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BOUNDEDNESS FOR SECOND ORDER DIFFERENTIAL EQUATIONS
WITH JUMPING p-LAPLACIAN AND AN OSCILLATING TERM

Xiao Ma, Daxiong Piao®** and Yiqian Wang?

Abstract. In this paper, we are concerned with the boundedness of all the so-
lutions for a kind of second order differential equations with p-Laplacian and
an oscillating term (¢, (2))" + agp(z™) — bpp(z™) = Gu(x,t) + f(t), where
T = max(x,0), = = max(—z,0), ¢,(s) = |s|[P~2s, p > 2, a and b are posi-
tive constants (a # b), the perturbation f(t) € C*3*(R/2m,Z), the oscillating term

G € C*Y(R x R/2m,Z) satisfying |DED] G (z,t)| < C, 0<i+j<21.

1. INTRODUCTION

One of the most studied semilinear Duffing’s equations is
(1.1) 2" +axt —bx” = f(x,1),

where 1 = max(z,0), 2= = max(—=x,0), f(x,t) is a smooth 27-periodic function
on ¢, a and b are positive constants (a # b).
If f(x,t) depends only on ¢, the equation (1.1) becomes

(1.2) 2" axrt —bxT = f(t), f(t+2m)=f(t),

which had been studied by Fucik [6] and Dancer [3] in their investigations of bound-
ary value problems associated to equations with “jumping nonlinearities”. For recent
developments, we refer to [7, 8, 11] and references therein.

In 1996, Ortega [20] proved the Lagrangian stability for the equation

(1.3) 2"+ axt —bxT =14 vh(t),
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if || is sufficiently small and h € C*(S!).

On the other hand, when ﬁ + % € Q, Alonso and Ortega [2] proved that there
is a 27-periodic function f(¢) such that all the solutions of Eq. (1.2) with large initial
conditions are unbounded. Moreover for such a f(¢), Eq. (1.2) has periodic solutions.

In 1999, Liu [16] removed the smallness assumption on |y| in Eq. (1.3) when
ﬁ + \/ig € QQ and obtained the same result.

For the more general equation

(1.4) 2" +axt — bz + ¢(x) = e(t),

Wang [23] and Wang [24] considered the Lagrangian stability when the perturbation
¢(x) is bounded. And Yuan [25] investigated the existence of quasiperiodic solutions
and Lagrangian stability when ¢(z) is unbounded.

Fabry and Mawhin [5] investigated the equation

(1.5) 2" +axt —bxT = f(z)+ g(z) +e(t).

Under some appropriate conditions, they get the boundedness of all solutions.
For p > 2, Yang [27] considered more complicated nonlinear equation with p-
Laplacian operator

(1.6) ((@p(2) + (p = Dlagyp(a™) = bop(a7)] + f(2) + g(z) = e(t).

Using Moser’s small twist theorem, he proved that all the solutions are bounded
when 4 + L = 277”, m,n €N, f and g are bounded. For the case when - + -1 =
aP bp aP bP

2w~ with w € RT\Q and the perturbation f(z) is bounded, Yang [26] studied the
following equation

(1.7) (6p(2)) + adp(a™) = bep(x™) + f(z) = e(t).

and came to the conclusion that every solution of the equation is bounded.
In 2004, Liu [17] studied equation

(18) (¢p($l>>/ + a¢p(x+> - b¢p(x_> - f(xa t)u f(xa t+ 27() - f(xa t)u

where p > 1, 2 + & = 2% and f € C(T9)(R x R/2nZ) satisfying

P P
1) the fol(llowin limits exists uniformly in ¢
g y

Tim f(wt) = £ (0

(ii) the following limits exists uniformly in ¢

m-+n

li m = m,n
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for (n,m) = (0,6), (7,0) and (7,6). Moveover, fi ., ,(t) =0 form =6, n=0,7.
He concludes the boundedness of all solutions and the existence of quasi-periodic
solutions.

In 2012, Jiao, Piao and Wang [9] obtained the boundedness of equations

(1.9) 2"+ Wi+ d(x) = Gu(x,t) + f(1),
and
(1.10) 2"+ axt —bxT = G(x,t) + f(t),

oscillating term G satisfies (1.12(1) and (1.13).
Inspired by the above references, we are going to study the boundedness of all
solutions for the more general equation

(1.11) (6p(2)) + adp(a™) = bgp(z™) = Galw, ) + f(1).

