TAIWANESE JOURNAL OF MATHEMATICS

Vol. 17, No. 2, pp. 675-700, April 2013

DOLI: 10.11650/tjm.17.2013.1466

This paper is available online at http://journal.taiwanmathsoc.org.tw

LITTLEWOOD-PALEY CHARACTERIZATION OF WEIGHTED
ANISOTROPIC HARDY SPACES

Guorong Hu

Abstract. We obtain the weighted anisotropic Hardy space estimate for anisotropic
singular integrals of convolution type, and apply it to derive Littlewood-Paley
characterization of weighted anisotropic Hardy spaces.

1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

The real-variable theory of Hardy spaces HP(R"™) was developed by Fefferman
and Stein [13] in the early 1970’s. Since then these classes of function spaces play
an important role in harmonic analysis, naturally continuing the scale of LP spaces to
the range p < 1. For example, when 0 < p < 1, Riesz transforms on R™ are not
bounded on LP(R™), however, they are bounded on Hardy spaces HP(R™). On the
other hand, a local version of real Hardy spaces more suited to problems associated
with partial differential equations, was introduced by Goldberg [17]. Indeed, quite a
few results concerning LP-boundedness (1 < p < o0) of pseudodifferential operators
were generalized to hP-boundedness (0 < p < 1); see, for example, [21] and [22].

Extensions of classical real Hardy spaces were carried out in several directions. In
particular, Garcia-Cuerva [15] and Stromberg and Torchinsky [26] studied weighted
Hardy spaces associated with Muckenhoupt A,, weights. Another possible direction
is to extend the classical real Hardy spaces to nonisotropic settings. This direction of
study was initiated by Calderén and Torchinsky [10, 11], who studied parabolic Hardy
spaces. Bownik ef al. [2, 6, 7] developed a more general theory of anisotropic Hardy
spaces (and their weighted counterparts) associated with expansive dilations. Recently,
anisotropic local Hardy spaces were studied by Betancor and Damién [1].

The first aim of this paper is to obtain the weighted anisotropic Hardy space estimate
for anisotropic singular integrals of convolution type. Suppose A is an expansive
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dilation, i.e., n x n real matrix all of whose eigenvalues \ satisfy |A| > 1. Let A_, A\
be two positive numbers such that

1 < Ao <min{|A|, A € a(A)|} <max{|A[, A € o(A)|} < Ay,

where o(A) denotes the set of eigenvalues of A. Set (_ := In(A_)/In|det A|
and (4 := In(\;)/In|det A|. If ¢ € S(R™) with [p, ¥(x)dx # 0, we define its
anisotropic dilation by

Yi(z) = | det A"y (A*2), k € Z.

Then the nontangential maximal function (resp. local nontangential maximal function)
of f € §'(R™), with respect to v, is given by

Myf(z) =sup sup |[fx*x(y)l
k€Z yex+B_y,

(resp. Mffcf(a:) = SUPLenu{0} SUPyea+B_, |f * Yr(y)]), where By, k € Z, is a family
of dilated balls defined in Section 2. Let 0 < p < oo and let w € A (A), that is, the

class of Muckenhoupt weights associated with A (see Definition 2.2 below). We define
the weighted anisotropic Hardy space HI,(R™; A) (resp. weighted anisotropic local
Hardy space hi,(R™; A)) as the collection of those tempered distributions f € S'(R")
for which My, f € Li,(R™) (resp. Mffc f € LE,(R™)) with the (quasi-)norm

1 ez, s 4y == 1Mo f| L1, ey

(resp. || fllnz, (rrsa) == HM&OCfHLgU(Rn)). Here, for 0 < p < oo, L4, (R™) denotes the
space of Lebesgue measurable functions f satisfying

1/p
11l e, mmy = </Rn \f(a:)\pw(a:)dx) < 0.

We shall show that (see Proposition 2.2 and 2.3 below) this definition of HI,(R™; A)
(resp. hl,(R™; A)) is independent of the choice of 1) and is equivalent to the radial and
grand maximal function formulation.

Let p4 be the step homogeneous quasi-norm associated with A defined by (2.3)
below. We define the anisotropic singular integrals of convolution type as follows.

Definition 1.1. Let m be a positive integer. An anisotropic kernel of order m is
a distribution K € S’(R™) which coincides with a C™ function away from the origin
and satisfies the following conditions:

(i) There exists a constant C' > 0 such that for all £ € Z, all z € R™\{0} with
pa(x) = |det Al%, and for all multi-indices o with |a| < m,

(1.1) 0% K (AD)](A™ )| < Clpa()]
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(ii) There exists a constant C' > 0 such that || f * K||p2rn) < C||f|2(rn) for all
f e SRM).

The convolution operator 7" with anisotropic kernel of order m is called anisotropic
singular integral operator of order m.

In the unweighted isotropic setting, i.e., A = 2[,, and w = 1, the HP-boundedness
of singular integrals of convolution type was first obtained by C. Fefferman and Stein
(see [13, Theorem 12]). In the weighted isotropic setting, when w € Aj, Lee et al.
[19, 20] applied the weighted molecular theory and atomic decomposition to obtain the
HY,(R™)-boundedness of a class of convolution singular integrals. This was recently
extended to the case w € A, by Ding ef al. [12], who achieved their goal by
applying the discrete version of Calderén’s identity and Littlewood-Paley-Stein theory.
In the unweighted anisotropic setting, Bownik obtained the H%(R™)-boundedness of
a class of anisotropic singular integrals of nonconvolution type by using molecular
characterization of (unweighted) anisotropic Hardy spaces (see [2, Theorem 9.8]). The
first main result of the present paper, which concerns the HY,(R"™; A)-boundedness of
anisotropic singular integrals of convolution type, is stated as follows.

Theorem 1.1. Suppose A is an expansive dilation, w € A (A), m is a positive
integer, and T is an anisotropic singular integral operator of order m. Then T is
bounded on Hi(R™; A), for p € (72—, 1]. Here, q,, is defined in Section 2.

Theorem 1.1 is proved in Section 3, by using atomic decomposition and radial max-
imal function characterization of Hf(R"; A). Note that the classical Riesz transforms
Rj, j =1,---,n, satisfy the conditions in Definition 1.1 with A = 21I,, for all m € N,
Hence it follows from Theorem 1.1 that R’s are bounded on Hi,(R"), for 0 < p <1
and w € A.. This has already been obtained by Lee et al. [19, 20] and Ding et al.
[12], whose methods seem more complicated than that used in the present paper.

