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MULTI-PARAMETER TRIEBEL-LIZORKIN AND BESOV SPACES
ASSOCIATED WITH ZYGMUND DILATION

Fanghui Liao and Zongguang Liu

Abstract. In this paper, the authors use the discrete Littlewood-Paley-Stein theory
to develop a theory of multi-parameter Triebel-Lizorkin and Besov spaces asso-
ciated with Zygmund dilation. They also obtain the boundedness of Ricci-Stein
singular integral operators on multi-parameter Triebel-Lizorkin and Besov spaces
associated with Zygmund dilation.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

The multi-parameter theory has been developed by many authors over the past
decades. We refer the reader to the work of Carleson [1], Fefferman and Stein [3],
Gundy and Stein [5], etc. The Ricci-Stein singular integral operators were first consid-
ered by Ricci and Stein in [9], they obtained that the operators are bounded on Lp(R3)
for all 1 < p < ∞. Fefferman and Pipher in [4] further showed that the Ricci-Stein
singular integral operators are bounded in weighted Lp

w spaces for all 1 < p < ∞
when the weight w satisfies an analogous condition of Muckenhoupt associated with
Zygmund dilation.
Recently, Han and Lu in [6, 7] developed multi-parameter Hardy spaces Hp

Z(R3)
associated with Zygmund dilation via the discrete Littlewood-Paley-Stein theory and
discrete Calderón’s identity. For 0 < p ≤ 1, they proved the boundedness of Ricci-Stein
singular integral operators from Hp

Z(R3) toHp
Z(R3) and from Hp

Z(R3) to Lp(R3). The
dual space of Hp

Z(R3) was also obtained.
The main purpose of this paper is to develop the theory of multi-parameter Triebel-

Lizorkin spaces Ḟ s,q
p,Z(R3) and Besov spaces Ḃs,q

p,Z(R3) associated with the Zygmund
dilation. The boundedness of Ricci-Stein singular integral operators on Ḟ s,q

p,Z(R3) and
Ḃs,q

p,Z(R3) are also established.
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Let S(Rn) denote Schwartz functions on R
n. Let a test function ψ be defined on

R
3 by

ψ(x, y, z) = ψ(1)(x)ψ(2)(y, z),

where ψ(1) ∈ S(R), ψ(2) ∈ S(R2), and satisfy∑
j∈Z

|ψ̂(1)(2−jξ1)|2 = 1

for all ξ1 ∈ R\{0}, and ∑
k∈Z

|ψ̂(2)(2−kξ2, 2−kξ3)|2 = 1

for all (ξ2, ξ3) ∈ R
2\{(0, 0)}, and the cancellation conditions∫

R

xαψ(1)(x) dx =
∫

R2

yβzγψ(2)(y, z) dydz = 0

for all nonnegative integers α, β and γ .
Let f ∈ Lp for 1 < p < ∞, then Littlewood-Paley-Stein square function of f

associated with Zygmund dilation is defined by

gZ(f)(x, y, z) =

⎧⎨
⎩

∑
j,k

|ψj,k ∗ f(x, y, z)|2
⎫⎬
⎭

1/2

,

where

ψj,k(x, y, z) = 22(j+k)ψ(1)(2jx)ψ(2)(2ky, 2j+kz).(1)

From the Fourier transform, it is easy to see the following continuous Calderón’s
identity holds on L2(R3),

f(x, y, z) =
∑
j,k

ψj,k ∗ ψj,k ∗ f(x, y, z).

We now introduce the product test function space on R
3 = R × R

2.

Definition 1.1. A Schwartz test function f(x, y, z) defined on R
3 is said to be a

product test function on R × R
2, if f ∈ S(R3) and∫

R

xαf(x, y, z) dx=
∫

R2

yβzγf(x, y, z) dydz = 0,

for all nonnegative integers α, β and γ .
If f is a product test function on R ×R

2, we denote f ∈ SZ(R3) and the norm of
f is defined by the norm of Schwartz test function.
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We denote by (SZ(R3))
′ the dual space of SZ(R3).

We also denote SZ,M(R3) by the collection of Schwartz test function f(x, y, z)
defined on R

3 with

‖ f ‖SZ,M

= sup
x∈R,y∈R,z∈R

(1+|x|+|y|+|z|)M
∑

|α|≤M,|β|≤M,|γ|≤M

∣∣∣∣ ∂α

∂xα

∂β

∂yβ

∂γ

∂zγ
f(x, y, z)

∣∣∣∣<∞,

and ∫
R

xαf(x, y, z) dx=
∫

R2

yβzγf(x, y, z) dydz = 0

for all nonnegative integers α, β, γ ≤M .
Similarly, we denote (SZ,M(R3))

′ the dual space of SZ,M(R3).
Since the functions ψj,k constructed above belong to SZ(R3), so the Littlewood-

Paley-Stein square function gZ can be defined for all distributions in (SZ(R3))
′. Thus

the authors in [7] defined the multi-parameter Hardy space associated with Zygmund
dilation as follows.

Definition 1.2. Let 0 < p <∞. The multi-parameter Hardy space associated with
the Zygmund dilation is defined as Hp

Z(R3) = {f ∈ (SZ(R3))
′
: gZ(f) ∈ Lp(R3)}. If

f ∈ Hp
Z(R3), the norm of f is defined by ‖f‖H

p
Z

= ‖gZ(f)‖p.

Clearly, it follows that Hp
Z(R3) = Lp(R3) for 1 < p <∞.

It was proved in [7] that the definition is independent of the choice of functions
ψj,k and the following boundedness results of convolution type Ricci-Stein singular
integral operators on R

3 were established.

Theorem 1.1. [7]. Let TZf = K ∗ f be the Ricci-Stein singular integral operator
on R

3, kernel K is defined by

K(x, y, z) =
∑

j,k∈Z

2−2(k+j)ϕj,k(
x

2j
,
y

2k
,
z

2k+j
),

where the functions ϕj,k are test functions in SZ(R3). Then TZ is bounded onHp
Z(R3)

and bounded from H
p
Z(R3) to Lp(R3) for all 0 < p ≤ 1.

Moreover, the similar results for the nonconvolution type Ricci-Stein singular in-
tegral operators were also established in [7]. For a fixed large positive integer N , we
defined SN(R3×R

3) to be a collection of functions ψ(x, y, z, u, v, w) ∈ CN (R3×R
3)

with finite norm ‖ψ‖SN
defined by

sup
(x,y,z)∈R3,(u,v,w)∈R3

(1+|(x−u, y−v, z−w)|)N
∑

|α|,|β|≤N

|∂α
x,y,z∂

β
u,v,wψ(x, y, z, u, v, w)|,
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where ∂α
x,y,z = ∂α1

x ∂α2
y ∂α3

z , ∂β
u,v,w = ∂β1

u ∂β2
v ∂β3

w . We further assume that the following
cancellation conditions on ψ:∫

R

ψ(x, y, z, u, v, w)xα1 dx =
∫

R

ψ(x, y, z, u, v, w)uα2 du = 0

and ∫
R2
ψ(x, y, z, u, v, w)yβ1zγ1 dydz =

∫
R2
ψ(x, y, z, u, v, w)vβ2zγ2 dydz = 0

for all 0 ≤ α1, β1, γ1, α2, β2, γ2 ≤ N . We also use the notation S∞(R3 × R
3) =⋂

N>1 SN(R3 × R
3).