Our main results are as follows:

where f(t +1) = f(t), w or &+ + b% satisfies the Diophantine condition and the
2

1
Theorem 1. Assume f(t) € C?3(R/2mpZ) with m, = %, G € C?'(R x
R/2mpZ) satisfying

(1.12) IDLD]G(z, )| <C, 0<i+j<2l

for some C > 0. Moreover, there exists some function G such that % =G and

(1.13) |DIG|<C, 0<j<21.
Let w = (4 + 1) € R"\Q satisfy the Diophantine condition:
aP bp
(1.14) lmw +n| > % Y (m,n)# (0,0) € Z2,
m

where 1 < 7 < 2, v > 0, and [f] = ﬁ 027”7 f(t)dt # 0. Then equation (1.11)
possesses Lagrange stability, i.e. if x(t) is any solution of equation (1.11), then it

exists for all t € R and sup;cg(|z(t)] + |2(t)|) < oc.

Remark 1.1. Theorem 1 holds true when v is any positive number. Thus our
statement holds true for w in a set of full measure.

Remark 1.2. In Liu[17], it is required that f satisfies the limit conditions (i) and
(ii), which, in general, is not satisfied by the function G in Theorem 1. For example,
we can set GG to be cosx or cosz - cost. Thus our situation is more general.
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The main idea is as follows: By means of transformation theory the original system
outside of a large disc D = {(z,2') € R? : 22 + 2™ < r?} in (=, 2/)-plane is
transformed into a perturbation of an integrable Hamiltonian system. The Poincar¢
map of the transformed system is closed to a so-called twist map in R?\D. Then
Moser’s twist theorem guarantees the existence of arbitrarily large invariant curves
diffeomorphic to circles and surrounding the origin in the (z, z’)-plane. Every such
curve is the base of a time-periodic and flow-invariant cylinder in the extended phase
space (z,2,t) € R? x R, which confines the solutions in the interior and which leads
to a bound of these solutions.

The remain part of this paper is organized as follows. In section 2, we introduce
action-angle variables and exchange the role of time and angle variables. In section 3,
we construct canonical transformations such that the new Hamiltonian system is closed
to an integrable one. In section 4, we will prove the Theorem 1 by Moser’s twist
theorem.

Throughout this paper, F(z) = [ f(s)ds, F(0) = 0, ¢ and C are some positive
constants without concerning their quantity.

2. SOME CANONICAL TRANSFORMATIONS

In this section, we will state some technical lemmas which will be used in the proof
of Theorem 1. Throughout this section, we assume the hypotheses of Theorem 1 hold.

2.1. Action-angle variables

Borrowing the idea from Liu [17] and Yang [26], we introduce a new variables y
as y = —pp(wx) and let ¢ be the conjugate exponent of p : p~t + ¢~! = 1. Then
(1.11) is changed into the form
2.1 o' = —w (), v = w arpp(xT) — bipy(x7)] — WP [Go(w, t) + f(1)]
where a = w™Pay, b = w™Pb; and a;, by satisfy

(2.2) a,’ +b " =2,

which is a planar non-autonomous Hamiltonian system

oOH oOH
2.3 f= T (m ),y = — (2, t
(2.3) T 9 (z,y,1),y 9 (z,y,1)
where
—1 1

H(x,y,8) = =yl + (o P+ bala™ ) = o (Gl 1) + f(1)a].
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Let C(t) = sin, t be the solution of the following initial value problem

24) (ep(C'(1))) +¢p(C(t)) =0, C(0) =0,C"(0) = 1.
Then it follows from [16] that C(t) = sin,(t) is a 2m,-period C? odd function with
siny, (mp —t) = siny(t), for ¢ € [0, 2] and sin, (27, —t) = — sin,(¢), for ¢ € [m, 27p).

Moreover for t € (0, %), C(t) >0, C'(t) >0, and C : [0, 2] — [0, (p— 1)%] can be

’ 2
sinp t ds
[ —
0 (1--2)>

implicitly given by
1

Lemma 2.1. For p > 2 and for any (xo,90) € R? ty € R, the solution

z(t) = (x(t, to, zo, ¥0), Y(t, to, €0, Yo))

of (2.1) satisfying the initial condition z(ty) = (xo,yo) is unique and exists on the
whole t-axis.