The second aim of this paper is to obtain the Littlewood-Paley characterization of
weighted anisotropic Hardy spaces, that is, to demonstrate that weighted anisotropic
Hardy spaces fit into the scales of weighted anisotropic Triebel-Lizorkin spaces studied
by Bownik et. al. [5, 3, 4]. Let ¢ be a Schwartz function such that supp ¢ (where”
denotes the Fourier transform) is compact and does not contain the origin, and that

(1.2) D G((A*)7E) =1 for all £ € R™\{0},
JEZ
where A* is the transpose of A. Let ® € S(R") be given by

0

Y p((AnTE, e RM{0},

j=—oc

1, £=0.

(13) b(¢) =
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Given a smoothness parameter o € R, an integrability exponent 0 < p < oo, and a
summability exponent 0 < ¢ < oo, the weighted anisotropic homogeneous Triebel-
Lizorkin norm is defined by (see [4, p. 132])

o 1/q
HfHF.’g’q(RMA,wdm) = Z (‘ detA‘]a‘f * w]‘)q )

j=—o0
Lﬁ) (Rn)

and the weighted anisotropic inhomogeneous Triebel-Lizorkin norm is defined by

1/q
x

HfHFI?’q(R",A,de:) = || f = (I)HLﬁ,(R") + Z(‘ det AP|f = ;])7 )

= LY (R™)
where ¢;(z) := | det A[ip(Aiz). It was proved in [5, 3] that the spaces F"?(R™, A,
wdzx) and Fp"(R™, A, wdz) are independent of .

In the unweighted isotropic setting, i.e., A = 2[,, and w = 1, it is well-known
that HP(R") = Fp*(R™) (modulo polynomials) (resp. h?(R") = Ey*(R™)) with
equivalent norms; see Peetre [23] (resp. Triebel [27]). Bui [9] obtained such results
in weighted isotropic setting. In the unweighted anisotropic setting, i.e., when A is an
expansive dilation and w = 1, Bownik in [3] identified HP(R™; A) with F5"*(R™; A)
by applying wavelet characterizations (see [3, Theorem 7.1]). In the present paper, we
obtain the Littlewood-Paley characterization of weighted anisotropic Hardy spaces and
weighted anisotropic local Hardy spaces.

Theorem 1.2. Let A be an expansive dilation, w € Ax(A) and 0 < p < 1.
(i) If f € HE(R™ A), then f € Fp*(R™, A, wdz), and there exists a positive
constant C, which is independent of f, such that

HfHFgQ(RnAMdJ;) < CHfHHﬁ,(R";A)'
Conversely, if f € S'(R") is in F£’2(R”, A, wdx), then there exists a polynomial P
such that f — P € Hﬁ)(R”; A); moreover, there exists a positive constant C', which is
independent of f, such that
1 = Pllganay < 102 gt ey
(ii) There exist positive constants C' and C' such that
CHthﬁ,(R";A) < HfHFg’2(R"7A7wdq:) < C/Hthﬁ,(R";A)

Sorall f € S'(R™).
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Theorem 1.2 is proved in Section 4. We conclude this introduction by making
some notation conventions. Throughout this paper, the letter C' denotes a positive
constant which is independent of the main parameters involved but whose value may
differ from line to line. The notation @ < b or b 2 a for some variable quantities a
and b means that a < Cb for some constant C' > 0; a ~ b stands for a < b < a.
Denote by N the set {1,2,---}. The meaning of | - | depends on context: |z| is the
Euclidean norm for 2 € R”, |/ is the /'-norm for a multi-index @ = (aq, - -+, a),
while | E| is the Lebesgue measure for a measurable set £ C R”. Finally, we denote
|Al| :== sup{|Az|: € R"™ with |z| = 1} for any n x n real matrix A.

2. PRELIMINARIES AND NOTATIONS

Definition 2.1. A real n x n matrix A is said to be an expansive dilation, if
minye,(4) |[A| > 1, where o(A) is the set of eigenvalues of A. A homogeneous quasi-
norm associated with an expansive dilation A is a measurable function p : R™ — [0, 00)
satisfying that

(i) p(x) > 0 if and only if = # 0;

(i) p(Az) = |detA|p(x) for all x € R™;

(i) p(z+y) < H(p(z)+p(y)) for z,y €R™, where H is a constant no less than 1.

We follow the notations in Bownik’s monograph [2] (see also [3-7]). For a given
expansive dilation A, there exists an ellipsoid A and » > 1 such that A C rA C AA
and |A| = 1. Then, we can define a family of dilated balls around the origin By, :=
A*A, k € Z, that satisfy By, C rBy C Bjy1. Let w be the smallest integer such that
2By C A¥By = B,,. Obviously w > 1. For any set E C R", let E¢ := R"\E. Then
for all k, ¢ € Z we have

(2.1) By + By C Bmax{k,é}—l—wa

(2.2) By + (Br+yw)© C (By)“.

It is known that any two homogeneous quasi-norms associated with A are equivalent
(cf. [2, Lemma 2.4]). Throughout this paper, for convenience we always use the step
homogeneous quasi-norm p 4 defined by

N ‘ det A‘j, if x € Bj+1\Bj,
2-3) pale) = { 0, if & = 0.

Using (2.1) and (2.2), it is straightforward to verify that p 4 satisfies a triangle inequality
up to a constant and the homogeneity condition p4(Ax) = |det A|pa(z), z € R™.

We shall also consider a family of dilated balls {B} : k¥ € Z} and the step homo-
geneous quasi-norm p 4~ associated with A*, the transpose of A.
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Let A_, A4, (_ and (; be defined as in the introduction. We will frequently use
the following inequalities established in [2, Section 2]: There exists a positive constant
C such that

24) C M pa(x)]* < Ja| < Clpa(x)]* for all pa(z) > 1,
2.5) C 1 pa(@)]F < Ja| < Clpa(x)]* for all pa(z) <1,
(2.6) CYA)|z| < |AVz| < C(Ay)|z| for all j >0, and
(2.7) CH A |z| < |Alz| < C(A_)|z| for all j < 0.

Let us now recall from [5] and [6] the notion of the class of Muckenhoupt weights
associated with an expansive dilation A.

