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SOME GENERALIZED LACUNARY POWER SERIES WITH ALGEBRAIC
COEFFICIENTS FOR MAHLER’S U-NUMBER ARGUMENTS

Gulcan Kekeg

Abstract. In this work, we show that under certain conditions the values of
some generalized lacunary power series with algebraic coefficients for Mahler’s
U,,—number arguments belong to either a certain algebraic number field or
Ule U, in Mahler’s classification of the complex numbers, where ¢ denotes a
positive rational integer dependent on the coefficients of the given series and on
the argument. Moreover, the obtained results are adapted to the field Q, of p—adic
numbers.
1. INTRODUCTION

A power series
o0

F(z)=> cpa" (ch€C for h=0,1,2,...0rc, €Q, for h=0,1,2,..)
h=0

with a positive radius of convergence, satisfying the following conditions

ch=0, T, <h<s, (n=123,...),

ch #0, h=r, (n=1,2,3,...),

ch, #0, h=s, (n=0,1,2,...),
where {s,, }5°, and {r, }>° , are two infinite sequences of non-negative rational integers
with

0<s9<r; <81 <ry<s9<r3<s3<... and lim — = oo,

n—oo 1y,

is called a generalized lacunary power series.

Received August 5, 2012, accepted June 16, 2013.

Communicated by Wen-Ching Li.

2010 Mathematics Subject Classification: 11J82, 11J61.

Key words and phrases: Mabhler’s classification of the complex numbers and of the p—adic numbers,
Mahler’s U —number, Mahler’s p—adic U —number, Lacunary power series, Transcendence measure.



2 Gulcan Kekeg

In [7] and [8], Keke¢ shows that under certain conditions the values of some
generalized lacunary power series with algebraic coefficients from a certain algebraic
number field K of degree m for Liouville number arguments belong to either the
algebraic number field K or | J", U; in Mahler’s classification of the complex num-
bers. In the present work, the results given in [7] and [8] are extended to Mahler’s
U,,—number arguments. Namely, Theorem 3.1 and Theorem 3.2 are the extensions
of Theorem 3.1 in [8] to Mahler’s U,,,—number arguments and Theorem 3.1 in [7] to
Mahler’s U,,,—number arguments, respectively. Then the obtained results are adapted
to the field Q, of p—adic numbers on the light of the idea given in the paper Zeren
[20]. Namely, Theorem 3.3 and Theorem 3.4 are the p—adic versions of Theorem 3.1
and Theorem 3.2, respectively. The readers are also recommended to refer to Mahler
[14], Braune [1], Zeren [21], Yilmaz [18, 19], Gurses [4], Bugeaud [2], Calskan [3],
and Kekeg [6] for a literature survey.

The main purpose of this work is to give new methods for obtaining U —numbers in
Mabhler’s classification of the complex transcendental numbers and p—adic U — numbers
in Mahler’s classification of the p—adic transcendental numbers. Our new results are
stated and proved in Section 3, and the basic concepts concerning the literature and the
lemmas we need to prove the new results of this work are given in Section 2.

2. PRELIMINARIES

The following subsections Subsection 2.1 and Subsection 2.2 are the summary of
the well-known basic concepts in the literature and are also available in the author’s
previous papers Kekeg [8] and Kekeg [9], respectively.

2.1. Mahler’s classification of the complex numbers

Mahler [12], in 1932, divided the complex numbers into four classes and called
numbers in these classes A—numbers, S—numbers, T'—numbers, and U —numbers as
follows.

We shall be concerned with polynomials P(z) = a,z™ + - - - + a¢ with rational in-
tegral coefficients. The height H(P) of P is defined by H (P) = max (|ay|, .- ., |ao|),
and we shall denote the degree of P by deg(P).

Given a complex number ¢ and natural numbers n and H (recall that a natural
number means a positive rational integer), Mahler [12] sets

wa(H,€) = min{|P(€)] : P(x) € Z[z], deg(P) < n, H(P) < H, and P(€) # 0}.

The polynomial P(z) = 1 is one of the polynomials which lie in the minimum, and
so we have 0 < w,(H,§) < 1. We see that w,,(H, £) is a non-increasing function of
both n and H. Next, Mahler [12] sets

wn(§)

-1 H
wy(§) = h}{n sup %}W and  w(§) = li7rln sgp 7:2
—00 —
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Obviously, w,(§) is a non-decreasing function of n. Furthermore, the inequalities
0 < wy(§) <ocand 0 < w() < oo hold. If w,(§) = oo for some integers n, let
(&) be the smallest such integer. In this case, we have w,,(§) < oo for n < p(§) and
wp(§) = oo forn > p(§). If w,(§) < oo for every n, set u(§) = oo. Hence, u(&) and
w(§) are uniquely determined and are never finite simultaneously. Therefore, there are
the following four possibilities for &, and ¢ is called

e an A—number if w(¢§) =0 and p(§) = oo,
e an S—number if 0 < w(§) < oo and u(§) = oo,
e a T—number if w(§) = oo and (&) = oo,
e a U—number if w(§) = oo and u(&) < oo.

Every complex number ¢ is of precisely one of these four types. A—numbers are
precisely the algebraic numbers (see Schneider [16, pp. 68-69]). Let S, T, and U
denote the set of S—numbers, the set of T'—numbers, and the set of U—numbers,
respectively. Then the transcendental numbers are distributed into the three disjoint
classes S, T, and U. Let ¢ be a U—number such that p(§) = m, and let U,, denote
the set of all such numbers, that is, U,,, = {{ € U : u(§) = m}. Obviously, the set
Un (m =1,2,3,...) is a subclass of U, and U is the union of all the disjoint sets
U,,. An element of U, is called a U,,—number. Furthermore, LeVeque [11] showed
that U,,, is not empty for any natural number m.

Koksma [10], in 1939, set up another classification of the complex numbers. He
divided the complex numbers into four classes A*, S*, 7%, and U* as follows.

