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MOLECULAR DECOMPOSITION OF WEIGHTED
ANISOTROPIC HARDY SPACES

Kai Zhao* and Lan-lan Li

Abstract. In this paper, the weighted anisotropic Hardy spaces associated with the
general discrete group dilations, the weighted anisotropic atoms and molecules are
introduced. Then the molecular decomposition of the weighted anisotropic Hardy
spaces is obtained. As an application, the boundedness of Calderon-Zygmund
operators on the weighted anisotropic Hardy spaces is discussed.

1. INTRODUCTION

Harmonic analysis plays an important role in partial differential equations. The
theory of Hardy spaces constitute the important part of harmonic analysis. As we
know, the atomic decomposition and molecular decomposition of Hardy spaces make
the linear operators acting on Hardy spaces very simple. Indeed, many problems in
analysis have natural formulations as questions of continuity of linear operators de-
fined on spaces of functions or distributions. Such questions can often be answered
by rather straightforward techniques if they can first be reduced to the study of the
operator on an appropriate class of simple functions which generate the entire space in
some appropriate sense. This fundamental principle was applied by many authors to
problems where atomic or molecular decomposition exists (see [1-5] etc.). Thus, the
decompositions of function spaces are very critical in harmonic analysis.

In 2003, Bownik introduced the anisotropic Hardy spaces associated with very gen-
eral discrete group dilations [6]. Such anisotropic Hardy spaces include the classical
isotropic Hardy spaces and the parabolic Hardy spaces introduced by Fefferman and
Stein [7], and Calderén and Torchinsky [8], respectively. Then, some authors dis-
cussed more about anisotropic function spaces, such as anisotropic Besov spaces and
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Triebel-Lizorkin spaces, weighted anisotropic Hardy spaces, and anisotropic Herz type
Hardy spaces (see [9-12] etc.). So far, we haven’t seen the results about molecular
decompositions of the weighted anisotropic Hardy spaces. Since the anisotropic Hardy
spaces, classical Hardy spaces and weighted Hardy spaces have the atomic decompo-
sition and molecular decomposition (see [6], [13-18]), we can discuss the molecular
decomposition of the weighted anisotropic Hardy spaces.

It is well known that one purpose of the atomic and molecular decompositions of
spaces of functions or distributions is to prove the boundedness of linear operators
on these spaces becoming simple. Therefore, as an application, we will discuss the
boundedness of singular integral operators on the weighted anisotropic spaces, obtain
that the Calderon-Zygmund operators are bounded on the weighted anisotropic Hardy
spaces.

First of all, let us recall some basic knowledge for the anisotropic dilations (see
[6]).

An n x n real matrix A is called an expansive matrix, sometimes called a dilation,
if all eigenvalues A\ of A satisfy |A| > 1. Suppose Ay, ---, A\, are eigenvalues of A
(taken according to the multiplicity) so that 1 < |[Aj| < -+ < |Ay]. Let A, A4 be
numbers such that 1 < A_ < [Aq] < -+ < [Ay] < Ap. A set A C R is said to be
an ellipsoid if A = {z € R": |Pz| < 1} for some non degenerate n x n real matrix
P, where | - | denotes the Euclidean norm in R™. For a dilation A, there exist an
ellipsoid A and r > 1 such that A C rA C AA. By a scaling we can assume that
|A| = 1. Let By = A*A, k € Z. Then we have By C rBj, C By1, and |By| = V*,
where b = |detA| > 1. Let B denote the collection of dilated balls associated with the
dilation A, i.e., B={z+ By : 2z € R" k € Z}. Suppose p is the smallest integer so
that 2By C A*By = B,,. Obviously, 1 > 1. A homogeneous quasi-norm associated
with an expansive matrix A is a measurable mapping p4 : R” — [0, c0) satisfying

pa(z) >0, forx #0,
pa(Azx) = |detA|pa(z),  for x € R",
pa(z +y) < Calpa(z) +paly)), forz,y e R,

where C'4 > 0 is a constant. We know that all homogeneous quasi-norms associated
with a fixed dilation A are equivalent (see [6]). In this paper, the step homogeneous
quasi-norm p associated with the dilation A on R" is defined by

v, for x € Bjy1\Bj,
p(z) = Y
0, for x = 0.