Definition 2.2. Let A be an expansive dilation and 1 < p < co. A nonnegative lo-
cally integrable function w belongs to the Muckenhoupt weight class A, (A) associated
with A, say w € Ap(A), if there exists a positive constant C' so that

1 1 a1 A\t
s (o [ wtiy) (o [ w)Fia) <eifi<p<s.
zER™ kEZ ‘Bk‘ z+ By, ‘Bk‘ z+By,
and

1 1
sup sup <— w(y)dy) esssup —— | < C, if p=1.
veRn kez \ | Bkl z+ By, yEx+By, w(y)
We say that w € Ay (A) if w € A,(A) for some p € [1, 00).

If w e Ao (A), we write g, := inf{p € [1,00) : w € A,(A)} to denote the critical
index of w, and we write w(E) = [ w(z)dx for any measurable set £ C R™.

For a locally integrable function f, the Hardy-Littlewood maximal function M (f)
is defined by

1
M(f)(z):=sup sup B
k€Z yex+ By ‘ k‘

/ £(2)|dz, = € R™.
y+By

Proposition 2.1. (see [6, Proposition 2.6]). (i) Let p € [1,00) and w € A,(A).
Then there exists a positive constant C such that for all x € R"™ and k,m € Z with
k<m,

C 1 det A|m=R/P < w(z + Bn)

< A|m=Fp,
S W@+ By) < C| det A

(ii) Let p € (1,00). Then the Hardy-Littlewood operator M is bounded on L4,(R™)
if and only if w € A,(A).
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We introduce the radial maximal function and local radial maximal function (cf.
[2] and [1]): If f € S’(R™) and ¢ € S(R™) with [g, ¥ (z)dx # 0, define

Mgf(a:) = sup | f * ¢x(x)| and Mg’locf(a:) = sup |f=x¢r(z)|
kEZ keNu{0}

For N € N U {0}, we define the grand maximal function and local grand maximal
function of f € S’ by

Myf(z)= sup Myf(x)and MEf() = sup  MY“f(a)
YeSN (R™) peSn(R™)

respectively, where

Sn(R") = {1/1 € S(R™) : [[¢lsy(@ = sup sup |9 (@)|[1 + pa(z)]™ < 1}-

ER™ |a|<N

In the introduction we defined HY,(R"™; A) via nontangential maximal function. The
following proposition, which is a weighted analogue of [2, Theorem 7.1], states that
this previous definition of HY,(R™; A) is independent of ¢ and is equivalent to the
radial and grand maximal formulation.

Proposition 2.2. Suppose that A is an expansive dilation, w € Ax(A), 0 < p < 00
and v € S(R") such that [g, (x)dx # 0. Then for any f € S'(R") the following
are equivalent:

(i) My f e LR ;

(if) My f € Li,(R™);

(iii) My f € LE,(R™) for sufficiently large N.

Moreover, if N is sufficiently large, then HM,ngLg(Rn) ~ [[My fllpemny ~
1M £l Lo, &y

Proof.  The proof is similar to that given for the case w = 1 in [2, Theorem 7.1],
so that we only sketch necessary modifications. If F': R" X Z — [0, o) is an arbitrary
(possibly nonmeasurable) function, we define, for £ € Z and K € Z, the (truncated)
maximal type function of F' with aperture ¢ as

Fi5%(x):= sup sup  F(y,k).
keZ,k>K yEI+B_k+[

Let M, be the Hardy-Littlewood maximal operator with respect to the measure w(x)dzx;
that is,

1
My f(x)=sup sup ————
wf(@) keZ yext B, W(Y + Bi)

[ e, = cw
y+By
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Then we note that, instead of (7.6) in [2], we have

2.8) / FrE (2)w(@)dz S | det AJaC—1) / FoE (2)w(a)dz,

forall £ > ¢ € Z, ¢ > qu, K € Z and all functions F' : R" x Z — [0,00). To see
(2.8), we let ¢ € (qy,o0) and Q = {z : F;X(z) > A}. Suppose F/¥(z) > X for
some z € R". Then there exists k¥ > K and y € x + B_j4¢ such that F(y, k) > A.
Clearly y+ B_j¢ C 2. By (2.1), we alsohave y+B_j ¢ C 2 +B_pi¢+B_jrp C
4+ B_jti+w- Hence y + B_prp C QN (2 + B_j1¢4y ). From this, Proposition 2.1
(i), and (2.1), it follows that

1 B_j.p
My (10)(z) > / w(z)d > ~2WF Bokie)
W(T + Boktetw) Jon(@+B_pior) w(r + B_gyetw)
w(y + B_j1e) o _w(y+ Bogie)

T w(y + Bkt + Bokrorw)  w(y + Boprerow)
> | det A|79EEH29) > | et 4|79,

Therefore, we have seen that {z : F;(z) >} C {a: :My(1g)(z) >C| det A\—‘I(f—f/)}

Since (R™, pa, wdz) is a space of homogeneous type, M, is bounded form L!(wdz)
into L1*°(wdx). It follows that

w({z: F¥(z) > A}) <w ({a: : My (1g)(x) > C| det A‘—q(e_e/)}>

2.9) / /
< | det A\q(é_é)ngHLl(de) = | det A9 ({z: F;R(z) > A}).

Integrating both sides of (2.9) on (0, co) with respect to A yields (2.8).
For an integer K representing the truncation level and real number L > 0 repre-
senting the decay level, we define the following maximal type functions

T g )

= sup sup |f* Yr(y)] (1+‘detA‘k+K>—L'
kezk>K yekn Max(1, pa(A*(z —y)))N max(1, pa(AKy))E’
My 1)

= sup sup sup |f*¢r(y)| max(1, pA(AKy))_L(l + | det A\HK)_L.
peSN (R™) lfglz( yex+B_y

Using (2.8) together with an argument similar to that used in the proof of [2, Lemma
7.4], we obtain

< cHMfva)f]

(2.10) HijV (K.L) f’

Ly, (R™) Ly, (R™)
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for all N > q,/p, K € Z, L > 0 and f € S’(R™). With (2.10) in hand, the
equivalence of (i), (ii) and (iii) follows by an argument similar to that used in the proof
of [2, Theroem 7.1]. [

We also have the following local version of Proposition 2.2, which provides the
radial and grand maximal function characterizations of weighted anisotropic local Hardy
spaces hi,(R™; A). The proof is similar to that of Proposition 2.2 with only minor
modifications, and hence we omit it.