Suppose that « is an algebraic number. Let P(z) be the minimal defining polyno-
mial of « such that its coefficients are rational integers and relatively prime, and its
highest coefficient is positive. Then the height H («) of « is defined by H () = H(P),
and the degree deg(«) of « is defined as the degree of P.

Given a complex number ¢ and natural numbers n and H, Koksma [10] sets

wy(H, &) = min{| — af : « is algebraic, deg(a) < n, H(a) < H, and « # ¢},

wi(§) = h}{nj;lop Tog I , and w*(§) = h?rlrisgp —

Obviously, w} (H, ) is a non-increasing function of both » and H, and so w} () is
a non-decreasing function of n. Furthermore, the inequalities 0 < w*(¢) < oo and
0 < w*(§) < oo hold. If w} (&) = oo for some integers n, let ©* (&) be the smallest
such integer. In this case, we have w}(§) < oo for n < p*(€) and w} (&) = oo for
n > p*(§). If w;(§) < oo for every n, set u*(§) = oco. Hence, p*(&) and w*(§)
are uniquely determined and are never finite simultaneously. Therefore, there are the
following four possibilities for &, and ¢ is called

e an A*—number if w*(§) = 0 and p*(§) = oo,
e an S*—number if 0 < w*(§) < oo and p*(§) = oo,
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e a T*—number if w*(§) = oo and p*(§) = oo,
e a U*—number if w*(£) = oo and p*(&) < oc.

Every complex number £ is of precisely one of these four types. Let A*, S*, T*, and U*
denote the set of A*—numbers, the set of S*—numbers, the set of 7*—numbers, and the
set of U*—numbers, respectively. Then the complex numbers are distributed into the
four disjoint classes A*, S*, T, and U*. Let £ be a U*—number such that u*(§) = m,
and let U}, denote the set of all such numbers, that is, U, = {¢ € U* : p*(&) = m}.
Obviously, the set U}, (m = 1,2,3,...) is a subclass of U*, and U* is the union of
all the disjoint sets U¥,. An element of U}, is called a U}, —number.

Koksma’s classification of the complex numbers is equivalent to Mahler’s, that is,
the classes A*, S*,T*, and U* are the same as the classes A, .S, T, and U, respectively.
Moreover, U, = U}, (m =1,2,3,...) holds (see Schneider [16] and Wirsing [17]).

2.2. Mahler’s classification of the p—adic numbers

Let p be a fixed prime number, and let | - |, denote the p—adic absolute value
function on the field Q of rational numbers. We shall denote the unique extension of
| - |, to the field Q, of p—adic numbers, the completion of Q with respect to | - |,, by
the same notation | - |,,.

By analogy with his classification of the complex numbers, Mahler [13], in 1934,
proposed a classification of the p—adic numbers. Given a p—adic number £ and natural
numbers n and H, define the quantity (see Bugeaud [2])

wn(H,€) = min{|P(§)], : P(x) € Z[z], deg(P) < n, H(P) < H, and P(¢) # 0}
and set

wn(§) = hIr{n 1 SUp og I and  w(¢) = hgi sup

wn(§)

The inequalities 0 < w,,(§) < oo and 0 < w(§) < oo hold. If w,(£) = oo for some
integers n, then w(€) is defined as the smallest such integer. If w,,(§) < oo for every
n, set u(§) = oo. Hence, u(§) and w(§) are uniquely determined and are never finite
simultaneously. Therefore, there are the following four possibilities for the p—adic
number &, and ¢ is called

e a p—adic A—number if w(&) =0 and p(§) = oo,

a p—adic S—number if 0 < w(§) < oo and (&) = oo,

a p—adic T—number if w(£) = oo and p(§) = oo,

a p—adic U—number if w(&) = oo and () < oo.

Every p—adic number £ is of precisely one of these four types. The p—adic A—numbers
are precisely the p—adic algebraic numbers. Let S, T, and U denote the set of p—adic
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S—numbers, the set of p—adic T'—numbers, and the set of p—adic U —numbers, respec-
tively. Then the p—adic transcendental numbers are distributed into the three disjoint
classes S, T, and U. Let ¢ be a p—adic U—number such that x(¢) = m, and let U,,
denote the set of all such numbers, that is, U,,, = {{ € U : (&) = m}. Obviously, the
set Uy, (m=1,2,3,...) is asubclass of U, and U is the union of all the disjoint sets
U,,. An element of U, is called a p—adic U,,—number (see Bugeaud [2] for more
information about Mahler’s classification in Q,).

Given a p—adic number £ and natural numbers n and H, by analogy with Koksma’s
classification of the complex numbers, define the quantity (see Bugeaud [2] and Schlick-
ewei [15])

wy,(H, &) = min{|§ — o, : « is algebraic in Q,, deg(o) < n, H(o) < H,and o # £}

and set
_1 H * H *
H—oo 10g H R n

The inequalities 0 < w}(§) < oo and 0 < w*(§) < oo hold. If w}(§) = oo for
some integers n, then p*(&) is defined as the smallest such integer. If w? (&) < oo for
every n, set u*(£) = oo. Hence, p*(§) and w*(&) are uniquely determined and are
never finite simultaneously. Therefore, there are the following four possibilities for the
p—adic number &, and £ is called

a p—adic A*—number if w*(£) = 0 and p*(§) = oo,

a p—adic S*—number if 0 < w*(§) < oo and p*(§) = oo,
a p—adic T™—number if w*(§) = oo and p* (&) = oo,

a p—adic U*—number if w*(£) = oo and p*(§) < oo.

Every p—adic number £ is of precisely one of these four types. Let A*, S*, T%,
and U* denote the set of p—adic A*—numbers, the set of p—adic S*—numbers, the
set of p—adic T*—numbers, and the set of p—adic U*—numbers, respectively. Then
the p—adic numbers are distributed into the four disjoint classes A*, S*, T*, and U*.
Let £ be a p—adic U*—number such that x*(¢) = m, and let U}, denote the set
of all such numbers, that is, U}, = {{ € U* : p*(§) = m}. Obviously, the set
Uy (m=1,2,3,...) is a subclass of U*, and U* is the union of all the disjoint sets
U;,. An element of U, is called a p—adic U}, —number.