Thus, the authors in [7] obtained the following results.

Theorem 1.2. [7]. Let TNC be the nonconvolution type Ricci-Stein singular inte-
gral operator, namely

TNCf(x, y, z) =
∫

R3

K(x, y, z, u, v, w)f(u, v,w) dudvdw,

where K is defined by

K(x, y, z, u, v, w) =
∑
j,k∈Z

2−2(k+j)ϕj,k(
x

2k
,
y

2j
,
z

2k+j
,
u

2k
,
v

2j
,
w

2k+j
),

ϕj,k ∈ S∞(R3 × R
3). Then TNC is bounded on Hp

Z(R3) and bounded from Hp
Z(R3)

to Lp(R3) for all 0 < p ≤ 1.

Having obtained the boundedness of Ricci-Stein singular integral operator on multi-
parameter Hardy spaces associated with Zygmund dilation, we will develop a theory
of the multi-parameter Triebel-Lizorkin and Besov spaces associated with Zygmund
dilation. First we give the definitions.

Definition 1.3. Let 0 < p, q < ∞, s = (s1, s2) ∈ R
2. The Triebel-Lizorkin space

Ḟ
s,q
p,Z(R3) associated with the Zygmund dilation is defined by

Ḟ s,q
p,Z(R3) = {f ∈ (SZ(R3))

′
: ‖f‖Ḟ s,q

p,Z
<∞},

where

‖f‖Ḟ s,q
p,Z

=

∥∥∥∥∥∥∥
⎛
⎝ ∑

j,k∈Z

2−js1q2−ks2q|ψj,k ∗ f |q
⎞
⎠1/q

∥∥∥∥∥∥∥
p

.
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The Besov space Ḃs,q
p,Z(R3) associated with the Zygmund dilation is defined by

Ḃs,q
p,Z(R3) = {f ∈ (SZ(R3))

′
: ‖f‖Ḃ

s,q
p,Z

<∞},

where

‖f‖Ḃ
s,q
p,Z

=

⎛
⎝ ∑

j,k∈Z

2−js1q2−ks2q‖ψj,k ∗ f‖q
p

⎞
⎠1/q

.

We will show that the definitions of Ḟ s,q
p,Z and Ḃ

s,q
p,Z are independent of the choice

function ψj,k by Min-Max comparison principle. The main tool to prove the Min-Max
comparison principle is the following Calderón’s identity in [7].

Theorem 1.3. [7]. Suppose that ψj,k are the same as in (1). Then

f(x, y, z) =
∑
j,k

∑
I,J,R

|I ||J||R|ψ̃j,k(x, y, z, xI, yJ , zR)(ψj,k ∗ f)(xI , yJ , zR),

where ψ̃j,k(x, y, z, xI, yJ , zR) ∈ SZ,M(R3), I ⊂ R, J ⊂ R, R ⊂ R are dyadic intervals
with interval-length l(I) = 2−j−N , l(J) = 2−k−N and l(R) = 2−j−k−2N for a fixed
large integer N , xI , yJ , zR are any fixed points in I, J, R, respectively. The above
series converges in the norm of SZ,M(R3) and in the dual space (SZ,M(R3))

′ .

The Min-Max comparison principle in Triebel-Lizorkin spaces are given as follows.
We use the notation A ≈ B to denote that two quantities A and B are comparable
independent of other substantial quantities involved in the paper.

Theorem 1.4. Suppose φ(1), ψ(1) ∈ S(R), φ(2), ψ(2) ∈ S(R2) and ψj,k is defined
using ψ(1) and ψ(2) as in (1), φj,k is defined similarly. Then for f ∈ (SZ,M(R3))

′ ,
where M depends on p and q with 0 < p, q <∞, and s = (s1, s2) ∈ R

2,∥∥∥∥∥∥∥
⎛
⎝ ∑

j,k∈Z

2−js1q2−ks2q
∑
I,J,R

sup
u∈I,v∈J,w∈R

|ψj,k ∗ f(u, v, w)|qχIχJχR

⎞
⎠1/q

∥∥∥∥∥∥∥
p

≈

∥∥∥∥∥∥∥
⎛
⎝ ∑

j,k∈Z

2−js1q2−ks2q
∑
I,J,R

inf
u∈I,v∈J,w∈R

|φj,k ∗ f(u, v, w)|qχIχJχR

⎞
⎠1/q

∥∥∥∥∥∥∥
p

where I ⊂ R, J ⊂ R, R ⊂ R are dyadic intervals with interval-length l(I) = 2−j−N ,
l(J) = 2−k−N and l(R) = 2−j−k−2N for a fixed large integer N , xI , yJ , zR are any
fixed points in I, J, R, respectively.
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Similarly, we have the Min-Max comparison principle in Besov spaces.

Theorem 1.5. Suppose φ(1), ψ(1) ∈ S(R), φ(2), ψ(2) ∈ S(R2), and ψj,k is defined
using ψ(1) and ψ(2) as in (1), φj,k is defined similarly. Then for f ∈ (SZ,M(R3))

′ ,
where M depends on p and q with 0 < p, q <∞, s = (s1, s2) ∈ R

2,⎛
⎝ ∑

j,k∈Z

2−js1q2−ks2q

∥∥∥∥∥∥
∑
I,J,R

sup
u∈I,v∈J,w∈R

|ψj,k ∗ f(u, v, w)|χIχJχR

∥∥∥∥∥∥
q

p

⎞
⎠

1/q

≈
⎛
⎝ ∑

j,k∈Z

2−js1q2−ks2q

∥∥∥∥∥∥
∑
I,J,R

inf
u∈I,v∈J,w∈R

|φj,k ∗ f(u, v, w)|χIχJχR

∥∥∥∥∥∥
q

p

⎞
⎠

1/q

where I ⊂ R, J ⊂ R, R ⊂ R are dyadic intervals with interval-length l(I) = 2−j−N ,
l(J) = 2−k−N and l(R) = 2−j−k−2N for a fixed large integer N , xI , yJ , zR are any
fixed points in I, J, R, respectively.