Then for any =,y € R", there is p(z +y) < bV (p(z) + p(y)).
Suppose Sy = {p € SR") : [l¢l,,, < L,[7| < N;m < N}, where [[¢[|r, =
sup,ern p(2)"07¢(x)|, N € N. For ¢ € S(R"), k € Z, define the dilation of ¢ to the
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scale k by ¢ (z) = b=*p(A~*2). Let f € S’(R™). The nontangential maximal func-
tion of f with respect to ¢ is defined by M, f(x) = sup{|f * vx(y)| : v —y € By, k € Z}.
The tangential maximal function of f with respect to ¢ is defined as Mg f(z) =
sup | f * pr(x)|. For a given non-negative integer N € N, the nontangential grand
keZ

maximal function and the radial grand maximal function of f are defined respectively
as
My f(z) = sup Myf(x) and Mgf(a:) = sup Mgf(a:).

pESN peESN
The radial and nontangential grand maximal functions are pointwise equivalent, i.e.,
for every N > 0, there is a constant C' = C(N) so that for all f € S'(R"), MY f(x) <
My f(x) < CMY f(z), v € R™

Suppose
{ [(1/p—1)Inb/InA_]+2, 0<p<1,
N, =
2, p>1,

where [¢] denotes the biggest integer which doesn’t exceed the real number ¢. In [6],
Bownik introduced the anisotropic Hardy spaces, and established the atomic decom-

position of anisotropic Hardy space. The anisotropic Hardy space associated with the
dilation A is defined by

HE(R™) = {f € S'(R") : My f € LP(R")}, for N > N,,

with the quasi-norm || ||z = || My f||, and it is independent of the choice of IV as
long as N > N,

Definition 1.1. [6]. Let 0 < p < 1,1 < g <00, p<¢q, s € Nand s >
[(1/p—1)Inb/InA_]. A function a(z) is called a (p, ¢, s)-atom associated with the
dilation A, if it satisfies

(1) supp (a) C xo + B;, for some zo € R", and j € Z;
2) llallg < B;|V/e/P;
(3) [ a(z)z*dx = 0, for all |a] < s.

Proposition 1.2. [6]. A function f € HY(R"), 0 < p < 1, if and only if the
series f(x) = Z]"il Aja; is convergence in distribution sense, where every a; is a
(p, q, s)-atom, and 372 |\j|P < oo. Furthermore, fHZI){f‘ ~ inf 3772 |AlP, where

the infimum is taken over all the decompositions of f.

The definition of molecule and molecular decomposition of anisotropic Hardy
spaces are given by Definition 1.3 and Proposition 1.4, respectively.
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. 1
Definition 1.3. [13]. Let mbfilbm_ <p<l<g<ooe>1l/p—1a=

1-1/p+e,d=1-1/q+e. A function M (x) € LI(R") is called a (p, g, €)-molecule
centered at x associated with A, if it satisfies

(1) (p(- — x0))¢M (-) € LI(R™), for some zg € R";
(i) Ry(M) = [|M[|3 )| (p(- — m0)) M ()[|§ " < +o0;
(vi7) fR" M(z)dz = 0.

Proposition 1.4. [13]. Let il fy— < p<1<qg<ooe>1/p—1 4

function f € H)(R™) if and only if the series f(x) =3 72, \jM;(x) is convergence
in distribution sense, where every M; is a (p,q,¢c)-molecule, and Ry(M;) < Cj,
> 521 | AP < oo, Moreover, ]fHZI){f‘ ~ inf 3770, (AP, where the infimum is taken

over all the decompositions of f.

2. DECOMPOSITIONS OF THE WEIGHTED ANISOTROPIC HARDY SPACE

First, we introduce the Muckenhoupt class A, on anisotropic spaces, the weighted
anisotropic Hardy spaces and the atomic decomposition of weighted anisotropic Hardy
space.