Both classifications in @, are equivalent, that is, the classes A, S, 7T, and U are
the same as the classes A*, S*, T*, and U*, respectively. Moreover, U,,, = U}, (m =
1,2,3,...) holds (see Bugeaud [2] for all references and Schlickewei [15]).

2.3. Lemmas

We need the following two lemmas to prove the new results of this work.
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Lemma 2.1. (icen [5]). Let ay,...,a (k > 1) be algebraic numbers which

belong to an algebraic number field K of degree m, and let F(y,z1,...,x) be a
polynomial with rational integral coefficients and with degree at least 1 in y. If  is
any algebraic number such that F'(n, a1, . .., ax) = 0, then

deg(n) < dm
and

H () < 32t m B B (0 )0 (a4,

where H is the height of the polynomial F', d is the degree of F' in y, and I; (i =
1,...,k)isthe degree of Finz; (i=1,...,k).

Lemma 2.2. (LeVeque [11]). Let « be an algebraic number of degree m, and let

o1} =, ..., al™ be its conjugates. Then
[al <2H(a),
where [@| = max (Ja{t, ..., [ad™}]).

3. New REsuLTs

3.1. Generalized lacunary power series in the field C of complex numbers

Theorem 3.1. Let K = Q(0) be an algebraic number field of degree ¢, and let
F(z)=>72 cnz (cn€ K, h=0,1,2,...) be a power series which satisfies the
following conditions

ch=0, T, <h<s, (n=123,..),
(3.2) e 20, h=ry, (n=1,2,3,...),

ch, #0, h=s, (n=0,1,2,...),
where {s,}°°, and {r,}>2, are two infinite sequences of non-negative rational inte-
gers with

S
(3.2) 0=50<r1<s1 <r9g<sg <r3<sy <ryg<ss <... and lim —nZOO.
n—oo ry,
Suppose that the radius of convergence R of the series Y5 [en] 2 1 is positive (R
may be finite or infinite) and

log A
(3.3) lim sup ogh " <0 (A = [ag, a1, ...,ap), h=1,2,3,..),7

h—o00

! |25 | denotes the maximum of the absolute values of the conjugates of the algebraic number c;, over Q.
2 [ao, a1, - ., ax] denotes the least common multiple of the rational integers ao, as, .. ., ax.
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where a;, (h =0,1,2,...)isasuitable natural number such that asc;, (h =0,1,2,...)
is an algebraic integer. Let L = Q(f) be an algebraic number field of degree m
and o, (n = 1,2,3,...) be algebraic numbers in L, and let deg(a,,) = m (n =
1,2,3,...). Moreover, assume that £ is a U,,,—number such that

1

(3.4) ‘f _'an‘ < }izz;;S;;;;:

(n=1,2,3,..),

where H(a,) > 1 (n = 1,2,3,...) and w,, =
lim,, oo wy, = 00, and

(3.5) €| < R.

o Tos Fi(an) (n = 1,2,3,...) with

Then either F'(§) is an algebraic number in the algebraic number field Q(9, 5), or
F(¢) e Ule Ui, where ¢ is the degree of Q(6, 3) over Q.

Proof. By (3.1), the series F'(z) can be written, for the complex numbers z at
which F'(z) converges, as

(3.6) F(z) =Y enz" =D Pul2),
h=0 k=0

where Py(z) = ZZ’:;k cpz (k=0,1,2,...). We shall prove the theorem in four
steps.

(1) The radius of convergence of the series F(z) = > 72, cp2” is greater than
or equal to R. For since |cy| < |én] (R =0,1,2,...), F(z) converges for all the
complex numbers = for which the series >°7° , [@,] 2" converges. Then F(z) converges
for z =¢.

(2) We shall consider the polynomials

n—1
(3.7) Fo(z) =Y Pu(z) (n=1,2,3,..).
k=0
Define the algebraic numbers
(3.8) M= Fulan) = > cnal €Q(0,8) (n=1,2,3,..).
h=sg

Since n, € Q(0,8) (n = 1,2,3,...), we have deg(n,) <t (n = 1,2,3,...),
where ¢ is the degree of Q(0, 5) over Q. By multiplying both sides of the equality

Tn
nn:Zchag (n=1,2,3,..)

h=sg

by A,,, we obtain
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(39) r,ﬂ?n - Z ArnChOé = 0.
h=sg
Ay cn, (h=sp,s0+1,...,r,) is an algebraic integer in the algebraic number field

K = Q(#). Moreover, we can assume that the algebraic number # € K given in the
hypothesis of the theorem is an algebraic integer and shall do so. Then we have

() (R) C 1
(3.10) Arnch:%—i—l?é?—i—- g 2929971 (h=s0,50 +1,...,70),
where ¢{ ¢ C " and D = |A2(1,6,...,6971)| > 0 are rational integers.
Here,
1 1 - 1
p{1} g2} o plat
A=A(1,0,...,097 = _ _ . . ;
(gg—i){l} (gg—i){2} (gg—i){g}

where (611, ... (0919} (i =1,2,..., 9 — 1) denote the field conjugates of #* (i =
1,2,...,9 — 1) for K = Q(0). Obviously, A and D depend only on 6 and the
conjugates of 6. We obtain from (3.9) and (3.10)

(3.11) DA,y — Z Z (h) groh

hSOMO

Then we have

(3.12) T (N, 0, ) =0,

where

(313) T(y,o1,23) = DAy — 3 Z s
h= S0 U= 0

is a polynomial in y, x1, zo with rational integral coefficients. Since DA,, # 0, the
polynomial T'(y, x1, z2) is of degree 1 in y. The degree of T'(y, x1,z2) In z is less
than or equal to g — 1, and the degree of T'(y, 1, z2) in 3 is r,. Denote the height
of the polynomial T'(y, x1, z2) by H. Then, by Lemma 2.1, we get

(3.14)  H(p,) <3t gtg0)9-V H (a,)™  (n=1,2,3,...).