Using discrete Calderón’s identity and Min-Max comparison principle, we can
prove the following theorems:

Theorem 1.6. Let TZf = K ∗ f be the Ricci-Stein singular integral operator on
R

3, kernel K is defined by

K(x, y, z) =
∑

j,k∈Z

2−2(k+j)ϕj,k(
x

2j
,
y

2k
,
z

2k+j
)

where ϕj,k are test functions in SZ(R3). Then TZ is bounded on Ḟ s,q
p,Z . Namely, for

all 0 < p, q <∞ and s = (s1, s2) ∈ R
2, there exists a constant Cp such that

‖TZ(f)‖Ḟ
s,q
p,Z

≤ Cp‖f‖Ḟ
s,q
p,Z
.

Theorem 1.7. Let TZf = K ∗ f be the Ricci-Stein singular integral operator on
R

3with the kernel K(x, y, z) satisfying the same conditions as in Theorem 1.6. Then
TZ is bounded on Ḃs,q

p,Z . Namely, for all 0 < p, q < ∞ and s = (s1, s2) ∈ R
2, there

exists a constant Cp such that

‖TZ(f)‖Ḃs,q
p,Z

≤ Cp‖f‖Ḃs,q
p,Z
.

Theorem 1.8. Let TNC be the nonconvolution type Ricci-Stein singular integral
operator, namely

TNCf(x, y, z) =
∫

R3
K(x, y, z, u, v, w)f(u, v,w) dudvdw,
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where K is defined by

K(x, y, z, u, v, w) =
∑
j,k∈Z

2−2(k+j)ϕj,k(
x

2k
,
y

2j
,
z

2k+j
,
u

2k
,
v

2j
,
w

2k+j
),

with ϕj,k ∈ S∞(R3 ×R
3). Then TNC is bounded on Ḟ s,q

p,Z . Namely, for all 0 < p, q <

∞ and s = (s1, s2) ∈ R
2, there exists a constant Cp such that

‖TNC(f)‖Ḟ s,q
p,Z

≤ Cp‖f‖Ḟ s,q
p,Z
.

Theorem 1.9. Let TNC be the nonconvolution type Ricci-Stein singular integral
operator with the kernel K(x, y, z, u, v, w) satisfying the same conditions as in The-
orem 1.8. Then TNC is bounded on Ḃs,q

p,Z . Namely, for all 0 < p, q < ∞ and
s = (s1, s2) ∈ R

2, there exists a constant Cp such that

‖TNC(f)‖Ḃ
s,q
p,Z

≤ Cp‖f‖Ḃ
s,q
p,Z
.

2. THE MIN-MAX COMPARISON PRINCIPLE IN TRIEBEL-LIZORKIN AND BESOV SPACES

In this section, we establish the Min-Max comparison principle in Triebel-Lizorkin
and Besov Spaces associated with Zygmund dilation. We first give the almost orthog-
onal estimates.

Lemma 2.1. [7]. If we allow N1, N2,M1,M2 to be any positive integers, ψ, φ ∈
SZ(R3) with cancellation conditions of any order, and ψts(x, y, z, u, v, w) = t−2s−2

ψ(x
t ,

y
s ,

z
ts ,

u
t ,

v
s ,

w
ts) and φt

′
s
′ is defined similarly. Then for any positive integers

L,M1,M2, there exists C = C(L,M1,M2) such that∫
R3

ψts(x, y, z, u, v, w)φt
′
s
′ (u, v, w, x0, y0, z0) dudvdw

≤C(
t
′

t
∧ t

t
′ )L(

s
′

s
∧ s

s
′ )L (t ∨ t′)M1

(t ∨ t′ + |x− x0|)1+M1

(s ∨ s′)M2

t∗(s ∨ s′ + |y − y0| + |z−z0 |
t∗ )2+M2

where t∗ = t if s > s′ and t∗ = t
′ if s ≤ s

′ .

Lemma 2.2. [7]. If f, g ∈ SZ(R3) and fts(x, y, z) = t−2s−2f(x
t ,

y
s ,

z
ts) and gt′s′

is defined similarly. Then for any positive integers L , M1 and M2, there exists a
constant C = C(L,M1,M2) such that

|fts ∗ gt
′
s
′ (x, y, z)|≤C(

t
′

t
∧ t

t′
)L(

s
′

s
∧ s

s′
)L (t ∨ t′)M1

(t ∨ t′+|x|)1+M1

(s ∨ s′)M2

t∗(s ∨ s′+|y|+ |z|
t∗ )2+M2

where t∗ = t if s > s′ and t∗ = t
′ if s ≤ s

′ .
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Next, we give the following lemma which is crucial in dealing with the Triebel-
Lizorkin and Besov Spaces theory.

Lemma 2.3. Given a large positive integerN and integers j, k, j ′, k′ . Let I, J, R, I ′
,

J
′
, R

′ be dyadic intervals in R such that their side-lengths are l(I) = 2−j−N , l(J) =
2−k−N , l(R) = 2−j−k−2N , l(I ′

) = 2−j
′−N , l(J ′

) = 2−k
′−N , l(R′

) = 2−j
′−k

′−2N .
Let x′

I ∈ I
′ , y′

J ∈ J
′ , and z′

R ∈ R
′ . Then for any u, u∗ ∈ I , v, v∗ ∈ J , w, w∗ ∈ R, we

have

∑
I′ ,J ′ ,R′

2−(j∧j
′
)M12−(k∧k

′
)M2|I ′ ||J ′ ||R′|

(2−(j∧j
′
) + |u− xI

′ |)1+M12−j∗(2−(k∧k
′
) + |v − yJ

′ | + |w−z
R
′ |

2−j∗ )2+M2

× |ψj
′
,k

′ ∗ f(xI
′ , yJ

′ , zR′)|

≤C24N( 1
r
−1)2τ

⎧⎨
⎩MZ

⎛
⎝ ∑

I
′
,J

′
,R

′
|ψj′ ,k′ ∗ f(xI′ , yJ ′ , zR′ )|rχI′χJ ′χR′

⎞
⎠

⎫⎬
⎭

1/r

(u∗, v∗, w∗),

where j∗ = j if k < k′ and j∗ = j
′ if k ≥ k

′ , andMZ is the Zygmund maximal function
on R

3 and max{ 2
1+M1

, 2
2+M2

} < r ≤ 1, and the summation is taken for all I ′
, J

′
, R

′

with the fixed side-length, and τ is defined as follows: τ = ( 2
r − 2)(j

′
+ k

′ − j− k) if
j < j

′ and k < k
′ ; τ = ( 2

r−1)(j
′−j) if j < j

′ and k ≥ k
′ ; τ = ( 2

r−2)(+k
′−k)+j−j ′

if j ≥ j
′ and k < k

′; τ = 0 if j ≥ j
′ and k ≥ k

′ .

The proof of Lemma 2.3 is similar to that of Lemma 3.7 in [8] with only minor
modification. We omit the details here.
Now we prove Theorem 1.4 and Theorem 1.5.