Proposition 2.3. Suppose that A is an expansive dilation, w € Ax(A), 0 < p < 00
and ¢ € S(R™) with [g, ¥ (x)dx # 0. Then for any f € S'(R™) the following are
equivalent:

(i) M f € LE(R") ;

(if) Ml f € L,(R™);

(iii) MK € L, (R™) for sufficiently large N.

Moreover, if N is sufficiently large, then HMg’locfHqu(Rn) ~ HM&OCfHpr(Rn) ~
HMJZ\?cfHLﬁ,(R")'

In order to show the HE,(R™; A)-boundedness of anisotropic singular integrals, we
will use the atomic characterization of HY,(R™; A) obtained in [6].

Definition 2.3. (see [6]) Let A be an expansive dilation and w € A, (A4). A triplet
(p, q, 8)w 1s said to be admissible, if p € (0,1], ¢ € (qw, 0] and s € N U {0} such

that s > {(%“ — )lnldetA|J. Given an admissible triplet (p, g, s), We say that the

In(A-)
measurable function a on R" is a (p, ¢, s),,-atom if
(1) supp a C xg + Bj, for some xg € R" and jy € Z;
.. 1/q—1/p.

) Nl g ) < oo + By, ) Vo7

(iii) [gn a(z)xz®dz = 0 for all multi-indices a with |a < s.

Let HI;?(R™; A) denote the space consisting of those tempered distributions ad-
mitting a decomposition f = > 22, Aja; in S'(R™), where as are (p, g, 5),-atoms
and > 7, [A;[P < oco. And for every f € HEP*(R™; A), we consider the (quasi-)norm
defined by

[ f | ey (s a)
1/p

= inf Z |A; [P :f:Z Ajaj in S'(R™), {a;}32, are (p, g, 8),—atoms
j=1 j=1

Proposition 2.4. (see [6, Theorem 5.5]) Let A be an expansive dilation and w €
Ao (A). If (p,q, 8)w is an admissible triplet, then HI;"*(R™; A) = HL(R™; A) with
equivalent (quasi-)norms.
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The relation between H},(R™; A) and hf,(R"; A) is as in the following lemma.

Lemma 2.1. Let A be an expansive dilation, w € Ax(A) and 0 < p < 1. Then
(i) HE(R™; A) is continuously embedded in hi,(R"; A);
(ii) If U is a function in S(R™) such that [p, ¥(x)dx =1 and [g, ¥(x)z*dz =0
for all |a| < N, where N = N(p,w) is a sufficiently large positive integer, then
f—f*W e HL(R", A) and there exists a constant C > 0 such that

Hf — f * \IIHHg(R",A) S CHthg,(anA)’
Sor all f € i, (R™, A).

The proof of Lemma 2.1 is similar to that of [1, Lemma 2.1] with the only modi-
fication that one needs to use the radial and grand maximal function characterizations
of weighted anisotropic Hardy spaces (see Proposition 2.2 and 2.3) instead of their
unweighted counterparts; see also [8, Proposition 4.1]. We thus omit the details here.

3. PROOF OF THEOREM 1.1

We begin with a simple lemma.

Lemma 3.1. Suppose that K is a tempered distribution satisfying the condition (i)
in Definition 1.1, and ky is a fixed positive integer. Then for all { € 7, all x € R™\{0}
with |det A|*F0 < pa(x) < |det A|**0, and for all multi-indices o with |a| < m,
we have

o [K ("] (A7) £ [pa(a)] "

Proof.  Let x € R™ be such that pa(z) = | det A|* with £ — ko < ¢/ < £+ ko.
Let |a| < m. By the chain rule, (2.6), (2.7) and (1.1), we have

|99 [K(AL)] (A~t2)| = |o° [K (A”Af—”.ﬂ (A—%;)’

SAryel 3 o7 [K(a)] (A )|
1B1=lal
S QP pa(@)] " ~ [pa@)]

which completes the proof. ]

Lemma 3.2. Suppose K is an anisotropic singular kernel of order m, and ) is a
Schwartz function such that supp v C B1. Then K x 1y satisfies the condition (i) in
Definition 1.1 uniformly in k € Z. More precisely, there exists a constant C > 0 such
that for all £ € Z, all x € R™\{0} with ps(z) = | det A|*, and for all multi-indices o
with || < m, we have

0 [(K x ) (A")| (A7) < Clpaa)] ™

sup
keZ
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Proof.  Observe that (1.1) is dilation-invariant; that is, if we replace K by Ky,
in (1.1), where K}, := |det A|*K(A*.), we get the same inequality with the same
constant. In addition, we can write K * ¢ = (K_j, % ¢)g. Therefore, it suffices to
show that K := K x 1 satisfies (1.1).

To this end, we write

R(x) = (k) (€) = / 2R (6) K (€)de.

n

Then for all multi-indices 3 with || < m, we have

G.1) 07K ()] =

[ eriePeme <ok ikl [ @il
where we have used the fact that the L2-boundedness of f +— f x K implies that
K € L>®(R"). From (3.1) we see that the family {9°K : |8| < m} is uniformly
bounded.

Let £ € Z and 2 € R™"\{0} with pa(z) = |det A[, and let a be a multi-index
such that |a] < m. To show that K satisfies (1.1), we consider two cases.

Case I. / < w + 1. By the chain rule, (2.6), (2.7) and (3.1), we have

o [K(a)| (A=) £ 140 30 [(@7K)(@)|
18]=[a
SO S5 [det Al = [pa@)]

Case II. /> w + 1. Since supp ¢y C By we can write

o [R(a)] (ata) = [ o {4 — a7y} (4 )ty
(3.2)
= [ o [Ka)] (47" - ) vl

By (2.1) and (2.2), we see that for £ > w + 1, if v € Byy1\By and y € By then
T —Y € Brywi1\Brw, ie., [det Al < pa(z —y) < |det A|". Hence it follows
from Lemma 3.1 that

0 [K(A")] (A7 (@ — )| S [palw = y)] " < |det A7 ~ [pa(a)] "
Inserting this into (3.2), we get
o [K(A%)] (A~2)| S 10l [pa@) ™ ~ loa(@)] ™

Combining both cases, we obtain the desired estimate and thus complete the proof
of Lemma 3.2. n
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Lemma 3.3. Suppose 1 < ¢ < oo and w € Ay(A). Then any anisotropic singular
integral operator of order 1 is bounded on L{,(R™).