Now let us determine an upper bound for the height H of the polynomial T'(y, z1, x2).
It follows from (3.13) that

_ (h)
(3.15) H= max (DAM,\CM \).
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Now we shall determine an upper bound for \C,Sh)\ (b=0,1,...,9—1; h=s0,50 +
1,...,m,). Put
(3.16) § = DA, ch.

Since A,, ¢y, is an algebraic integer in K and D is a natural number, ¢ is an algebraic
integer in K. By (3.10) and (3.16), we have

(3.17) 5=+ Mo+ (M (h=soso L., r).

By using the field conjugates of ¢ for K in (3.17), we obtain the system of linear
equations

s = ¢ 4 Moty o4 C;’Z)l(gg—l){l}

52} = Céh) n dh)@m IS C;/Z)l(eg_1){z}
(3.18)

slot = ¢V 4+ dh)@{g} +eeet C;’z)l(gg—l){g}

in the unknowns gé , 1 ). C Since A2(1,0,...,0971) # 0, the coefficient
matrix of (3.18) is different from zero Thus, the system of linear equations (3.18) has
a unique solution which is

g
Ay o
(3.19) ,(/’)=Zﬁ5“} (b=0,1,...,g—1),
j=1

where A,; (p=0,1,...,9—1; j=1,2,...,g)are complex constants which depend
only on # and the conjugates of 6. It follows from (3.19) that

g

p=0 j=1
We infer from (3.16) that

(3:21) 0] < DA, |exl.

By (3.20) and (3.21), we get

(3.22) (M < CE) A el (1=0,1,...,9—1; h=s0,...,70),

where C(K) = D ZZ;% ?:1 'fﬁlf'l is a positive real number which depends only on

0 and the conjugates of 6. It follows from (3.15) and (3.22) that

(323)  H< max (DA, C(K)A,[l) < C(K)A, max (L]e]),
=30 Tn
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where C(K) = max (D, C(K)) > 1 is a real constant which depends only on ¢ and
the conjugates of 6. Let us choose a real number p satisfying the inequality

(3.24) 0<|¢(l<p<R

(If R = oo, then p is chosen as p > |¢]). By (3.24), the series > 7%, [cn| p" is
convergent. Thus, we have limy, .o (5] p") = 0, so the sequence {[cz|p"},~ is
bounded, and therefore there is a real number M > 0 such that

.M
(3.25) len| < ra (h=0,1,2,...).
By (3.25), we have
(3.26) (1, @) < (1 M) <M ( (1 1))
. max ,1Chl) £ max v | < max ( 1, - ,
h=s0,...,Tn h h=s0,...,7n /)h ! P

where M; = max (1, M) > 1. We deduce from (3.3) that the sequence {%}j )
is bounded above. So there exists a real number o > 0 such that -

log A
(3.27) %ga (h=1,2,3,...).
We obtain from (3.27)
(3.28) A, <e”™ (n=1,2,3,...).

By (3.14), (3.23), (3.26), and (3.28), we get
(3.29) H(ny) < e H(ap)™ (n=1,2,3,..),

where e; = 3972C(K)e” My max <1, %) H(6)9~' > 1 is a real constant independent

of n, Ty, Sn, Nn, @, and H(ay,). On the other hand, by (3.4) and the fact that ¢ is
a U,,—number, we can assume that lim,_.~, H(a,,) = oo and shall do so. Thus,
e1 < H(ay,) holds for sufficiently large n. Hence, it follows from (3.29) that

(3.30) H(nn) < H(a)?™?
for sufficiently large n.
(3) We have
(3.31) [F(&) = nn| < [F() = Fu(E)| + [Fn(§) —nal  (n=1,2,3,..).

Now we shall determine an upper bound for |F(§) — F,,(§)| and |F,,(§) — nn|. By
(3.6), (3.7), (3.24), and (3.25), we get

F©) - R < 3 il <o (K1) <1+ € (1) +> |

h=sn P
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Thus, we obtain

(3.32) |F(€) - Fu()] < ? (n=1,2,3,...),

where e5 = 1% > 0and e3 = g > 1are real constants independent of n, 7.y, s, 1, i,

and H(ay,). Byp (3.25), we have

M
(3.33) el < - < MB"<MB" (h=0,1,2,..)),
p

where B = max (1, %) > 1. It follows from (3.4) that

(3.34) lom| < €] +1  (n=1,2,3,...).

From (3.4), (3.7), (3.8), (3.33), (3.34), and the fact that |£| < |£| + 1, we obtain

(3.35) |F(€) — | < (rn+1)° M{"B™ (|| +1)™ .

1
H (a,)rnwn
Since {r,}22, is a strictly increasing subsequence of natural numbers, it follows that
limy, oo {/ (7 + 1)2 = 1. Hence, there is a real number e4 > 1 such that

(3.36) (rn+1)* < e
for sufficiently large n. By (3.35) and (3.36), we have for sufficiently large n

Tn
s

(3.37) ‘Fn(f) - nn\ < W7

where e5 = e4M 1B (|§|+1) > 1. From (3.37) and the fact es < H(«y,) for suffi-
ciently large n, we get

1

for sufficiently large n. Let A be a real number such that 0 < A < min (1, loges).
Then the inequalities

€9 1
3.39 — <
( ) egn — H(an)rn(wn—l)k
and

1 1
(3.40) <
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hold for sufficiently large n. It follows from (3.31), (3.32), (3.38), (3.39), and (3.40)
that

2 1
(3.41) [F(§) = mnl <

<
H(an)rn(wn—l)A — H(an)rn(wn—2)>\

for sufficiently large n. We deduce from (3.41) that lim,, .~ |F'(§) — 7,,| = 0. Hence,
we get limy, oo 1, = F(§). We infer from (3.30) and (3.41) that

1
(hm Tn = OO)

(3.42) [F(§) —m| < Hp ) n—00

for sufficiently large n, where 5, = @222 — 123 ).