The proof of uniqueness can be obtained similarly as the proof of Proposition 2
in [17], the global existence result can be proved similarly as Lemma 3.1 in [10].
Consider an auxiliary equation

(6p(a") +a16y(a™) — bigyla™) = 0

1
Let v(t) be the solution with initial condition: (v(0),(0)) = ((p — 1)7,0). Setting
¢p(v') = u, then (v, u) is a solution of the following planar system:

z = ¢q(y>a y = —a1¢p(x+) + b1¢17(x_>

where ¢ = p/(p — 1) > 1. It is not difficult to prove that:
@) a~ul? + 5 (oo P+ b)) =
(ii) v(t) and u(t) are 2m,-periodic functions.
(iii) v(¢) can be given by

1

Sinp(algt‘i‘ﬂg_p)a 0<t< -,
p
(2.5) ’U(t) = 2a!
—(@)rsing by (t — 7o), Th <t <,
2af 2af
(2.6) v(2mp, —t) = v(t),t € [mp, 2my).

T
Lemma 2.2. Let I, = f02 siny, tdt. Then

—1r 9 1
(p



1950 Xiao Ma, Daxiong Piao and Yiqian Wang

where B(r, s) = fol tr=1(1 —t)s~Ldt for r > 0,5 > 0.

From the expression of v(t) in (2.5), we obtain

I ],
2.7) 2l y(t)dt = -2,
0 GJIE
1
T pT
(2.8) / v(t)dt = 2P
_p_ Py
by

This method has been used in [8].
We introduce the action and angle variables via the solution (v(¢), u(t)) as follows.

11 11
x=drrrv(0),y=dariu(h)

where d = pal_l. This transformation is called a generalized symplectic transformation
as its Jacobian is 1. Under this transformation, the system (2.1) is changed to

oh oh
2. = r_ _ 7
( 9) 9 87’ (r7 97 t)? r 89 (r7 97 t)
with the Hamiltonian function
(2.10) h(r,0,t) = w™r — fi(r,0,t) — WP~ drrru(0) £(1)

where f1(r,0,1) = WP G(d7rrv(0),1).
For any function f(-,6), we denote by [f](-) the average value of f(-,0) over
Sp £ R/2m,Z, that is,
1 27y

N0 =g [ 10000
For the above function fi(r,#,t) in (2.10) we have

Lemma 2.3. The following conclusion holds true:
@.11) IDID{fi(r,0,0)| < C 777, 0<i+j<2L.

Proof. The proof of this lemma can get directly from the definition of f; and the
conditions in Theorem 1. ]

The following technique lemma will be used to refine the estimates on [f1](r,t).
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Lemma 2.4. Assume f € CL(R/2m,Z), G(z,t) € CH(R'xR/2m,Z) and G',(x,
g(z,t). Suppose there are two positive constants G and g such that |G(z,t)| <
lg(z,t)| < gfor any (z,t). Let A(r,0) € C3(R! x R/2m,Z) be of the form A(r,0

(r =+ h(r, 9))@ with

)_:
G,
) =

oh 9%h

1
90" g2~ °U")

(2.12)
forr>1.
Then for any constant & € (0, 15) it holds that

27y
(2.13) F(0)g(Av(6),)do] < C-r~%, 1> 1,

0

where C depends only on G, g and || f||co.

Proof. Let [0,2m,) = LU, where I = [0,772%]J[m, — r~2% m, +
7 2%0] Ul2m, — r—2%, 27p) and I = [r—2%, Ty — r~2%)] Ulmp + r—2%, 21, — r=2%],
Then

2

F(0)g(Av(0), )do = f() (Av(0),t)d6 + f(G)Q(Av(G)J)dG-

0

Obviously, [I;| < C - r~2%, where | - | denotes the Lesbegue measure. Then from the
boundedness of g(z,t), it is easy to see that

[ s0a(a000), >de]<c 2%,

To estimate the integral on Is, we first estimate the integral on the interval Is; =
[r=2%, 7, — r=200],

Consider Dg(Av(0)) = Ayv(0) — Av'(0). From (2.12), it holds that |Av'(0)|
c-rr 2% and Aj - v(0) = O(1) for 0 € I3, which implies

v

(2.14) |Do(Av(8))] > ¢ - rr 2%,

Similarly from the definition of A and the condition (2.12), we have
2.15) DZ(Av(0)) = D2A - v(8) + 2DgA -/ (8) + Av"(8) = O(r?).
By direct computation, we have

Do (f(0)(De(Av(0))™") = f'- (Do(Av(9))) ™" + f - (D(Av(0))) ™% (~Dj(Av(0))).
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Thus from (2.14) and (2.15), we obtain the estimate

1

(2.16) | Dy(f(0)(Do(Av(0))) )| < C- 1" 5.