Definition 2.1. [10]. We call that a function w : R” — (0, c0) is in the Muckenhoupt
class on anisotropic space A,(R", p) (1 < ¢ < +00), if there exists a constant C' > 0
such that

1 1 1 -1
<— w(y)dy) <— w = (y)dy) < C, forall g+ By € B.
‘Bk“ zo+Bj ‘Bk“ zo+Bj
For ¢ = 1, we say w € A;(R", p), if
1 -1

— w(y)dy sup w < C, forall xg + By € B.

‘Bk“ zo+By xo+By,
And A (R™, p) = U, 4¢(R", p).

The basic properties of A4(R™, p) are the same as the classical Muckenhoupt A,
spaces on R™ (we refer to [1] and [4] etc.). For example, we can prove the doubling
condition of w as follows. Let w € Ay (R", p), m € Z,,m > 0, By, = A¥By. Then

B
W(Bitm) :/ w(z)de = | B tml w(z)dr < C|Bitm| inf w(zx)
Bk+7n ‘Bk‘—f—m‘ Bk+7n k+m

< C|Bosm| infw(x) = Cb™| By| infw(z) < Cbm/ w(z) dz = Cw(By).
By, By, By,
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For convenience, in the following, we also use A, to denote A,(R™, p).

Definition 2.2. [12]. Suppose 0 < p < 1, w € Ay, the weighted anisotropic Hardy
space associated with the dilation A is defined by

HE(R™) = HY(R", p) = {f € S'(R") : My f € L,(R™)}, N > N
And the quasi-norm of f € HE(R") is || f|| gz = | My f]| 1z

Definition 2.3. [12]. Supposew € A1, 0<p<1<g<oo,s>[(1/p—1)nb/InA_]
is a non-negative integer. A function a(x) is said to be a (p, ¢, s, w)-atom with center
zo € R”, if it satisfies

() suppa(x) C o + By, for some k € 7Z;

(i1) llall g, < [w(@o + By)]Mo~P;

(i) [a(z)x’dz = 0, for all v with |v] < s.

The atomic decomposition of the weighted anisotropic Hardy space is the following
theorem.

Theorem 2.4. [12]. Let w € A, 0 < p < 1 < g < oo. Suppose that s >
[(1/p— D)Inb/In\_] is a non-negative integer. Then f € HL(R™) if and only if
flx) = 302 Aeax(x) is convergence in distribution sense, where every ay is a
(p, q, s, w)-atom, and Zgg‘ioo [Ael? < oco. Moreover, ’fHZ;,{g ~ inf >0 Akl
where the infimun is taken over all the decompositions of f.

Now, we discuss the molecular decomposition of the weighted anisotropic Hardy
space. For this purpose, we should introduce the molecule on the weighted anisotropic
spaces.

Definition 2.5. Let w be in the anisotropic Muckenhoupt class A;. Suppose
lnbfilﬁ/\_<p<1<q<+oo,5>1/p—1/q,a0:1—1/p+5,d:1—1/q+5. A
function M € LL(R™) is called a (p, ¢, &, w)-molecule with center z, if it satisfies

(i) w(Bay(2))'M (x) € LE(R™);

(i) R (M) = | M55 o (Bry ()M ()| 15" < o0

(491) [ M (2)dz = 0;
where By () = 0 + Bllog, p(e—z0)] = T0 + Allogy plz—20)l B

Similar to the classical situation, we can prove that every weighted atom is also a
weighted molecule.

Proposition 2.6. Suppose that p,q,c and w are the same as in Definition 2.5,
s=[(1/p—1Dndb/lnA_]. If a(x) is a (p, q, s, w)-atom with center xy, then a(x) is a
(p, q, €, w)-molecule with center o, and Ry, (a) < C.
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Proof. By the definitions, we only need to check the condition (7i) in Definition
2.5 for a. Let suppa C zg + By. It is easy to see that By, (x) C zg + By, for any
x € xg + Bg. Thus

Ry (@) < Nl [ (B lafe) Pt dn) 0200
Zo k

< CHCLHZ%/dw(xO —|—Bk>d(1—ao/d)HaH}an/d <C.

where C' is independent of a. ]

The molecular decomposition of weighted anisotropic Hardy space is as follows.