(4) There exist the following two cases for the sequence {|F'(&) — n,|}:

@) |F(&) —nn| =0 from some n onward:

In this case, n,, = F'(§) from some n onward, that is, {n,,} is a constant sequence.
Since n, € Q(0,5) (n =1,2,3,...), in case a), we see that F'(£) is an algebraic
number in Q(6, 3).

() |F(&) — nn| # 0 for infinitely many n:

In this case, F'(¢) is a U*—number with p*(F(§)) < t, and therefore we have
F(¢) € Ui_, Ur. Hence, in case b), we see that F(¢) € |Ji_, U; since U} is identical
with U; for any natural number i. This completes the proof of Theorem 3.1.

Theorem 3.2. Let K be an algebraic number field, and let F(z) = >37%, cp2”
(eh, € K, h=1,2,3,...) be a power series which satisfies the following conditions

ch=0, T, <h<s, (n=123,...),
(3.43) cp 70, h=ry, (n=1,2,3,...),

ch, #0, h=s, (n=0,1,2,...),
where {s,}22, and {r,}>2, are two infinite sequences of positive rational integers
with

(3.44) 1280§T1<$1§T2<82§T3<83§... and lim — = o0.

Suppose that the radius of convergence R of the series > 7%, H(cp)2" is positive,

log H
(3.45) lim supw < oo, and limsup(rpi1 — Sp) < oo.
h—o0 h n—00
Let L = Q(pB) be an algebraic number field of degree m and «,, (n =1,2,3,...) be
algebraic numbers in L, and let deg(a,,) = m (n = 1,2,3,...). Moreover, assume

that ¢ is a U,,,—number such that
1

(3.46) ‘f - O‘n‘ < W

(n=1,2,3,..),
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where H(a,) > 1 (n = 1,2,3,...) and w,, =
lim,, oo Wy = 00, and

rTos F(an) (n = 1,2,3,...) with

(3.47) €| < R.

Then either F'(¢) is an algebraic number in the algebraic number field K(53), or
F(¢) € Ui_, Ui, where ¢ is the degree of K (3) over Q.

Proof. By (3.43), the series F'(z) can be written, for the complex numbers z at
which it converges, as

(3.48) F(z)= ichzh = iPk(z),
h=1 k=0

where Py(z) = Z;’j;k cpz (k=0,1,2,...). We shall prove the theorem in four
steps.

(1) By Lemma 2.2, the radius of convergence of F'(z) is greater than or equal to
R. Then F(z) converges for z = &.

(2) We shall consider the polynomials

n—1
(3.49) Fu(2) =Y Pu(z) (n=1,2,3,..).
k=0

Define the algebraic numbers
(3.50)
N = Folon) = cspap) + CSO+10‘7810+1 +ten,ant € K(B) (n=1,2,3,...).

Since n, € K(8) (n=1,2,3,...), we have deg(n,) <t (n=1,2,3,...), where ¢ is
the degree of K (3) over Q. Then we get

(3.51) T (M, Qny Csgs Csgtls - - 5 Cry) = 0,

where

(3.52) T(y,x,x1,29,...,Tp,) =y — 212°0 — Tzt — .. — g g™

is a polynomial in y, x, 1, z2, . . ., x,, With rational integral coefficients. The polyno-
mial T'(y, x, z1, x2, .. ., ) 1S Of degree 1 in each y, x1, xo, ..., z,, and is of degree

rn in . The height H(T) of the polynomial T'(y, x, z1, x2,...,2.,) iS 1. Then, by
Lemma 2.1, we obtain

(353) H(n,) < 3" H(an)™ (H(csy) ... H(ery)') ... (H(cs, ,)' ... H(cr,)')
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forn =1,2,3,.... By the first inequality of (3.45), there exists a real number AM* > 0
such that % <M* (h=1,2,3,...), and hence we have

(3.54) H(cp) <AV (h=1,2,3,..),

where A = ™" > 1. By the second inequality of (3.45), there exists a rational integer
o > 0 such that

(3.55) sit(si+1) 4+ +rip <oripq (i=0,1,2,...).

It follows from (3.53), (3.54), and (3.55) that

(3.56) H (1) < 347" H ()"t ATt tra)et
forn = 1,2,3 . Sincer, > sp—1 (n=1,2,3,...) and lim, .o $* = oo, we have
limy, oo =~ r—_ = oo. Thus, there exists a natural number n* > 1 such that 2r,_1 <7,

for n > n*. From this, by induction, we obtain

(3.57) Tre +Tpeg1 + o+ 1 <2r,  (n>n").
We deduce from (3.56) and (3.57) that

(358) H(n) < ey H(an)™  (n>n"),

where ¢y = 32 A(ritrat+rax_1)0 A20 - 1 js a real constant independent of n, 74, 5y, 7,
ap, and H (ay,). On the other hand, by (3.46) and the fact that ¢ is a U,, —number, we
can assume that lim,,_,~, H(a,) = oo and shall do so. Thus, ey < H(«y,) holds for
sufficiently large n. Hence, it follows from (3.58) that

(3.59) H(nn) < H(ay)?™?
for sufficiently large n.
(3) We have
(3.60) [F(&) = nn| < [F(&) = Fu(E)] + [Fn(€) —nal  (n=1,2,3,..).

Let us choose a real number p satisfying the inequality
(3.61) 0< ¢ <p<R.

By (3.61), the series F'(p) = S_7°, cpp” is convergent, so the sequence {c;p"}5°, is
bounded, and therefore there is a real number A > 0 such that

M
(3.62) als 2 (=123,
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It follows from (3.48), (3.49), (3.61), and (3.62) that

(3.63) FO-FOI< 5 (=123,

where e; = 1iwﬂ >0 and e; = g > 1. By (3.46), we get

(3.64) p lan| < JE]+1  (n=1,23,...).