By integration by parts, we have that

/ F(6)g(Av(9), t)d6 = / 1(0)(Do(A0(6))) "1 dG(Av (), )

— (Do(Av(9))) " ()G (Av(6), 1)
— [ Gav(0).)Du(5(0) Da((A0(0))) )b

Iz

From (2.14) and (2.16) , for 6 € I5; it holds that
|(Do(Av(0)) ™ FO)G(A0(0), 8)lg_, 210
(Da(A0(6)) " FOG(AV(O), Dy, 20

1
< .M

and
|G(Av(6), 1) - Do(£(0) Dy((Av(6)))~Y)| < C - 1975,

Similarly, we can have the same estimate for the other parts of Is.
Hence from the fact 0 < §g < 11—0, we obtain (2.7). The proof of this lemma is
completed. ]

For [f1](r,t), we have the following result:

Corollary 2.1. The following conclusion holds true:
2.17) IDEDI[f)(r )| < C-r 875, 0<itj<2,
where the constant 8y is in (0, 75).

Proof. From the definition of fi, we have [fi](r,t) = 2% fo%" G( rpv(&) t)do.
From (1.12) and (1.13), we know that G and G are bounded. Thus for i+j = 0, (2.17)

is deduced from lemma 2.2 where we set f = 1 and A(r,0) = r7. For i +7>1,it

al a::z G are the sum of the term like

can be easily seen that

O e VD) L (7)) L (p(0))E
8[13k8t] (T’p’l)( >7t><rp> : (rp> ' (’U( )) 3

where ¢ + ---1; = 4. Thus (2.17) is implied from lemma 2.2 for the function

%G(r%v(ﬁ), t) and (1.12). This ends the proof of the lemma. |
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2.2. Exchange of the roles of time and angle variables

According to Levi [12], the equality
rdf — hdt = —(hdt — rdf),

means if we can solve r = r(h, t, ) from Eq.(2.9) as a function of h, ¢ and 6, then we
have

dh or dt or

@:—E(h,t,ﬁ), — (h,t,0),

(2.18) 5= 3%

i.e., Eq.(2.18) is a Hamiltonian system with Hamiltonian function r = r(h,t,6) and
now the action, angle and time variables are h, ¢, and 6, respectively.
From Eq.(2.10) and lemmas, it follows that

-1

lim —=w >0

r—+oo T
and for r > 1

Oh 4 0 1 p—1 2t 11
5, =W 8rf1(r,9) pf(t)w derr v(6) > 0.

By the implicit function theorem, we know that there is a function R = R(h, t, #) such
that

(2.19) r(h,t,0) = wh — R(h,t,0).

Moreover, for h > 1,
|R(h,t,0)| < wh/2

and R(h,t,0) is C'° in h and t.
From (2.10), it holds that

(2.20) R=wfi(wh— R,t,0) — wPdF (wh — R)7u(6) f(t).

The proof of following two lemmas are slightly different to [15], here for the conve-
nience of readers, we give the proofs of them.

Lemma 2.5. Assume R is defined by (2.20) with |R| < h for h > 1. Then it
holds that

(2.21) |DiDIR|<C-h"D, 0<i4j<21

Sor h > 1, where n(i) = —éfori > 1 and n(0) = 1—1).



1954 Xiao Ma, Daxiong Piao and Yigian Wang

Proof. (1) 1+ j = 0. The proof for this case can be easily obtained from lemma
2.3 and the conditions in the Theorem.

(i) i+ 75 =1. Itis clear that for h > 1,

%fl( h—R,t0)| _H—dp(wh R) (9)f(t)\ <

| =

Define

df1 wP 1 1
A(h,t,0)=1 —i—wa—(wh — R, t,0) — ?dp (wh — R) av(0)f(t),
o =220 wh = R.1.0) = L o — R) (010,

g2 = —wpdg(wh — R)%U(G)f( t) —i—w%(wh — R, t,0).
Then it follows that

OR OR
(2.22) A- on g1, A ot g2.