Theorem 2.7. Suppose w € Aj, hlbfilﬁ,\_ <p<l<g<+4oo,e>1/p—1/q
Then f € HL(R™) if and only if f = Y32 My is convergence in distribution
sense, where every My, is a (p, q, €, w)-molecule, Rq(M},) < Co, Cy is a constant inde-
pendent of My, and ;> ||’ < co. Furthermore, fH%g ~inf > 02 elt

where the infimun is taken over all the decompositions of f.

According to Proposition 2.6, the necessity of Theorem 2.7 is included in the atomic
decomposition Theorem 2.4. Thus, to prove Theorem 2.7, we only need to prove
the sufficiency. Obviously, the result of the following proposition is enough for the
sufficiency of Theorem 2.7.

Proposition 2.8. Let p, q, &, w be the same as in Definition 2.5. If M is a (p, q, €, w)-
molecule, then M € HE(R") and || M || yprny < C, where C'is independent of M.

To prove Proposition 2.8, we need to introduce the weighted Campanato spaces.

Definition 2.9. Suppose w € A1, 0 < p < 1 < g < oo, the weighted Campanato
space is the collection of all local L? functions g on R” satisfying
T —

— swp oo+ BV lg(e) - g () da) A < o,
$O+Bk68 a,’o—f—Bk

where W%k : LY(z0 + By) — Po (where f € L'(xo+B},) means o By | (@)]dz < 00

and Py is the linear space of constant functions) is the natural mapping in Py determined
by the Riesz lemma

[ s@)Qw i
zo+By

:/+B F(2)Q(x) dz, | € L' (zo+ By),Q € Po,
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and |7, f| < C|Bi|™" [, 45, |f(@)]de.

1
In fact, there are other two equivalent norms of f in C./P~ 140,

Proposition 2.10. Suppose 0 <p <1< g<oo, e >1/p—1/q w € Ay. Then the
following three results are equivalent.
(8) gl s 1.0 < 00
(Zl) Hg‘r*cl/p—l,q/,o
= sup w(zp —i—Bk)%_%[ inf / lg(x) — P‘q/w—q//CI(@dx]l/q/ < .
zo+BreB PePo Jzo+ e 1

*k _
(zzz) HgHC}u/p—l,q/,O = moig};égw(xo + Bk) P
1/q'

(ot [ (o ) e <

To prove Proposition 2.10, we should point out that: if w € Ay, then 0 = w7 =
w1 e Ay, 1/g+1/¢ = 1,1 < g < oo, and for any non-negative integer m,
there exists a constant 4, 0 < § < 1, such that w(xzg + By)/w(zo + Bkym) < Cb™™
and w(zg +Bk+m)_‘1//q > Ch™w(xg +Bk)_‘1//q. In fact, qlTl = ¢ — 1, and
we A C Ay, there is

—1
1 / 1 N\ -1 /
<— w'™a da:) <— (w'™a ) ! dx)? 1
‘Bk“ zo+ By, ‘Bk“ zo+Bj
1 1 1 ¢-1
— <— wq—ll dg;) <—/ wda:)
‘Bk‘ zo+ By, ‘Bk“ zo+Bj
1 ! a1/ q o
= <<— w_q—_lda:) <—/ wda:)) < C.
‘Bk“ zo+ By, ‘Bk“ zo+Bj

Thus 0 = w7 € Ay . Similar to the classical result, there exists a constant 9,
0 < 6 < 1, such that w(zg + By)/w(zo + Bitm) < C|Bk|/|Bk+m| < Cb~™ and
o(xo + Bi) /(20 + Brim) < C(|Bi|/|Brsm|)® < Cb~™9, hence, w(zo+ Bipm )~
> Cb™w(xo + Bi)' 9.

Proof of Proposition 2.10. Obviously, HgH*Cl/p—l,q/,O < llgll s/p-1.070, that is (i) =
(id). )

(1i) = (i). For any P € Py, there is
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, , 1/q
|/ gl ()]
I0+Bk 1
[ p‘q —q /q( )da:]
O+Bk 1/q
[Pl e
I0+Bk 11/d
< / p‘q —q /q( )dx
I0+Bk J 1/q
Hr, (P~ g) [ [ et
zo+By Q14
< / p‘q —q /q( )dx
1’O+Bk g l/q
/ |P — g|dx [/ w_q//q(a:)da:]
‘Bk‘ xo+By, o Lo+ By o
<|[ @ -Pre i@
zo+Bj J
+Cw(zy + Bk)_l/q/ |P — glw™Y(2)w A (z)dx
_ zo+By 11/d
<[ gy PP e)ds