Proof. By [7, Proposition 3.6], it suffices to verify that there exist positive
constants ¢ and C' such that for all 2,y € R™\{0} with p4(z—y) < |det A|72*pa(y),

[oa(x —y)I°
(33) K () = K(y)| < C——7.
[paly)]'™
To this end, we assume without loss of generality that ps(z — y) = |det A[%0 and

pa(y) = | det A[ot31+2% for certain jo € Z and j; € NU{0}. Set K = K (Aotii+2w.),
By the Mean Value Theorem, we have

K (2) = K(y)] = |K (4" Gortt25) - (a-totatoy)]

§€Bj0+1

VR' (A—(jo-l—jl-i—?w)(y + f)) ’ .

From (2.1) and (2.2) we see that if p4(y) = | det A[PoT172 and ¢ € Bj, 41 then
| det AJfotiite < pa(y + &) < |det AJfo+i1+3¢ Hence by Lemma 3.1 we have

VE (A2 1.6))| < sup [paly+ &) ~ [palw)]
£€Bjy+1

sup
§€Bj0+1

It follows that
K (2) = K@) S |40 9529 (@ — )| [pa(y)] ™

< [oa (4009929 (@ ))] 7 fpatu))

pale =yl

loaly)]

where, in the second inequality we have applied (2.5). Hence (3.3) holds withe = (_,
and the proof of Lemma 3.3 is thus complete. ]

We are now ready to prove Theroem 1.1.

Proof of Theorem 1.1. Since 1+%“<_ < p <1, we can find ¢ € (g, c0) such that
p(14+m(_) —q > 0. The latter implies that (p, ¢, m),, is an admissible triplet. Hence,
from [6, Theorem 7.2] we know that, to obtain the HE (R"; A)-boundedness of T, it
suffices to show that for all (p, g, m)-atoms a, we have || Tall gz gn,4) S 1. Take
¢ € S(R™) such that [, ¢ (x)dz # 0 and supp ¢ C Bj. In view of the radial maximal

function characterization of HY,(R™; A) (see Proposition 2.2), we have to show that

(3.4)

sup|(Ta) x| <L
kEeZ

Ly, (R™)
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We assume that a is a (p, g, m),-atom associated to the dilated ball = + Bj;,, where
zg € R™ and jg € Z. Note that by [6, Proposition 2.11 (i)] we have

(35) sup [(Ta) s ¢ (x)| < CM(Ta)(x).

To show (3.4) we first estimate the integration over the set xg + Bj,4+.,. Indeed,
by (3.5), Holder’s inequality, Proposition 2.1 and Lemma 3.3 we have

/Mjw (zgg (Ta)» wk<x>\)p w(e)da

< / o, MEO@P was

b

q

(3.6) S /mﬁBj N \M(Ta)(w)\qw(w)dw] (a0 + Bjyr)] T

1-2
SITall}y oy [wwo + By,)]'

1—-k
< llall [w(zo + Bjo )]«

p
L% ()

<1

Next we fix an arbitrary integer j > jo +w. Set KF) := (K x1;,)(A7"), k € Z.
For z € zy + (Bj+1\B;) and y € x¢ + Bj,, by Taylor’s inequality we have

@I (A7 —r) (A0 9)”
3!

1Bl<m—1 ‘

(85[((’“)) (A_j(x —x0 + z))‘ |A_j(x0 — y)|m

sup| K *) (A_j(x—y)) — Z

k€eZ

(3.7 <sup sup sup
kEZ 2€Bjq |Bl=m

=sup sup sup |97 [(K =) (A7)] (A7 (z—20+2))] |A_j(x0—y)|m
kEZ 2€Bj, |B=m

Observe that if j > jo +w, z € Bj, and € zg + (Bj11\Bj), then (by (2.1) and
(2.2)) we have |det A% < pa(x — zg + 2) < | det AT, Hence, it follows from
Lemma 3.2 and Lemma 3.1 that

sup sup sup ’8/6 [(K % 9pg) (A7)] (A7 (2 — 20 —i—z))’
keZ z€Bj, |B|=m

< lpale —zo 4 2)] 7 ~ | det A] 7.

Inserting this into (3.7) and by using (2.5), we obtain that, for all x € z + (Bj+1\B;j)
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and y € xo + B;

Jo>

O KW) (A7 (a ~ 20)) (47 (w0 - )’
B

sup |K'*) (A7 (z—y)) - Z
kez |B]<m—1
< | det A7 [A (g — y)|™
< [det Al [p (A7 (w0 — )] ™
< | det A‘—j-I—(jo—j)mC—.

Then, by using the vanishing moment conditions satisfied by a and Holder’s inequality,
we have, for z € xg + (Bj+1\B)),

sup [(T'a) * ¢y, ()]
keZ

= sup / (K * x)(z —y)a(y)dy
k€Z |J z0+Bj,
< sup/ KO (A7 (2~ y))
keZ Jxo+Bj,
PKW) (A~ (z — m¢)) (A7 (2o — 1))
y, PR () L awla
1B|<m—1 '
S ldet A [ oy
l’o—}—B]'O
_1
/ q
< | det A‘—j-I—(jo—j)mC— HaHLﬁu(R") / w(y)_q?dy
l’o—l—B]'O
1
o 11 a1 + Bjo| ¢
< A|—it+o—g)m(- B i B, : M
S | det A| [w(wo + Bjo)l* 7 lwo + Bjo| @ w(xo + Bj,)
. . 1
< | det A| VoM [y (29 + By )] 77
Hence, by Proposition 2.1 (i), we can estimate
/ sup |(Ta)  ¢p(x)[” w(x)dz
R™\(z0+Bjg+w) kEZ
= sup |(Ta) * p()” w(x)dx
3-8) j%;,_w /aro+(Bj+1\Bj) keZ
S Z ‘ det A‘p(jo—j)(l—i—mC—) [w(fBO + ng)]_l w((ll() + Bj+1)

Jj=jotw
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< Y | det AU (Hme)+ali—jot)
Jj=Jjo+w

<SS det A[ PO~ <,
j=w

Here, in the last inequality, we have used that p(1 + m({_) — ¢ > 0.

Combining (3.6) and (3.8), we get (3.4) and thus complete the proof of Theorem
1.1.