We deduce from (3.46), (3.49), (3.50), (3.62), (3.64), and the fact |£| < || + 1 that
(3.65) Bl ~ | <

H(an)rn(wn—l)

for sufficiently large n. Let A be a real number satisfying the inequality 0 < A <
min(1,loges). Then, for sufficiently large n, the inequalities

el < 1 1 1

: — d <
(3 66) e;” — H(an)rn(wn—l)A an H(an)rn(wn—l) — H(an)rn(wn—l)A
hold. By (3.60), (3.63), (3.65), and (3.66), we have
2 1

for sufficiently large n. It follows from (3.67) that lim,,,~ |F'(§) — n,| = 0. Hence,
we get limy, oo 1, = F(§). We infer from (3.59) and (3.67) that

1
3.68 F(& —n < —— lim 7, = o0
(3.68) () ~ml < v (Jim, )
for sufficiently large n, where ~,, = % (n=1,2,3,...).

(4) There exist the following two cases for the sequence {|F'(&) — n,|}:

@) |F(§) —nn| =0 from some n onward:

In this case, n,, = F'(§) from some n onward, that is, {n,,} is a constant sequence.
Since n, € K(8) (n = 1,2,3,...), in case a), we see that F'(£) is an algebraic
number in K (f3).

() |F(&) —nu| # 0 for infinitely many n:

In this case, F'(¢) is a U*—number with p*(F(§)) < t, and therefore we have
F(¢) € Ui_, Us. Hence, in case b), we see that F(¢) € |Ji_, U; since U} is identical
with U; for any natural number i. This completes the proof of Theorem 3.2.

3.2. Generalized lacunary power series in the field Q, of p—adic numbers
Theorem 3.3. Let K = Q(¢) be a p—adic algebraic number field of degree g

so that 0 is a p—adic algebraic integer of degree g, and let F(z) = > ;7 ezl
(ech € K, h=1,2,3,...) be a power series in Q, satisfying the following conditions

=0, T, <h<s, (n=123,...),
(3.69) cp 20, h=ry, (n=1,2,3,...),
ch, #0, h=s, (n=0,1,2,...),
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where {s,}>°, and {r,}>2, are two infinite sequences of positive rational integers
with

(3.70) 1=50<r1<s1<ro<s9<rg<sg<ry<sg<... and lim — = 0.

n—oo Ty,

Suppose that the radius of convergence R of the series F(z) is positive (R may be finite
or infinite),

log H
(3.71) lhnsuplﬁiﬁégﬁ-< :
h—o0
and
log A
(3.72) lim sup BTh (Ap = la1,az,...,ap), h=2,3,4,...),

h—o00

where a;, (h = 1,2,3,...)isasuitable natural number such that axc, (h =1,2,3,...)
is a p—adic algebraic integer. Let L = Q(f3) be a p—adic algebraic number field
of degree m and o, (n = 1,2,3,...) be p—adic algebraic numbers in L, and let
deg(a,) = m (n=1,2,3,...). Moreover, assume that £ is a p—adic U,, —number
such that

1

W (n:1,2,3,...),

(3.73) € — ol <

where H(a,) > 1 (n = 1,2,3,...) and w,, =
lim,, o Wy = 00, and

o Tos F(an) (n = 1,2,3,...) with

(3.74) €], < R.

Then either F'(§) is a p—adic algebraic number in the p—adic algebraic number field
Q(8,), or F(§) € Ule Ui, where ¢ is the degree of Q(6, 3) over Q.

Proof. By (3.69), the series F'(z) can be written, for the p—adic numbers z at
which F'(z) converges, as

(3.75) F(z) = ichzh = iPk(z),
h=1 k=0

where Py (z) = ZZ’:;k cnz  (k=0,1,2,...). We shall prove the theorem in three
steps.
(1) We shall consider the polynomials

n—1
(3.76) Fo(z) =Y Pu(z) (n=1,2,3,..).
k=0
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Define the p—adic algebraic numbers

(3.77) 7h:&m@:§i%%eQWﬁ) (n=1,2,3,...).

h=sg

Since 1, € Q(0,5) (n=1,2,3,...), we have deg(n,) <t (n=1,2,3,...), where ¢
is the degree of Q(0, 5) over Q. By multiplying both sides of the equality

Tn
:Zchag (n=1,2,3,..)

h=sg
by A,,, we obtain
(3.78) Ar,Mn — Z Arncha = 0.
h=sg
Ay cn, (h=sp,s0+1,...,r,) is a p—adic algebraic integer in the p—adic algebraic

number field K = Q(#). Then we have

(h) (h) C .
(3.79) A, cp =2 D —1—?0—1— 201 gg— (h=s0,80+1,...,m),
where ¢ ¢ g‘ " and D = ]A2(1,0,...,09‘1)] > 0 are rational integers.
Here,
1 1 e 1
p{1} p{2} o plat

A=A(1,0,...,6971) = . : : : :
(gg—i){l} (gg—i){2} ) ) (gg—i){g}
where (011, ... (0919} (i =1,2,..., 9 — 1) denote the field conjugates of #* (i =

1,2,...,9 — 1) for K = Q(0). Obviously, A and D depend only on 6 and the
conjugates of 6. We obtain from (3.78) and (3.79)

rn g—1
(3.80) DAy — > > ¢Poral =
hZSO MZO
Then we have

(3.81) T (N, 0, ) =0,

where
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(3.82) T(y, 1, 29) = DAy — Z Z Mkl

h=sg p=0
is a polynomial in y, z1, zo with rational integral coefficients. Since DA,, # 0, the
polynomial T'(y, x1, z2) is of degree 1 in y. The degree of T'(y, x1,z2) In z is less
than or equal to g — 1, and the degree of T'(y, 1, z2) in x5 is r,. Denote the height
of the polynomial T'(y, x1, z2) by H. Then, by Lemma 2.1, we get

(3.83) H(ny,) < 3214t gt g(9) 9=Vt H ()t (n=1,2,3,...).

Now let us determine an upper bound for the height H of the polynomial T'(y, z1, x2).
It follows from (3.82) that

(3.84) H= max <DArn, \g}ﬁ)\) .
§=0.1g-1
Now we shall determine an upper bound for \C,Sh)\ (b=0,1,...,9—1; h=s0,50 +
1,...,m,). Put
(3.85) § = DA, ch.