Proof of Theorem 1.4. For (u
′
, v

′
, w

′
) ∈ I

′ × J
′ × R

′ , by discrete Calderón’s
identity, f ∈ SZ can be represented by

f(x, y, z) =
∑
j,k

∑
I,J,R

|I ||J||R|φ̃j,k(x, y, z, xI, yJ , zR)(φj,k ∗ f)(xI, yJ , zR),

by Lemma 2.2 and Lemma 2.3, for any xI , u
∗ ∈ I , yJ , v

∗ ∈ J , zR, w∗ ∈ R, we have

(ψj′ ,k′ ∗ f)(u
′
, v

′
, w

′
)

=

⎛
⎝ψj′ ,k′ ∗

∑
j,k

∑
I,J,R

|I ||J||R|φ̃j,k(·, ·, ·, xI, yJ , zR)

⎞
⎠ (u

′
, v

′
, w

′
)(φj,k ∗ f)(xI, yJ , zR)

=
∑
j,k

∑
I,J,R

|I ||J||R|(ψj
′
,k

′ ∗ φ̃j,k)(u
′
, v

′
, w

′
, xI , yJ, zR)(φj,k ∗ f)(xI , yJ , zR)
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≤
∑
j,k

2−(|j−j
′ |+|k−k

′ |)L ∑
I,J,R

|I ||J||R| 2−(j∧j
′
)M1

(2−(j∧j′) + |u′ − xI |)M1+1

× 2−(k∧k
′
)M2

2−j∗(2−(k∧k
′
) + |v′ − yI |+ 2j∗ |w′ − zR|)M2+2

(φj,k ∗ f)(xI, yJ , zR)

≤C
∑
j,k

2−(|j−j
′ |+|k−k

′ |)L24N( 1
r
−1)2τ

×
⎧⎨
⎩MZ

⎛
⎝ ∑

I,J,R

|(φj,k ∗ f)(xI, yJ , zR)|χIχJχR

⎞
⎠r⎫⎬

⎭
1/r

(u∗, v∗, w∗)

where MZ is the Zygmung maximal function, max{ 2
1+M1

, 2
2+M2

} < r < min{p, q}.
Applying Hölder’s inequality and summing over j ′, k′

, I
′
, J

′
, R

′, we obtain⎧⎨
⎩

∑
j
′
,k

′

∑
I
′
,J

′
,R

′
2−j

′
s1q2−k

′
s2q sup

(u′ ,v′,w′)∈I′×J′×R′
|(ψj

′
,k

′ ∗ f)(u
′
, v

′
, w

′
)|qχI

′χJ
′χR

′

⎫⎬
⎭

1/q

≤C

⎧⎪⎨
⎪⎩

∑
j,k

2−js1q2−ks2q

⎧⎨
⎩MZ

⎛
⎝ ∑

I,J,R

|(φj,k ∗ f)(xI , yJ , zR)|χIχJχR

⎞
⎠

r⎫⎬
⎭

q/r
⎫⎪⎬
⎪⎭

1/q

.

Since (xI , yJ , zR) is an arbitrary point in I × J ×R, we have⎧⎨
⎩

∑
j
′
,k

′

∑
I
′
,J

′
,R

′
2−j

′
s1q2−k

′
s2q sup

(u′ ,v′,w′)∈I′×J′×R′
|(ψj

′
,k

′∗)f(u
′
, v

′
, w

′
)|qχI

′χJ
′χR

′

⎫⎬
⎭

1/q

≤C

⎧⎪⎨
⎪⎩

∑
j,k

2−js1q2−ks2q

⎧⎨
⎩MZ

⎛
⎝ ∑

I,J,R

inf
(u,v,w)∈I×J×R

|(φj,k∗)f(u, v, w)|χIχJχR

⎞
⎠

r⎫⎬
⎭

q/r
⎫⎪⎬
⎪⎭

1/q

.

Hence, by the Fefferman-Stein vector-valued maximal function inequality with r <
min{p, q}, we get∥∥∥∥∥∥∥

⎧⎨
⎩

∑
j
′
,k

′

∑
I
′
,J

′
,R

′
2−j

′
s1q2−k

′
s2q sup

(u′ ,v′ ,w′)∈I′×J′×R′
|(ψj

′
,k

′ ∗ f)(u
′
, v

′
, w

′
)|qχI

′χJ
′χR

′

⎫⎬
⎭

1/q
∥∥∥∥∥∥∥

p

≤C

∥∥∥∥∥∥∥
⎧⎨
⎩

∑
j,k

∑
I,J,R

2−js1q2−ks2q inf
(u,v,w)∈I×J×R

|(φj,k ∗ f)(u, v, w)|qχIχJχR

⎫⎬
⎭

1/q
∥∥∥∥∥∥∥

p

,

thus, we obtain desired result in Theorem 1.4.
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Proof of Theorem 1.5. As in the proof of Theorem 1.4, f ∈ SZ can be represented
by

f(x, y, z) =
∑
j,k

∑
I,J,R

|I ||J||R|φ̃j,k(x, y, z, xI, yJ , zR)(φj,k ∗ f)(xI, yJ , zR),

Arguing as in the proof Theorem 1.4, we have

(ψj
′
,k

′ ∗ f)(u
′
, v

′
, w

′
) ≤C

∑
j,k

2−(|j−j
′ |+|k−k

′ |)L24N( 1
r
−1)2τ

×
⎧⎨
⎩MZ

⎛
⎝ ∑

I,J,R

|(φj,k ∗ f)(xI , yJ , zR)|χIχJχR

⎞
⎠r⎫⎬

⎭
1/r

(u∗, v∗, w∗).

Therefore

sup
(u

′
,v

′
,w

′
)∈I

′×J
′×R

′
(ψj

′
,k

′ ∗ f)(u
′
, v

′
, w

′
)χI

′ (u∗)χJ
′ (v∗)χR

′ (w∗)

≤C
∑
j,k

2−(|j−j
′ |+|k−k

′ |)L24N( 1
r
−1)2τ

×
⎧⎨
⎩MZ

⎛
⎝ ∑

I,J,R

|(φj,k ∗ f)(xI , yJ, zR)|χIχJχR

⎞
⎠r⎫⎬

⎭
1/r

(u∗, v∗, w∗).

When 1 ≤ p < ∞, by the Fefferman-Stein vector-valued maximal function inequality
with r < min(p, q), we get∥∥∥∥∥∥

∑
I′ ,J ′ ,R′

sup
(u′ ,v′ ,w′)∈I′×J ′×R′

|(ψj′,k′ ∗ f)(u
′
, v

′
, w

′
)|χI′(u

∗)χJ ′ (v∗)χR′ (w∗)

∥∥∥∥∥∥
p

≤C
∑
j,k

2−(|j−j
′ |+|k−k

′ |)L24N( 1
r
−1)2τ

∥∥∥∥∥∥
∑
I,J,R

|(φj,k ∗ f)(xI , yJ , zR)|χIχJχR

∥∥∥∥∥∥
p

.