We remark that, as in the isotropic setting and the homogeneous group setting (cf.
[25, pp. 28-29] and [14, pp. 106-107 and p. 201]), the result for anisotropic singular
integrals on anisotropic Hardy spaces in Theorem 1.1 goes through for functions that
take their values in Banach spaces. If B is a Banach spaces, we can consider the
B-valued tempered distributions on R", i.e., the space of continuous linear maps from
S(R™) to B. Then for an expansive dilation A, 0 < p < oo and w € Ay (A), we
define the B-valued weighted anisotropic Hardy space HY,(R™, B; A) as the collection
of those B-valued tempered distributions f for which

My f(z) :=sup sup | f*¢r(y)ls
k€Z yex+B_y,

belong to L, (R™), where ¢» € S(R™) such that [, 1 (x)dx # 0. Note that the atomic
decomposition can be carried out in the Banach space setting (see the remarks in [14,
pp. 106-107]). Moreover, Proposition 2.2 can be extended to the Banach space setting,
so that HY,(R™, B; A) is independent of the choice of ¢ and are equivalent to the radial
and grand maximal function formulation.

For later use we formulate a generalization of Theorem 1.1 in the Banach space
setting. In what follows, B; and B, is a pair of Banach spaces, L (B, By) denotes the
Banach space consisting of bounded linear operators form B; to By, and LP(R", ;)
(¢ = 1, 2) are Bochner spaces.

Theorem 3.1. Suppose A is an expansive dilation, w € A, (A) and m is a positive
integer. Suppose further that K is an L (B, Ba)-valued tempered distribution satisfying
the following conditions:

(i) K coincides with an L (B, Bs)-valued C™ function away from the origin,
and there exist a constant C' > 0 such that for all { € Z, all x € R™\{0} with
pa(z) = | det A%, and for all multi-indices o with |a| < m,

(3.9) 10K (A) (A @)l (5,,8,) < Clpala)] ™

(@) |1f * Kllp2mn o) < Cllfl2(rn 3,y for all Bi-valued Schwartz functions f.
Then the operator T'f = f* K is bounded from HY,(R™, By; A) to HY(R™, By; A),
forp € (e, 1],
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The proof is based on re-examining related assertions in the scalar-valued setting.
We, therefore, omit the details.

4. PROOF OF THEOREM 1.2

We begin with recalling the anisotropic Peetre’s inequality obtained in [5].

Lemma 4.1. (see [5, Lemma 3.4]). Suppose A is an expansive dilation, K is a
compact subset of R™ and v > 0. Then there exist constants C,Co > 0, depending
only on A,;n,r and K such that for all g € S'(R™) with supp § C K,

[Vg(z —2)|

sup ———— < (' sup gz — 2)|

R I oM (g™ ()Y for all x € R™.
S Wt pa) = O S Tt pageirr = M a1

Given f € S'(R"), ¢ € S(R") and a > 0, we define

o=l .,

& f)alz) = sup A ,
(3)ale) = S0 T Tdet A ()"

Lemma 4.2. Suppose A is an expansive dilation, w € Ax(A), 0 < p,q < oo and
a > max{q,/p,1/q}. Suppose further that ¢ is a function in S(R™) such that supp
& is compact. Then there exists a constant C' > 0 such that for all f € S'(R™),

1/q 1/q
x x

ST @if)al <Ol S If eyl

j:_oo ng(Rn) j:_oo ng(Rn)
Proof. Set K = supp ¢ and gV)(z) = (f*¢;)(A77z), j € Z. Then (g))"(€) =
| det A[7@(€) f((A*)I€), from which we see that supp(g\W))" C K forall j € Z. Hence,
by Lemma 4.1, there exists a constant C' > 0 such that

@ (¢ —
an s a2

(7)|1/a “ : n
0 i e < C (M (617) @] forallj e Zand (e

But we have

9D —2)|  |(f ) (ATIC — A7)
ek 1+ pa(2)  semn (1 4pa(2)"
(42) I(f * @) (A7I¢ = 2)]

= Su -
T (L1 [det Afipa(z))e

(¢5.f)a(AT0),
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and
A 1 . .
M(|gD1M)(¢) = sup sup B—/ (f * ) (A 2) |V dz
ez yec+ By | Bel Jy1B,
1 e
N SUp 75 (f * ) (A7 2) |V dz
(4.3) kez | Bkl JiB,
1

= sup
kez |Br—jl Ja-icyB,_;

S M (1f + slM7) (A7)
where, in the first inequality we have used the fact that the “uncentered” Hardy-

Littlewood maximal function of f is controlled by the “centered” one. Combining
(4.1), (4.2) and (4.3), we obtain

(44) (@5 Dal@) < C [M (If x05) @]

for all j € Z and x € R™, where C is a constant independent of j. Since w €
Aqp(A) and ag > 1, it follows from (4.4) and weighted Fefferman-Stein’s vector-
valued inequality (cf. [5, Theorem 2.5]) that

|(f * 05)(2)]/?dz

3

o] 1/q ) 1/q
* aq
> 1@l SIS [ar (17wl
j=—00 j=—00
L, (Rm) Ly, (Rm)
1/q
[0.9]
SIS 1wl
j=—00
ng(Rn)
This completes the proof of Lemma 4.2. ]

Lemma 4.3. Suppose A is an expansive dilation and ¢ € S(R™). Then, for
every multi-index « there exists a constant C,, > 0 such that for all £ € 7 and all
x € RM\{0} with ps(z) = | det A[",

o [{oran)™ |t

j=—o0

< Calpa(@)]™".
02

Proof. Let (€ Z and let x € R™\{0} such that p4(x) = | det A|*. We write

2 _ Z |detA|2j|8a [(p(AjH.)] (A—éx)|

j=—o00

Lo
) (Z 2 )'det“"%“ (A7) (a~"0)|*

j=—00 j=—{+1

2

o o) ] (aa)

02

= 11 + 12.
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First we estimate [1. Let —oco < j < —/¢. By using the chain rule, (2.7), and that
P € L= (R™) (V/3), we have

P [QP(AHZ.)} (A—ex>’ < [|ad+ |2l § ’( ) (Alz >’ < (A_)26+0lal,
1Bl=lal

It follows that,

—0
45) LS ) [det API(A)?UH0ll < det A7 = [pa(2)] 2.
j=—00

Next we estimate Io. Let j > —¢ + 1. Let M be a positive number such that
|det AM=1 > (A,)lel. By using the chain rule, (2.6), and that ¢ € S(R™), we can
estimate as follows.