From lemma 2.3,p > 2 and the boundedness of f(t), we have |g1| < C - h™¢ and

1
|g2| < C - h¥. Thus the proof for this case is completed.
(iii)) ¢+ j = 2. Lemma 2.3 implies that

_1 —2  Ogq —L 0qn
< < — | < . -7
<ot (<o ‘at‘—Ch""ah‘

§C~h \ \<C’ h__ \ \<C’h
From the second equation of (2.22), we obtain

2
APR A OR _ dgy

22 Tt ot ot
and

2R 9N OR g

otoh  oh ot oh
The above inequalities and equations imply that

‘ D) ‘ = “hP, ‘ ‘
ot Ohot
From the first equation of (2.22), we know that

PR _ b OR

<C-ha.

R 0A OR _ 99
on2 " on on  on’
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9%R

2
S| < C - h e, Thus we complete the proof for this case.

which implies |

In general, if o A
|IDIDIR| < C-h"D 0<i+j<m,

then it holds that
IDiDIA| < C-h i D |DiDIgi| < C-hTiTE,  |DjDigal < C R
Consequently, we obtain
|IDiDIR| < C-h"D, 0<i+j<m+]1.
The proof is completed. u
In (2.20), we denote R = —wPdr (wh)rv(8) f(t) — Ri(h,t,8). Then

(2.23) R = wfi(wh— R,t,0) — ]19 / 1 WPdr (wh — TR) ™7 Ro(0) f(1)dr.
0

Then we have the following conclusion:

Lemma 2.6. [t holds that

IDiDIR|<C-h™d, 0<i+j<2l

Proof. The lemma is easily followed from the following claim:
Claim

Di DI fi(wh— TR, £,0)| < C-h™ 4,
(2.24) | D}, Dy fa( )|

2

D Di (wh — TR) idr Ru(0)f(t)| < C - b~ s
for 0 <i+j <21
Proof of the claim. We only prove the first inequality of (2.24) and the proof for
the other is similar.

(i) © + 7 = 0. The proof for this case can be obtained directly from lemma 2.1.
(i) ¢ > 0,7 = 0. We have the following equality:

~ oF f ohu  Ou

X3 — @ —_— e ¢ ——

hfl (Wh - TR, 1, 9) - Z ork (u, 2 9) Ahi1 Ahik
with 0 < k <, 41, -+ ,4 >0, i1+ -4 = ¢ and v = wh — 7R. Assume there are
[(< k) numbers in {i1, -, i} which is equal to 1. Then we obtain

I

D fi(u,t,0)| < C-h™o K~ a <C-n.
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(iii)) © = 0, j > 0. By direct computation, we have

5 G (1:1:6) P

DI fi(wh — TR, t,0) = ot P

ot Otk
with 0 <k <j,0<1<jk+1=34, ji, - .jr >0, j1+--jr = k. It follows that

DI fi(u,t,0)| < C-h™7-hv <C.

The last step,we get from that p > 2, 2—1] + % =1 ,and 2—1) < %
(iv) 2 > 0, j > 0. By direct computation, we have
8 8k‘1+k‘2+l 8i1 8'% 8l1+j1 8lk +Jk
DzD] fl( 9)2 fl(u’ ) u 1u u : 2Au’
Loy Orkitk2 9l Hhi Ahi1  Ohh Ot Ahlk2 k2

where ©u = wh — 7R and
0<k1 <1, 0< k<), 0<1< g, ko +1
:.ja ilu"'uik17.j17"'7.jk2>07 llu"'ulk‘zzou

i1+...ik1+l1+...+lk2:i’ j1+"'+jk2+l:j~

Assume that there are m(< k1) numbers in {i1, - - - ,ig, } which is equal to 1. Then
. 4k it i, Hli ol —m i
|DiD 8fl\<c W W <(C-hu.
This ends the proof of the claim. ]

From the definition of R;, we can obtain the following conclusion:

Lemma 2.7. For the function [R1](h,t), we have that
IDRD][RA)| < - (W +h775), 0<itj<aL,

where 81 € (0, 15).

From (2.19), (2.20), we obtain that the Hamiltonian r(h, ¢, ) in (2.19) is of the
form:

(2.25) r = wh +WPd7 (wh)7v(0) f(1) + Ru(h,t, ).