If q ≥ 1, applying Hölder’s inequality and if 0 < q < 1 by using usual inequality,
summing over j ′ , k′, we get⎛
⎜⎝∑

j
′
,k

′
2−j

′
s1q2−k

′
s2q

∥∥∥∥∥∥
∑

I
′
,J

′
,R

′
sup

(u′ ,v′,w′)∈I′×J′×R′
|(ψj

′
,k

′ ∗ f)(u
′
, v

′
, w

′
)|χI

′χJ
′χR

′

∥∥∥∥∥∥
q

p

⎞
⎟⎠

1/q

≤C
⎛
⎝∑

j,k

2−js1q2−ks2q

∥∥∥∥∥∥
∑

I,J,R

|(φj,k ∗ f)(xI , yJ , zR)|χIχJχR)

∥∥∥∥∥∥
q

p

⎞
⎠

1/q

.
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Since (xI, yJ , zR) is an arbitrary point in I × J ×R, thus, we can get the desired
result, namely

⎛
⎜⎝∑

j′ ,k′
2−j

′
s1q2−k

′
s2q

∥∥∥∥∥∥
∑

I′ ,J′ ,R′
sup

(u
′
,v

′
,w

′
)∈I

′×J
′×R

′
|(ψj′,k′ ∗f)(u

′
, v

′
, w

′
)|χI′χJ′χR′

∥∥∥∥∥∥
q

p

⎞
⎟⎠

1/q

≤C
⎛
⎝∑

j,k

2−js1q2−ks2q

∥∥∥∥∥∥
∑

I,J,R

inf
(u,v,w)∈I×J×R

|(φj,k ∗ f)(u, v, w)|χIχJχR)

∥∥∥∥∥∥
q

p

⎞
⎠

1/q

.

When 0 < p < 1, by the Fefferman-Stein vector-valued maximal function inequality
with r < p, we get

∫
R3

⎛
⎝ ∑

I
′
,J

′
,R

′
sup

(u′ ,v′ ,w′)∈I′×J′×R′
|(ψj

′
,k

′ ∗ f)(u
′
, v

′
, w

′
)|χI

′χJ
′χR

′

⎞
⎠

p

du∗dv∗dw∗

≤C
∑
j,k

2−(|j−j
′|+|k−k

′|)Lp24Np( 1
r −1)2pτ

×
∫

R3

⎧⎨
⎩MZ

⎛
⎝ ∑

I,J,R

|(φj,k ∗ f)(xI , yJ , zR)|χIχJχR

⎞
⎠

r

(u∗, v∗, w∗)

⎫⎬
⎭

p/r

du∗dv∗dw∗

≤C
∑
j,k

2−(|j−j
′|+|k−k

′|)Lp24Np( 1
r −1)2pτ

×
∫

R3

⎧⎨
⎩

∑
I,J,R

|(φj,k ∗ f)(xI , yJ , zR)|χI(u∗)χJ(v∗)χR(w∗)

⎫⎬
⎭

p

du∗dv∗dw∗,

so if q/p ≥ 1, applying Hölder’s inequality and if 0 < q/p < 1 by using usual
inequality, we get

⎛
⎜⎝∑

j
′
,k

′
2−j

′
s1q2−k

′
s2q

∥∥∥∥∥∥
∑

I
′
,J

′
,R

′
sup

(u′ ,v′ ,w′)∈I′×J′×R′
|(ψj

′
,k

′ ∗f)(u
′
, v

′
, w

′
)|χI

′χJ
′χR

′

∥∥∥∥∥∥
q

p

⎞
⎟⎠

1/q

≤C
⎛
⎝∑

j,k

2−js1q2−ks2q

∥∥∥∥∥∥
∑

I,J,R

|(φj,k ∗ f)(xI , yJ , zR)|χIχJχR

∥∥∥∥∥∥
q

p

⎞
⎠

1/q

.

Since (xI, yJ , zR) is an arbitrary point in I × J ×R, thus, we can get the desired
result, namely
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⎛
⎜⎝∑

j′ ,k′
2−j

′
s1q2−k

′
s2q

∥∥∥∥∥∥
∑

I′ ,J′ ,R′
sup

(u′ ,v′ ,w′)∈I′×J′×R′
|(ψj′,k′ ∗f)(u

′
, v

′
, w

′
)|χI′χJ′χR′

∥∥∥∥∥∥
q

p

⎞
⎟⎠

1/q

≤C
⎛
⎝∑

j,k

2−js1q2−ks2q

∥∥∥∥∥∥
∑

I,J,R

inf
(u,v,w)∈I×J×R

|(φj,k ∗ f)(u, v, w)|χIχJχR

∥∥∥∥∥∥
q

p

⎞
⎠

1/q

.

As a consequence of Theorem 1.4 and Theorem 1.5, it is easy to see that Triebel-
Lizorkin Spaces Ḟ s,q

p,Z and Besov Spaces Ḃ
s,q
p,Z are independent of the choice of functions

ψj,k. We also obtain the following results.

Proposition 2.1. Let 0 < p, q <∞ and s = (s1, s2) ∈ R
2. Then we have

‖f‖Ḃs,q
p,Z

≈
⎛
⎝ ∑

j,k∈Z

2−js1q2−ks2q

∥∥∥∥∥∥
∑

I,J,R

|(ψj,k ∗ f)(xI , yJ , zR)|χI(x)χJ(y)χR(z)

∥∥∥∥∥∥
q

p

⎞
⎠

1/q

and

‖f‖Ḟs,q
p,Z

≈

∥∥∥∥∥∥∥
⎛
⎝ ∑

j,k∈Z

∑
I,J,R

2−js1q2−ks2q|(ψj,k ∗ f)(xI , yJ , zR)|qχI(x)χJ(y)χR(z)

⎞
⎠

1/q
∥∥∥∥∥∥∥

p

,

where j, k, xI, yJ , zR, χI , χJ , χR, ψj,k are the same as in Theorem 1.4.

3. BOUNDEDNESS OF RICCI-STEIN SINGULAR INTEGRAL OPERATORS

The main purpose of this section is to obtain the boundedness of Ricci-Stein singular
integral operators on multi-parameter Triebel-Lizorkin and Besov Spaces associated
with Zygmund dilation. We first give some propositions.

Proposition 3.1. Let 0 < p, q < ∞ and s = (s1, s2) ∈ R
2, then SZ(R3) is dense

in Ḟ s,q
p,Z(R3) and Ḃs,q

p,Z(R3) .