—i—C’D[ |P — g\q/w_q//q(a:)da:

zo+Bj l/q
<C lg(z) —P\q/w_q//q(a:)da:] .
zo+By
Thus
[ ot = g ]
zo+By
< C inf z) — P|Yw 779 () dz]/7 .
A2, g (z) — P| (z) dz]
Therefore

HgHC}J/p—Lq/,O < CHQH*CulJ/p—l,q/,O'
Next to prove (iii) = (ii). Since

w(zo + By)"lg(x) — ¢
(ot B+ By ()70
— inf {/n W(xO+B ) ¢ v ‘g( ) P‘q ( )—q//qu}l/q/

)7 w(x) " Ad}

w(a:g—i-Bk) P{lnf/n(( (

ceR

PeP, (w(wo + By) +w(B; 9( x))' e
B 5‘1/+(1__ )’ P q / /
S inf {/ w(zo + Bi) lg9(x) 1+8q‘/ w(z) "1 /adz)La
PePo " Jzo+By, (w(a:o + Bk) + W(Baro (x»)
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q — q/ ’ ’
S C inf {/ w(zo + B " |g(z) - P| (@)~ g1
PEPy ) 5o+ By, (330 + By)

> Cw(wo + By)@ % { inf l9(z) — P|”w(z) "7 /1dz} /4,
PEP0 Jao+By,

we obtain

HgH l/p 1,q’,0

>C sup w(xg —|—Bk)(q 117){ inf / lg(z) — P\q/w(a:)_q//qda:}l/q/
zo+BrEB PEPo J 2o+ By

- CHgH 1/p 1,40

Finally, we prove (i) = (iit). Let HgHCl/p_Lq/’o < oo. For any xg + By € B, by
using the conclusion mentioned above, there is

w(z »{in w(o + Br)"lg(x) — ¢ q

(w0 + Bk) {cefR/n ((w(a:g + By +w(Bg;0($)))1/q/+5>
w(zo + By)%|g(x) — WOBkg‘

R (w(zo + Bi) + w( By, (2))) /7

< Cw(ao + Br)' ¥ {[w(zo + By) ™" / l9(2) = 791" w7 () da] 0

/w_q//q(a:)da:}l/q/

< w(zg + By) v { ) w9 ()} o

e ¢ w(zo+By) W (z )
s3] lg(a) gl — 70T B ) o)
m=1 $O+Bk+m\Bk+m—1 (W(IBO + Bk‘) +W(B370 (x>>>

< Cutao + B Hilotan+ B [ lo(@) — ol )
zo+By

x
+w(zo + By)* Z w(x0 + Blym—1) 7

m=1

[ lote) = gl @)an] oy
$O+Bk+m
< Cuw( a:o—i-Bk Zb M w(xo + Bitym)~ 1
[ et gt
$O+Bk+m
1 o0
< Cw(zp + Bk)l_g Z b~ [w(xo + B;H_m)_l

m=0

[ gt = gl ) o]
$O+Bk+m
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—i—C’w(a:g + Bk Z b~ ms 330 + Bk—f—m) !

[ b - gl
$O+Bk+m

=1+1L
Notice that e > 1/p—1/¢g > 1/p — 1, then

D
L < Cllgllasmraro 3 b ew(wo + Bi) =m0 his(g + By o

m=0
oo

< C’HgHCUlJ/p_Lq/7O Z prl—e+(p-1)] ¢ CHQHCUlJ/p—tho-

m=0

Also, by using the conclusion mentioned above, we obtain

75, 9~ "Bl < Z 7 Bss 20— Ty,

-1

3

<

(]

[(/ W(x>_q//qu>_l(/ ‘W%kﬂ'ﬂg - W%H]’g‘q w(x>—q//qu>]1/q/
0+Br4; 2o+Bpyj

T

.

s L

<

Q
(]

() wrthan ([ g gl () )
=0 2o+Bp4; 20+Biyj
[ et o ol et )
To+DBg;j To+Brt; !