Since A, ¢, is a p—adic algebraic integer in K and D is a natural number, § is a
p—adic algebraic integer in K. By (3.79) and (3.85), we have

(3.86) 5=C o4+ (Mo (h=sois0+ 1. ).

By using the field conjugates of ¢ for K in (3.86), we obtain the system of linear
equations

s} = Céh) n dh)@{l} IS C;/Z)l(eg_1){1}

h h h) (pg—
(3.87) 52 = ¢ 4 Motz o4 C;_)l(gg {2}

slor = ¢{M 4 C(h)g{g} +t C;’Z)l(gg—l){g}

in the unknowns gé N ). C Since A%(1,0,...,0971) # 0, the coefficient
matrix of (3.87) is different from zero Thus, the system of linear equations (3.87) has
a unique solution which is

g

Ayi o
(3.88) }P:Zﬁ(s{ﬂ} (b=0,1,...,9—1),
j=1

where A,; (n=0,1,...,9—1; j =1,2,...,¢g) are constants which depend only
on # and the conjugates of 4. It follows from (3.88) that

5 w‘ {7} 2 ‘Aw
(3:89) Z P <> TR
j=1 J=1

I M"‘T

3
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We infer from (3.85) that
(3.90) 0] < DA, |exl.
By (3.89) and (3.90), we get

(391) ‘C;(Ah)‘ SE(K)ATTL‘E‘ (Mzovlvug_lv thOv"'urn)v

where C(K) = D ZZ;% ?:1 ||AA“|]'| is a positive real number which depends only on

0 and the conjugates of 6. It follows from (3.84) and (3.91) that

(92  H< max (DA, C(K)A,[al) < C(K)A, max (L]e),
= =50 Tn

where C(K) = max (D,C(K)) > 1 is a real constant which depends only on 6
and the conjugates of 6. By (3.71), there exists a real number o1 > 0 such that
loaflen) < 51 (h=1,2,3,...), and hence we have

(3.93) H(cp) <B"  (h=1,2,3,..)),
where B = ¢t > 1. By Lemma 2.2,

(3.94) lenl <2H(ep) (h=1,2,3,...)
holds. We infer from (3.93) and (3.94) that

(3.95) len] < D" (h=1,2,3,...),
where D = 2B > 1. It follows from (3.95) that

(3.96) max (L,[G]) € max (1,Dh):Dw
h=s0 h=s¢ Tn

We deduce from (3.72) that the sequence {%};2 is bounded above. So there

exists a real number o9 > 0 such that

log A
(3.97) Ogh "<y (h=2,34,..).
We obtain from (3.97)
(3.98) A, <e (n=1,2,3,..)).

By (3.83), (3.92), (3.96), and (3.98), we get

(3.99) H(nn) < ey H(ap)™ (n=1,2,3,...),
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where e = 3972C(K)e’2 DH (0)9~! > 1 is areal constant independentof n, 7, sy, 1,
an, and H(ay). On the other hand, by (3.73) and the fact that £ is a p—adic
U,,—number, we can assume that lim,, .., H(a,) = oo and shall do so. Thus,
eo < H(ay,) holds for sufficiently large n. Hence, it follows from (3.99) that

(3.100) H(np) < H(ay,)?™t

for sufficiently large n.
(2) We have

(3.101) [F(€) = nalp < max ([F(€) = Ful()lps | Ful&) = maly)  (n=1,2,3,...).

Now we shall determine an upper bound for |F(§) — Fi,(§)|p, and |F, (&) — nnlp- By
(3.74), there exists a real number £ with 0 < e < R such that

(3.102) 0<[|{l,<R—ce.

Let the radius of convergence R = of the series F'(z) be finite.

1
limsupy,_, o0 ¥/|enlp

Then there exists a natural number hy > 1 such that

(3.103) lenlp < ( for h > hy.

1
R—¢e)h
In fact, there is a real number M; > 1 such that

M,y
3.104 <
( ) ‘Ch‘p (R — g)h
Let the radius of convergence R of the series F'(z) be infinite. Then F'(z) converges
for every p—adic number z. Let us choose a p—adic number p such that

(h=1,2,3,...).

(3.105) ol > [€], > 0.

The series F(p) = > 72, enp” is convergent in Q,. Thus, we have limp,_q |cnp”|, =
0, so the sequence {\chph\p}zozl is bounded, and therefore there is a real number
Ms > 0 such that

M
(3.106) lenl, < ﬁ (h=1,2,3,...).
Plp

Whether the radius of convergence R of the series F'(z) is finite or infinite, we
obtain from (3.104) and (3.106)

M
(3.107) 0< ey < 75 (h=1,2,3,..),
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where M = max(M;, Ms) > 1 and r = min(R — ¢, |p|,) > 0, and from (3.102) and
(3.105)

(3.108) o< g
T

By (3.75), (3.76), (3.107), and (3.108), we get

IF() — Fa(€)]y < Mmax ((ﬂ) , (@)+ . ) Y (@) .

Thus, we obtain

M
(3.109) [BE) — @< = (n=1,2,3,..),
1
where e; = @ > 1. By (3.107), we have
M h
(3.110) 0<leplp < _ <ME (h=1,2,3,..)),

where E' = max (1, 1) > 1. It follows from (3.73) that

(3.111) lanl, < [€lp+1  (n=1,2,3,..).