Proof. Suppose f ∈ Ḟ s,q
p,Z(R3), we get

f(x, y, z) =
∑
j,k

∑
I,J,R

|I ||J||R|ψ̃j,k(x, y, z, xI, yJ , zR)(ψj,k ∗ f)(xI , yJ , zR),

where the series converges in (SZ(R3))
′ . It suffices to show that

F = FM1,M2,s(x, y, z, xI, yJ , zR)

=
∑

|j|≤M1,|k|≤M2

∑
I×J×R⊆B(0,s)

|I ||J||R|ψ̃j,k(x, y, z, xI, yJ , zR)(ψj,k ∗ f)(xI , yJ , zR)
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converges to f in Ḟ s,q
p,Z(R3), as M1,M2 and s tend to infinity, where B(0, s) =

{(x, y, z) ∈ R
3 : x2 + y2 + z2 < s2}. To do this, let W the set {(j, k, I, J, R) :

I × J × R ⊆ B(0, s), |j| ≤ M1, |k| ≤ M2}, where the I, J, R are dyadic intervals in
R with side-length 2−j−N , 2−k−N , 2−j−k−2N , respectively, and let W c be the com-
plement of W . Let also V = {(j, k) : |j| ≤ M1, |k| ≤ M2} and V c denotes its
complement.
Then for (xI

′ , yJ
′ , zR′ ) ∈ I

′ × J
′ × R

′ , we have∣∣∣∣∣∣ψj′,k′ ∗
∑

(j,k,I,J,R)∈Wc

|I||J ||R|ψ̃j,k(·, ·, ·, xI, yJ , zR)(xI′ , yJ′ , zR′ )(ψj,k ∗ f)(xI , yJ , zR)

∣∣∣∣∣∣
≤C

∑
(j,k,I,J,R)∈Wc

2−|j−j
′|L2−|k−k

′|L|I||J ||R| 2−(j∧j
′
)M1

(2−(j∧j′) + |xI′ − xI |)1+M1

× 2−(k∧k
′
)M2

2−j∗(2−(k∧k
′
) + |yJ′ − yJ | + 2j∗|zR′ − zR|)2+M2

|(ψj,k ∗ f)(xI , yJ , zR)|

≤C
∑

(j,k)∈V c

2−|j−j
′|L2−|k−k

′|L4N( 1
r −1)2τ

×
⎧⎨
⎩MZ

⎛
⎝ ∑

I,J,R:(j,k,I,J,R)∈Wc

|(ψj,k ∗ f)(xI , yJ , zR)|χIχJχR

⎞
⎠

r⎫⎬
⎭

1/r

,

where j∗ = j if k < k
′ and j∗ = j

′ if k ≥ k
′ , τ as in lemma 2.3, max

{
2

1+M1

2
1+M2

}
<

r <min (p, q). Repeating the proof of Min-Max comparison principle of Ḟ s,q
p,Z(R3), we

get

∥∥∥∥
{ ∑

j′ ,k′

∑
I′ ,J ′ ,R′

2−j
′
s1q2−k

′
s2q|(ψj

′
,k

′ ∗ F )|qχI
′χJ

′χR
′

}1/q∥∥∥∥
p

≤

∥∥∥∥∥∥∥
⎧⎨
⎩

∑
(j,k,I,J,R)∈W c

2−js1q2−ks2q|(ψj,k ∗ f)|qχIχJχR

⎫⎬
⎭

1/q
∥∥∥∥∥∥∥

p

,

where the last term tends to zero as M1,M2 and r tend to infinity whenever f ∈
Ḟ s,q

p,Z(R3).
When f ∈ Ḃs,q

p,Z(R3), we can similarly get desired result.
Since SZ(R3) ⊂ L2(R3), as a consequence of proposition 3.1, it is immediate that

Proposition 3.2. L2(R3) is dense in Ḟ s,q
p,Z(R3) and Ḃs,q

p,Z(R3) for 0 < p, q < ∞
and s = (s1, s2) ∈ R

2.
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We now prove the Ḟ s,q
p,Z(R3) and Ḃs,q

p,Z(R3) boundedness of convolution type Ricci-
Stein singular integral operators.

Proof of Theorem 1.6. Applying discrete Calderón’s identity, for f ∈ L2(R3) ∩
Ḟ s,q

p,Z(R3), we have for any (u
′′
, v

′′
, w

′′
) ∈ I

′′ × J
′′ ×R

′′ ,

(ψj
′′

,k
′′ ∗ TZf)(u

′′
, v

′′
, w

′′
)

=
∑
j′ ,k′

∑
j,k

∑
I,J,R

|I||J ||R|(ψj′′,k′′ ∗ φj′,k′ ∗ ψ̃j,k)(u
′′
, v

′′
, w

′′
, xI, yJ , zR)(ψj,k ∗ f)(xI , yJ , zR).

We note that ψ̃j,k(·, ·, ·, xI, yJ , zR) is a function in SZ(R3) and thus for any given
positive integers L,M1 and M2, we have

|(φj′,k′ ∗ ψ̃j,k)(x, y, z, xI, yJ , zR)| ≤C2−|j−j
′|L2−|k−k

′|L |I||J ||R|2−(j∧j
′
)M1

(2−(j∧j
′
) + |xI′ − xI|)1+M1

× 2−(k∧k
′
)M2

2−j∗(2−(k∧k
′
) + |yJ

′ − yJ | + 2j∗|zR
′ − zR|)2+M2

and ∫
R

(φj′ ,k′ ∗ ψ̃j,k)(x, y, z, xI, yJ , zR)xα dx

=
∫

R2
(φj

′
,k

′ ∗ ψ̃j,k)(x, y, z, xI, yJ , zR)yβzγ dydz=0

for all nonnegative integers α, β, and γ . This implies (φj
′
,k

′ ∗ ψ̃j,k)(·, ·, ·, xI, yJ , zR) ∈
SZ(R3), and

‖(φj
′
,k

′ ∗ ψ̃j,k)(·, ·, ·, xI, yJ , zR)‖SZ(R3) ≤ C2−|j−j
′ |L2−|k−k

′ |L.

Therefore ∑
j′ ,k′

(φj
′
,k

′ ∗ ψ̃j,k)(·, ·, ·, xI, yJ , zR) ∈ SZ(R3)

and

‖
∑
j
′
,k

′
(φj′ ,k′ ∗ ψ̃j,k)(·, ·, ·, xI, yJ , zR)‖SZ(R3) ≤ C.