3. MoORE CANONICAL TRANSFORMATIONS

In this section, we will make some more canonical transformations such that the
Poincaré map of the new system is close to twist map.
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Lemma 3.1. There exists a canonical transformation ®1 of the form:
h =p
Py :
1 {t =74+ Vi(p,1,0)

where the functions V1 are periodic in T, 0. Under this transformation, the Hamiltonian
system with Hamiltonian (2.25) is changed into the following one

1 1 ~
3.1 7 =wp+wPdr (wp)rv(0)[f] + Ri(p,7,0),
where the new perturbation R: satisfies
8i+j

8piaTjR1\SC-p‘5, 0<i+j<2l

(32) |

Moreover, for the function|R1)(p, 0), it holds that

(33) IDYDIRI| < C-(p 4 p " 70), 0<itj<2L

Proof. We construct the canonical transformation by means of generating function:

08
& : h=p, t:T+8—p1(p,T,9>.
Under this transformation, the new Hamiltonian function 7 is of the form
1 1 051 08 08
T =wp+ WPdr (wp)lljv(ﬁ)f(T + 8—p> + Ri(p, T+ 8p1 ) + 8—91

Let Sy = — [?wPdr (wp)Fv(9) f(t) — [f]dv,then we have

#(p,7,0) = wp + WP (wp) ro(6)[ ] + Ri(p, 7, 60)
where Ri(p,7,0) = Ri(p, 7+ 21,0) = Ry(p, 7,0) + fl O (p 74 5951 9)651d

ap ) dp
From Lemma 2.6 and the definition of Rl,~ we can get the estlmates (3.2). (3.3) can
get from Lemma 2.7 and the definition of R;. [ |

Lemma 3.2. There exists a canonical transformation ®o of the form:

o, p =1
2 T =s+Vo(I,0)

with T(I,0 + 2m,) = T(I,0), such that the system with Hamiltonian (3.1) is trans-
formed into the form:

o1 or Os Or

(34) _:__(17870>7 %:E(Ia

90 Os 5:0)
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with 7(I,s,0) = wl + I+ Ro(I, 5,0), where c* # 0 and the new perturbation Ry
satisfies

(3.5) IDiDIR,| < C-17%, 0<i+j<2l.

Moreover, for the function [Ra)o(I) = (5%)? 027rp fo%p Ro(I, 5,0)dsd®, it holds that

2mp

(3.6) |Dj[RaJol < C- (I 4+ 17%74), 0<i<2l

Proof. The proof is similar to [18], but for the convenience of readers we still give
a detailed argument. We shall look for the required transformation ®5 by means of a
generating function Sy (I, s, 6), so that @, is implicitly defined by

0 0
(3.7) D, : p:I—l—%SQ(I,s,@), T:s—i—ESg(I,s,G).

Under this transformation, the system is changed into the form:

o1 or Os Or

%: £(1,8,9>, %:E(I’S’9>

the new Hamiltonian function 7 is of the form

L. ) oS

Now we choose ;
1 1 1 1
So=— [ WSTE ) - ¢ prao
0
where ¢* = P15 . dv - [f] # 0. Obviously, So does not depend on s and it is
2m,—periodic in 0. Hence p = I. Let

~ 089
T(,0) = —.
( Y ) 8[
Then the canonical transformation ®5 is of the form
p=1,71=s+T(I,80).

Let
- - LaRr, - .
(38) R2(17370> = Rl(p7379>+ 8—(p78+mT7 9>Tdm
0 T

From (3.2) in lemma3.1, we can get (3.5) easily, and (3.6) can be obtained from (3.3).
The proof of this lemma is completed. ]
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For convenience, we denote
3.9 FZMI+F1(I>+F2(I,S,9>,

with 71 = c*I%, 7o(I,s,0) = Ro(I, s,0), then from the definition of 7, we know that
71 satisfying

i _(4) i
(3.10) c-Iv " <|r’(D|<C-Ir 7,
79 have the same estimate with RQ in lemma 3.2, i.e.

(3.11) IDiDIr)| < C- 177, 0<i+j<o2L

(3.12) IDiffalo] < C-(I71+17°740), 0<i<2l.

The following results are similar to [9], here for the convenience of readers, we
still give the proof of these lemmas.