) _ ’
([ ety gy
o k+j

e

+

n
Q
ML

[e=]

20 + Brey1) P+ w(wo + Biyy)

<
—

w

—_

<O wlzo+By) MY g|| L1jyr,g0,0b TIOR3+ By )
O w

3

J
m—1

= COllgl o /p-rr0w (o + Bi) /P 3 b1 /p=1/a=0/4),
w j:O
Hence

o
IT < Cw(zo + Be) ') " b7 w(w0 + Brgm) 7 |7, g — 7, gl

m=0

$O+Bk+m

m—1

< gl cl/p-14"0 Zb‘ms mo Z pi(p=1/a)=id/a"
7=0
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Since € > 1/p — 1/q, there is

o
II < C’ngci/p_lﬁq/ﬁo Z p—me—md+m(1/p=1/a-8/a') < C'HgHCi/p—thm

m=0
Consequently,
gl /a0 < Cllgll aro-raro-
The proof of Proposition 2.10 is completed. ]

Similar to [6] and [18], we can prove that the dual of weighted anisotropic Hardy
space is characterized by weighted Campanato functions. In other words, the dual of

HP(R™, p) is contained in C/P 7. Here, we omit the detail.

_ 1
Proof of Proposition 2.8. For the molecule M, let r = || M]| /4 1/a=1/v - Quppose that

I, is the only one integer satisfying w(zo + B;,) < r < w(a:o + By, +1). Denote
Ey=x0+ By, Ex, =20+ Blr-f—k‘\Blr-f—k‘—l: where k € N. Set

or(x) = M()x, (2) — 2D [ M), (n)dy, k € NU {0},

‘Ek‘ Rn
Then
XE (T
(2.1) Zwk ) [ M) )y
k‘ 0 ‘Ek‘ Rn

Obviously, suppey C zo + B, 4k, [gn @k(x)dz = 0. Moreover,

lpollzy, < CIMxElle + 5 [ M W)xE(Y)ldylxe, (@)l e}

ST B fan M OXE W) @) dyo (o + Bi,)' )

< C{|IM]| g + w(zo + By, ) 4! . |M (y)|w(y)dy}
zo+By,

C{IIM | 12 + w(zo + By, )| M| g w(zo + By, ) 1)
C|M| g = CrifatP < w(wy + By, )Yate,

1
By, | Jrn
< CHIM g +

<
<

For k& > 0, there is

lionley < Cf / ) (o))
xg, ! ( >(\E\ \M(y)XEk(y)\dy)qw(a:)dg;}l/q
R™ kl JRn

<C{/E |M ()| "w(@)da + w(Er)' g | M (y)|w(y)dy)?}
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<ot M@lw@ds+ [ 00 )y}

< C{/Rn | M (2)|*w (B, (w))dqw(on(fB))_quEk ()w(z)da} '
< Cw(xo + Bl,tk-1) d{/ 90 (Byy () “w(x)dz} A

< Cw (o + Brk-1) 4 M (z)w (Bz (@ ))dHLZ-

—aqg/d

Since Rq (M) < Co, there is [|w(Byy(2))'M(2)|« < CoT ao/dHMul a0/l _

1 90
Co ™07 || M|| /4" Thus
w

okl 2, < Cew(wo + Br, 1) ~*Co o077 | M| 47
1
< C’w(a:o + Bl,«—f—k—l)_dc() 1—ag/d p@0
1
< C’w(a:o + Blr+k>_dbd00 1_‘10/‘1&}(33() + BZT_H)(IO

1
< Cw(zo + Blr+k)_dbd00 1—ag/d b_(k_l)ao(sw(a}g + By, )%

N

Cb‘k“°5w(x0 + Blr_*_k)l/q—l/p.

Therefore, if we denote A , = Chkaod, ai i = @r/Ak thenay i is a (p, g, 0, w)-atom
with center xy, moreover,

D k(@) =D Akarr(z), and Y AP <CD bTROP < C,
k=0 k=0 k=0 k=0

where C' is a constant independent of M.