2 2
AR Y |(9%) (40

o [p(a7t)] (A~1a)

18]=le
(3+0)
A Lo A )Ial
< (L 20H0lal [ (ad 12— [ (A .
~ ( +> [PA( x>] \detA\M
Hence,
0 2(j+£)
A A )Ial
I < det AP [ 2
5 5 Jaa (e
_ —2¢ + —20 _ -2
- ‘det A‘ A Z <‘ det A‘M_1> S ‘det A‘ - [pA($>] :
j=—l+1
Combining (4.5) and (4.6), we obtain the desired estimate. ]

In order to obtain the Littlewood-Paley characterization of weighted anisotropic
Hardy spaces, it is useful to introduce the ¢/2-valued weighted anisotropic Hardy spaces
HE(R™ ¢2; A). Let A be an expansive dilation, 0 < p < oo and w € Ay, (A). Define

HER™ % 4) = { f = {1} © S'®) - | llzp o s
1/2

o0
2
= lsup | 3 14y ooy,
keZ \ .
J=—00
Lﬁ) (Rn)
where 1) € S(R") such that [, ¥(x)dz # 0. As we mentioned in the previous section,

the definition of HE (R™, £?; A) is 1ndependent of the choice of .



Littlewood-Paley Characterization of Weighted Anisotropic Hardy Spaces 693

Lemma 4.4. Suppose A is an expansive dilation, w € Ax(A) and 0 < p < 1.
Suppose further that ¢ is a Schwartz function satisfying (1.2) and the property that
supp @ is compact and does not contain the origin. Then we have

@n e S W lpgoy T € SRY.

HE (R™ 02, A

Conversely, given f € S'(R™), there exists a polynomial P such that

(48) Hf - PHH&(R";A) S H{f *(Pj}j:—oo’ Hg,(R’L,€2;A)

Proof.  Define a liner map K : S(R") — (2 by

o0

qﬁ(a:)cpj(a:)da:} , ¢ e€SR").

j=—o0

Ko = {

Rn

Note that K(¢) does belong to ¢2. Indeed, since [5. ¢(z)dz = ¢(0) = 0, for j > 0
we have

’/R"Gﬁ(a:)cpj(a:)da: < / 6(A2) — $(0)[|o(x)|dz

< IV i / A7 2| (@)da S (A2)~,

Rn

where we have used the Mean Value Theorem and (2.7). For j < 0, we have

[ ola)ei(@)da

< \detA\j/ (6(2) (A1) |dz < | det AP,

Therefore, ||K(¢)||,2 < co. The above computation also shows that K is a continuous
map from S(R") to ¢2, so that it is an ¢?-valued tempered distribution.

Since K coincides with the £?-valued smooth function {¢;(z) 72 away from the
origin, from Lemma 4.3 we see that it satisfies the regularity conditions in Theorem 3.1
up to order m for arbitrarily large integer m. Furthermore, by the Plancherel theorem
and [7, Remark 2.13], we have

1 % Kll72ggn 2y = S * 05352 ool T2@nzy = /Rn |f % (@) *dz

j=—o00

= [1HOF [ 32 1A IO | de S 113y

j=—o00

Therefore, we may apply Theorem 3.1 to the £(C, £2)-valued kernel K, to get

[ eix |

e = 1 Kl < 1l e,
w b b



694 Guorong Hu

which proves (4.7).

Now let us show (4.8). Since supp ¢ is compact and does not contain the origin,
we can find a (sufficiently large) positive integer kg such that supp ¢ C B;;O\Bf ko
The latter implies that supp@((A*)7-) N supp@((A*)7"-) = O whenever |j — j'| > 2ko.
Hence, if we define

2ko

(4.9) 0(z) = > exlx),

k=—2ko

then it follows from (1.2) that é(f ) =1 for £ € supp ¢, and consequently ¢; *0; = ¢,
for all j € Z. Define the linear map K from the £2-valued Schwart class S(R™, £2) to
C by setting, for all ¢ = {¢;}2__ € S(R", (?),

j=—o0

K(¢) = Z - ¢;(x)0;(x)dw.

Similarly to above, one can use [, 6(x)dx = 0 to show that the sum in the right-hand

side converges absolutely, and that the map K : S(R", ¢?) — C is continuous, so that
K is an L(¢2,C)-valued tempered distribution. If we identify £ (¢2, C) with £2 (they
are isomorphic as Hilbert spaces), then K coincides with the ¢?-valued smooth function
{0,152, away from the origin. Thus, by Lemma 4.3, the L (%, C)-valued kernel K
satisfies the regularity conditions in Theorem 3.1 up to order m for arbitrarily large
integer m. Furthermore, K satisfies the condition (i1) in Theorem 3.1. Indeed, by the

Plancherel theorem, the Cauchy-Schwartz inequality, and [7, Remark 2.13], we have

”({fj}]q.;—oo)*K’L2(R7l) = > fixb; = > 5
J=—00 L2(Rn) J=—00 L2(Rn)
o 1/2 o 1/2
< > I15° > l6An P
J=7 J=700 L2(R")
o 1/2 o 1/2
SIS IRP =1l D 15P
J=Te L2(Rn) J=m L2(Rn)
- {f] }j:_oo’ L2(R"7€2) :

Thus, we may apply Theorem 3.1 to the £ (¢2, C)-valued kernel K, which yields
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Y e = Y frpixb;

= HE(R;4) P77 HE (R A)

:H({f*(p]})*f? )SII{QPj*f};.;—oo’

H (R A H{ (R 025 A)

But note that f — ) ez [ * ¢; equals to a polynomial P, since its Fourier transform
is supported at the origin. It follows that f — P € HE(R™; A) and satisfies (4.8). =

Lemma 4.5. Suppose that A is an expansive dilation, ¢ is a Schwartz function
satisfying (1.2) and the property that supp @ is compact and does not contain the
origin, and ® € S(R™) is given by (1.3). Then we have the following (quasi-)norm
equivalence

1 f e @nsay ~ 1f = @ % fllgp@na) + 12 * fllz @ny, €S (RY).