Lemma 3.3. Let 0 < 61 < % be a constant. Consider the Hamiltonian
(3.13) 7(I,s,0)=wl+7(I)+R(,s,0),
where R satisfies
(3.14) |DiDIR| < C -1 4

for 0 <i+j <lwithe>0.
Then there exists a canonical transformation ®3 of the form:

I =o+us(p,s,0)
‘I’g:
s =c¢+wus(o,s,0)

such that the system with Hamiltonian (3.13) is transformed into the following one
(315) f’(@,g,9>:WQ+’IA’1(Q>+:Rl(Q,§,0>,

where 71(0) = 71(0) + [R]o(0) with [R]o(0) = 27rpf27rp R(o, T,0)drdd and Ry

satisfies

P

3.16 DiDIR| < C-o 7575, 0<i+j<i-3
[“aiS
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Proof. We will prove this lemma by means of Principle Integral method instead of
Fourier series method. Let ®3 be of the following form:
0S5 0S5
o+ 5 (0,5,0), <=5+ 90 (0,5,0),
where the generating function S3(o, s, 0) satisfies S3(o, s + 2m,,0) = S3(0, 5,60 +
27p,) = S3(0, s, 0) and will be determined later.
Then the transformed Hamiltonian is

P wlot B +ralot B+ Ro+ B 5.0) + B

>

=wo +71(0) + [Rlo(o) +W% %1 + R+ Ry,

where
R =R(o,s,0) — [Rlo(o)
and
1 dS3. 093 L oR dSs dSs
1 = [ 7 i Pt - s ZZ3 A,

(3.17) R /Orl(g—i-/\as)asd/\—i- ; 8I(Q+/\88,s,9) 88d/\
Obviously, it holds that

1 2mp L2
(3.18) (—)2/ / R(o, s,0)dsdf = 0.

2y, 0 0

Now we determine the periodic function S3 by the following equation

0853 0853
'1 =
(3.19) P (0,8,0)+ 50 (0,8,0)+ R(o,s,0)=0,
whose characteristic equation is

ds _ df dSs

w 1  —R(os0)

Obviously, the characteristic equation possesses two independent Principle Integrals as
follows:
s—wl =c

and ;
S3 + / R(0,s — wb + wo, ¢)dp = co.
0

Thus the solution of (3.19) is of the form:

0
(320) 53(97 S, 9) = _/O R(Q, s —wb +w¢7 ¢>d¢+ Q(Qu 8§ — we)
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with €2 a differentiable function determined later.

To ensure S3 be 2m,-periodic on s and 6, ) must be 2m,-periodic on the second
variable, that is Q(o, z + 2m,) = Q(p, ). Then by direct computation, we obtain that
S3 is 2wm,-periodic on s.

Next we determine €2 by the periodicity of S5 on 6.

Let J(0,2) = — [ R(0, = +w, ¢)de. Then we have

Ss(0, s, 0+ 2mp)

0427y
_ —/ Rlo, 5 — w(0+ 21 — ), )do + 00, 5 — w(0+ 27,))
0

= J(o,s —w(0+27p))

2mp+-0
—/ R(o,s — w(0+ 21y — 6), )do + o, s — w(f + 21,)).
2

Tp

On the other hand, from R(p, s, ¢ + 2m,) = R(o, s, ¢) we have

2mp+-0 0
/2 (g5 — (0 + 2, — 0), §)do = /O R(g, s — (6 — §), §)do,

Tp
which implies that

Ss(0,s,0 + 2mp)
(3.21)

= J(o, s—w(9+27rp))—/09 R(o,s—w(0—¢),d)do+Q(0, s—w(§+2mp)).

Setting S3(o, 5,6 + 2m,) = S3(0, s,0), it follows from (3.20) and (3.21) that
J(0,s —w(l +2mp)) + 0, s — w(0 + 27mp)) — N0, s —wh) = 0,

or equivalently,

(3.22) J(0,) = 0,z + 0) — o, ),

where x = s — w(# + 27p) and z¢ = 2wm),.
From (3.18) and the definition of .J, we have

/027rp J(o,x)dx = — /027rp /027rp R0,z + wo, ¢)dzde

2wy p2mp
— [ [ Rtew yizas ~o.
0 0
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Thus we assume J(0,2) = 3 ok Ji(0)e*® and Q(p, x) = > oskez O (0)eiMke,
where A = 7/7,. Then the homological equation (3.22) implies that

Jk

W=7 F#FO

The definition of J(p, z) implies that J(o,z) is C* on x. Thus it holds that
(3.23) [Tel < C TGl - IR R #0.
From the Diophantine condition (1.14), we have that
(3.24) leMkTo _ 1| > 2m~|k|™T,  k #0.
Combining (3.23) and (3.24), we obtain that
QU < C-1TC @)l KT R #0,

which implies €2 is well-defined and C'~ on x since 1 < 7 < 2.
For the definition of ) and (3.14), we have that

IDiDIQ| < C- 05, 0<itj<i-2,
which together with (3.14) and (3.20) implies
(3.25) IDiDISy| < C-o 77, 0<itj<l-2.
Thus we obtain (3.16) from (3.17) and (3.25) and the proof is completed. ]

By lemma 3.2 and the repeated use of lemma 3.3, we have the following result.