For the other part in (2.1), suppose my = kfRn )dg; Yr(z) =
|Ex| ' x g, (z). Notice that mg = > o0 fRn da: = fRn x)dz = 0, we
can rewrite

o
M(y)xz, (y)dy —Zwk (g — M1
= Z M1 (V1 (x) — Yr()).
k=0
Obviously,

k(s (2) — n(@)de = s ([ KBy [ X8 gy g,

Rn n | Bkt | Ex|

and supp{my+1(VYr41(z) — Yr(z))} C o + By, +k+1. Moreover,



Molecular Decomposition of Weighted Anisotropic Hardy Spaces 595

[mp1(Vrt1 — Vi)l g < Clmua (Yl e + ¥kl pa)
w(@o+ Bihr1)™  w(zo + Bigr)

< Clm
‘ k+1 ‘( ‘Ek—i—l‘ 1/ ‘Ek‘ )
q
<o+ C’bl_(s/q)w(xo + Bl +k+1) / |M (z)|da
| Bt (zo+By, )¢
B 1/q

<ot Buska) 7y p ()M (@)

| Egt1] ©

W(Byo ()™ w(x) 7 f1dz)
($0+Bz +k)

< Cb~*w(wo + By, k1) 1Co T ao/dHMHl/q R w(@o + Br, 1) "0

Z / i) 1

i=k+1
< Cw(xo + Bl 4141) Yaw(@o + By, 4141) b %w (0 + B, 4p1)
o
Z wW(Egyr) o= (k0%
i=kt1

< Cbkady (3o + By, g ) V1P,

where C'is independent of k. Thus, if we write Ao, = Cb—Faod az i = Mp41 (k41 —
1/%)//\2,16: then

G XEj (x>
‘Ek‘ R

M(y)xe, (y)dy = Ao pag k(),

k=0 k=0

and every as j, is a (p, ¢, 0,w)-atom. Furthermore, Y72 | A2 x|” < C D52, bkaodr <
C. Hence, we obtain the decomposition of M as follows,

M(z) = ) lpn(z) +
k=0

XEj (x>
‘Ek‘ R™

M(y)xE, (y Z A gar k(2 )—i—Z A2 ka2 k()

To prove M € HE(R™, p), we only need to prove that for any function g € CL/*~ La'0,

there is

(2.2) M(z)g(z)dr = lim Z/ (A1,ka1,k(7) + A2 gag k(7))g(z)dx.
R™ m—00 n
By Proposition 2.10, if g € C/P7" then there exists ¢ € R, so that g(xz _> ¢
w(z

[1+w(Bg,(x)] %€ L%, where d = 1/¢' + €. Obviously [14 w(By,(x))] % €

w(z)
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LY. Thus gix; [1 4+ w(By,(x)] 4 € LY . Therefore, by the scale condition of molecule,
w(z

we have

| Matensl < [ I+l D

< T w(Bg,(x 4y 1/g lg(x )\/w() 7 y(x)dz) " < 0.
< M@ oBa @ Pt ] | i <

That means that the left hand integral of (2.2) makes sense. By Proposition 2.6, the
right hand of (2.2) is also meaningful. Then, for z € 9 + By, +m+1,

Z A kark(x) + Ao pag k().
k=0

Hence
m
/ M)g(arir =3 [ (o k(2) + Ao ko (2)g ()
$O+Blr+m+1 k=0 $O+Blr+m+1
So, if m — o0, (2.2) is proved. It is the end of proof of Proposition 2.8. []

3. BOUNDEDNESS OF THE CALDERON-ZYGMUND OPERATORS

In this section, we will give an application of the atomic and molecular decomposi-
tions of weighted anisotropic Hardy spaces. The boundedness of the Calderén-Zygmund
operators on weighted anisotropic Hardy spaces is obtained.

Bownik defined the Calderon-Zygmund operators associated with dilation A and the
quasi-norm p in [6] as follows.

Definition 3.1. [6]. Let 7 : S(R") — S’(IR™) be a continuous linear operator. We
call that T" is a Calderon-Zygmund operator (associated with dilation A and quasi-norm
p), if there exist C' > 0 and v > 0, such that

(i) K, the kernel of T', is defined on 2 = {(x,y) € R" x R" : x # y} satisfying

(a) |K(z,y)| < Cp(z—y)™ "

(b) if (x,y) € Q, and p(z’ —y) < p(x —y)/b*, then |K(z',y) — K(z,y)| <
Cp(z —2')p(z —y) 17

(c) if (x,y) € Q, and p(y —¢') < p(z —y)/b*, then |K(x,y) — K(z,y)| <
Coly' —y)'p(x—y)~ 7.