Set ˜̃
ψj,k =

∑
j
′
,k

′ (φj
′
,k

′ ∗ ψ̃j,k)(·, ·, ·, xI, yJ , zR), then ˜̃
ψj,k ∈ SZ(R3). Applying
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lemma 2.3 again, we have for any (u
′′
, v

′′
, w

′′
) ∈ I

′′ × J
′′ ×R

′′ ,

(ψj
′′

,k
′′ ∗ TZf)(u

′′
, v

′′
, w

′′
)

≤
∑
j,k

∑
I,J,R

C2−|j−j
′′|L2−|k−k

′′|L|I||J ||R| 2−(j∧j
′′
)M1

(2−(j∧j
′′
) + |u′′ − xI |)1+M1

× 2−(k∧k
′′
)M2

2−j∗(2−(k∧k
′′
) + |v′′ − yJ | + 2j∗|w′′ − zR|)2+M2

(ψj,k ∗ f)(xI , yJ , zR)

≤
∑
j,k

C2−|j−j
′′|L2−|k−k

′′|L24N(1/r−1)2τ

×
⎧⎨
⎩MZ

⎛
⎝ ∑

I,J,R

|(ψj,k ∗ f)|χI(·)χJ(·)χR(·)
⎞
⎠

r⎫⎬
⎭

1/r

(u∗, v∗, w∗),

where in the above we use the same notation j∗ = j if k < k
′′ and j∗ = j

′′ if k′′
< k,

max{ 2
1+M1

, 2
2+M2

} < r < min{p, q}. Applying Hölder’s inequality and summing over
j
′
, k

′
, j

′′
, k

′′
, I

′′
, J

′′ and R′′ , we get
⎧⎨
⎩

∑
j
′′

,k
′′

∑
I
′′

,J
′′

,R
′′
2−j

′′
s1q2−k

′′
s2q|(ψj

′′
,k

′′ ∗ TZf)(xI
′′ , yJ

′′ , zR
′′ )|qχI

′′ (·)χJ
′′ (·)χR

′′ (·)
⎫⎬
⎭

1/q

≤C

⎧⎪⎨
⎪⎩

∑
j,k

2−js1q2−ks2q

⎧⎨
⎩MZ

⎛
⎝ ∑

I,J,R

|(ψj,k ∗ f)(xI , yJ , zR)|rχI(·)χJ(·)χR(·)
⎞
⎠

r⎫⎬
⎭

q/r
⎫⎪⎬
⎪⎭

1/q

Hence, by the Fefferman-Stein vector-valued maximal function inequalitywith r<min(p, q),
we have∥∥∥∥∥∥∥

⎧⎨
⎩

∑
j
′′

,k
′′

∑
I
′′

,J
′′

,R
′′

2−j
′′

s1q2−k
′′

s2q|(ψj
′′

,k
′′ ∗ TZf)(xI

′′ , yJ
′′ , zR

′′ )|qχI
′′χJ

′′χR
′′

⎫⎬
⎭

1/q
∥∥∥∥∥∥∥

p

≤ C

∥∥∥∥∥∥∥
⎧⎨
⎩

∑
j,k

∑
I,J,R

2−js1q2−ks2q |(ψj,k ∗ f)(xI , yJ , zR)|qχIχJχR

⎫⎬
⎭

1/q
∥∥∥∥∥∥∥

p

,

namely,

‖TZ(f)‖Ḟs,q
p,Z

≤ ‖f‖Ḟs,q
p,Z
.

Since L2(R3) is dense in Ḟ s,q
p,Z(R3), then TZ can be extended to be a boundedness operator

on Ḟ s,q
p,Z(R3). This finishes the proof of Theorem 1.6.
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Proof of Theorem 1.7. As in the proof of Theorem 1.6, we have

(ψj
′′

,k
′′ ∗ TZf)(u

′′
, v

′′
, w

′′
) ≤

∑
j,k

C2−|j−j
′′|L2−|k−k

′′|L24N(1/r−1)2τ

×C
⎧⎨
⎩MZ

⎛
⎝ ∑

I,J,R

|(ψj,k ∗ f)|χI (·)χJ(·)χR(·)
⎞
⎠

r⎫⎬
⎭

1/r

(u∗, v∗, w∗)

When 1 ≤ p <∞, by the Fefferman-Stein vector-valued maximal function inequality with
r < p, we have∥∥∥∥ ∑

I
′′

,J
′′

,R
′′
|(ψj

′′
,k

′′ ∗ TZf)|(u′′
, v

′′
, w

′′
)χI

′′χJ
′′χR

′′

∥∥∥∥
p

≤C
∑
j,k

2−|j−j
′′|L2−|k−k

′′|L24N(1/r−1)2τ

×

∥∥∥∥∥∥∥
⎧⎨
⎩MZ

⎛
⎝ ∑

I,J,R

|(ψj,k ∗ f)|χIχJχR

⎞
⎠

r⎫⎬
⎭

1/r
∥∥∥∥∥∥∥

p

≤C
∑
j,k

2−|j−j
′′|L2−|k−k

′′|L24N(1/r−1)2τ

∥∥∥∥∥∥
∑
I,J,R

|(ψj,k ∗ f)|χIχJχR

∥∥∥∥∥∥
p

.

If q ≥ 1, applying Hölder’s inequality and if 0 < q < 1 by using usual inequality, and
summing over j

′
, k

′
, j

′′
, k

′′
, we get⎧⎪⎨

⎪⎩
∑

j′′ ,k′′
2−j

′′
s1q2−k

′′
s2q

∥∥∥∥∥∥
∑

I′′ ,J′′ ,R′′
|(ψj′′ ,k′′ ∗ TZf)(xI′′ , yJ′′ , zR′′ )|χI′′χJ′′χR′′

∥∥∥∥∥∥
q

p

⎫⎪⎬
⎪⎭

1/q

≤ C

⎧⎨
⎩

∑
j,k

2−js1q2−ks2q

∥∥∥∥∥∥
∑

I,J,R

|(ψj,k ∗ f)(xI , yJ , zR)|χIχJχR

∥∥∥∥∥∥
q

p

⎫⎬
⎭

1/q

,

When 0 < p < 1, the Fefferman-Stein vector-valued maximal function inequality with
r < p,we get∫

R3

( ∑
I′′ ,J′′ ,R′′

|(ψj′′ ,k′′ ∗ TZf)|(u′′
, v

′′
, w

′′
)χI′′χJ′′χR′′

)p

du
′′
dv

′′
dw

′′

≤C
∑
j,k

2−|j−j
′′|Lp2−|k−k

′′|Lp24Np(1/r−1)2τp

×
∫

R3

⎧⎨
⎩MZ

⎛
⎝ ∑

I,J,R

|(ψj,k ∗ f)|χIχJχR

⎞
⎠

r⎫⎬
⎭

p/r

du
′′
dv

′′
dw

′′
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≤C
∑
j,k

2−|j−j
′′|Lp2−|k−k

′′|Lp24Np(1/r−1)2τp

×
∫

R3

⎛
⎝ ∑

I,J,R

|(ψj,k ∗ f)|χIχJχR

⎞
⎠

p

du
′′
dv

′′
dw

′′
.