Proof. Since & equals 1 near the origin, by Lemma 2.1 we have |f — ® *
Flaz@niay S I fllne @n;a)- Moreover, from the definition of Ay, (R"; A) we see that

H(I) k f”Lﬁ)(Rn7A) S Hthg}(Rn7A) Therefore,
1f = @ * fll gz @nsay + 112 = fllze @ey S N F 11z @esa)-

To see the inverse inequality, we write, by virtue of the radial maximal function char-
acterization of hl,(R™; A) (see Proposition 2.3),

[ flpz, mnsay S N =@ fllpn @nay + 12 % fllpz @esa)
(4.10)

)

Lﬁ) (Rn)

sup ¢ + @ x f]|

= [If = @ * fllpz ®nia) +
JENU{0}

where ¢ € S(R™) such that [, ¥ (x)dz # 0. Since ® has compact support, we may
apply (4.4), in which taking 7 = 0 yields that

(@ f) =)l S [M (1@ 177) @)] (4 pa)®, vy eRY,

where a > 0 can be chosen to be arbitrarily large. By the above inequality and (2.4),
and using that ¢) € S(R"™), we can estimate as follows
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sup |1 * © x f(z)|

JENU{0}

[ devapuaty) @« £ - )iy

= sup
JENU{0}

< s / | det AJJ
™ jenufoy Jre (1 +PA(AJy))“+(”+1)
(4.1) M (19 f17) @)]" (14paly) dy

a 1
< M ® « f|1/e / d
< ()@ [ gy

(
< [or (00 ) @] g
M ([0 1) (@)]

Inserting this into (4.10), and applying the weighted maximal inequality, we get

S

[ £z, rnsay S NF =% fll g mnsa) + 12 fll 2z @n)-

The proof is therefore complete. ]
Now we are ready to prove Theorem 1.2.

Proof of Theorem 1.2. (i) Let ¢ be a function in S(R") satisfying (1.2) and the
property that suppy is compact and does not contain the origin. As above we let kg
be a positive integer such that suppp C B;;O\Bi k- Define the function 0 by (4.9).

We first show that HfHFg,z(anAvde) S I f 1l sz @,y for all f € S’ Indeed, by
(4.7) in Lemma 4.4 we have

171 29 mwey = || 47 * 052 ]| g i

S N 2 sy

H{f *¥i J*—O‘“’ HE (R™,02; A)

To see the converse, we pick a function ¢ € S(R") such that [, ¥ (z)dz # 0 and
suppy) C B, . Then D((A*)L)@((A*)9.) = 0 whenever £ < j (i, € Z). Hence,
for all f € S'(R") and j € Z we have

sup [y * j * f ()]
LeZ

~ e ] o) (@s * ) — y)dy

LeZl>7 | JR™

(4.12)
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= s | [ W) - A-‘y>dy]
LeZl>F | JR™
(5 % f) (z — A~42)] .
< eesz%lj Zs;lléi 0+ pale))" Rn(l +pa()) 1Y (y)ldy
(03 % Pz = 2)
S D S Lt | det Apa(z))
< @ NE=D

ZERR

(1+ [ det Apa(2))”

where a > 0 can be chosen to be arbitrarily large. Now, by using (4.8) in Lemma

4.4, (4.12), and Lemma 4.2, we can es
polynomial P such that

|f = Pl uz,nsa)

S —
S |[es f}j:—o"HHg(Rn,e?;A) B
1/2
[e.9]
<\ D2 suplvexg; = f?
- LeZ
j=—00
1/2
[e.9]
S Do fxesl
J=T ng(Rn)

timate as follows: Given f € &', there exists a

1/2
[0.9]
sup | Y [tbex o % f?
LeZ jR——
L%(Rn)
1/2
[e.9]
SIS 1@l
LB, (R™) 7 LB, (R™)

- HfHFg’2(R",A,wda:)'

Therefore, the assertion (i) is established.

(ii) Let us now show that [|f|[,z mn.a) ~ HfHFg,z(

R% Awdzr) 10T [ e S'(R™).

Indeed, let ¢ be the same as in the proof of (i) and define ® by (1.3). By Lemma 4.5

and (i) we have

£ lnz, mnsay ~ 112 * fll 2z mny + |

~ ||®* fll e mey +

|f = @ fll gz @, a)
o 1/2
7 lejx(f = @xf))?

j=—o0
Lﬁ, (R")

The polynomial P in the assertion (i) doesn’t appear in the above inequalities. This is
because the Fourier transform of f — ® % f equals 0 in a neighborhood of the origin.

Therefore, it remains to show that
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1/2

1D fll ooy + |[[ Dl (F — @ f)?

j=—o00

(4.13)
ng(Rn)

~ HfHFg’2(R",A,wda:) :
Since suppp C B};O \Bfko, we see (from (1.3)) that supp d c B};O and that

() =1 for € € B*, +1- Hence p; * (f — @ * f) = 0 whenever j < —2ko + 1.
Consequently we can write

1/2
o
lhs (4.13) < (1@ * fll 2 mn) + Z s fI?
Ikt L (R™)
. 1/2
+ > By fI
e L, (R7)

Since ¢ has compact support, by (4.4) and a similar computation as in (4.11) it is
easy to obtain that |® * ¢ * f| < [M(|p; * f|*/*)(2)]% where a can be chosen to be
arbitrarily large. Hence, it follows from the weighted Fefferman-Stein inequality (cf.
[5, Theorem 2.5]) that

1/2
o

ths (4.13) S {1 fll £z, ey + lioj * fI? S 11502 @n A wde):
P ( [t} )

j=—2ko+2
J 0 L2 (&™)

To obtain the inverse inequality in (4.13), we note that by the support properties of
¢ and ® (which implies ¢; * ® = 0 whenever j > 2kg), (4.11), and the weighted
Hardy-Littlewood maximal inequality,

HfHFB""(Rn,A,wda:)

o 1/2
= [|®* fll 15 mn) + Z“Pj*f‘Q
o L (R™)
- 1/2
SR fllze @y + Z:“Pj*(f—‘b*f)‘2
= L (R™)

2ko—1 1/2

+ Z \cpj*i)*f\Q
j=1

Lﬁ) (Rn)
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- 1/2
SN * fllpn g + ||| D les + (f =@ f)]?
= L (R™)
+] [pr (@ = s177) @]
< lhs (4.13).

Lﬁ, (R")

Therefore, (4.13) is established and the proof Theorem 1.2 is complete.
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