(ii) T can be extended to a continuous linear operator on L2, and ||T|| < C
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Bownik proved that the Calderon-Zygmund operators associated with the dilation A
are bounded on LI(R") (1 < ¢ < +00). By increasing the smoothness on the kernel
K, he obtained the boundedness of the Calder6n-Zygmund operators on the anisotropic
Hardy spaces!®. Similar to the proof of Bownik used in [6], or as a special case of
homogenous space, we can obtain the boundedness of Calder6n-Zygmund operators as-
sociated with the dilation A on weighted anisotropic spaces LL(R™, p) (1 < ¢ < 4+00).
Here, we omit the detail. By the result in [12], the Calderén-Zygmund operator associ-
ated with the dilation is bounded from H!(R™) to L (R™). Now we focus on proving
the boundedness of the Calderén-Zygmund operators on weighted anisotropic Hardy
spaces HL(R"™, p).

Theorem 3.2. Suppose hlbililg,\_ <p<1l,we A IfT is a Calderon-Zygmund
operator associated with the dilation A, and T*(1) = 0 ( T* is the dual of T), then
T is a bounded linear operator from HE(R™) to itself.

Obviously, the conclusion of Theorem 3.2 is the instant corollary of the next theorem.

Theorem 3.3. Suppose hlb_lfilﬁ/\_ <p<l<qg<+4oo,e>1/p—1/q Let T be
a Calderén-Zygmund operators associated with the dilation A. For any (p,q,0,w)-
atom a(x) with center xo, if [p, Ta(x)dz =0, then, Ta is a (p, q, €, w)-molecule with
center xq, moreover,

ao/d 1—ag/d
(3.1) Ryao(Ta) = [ Tal 5" |w( By (2) Ta() | 15" < .

where ap =1—1/p+e, d=1—1/qg+ ¢, and C is a constant independent of a.

Proof. Suppose a is a (p, g, 0, w)-atom with support By, k € Z. Obviously, for the
conclusion of Theorem 3.3, we only need to prove (3.1). In order to do this, we have
the following estimates

w(Bo(@) Ta(@)lly < / ITa(@)]%e( Bo () “es () da

Bk+4u
+ / (Ta(z)|%w(Bo(z))“w(x)dz
(Bk+4u)c
=J + Jo.
For .Ji, by using the LY, boundedness of T, there is
Ji < C’w(Bk+4M)quTquLq < C’w(BkHM)d‘lw(Bk)(1/‘1—1/1’)‘1
< O ( By ) Muw(By)(*0~ D < Cuw(By)™4.

For Js, since © € (By,,,), by using the vanishing moment condition of a and the
condition of the kernel K in Definition 3.1, we obtain
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Jo < /
(Bk+4u

Py)! a KB, 2)) % () dx
©C oy Uy s

<l [ fat) /(B )Cﬁww%(m))%(m)dm

By,
1 o(y qy
ch<Bk>qd / la()l? / )wamdm
k+4
+o0
<C - qd/ la(y)|? Z/ %w(w)dwdy
‘B ‘ 7% Bitapt+i\Brtaptj—1 P(x>q R

Cw(By "d/B |a(y)| "M (w(y))dady

k

< C’w(Bk)qd/ la(y)|“w(y)dy < Cw(By)™,

By,

. [/B | K (,y) — K (2, 0)||a(y)|dy|"w(Bo(x)) w(z)dz

where M (w(y)) is the Hardy-Littlewood maximal operator of w, i.e., M(w(y)) =

sup sup |BL [ |w(z)|dz (see [12]). Thus
k€EZ rey+ By, z+ By,

Raw(Ta) = |Tal| 35" (B (2)) "Ta(a)|; 5" < Cllal| 5 w(By) =M < ¢,
where C' is independent of a. This completes the proof of Theorem 3.3. ]
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