From (3.73), (3.76), (3.77), (3.110), (3.111), and the fact that |£|, < |£|,+ 1, we obtain
e
H (au,)rnen

where e; = M E(|{|,+1) > 1. From (3.112) and the fact e < H(cy,) for sufficiently
large n, we get

(3-112) ‘Fn(g) - nn‘p < (n =1,2,3,.. -)7

1
H(an)rn(wn—l)

for sufficiently large n. Let A be a real number such that 0 < A < min (1, logey).
Then the inequalities

(3.113) [Fn(€) = mnlp <

(3.114) g < 1
eln H(an)rn(wn—l)k
and
1 1
(3.115) <

H(an)rn(wn—l) — H(an)rn(wn—l)A

hold for sufficiently large n. It follows from (3.101), (3.109), (3.113), (3.114), and
(3.115) that
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1
H(an)rn(wn—l)A

(3.116) [F(&) = mulp <

for sufficiently large . We deduce from (3.116) that lim,, .o |F'(§) —n,|, = 0. Hence,
we get limy, oo 9, = F(§). We infer from (3.100) and (3.116) that

(3-117) ‘F(f) - nn‘p < ( lim v, = OO)

H(nn)'Yn n—oo

for sufficiently large n, where 5, = @222 — 123 ).

(3) There exist the following two cases for the sequence {|F(§) — nn|p}:

(@) |F (&) —nnlp =0 from some n onward:

In this case, n,, = F'(§) from some n onward, that is, {n,,} is a constant sequence.
Since n, € Q(6,8) (n = 1,2,3,...), in case a), we see that F'(£) is a p—adic
algebraic number in Q(0, ).

(b) |[F(&) — nnlp # 0 for infinitely many n:

In this case, F'(§) is a p—adic U*—number with p*(F(£)) < t, and therefore we
have F(¢) € |J'_, UF. Hence, in case b), we see that F(¢) € J'_, U; since U} is
identical with U; for any natural number . This completes the proof of Theorem 3.3.

Theorem 3.4. Let K be a p—adic algebraic number field, and let F(z) = >27° ; cp2"
(ech € K, h=1,2,3,...) be a power series in Q, satisfying the following conditions

=0, T, <h<s, (n=123,..),
(3.118) e 20, h=ry, (n=1,2,3,...),
ch, #0, h=s, (n=0,1,2,...),

where {s,}>2, and {r,}>2, are two infinite sequences of positive rational integers
with
(3.119) l=590<r1 <s1<rg<s9<rg<sg<... and lims—n:oo.

n—00 Ty
Suppose that the radius of convergence R of the series F'(z) is positive,

log H
(3.120) lim sup log H(cn) < oo, and limsup(rpi+1 — sp) < oo.

h—o0 h n—00
Let L = Q(pB) be a p—adic algebraic number field of degree m and «, (n

1,2,3,...) be p—adic algebraic numbers in L, and let deg(cv,) =m (n=1,2,3,...).
Moreover, assume that ¢ is a p—adic U,,, —number such that

1

W (n:1,2,3,...),

(3.121) € — anl, <
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where H(a,) > 1 (n = 1,2,3,...) and w,, =
lim,, oo Wy = 00, and

rTos F(an) (n = 1,2,3,...) with

(3.122) €|, < R.

Then either F'(§) is a p—adic algebraic number in the p—adic algebraic number field
K(B), or F(¢) € UL, U;, where ¢ is the degree of K (/) over Q.

Proof. It follows the same lines of step 2) of the proof of Theorem 3.2 and of steps
2), 3) of the proof of Theorem 3.3.

3.3. Examples

We will make use of the following lemma, due to Zeren [20, Satz 1], in order to
construct some examples for our results.

Lemma 3.1. (Zeren [20]). Let F(z) = > 2, cn,2™ be a power series, where

Cn; = f% by, € Z\{0}, an, € N (1 =0,1,2,...), and {n;}3°, is an infinite sequence
of non-négative rational integers with

.ony
O0<ng<ni<no<ng<... and hmil—

i—oo Ty
Suppose that the radius of convergence R of the series F'(z) is positive and
log A,
og Anz < 00

lim sup
i—00 g

(Ap, = [ang, Gnys- - s an,], 1=1,2,3,...).

Moreover, assume that « is an algebraic number of degree m with 0 < |&| < R such

that the absolute values of its conjugates are pairwise different. Then F'(«) € Uy,.
We give the following example for our result Theorem 3.1.

Example 3.1. Let K be the algebraic number field Q(¢/p) of degree g, where
p is a prime number and g > 2 is a rational integer, and let F(z) = > 7%, cp2"
(e, € K, h=0,1,2,...) be a power series with

ch, =0, r,<h<s, (n=1,2,3,..)),
ch=Yp, sn<h<rppy (n=0,1,2,..),

where {s,, }>°, and {r,, }°°, are two infinite sequences of non-negative rational inte-
gers, determined by

s0=0, sp=((n+2H"" and r, =2(n+ )N (n=1,2,3,...).

Suppose that « is an algebraic number of degree m with 0 < |[a| < e~! < 1 such that
the absolute values of its conjugates are pairwise different. Then the series F(z) =
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S crz™ and the Mahler’s Uy, —number & = Y2 o™, ¢ is a Uy, —number by
Lemma 3.1, satisfy the conditions of Theorem 3.1. (The algebraic numbers «,, (n =
1,2,3,...) in the hypothesis of Theorem 3.1 may be takenas o, =>.._, o' € L :=
Q(a) (n=1,2,3,...). Bythe proof of Satz 1 in Zeren [20, pp. 93-101], deg(a,) = m
from some n onward and the sequence { H (a,)}52 ; is not bounded above. Hence, we
can assume that deg(a,) =m (n=1,2,3,...) and H(ay,) > 1 (n =1,2,3,...) by
working with an appropriate subsequence of {c, }22 , if necessary. It is also remarkable
to notice that H(ay,) < o' (n = 1,2,3,...), where a > 1 is a real constant, by
Lemma 2.1.) Then either F'(¢) is an algebraic number in the algebraic number field

K(a) = Q(¢/p, ), or F(¢) € U._, Ui, where t is the degree of Q(¢/p, «) over Q.

Example 3.2. In Example 3.1, if we take the sequences {s,}°°, and {r,}>>, as
so=1, sp=((n+ )" (=123 )andr,=n)"+1 (n=1,2,3,..),
then this yields an example for Theorem 3.2.

We may also try to adapt Example 3.1 and Example 3.2 to the field Q, of p—adic
numbers in order to obtain examples for Theorem 3.3 and Theorem 3.4.
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