So if q/p ≥ 1, applying Hölder’s inequality and if 0 < q/p < 1 by using usual inequality, we
get

⎧⎪⎨
⎪⎩

∑
j′′ ,k′′

2−j
′′

s1q2−k
′′

s2q

∥∥∥∥∥∥
∑

I′′ ,J′′ ,R′′
|(ψj′′ ,k′′ ∗ TZf)(xI′′ , yJ′′ , zR′′ )|χI′′χJ′′χR′′

∥∥∥∥∥∥
q

p

⎫⎪⎬
⎪⎭

1/q

≤ C

⎧⎨
⎩

∑
j,k

2−js1q2−ks2q

∥∥∥∥∥∥
∑

I,J,R

|(ψj,k ∗ f)(xI , yJ , zR)|χIχJχR

∥∥∥∥∥∥
q

p

⎫⎬
⎭

1/q

,

Since L2(R3) is dense in Ḃs,q
p,Z(R3), then TZ can be extended to be a boundedness operator on

Ḃs,q
p,Z(R3). This ends the proof of Theorem 1.7.
We now prove the Ḟ s,q

p,Z(R3) and Ḃs,q
p,Z(R3) boundedness of nonconvolution type Ricci-Stein

singular integral operator, namely, Theorem 1.8 and Theorem 1.9.

Proof of Theorem 1.8 and Theorem 1.9. We recall that

TNCf(x, y, z) =
∫

R3
K(x, y, z, u, v, w)f(u, v, w) dudvdw,

where K is defined

K(x, y, z, u, v, w) =
∑

j,k∈Z

2−2(k+j)ψj,k(
x

2k
,
y

2j
,

z

2k+j
,
u

2k
,
v

2j
,
w

2k+j
),

with ψj,k ∈ S∞(R3 × R
3).

Thus, by Calderón’s identity, we have for any (u
′′
, v

′′
, w

′′
) ∈ I

′′ × J
′′ × R

′′
,

(ψj
′′

,k
′′ ∗ TNCf)(u

′′
, v

′′
, w

′′
)

=ψj′′ ,k′′ ∗
∑
j′ ,k′

∑
j,k

∑
I,J,R

|I||J ||R|
∫

R3
φj′,k′ (·, ·, ·, u, v, w)(ψ̃j,k)(u, v, w, xI, yJ , zR) dudvdw

× (u
′′
, v

′′
, w

′′
)(ψj,k ∗ f)(xI , yJ , zR)

=
∑
j′ ,k′

∑
j,k

∑
I,J,R

|I||J ||R|ψj′′,k′′ ∗
∫

R3
φj′,k′ (·, ·, ·, u, v, w)(ψ̃j,k)(u, v, w, xI, yJ , zR) dudvdw

× (u
′′
, v

′′
, w

′′
)(ψj,k ∗ f)(xI , yJ , zR).
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We note that ψ̃j,k(·, ·, ·, xI, yJ , zR) is a function in SZ(R3) and for any given positive integers
L,M1 and M2, we have

Fj,k,j′,k′ (x, y, z, xI, yJ , zR) =
∣∣∣∣
∫

R3
φj′,k′ (x, y, z, u, v, w)ψ̃j,k(u, v, w, xI, yJ , zR) dudvdw

∣∣∣∣
≤C2−|j−j

′|L2−|k−k
′|L 2−(j∧j

′
)M1

(2−(j∧j
′
) + |x− xI |)1+M1

× 2−(k∧k
′
)M2

2−j∗(2−(k∧k′) + |y− yJ | + 2j∗|z − zR|)2+M2

and∫
R

Fj,k,j′,k′ (x, y, z, xI, yJ , zR)xα dx =
∫

R2
Fj,k,j′,k′ (x, y, z, xI, yJ , zR)yβzγ dydz = 0

for all nonnegative integers α, β, and γ. This implies Fj,k,j′,k′ (·, ·, ·, xI, yJ , zR) ∈ SZ (R3),
and

‖Fj,k,j′,k′ (·, ·, ·, xI, yJ , zR)‖SZ (R3) ≤ C2−|j−j
′|L2−|k−k

′|L.

Therefore ∑
j′ ,k′

Fj,k,j′,k′ (·, ·, ·, xI, yJ , zR) ∈ SZ(R3)

and
‖

∑
j
′
,k

′
Fj,k,j

′
,k

′ (·, ·, ·, xI, yJ , zR)‖SZ(R3) ≤ C.

Set ˜̃
ψj,k =

∑
j
′
,k

′ Fj,k,j′,k′ (·, ·, ·, xI, yJ , zR), then ˜̃
ψj,k ∈ SZ(R3). Repeating the same proof

of Theorem 1.6 and Theorem 1.7, we obtain Theorem 1.8 and Theorem 1.9, respectively.

ACKNOWLEDGMENTS

The research was supported by NNSF-China (Grant No. 11171345; 51234005), the Doc-
toral Fund of Ministry of Education of China (Grant No. 20120023110003).

REFERENCES

1. L. Carleson, A Counterexample for Measure Bounded on Hp for the Bidisc, Mittag-
Teffler Report, No. 7, 1974.

2. Y. Ding, G. Lu and B. Ma, Multi-parameter Triebel-Lizorkin and Besov spaces associated
with flag singular integrals, Acta Math. Sin. (English Series), 26 (2010), 603-620.

3. R. Fefferman and E. M. Stein, Singular integral on product spaces, Adv. Math., 45
(1982), 117-143.

4. R. Fefferman and J. Pipher, Multiparameter operators and sharp weighted inequalities,
Amer. J. Math., 11 (1997), 337-369.



Multi-parameter Triebel-Lizorkin and Besov Spaces 2037

5. R. Gundy and E. M. Stein, Hp theory for the polydisk, Proc. Nat. Acad. Sci., 76
(1979), 1026-1029.

6. Y. Han and G. Lu, Endpoint Estimates for Singular Integral Operators and Hardy Spaces
Associated with Zygmund Dilations, Trends in Partial Differential Equations, ALM 10,
High Education Press and International Press, Bejing-Boston, 2009, pp. 99-191.

7. Y. Han and G. Lu, Some Recent Works on Multi-parameter Hardy Space Theory and
Discrete Littlewood-Paley Analysis, Trends in partial differential equations, Adv. Lect.
Math. (ALM). 10, Int. Press, Somerville, MA 2010, pp. 99-191.

8. Y. Han and G. Lu, Discrete Littlewood-Paley-Stein Theory and Multi-parameter Hardy
Spaces Associated with Flag Singular Integrals, Avaible at http://arxiv.org/abs/0801.1701.

9. F. Ricci and E. M. Stein, Multiparameter singular integrals and maximal functions, Ann.
Inst. Fourier (Grenoble), 42 (1992), 637-670.

10. H. Triebel, Theory of Function Spaces, Monographs in Mathematics, 78, Birkhäuser
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Verlag, Basel, 2001.

Fanghui Liao and Zongguang Liu
Department of Mathematics
China University of Mining & Technology (Beijing)
Beijing 100083
P. R. China
E-mail: liaofanghui1028@163.com

liuzg@cumtb.edu.cn


