semi-infinite linear programming method that has
been introduced into number theory by Smyth[9]. This gives us a new number t. We
continue by induction to get J + 1 polynomials. More details can be found in [4].

We use also the LLL algorithm to find candidates for Qj . The optimal function f is
obtained by semi-infinite linear programming[10]. Moreover, technical improvements
allow us to find the polynomialsQj with higher degrees than before. Table 1 shows the
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10 θk’s, the greatest value for the constant ρL(θk) and the absolute constant CL(V (θk))
when all the zeros of P are restricted to the set V (θk), for each k. The last column
in Table 1 gives the polynomials Qkj which are used in the auxiliary functions fk(z).
The corresponding polynomials are those in Table 3. All the coefficients ekj in the
auxiliary functions fk(z) can be found in Table 2.
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