Corollary 3.1. There exists a canonical transformation ®4 of the form:

{ I :C+u4(C7n79>
(1)4:
s =n+ ’U4(C7 7, 9)

such that the system with Hamiltonian (3.9) is transformed into the following one

(326) t((a n, 9) - QJC + tl(c> + t2(C7 n, 9)7

where 1 = 71 + [Fa]o with T1, [F2]o satisfying (3.10), (3.12), and vo satisfies
(3.27) IDiDIts| < C-¢274

for 0 <i+j <b5.
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4. PROOF OF THEOREM 1

In order to apply Moser’s small twist theorem, we need to calculate the Poincaré
mapping of the Hamiltonian system with the Hamiltonian (3.26). So in this section,
we first give the expression of the Poincaré mapping. And then we will use Moser’s
small twist theorem to prove Theorem 1.

From corollary 3.1, it follows that the Hamiltonian system with the Hamiltonian
(3.26) is of the form:

@ 8t2

) 70 =w+ﬁ@%+5§9m®
' g _ O
d0 - 877 (Cana )7

where t1(¢) = 71({) + [F2]o(C) satisfying (3.10) and (3.12), v2((, 1, 0) satisfies (3.27).
Thus the Poincaré map of the equation (4.1) is of the form:

(42) P . { 77(27713) = 27pr + 77 + Q(C) + Fl (Ca n>7
C(2my) =+ F(¢n)-

where F1(C,n) = [;™ G2 (C,n, 0)d6, Fa(C,m) = — [7™ G2(C,m, 0)d0.a(C) = ¥ (C),
and from the definition of v, (3.10), (3.12) and (3.27), we have that
(4.3) a(¢) = a1(¢) + a2(¢)
with
ag  lel@Izec .

()< ¢ ¢ Q<o T, 0<i<a
and
4.5) IDIDIF(C,m)| < C-C274, 0<itj<d k=12

where a1(¢) = 7(¢).a2(¢) = [F2](¢).

According to (4.4), we can know that the following case is possible, that is, the
function «(¢) may be not monotone. In order to find a monotone interval for a((),
we consider the interval [2(y, 3(o] with {y > 1. By (4.3) and (4.4), we have that the

1

set a([2¢o, LL¢o]) covers some interval with length longer than c - ¢, °. Therefore by

Mean Value theorem of Differentials, there exists some point (* € [%CO, %C{)] such that
1+q

o/(C) =G ©
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1
What’s more, (4.4) implies |o/'(¢)| < C - C_%_(Sl. Thus for each ¢ € [¢*, " +
8
(071], we have

+q

(4.6) GIEr

In the next, we give the following scale transformation :

4.7) alQ)—a(()=¢ v, vel2,3].

Then we have the following Poincaré mapping:

(4.8) P {?7(2%) =27pr~+04(€*)+n+Co_TqV+F1(v,n),
v(2mp) =v+ Fa(v,n),

where

1+q

49) Fi(v,n) = Fi(Cw),n), Falvin) =G (alC(v) + F2(¢(v), ) — a(((v))

with ((v) determined by (4.7).
From (4.4), (4.6) and (4.7), we see that

(4.10) D) <o 1<i<4,
which together with (4.5) and (4.9) implies
(4.11) IDDJFy| < C-¢° |DLDJF| <C- (5% 0<i+j<4

What’s more, the mapping P of the Hamiltonian system (3.26) is time 2m, mapping,
so it is area-preserving. And further it possesses the intersection property in the annulus
[2, 3] XS, this is to say, if I is an embedded circle in [2, 3] x S, homotopic to a circle
v = constant, then 15(1“) N T # (). The proof can be found in [4].

For the mapping P, all the conditions of Moser’s small twist theorem [19] have
been verified. Consequently, if ¢y > 1, then there exists an invariant curve I’ of P
surrounding ¥ = 1. This implies that the Poincaré mapping of the system (3.26) indeed
processes invariant curves. Retracting the sequence of transformations back to the
original system, we conclude that there exist invariant curves of the Poincaré mapping
of the original system (1.11). And those curves surround the origin (z,y) = (0, 0) and
at the same time are arbitrarily far from it. This completes the proof of Theorem 1.
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