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ON PRIME SUBMODULES AND PRIMARY DECOMPOSITIONS IN
TWO-GENERATED FREE MODULES

Secil Ceken and Mustafa Alkan

Abstract. In this paper, we consider the free R-module R & R, where R is
an arbitrary commutative ring with identity. We give a full characterization for
prime submodules of R & R and a useful primeness test for a finitely generated
submodule of R & R. We study the existence of primary decomposition of a
submodule of R & R and characterize the minimal primary decomposition. As
applications of our results, we give some examples of primary decompositions in
RO R.

1. INTRODUCTION

Throughout this paper, all rings are commutative with identity and all modules are
unitary.

Let R be a ring and M be an R-module. For any submodule N of M we set
(N : M) ={reR:rM C N}. A proper submodule N of M is called a P-
prime submodule if 7m € N for » € R and m € M implies that either m € N or
re P =(N:M). It is well-known that a proper submodule N of M is prime if and
only if P is a prime ideal of R and M/N is torsion-free as an R/P-module.

A proper submodule Q) of M is called a primary submodule provided that for any
s € Rand m € M, sm € @ implies that m € Q or s™ € (Q : M) for some positive
integer n. Let () be a primary submodule of M, then the radical of the ideal (Q : M)
is a prime ideal of R. If P = /(Q : M), then @ is called a P-primary submodule of
M.

A submodule N of M has a primary decomposition if N = Q1 N ... N Qx with
each @); a P;-primary submodule of M for some prime ideal P;. If no (); contains
Q1N ...NQi—1 NQji41 N...N Qp and the ideals Py, ..., P are all distinct, then the
primary decomposition is said to be minimal and the set Ass(N) = {Py,..., Py} is
said to be the set of associated prime ideals of N.
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Let I be an ideal of R such that I has a primary decomposition. It is well-known
that the minimal members of Ass([) are precisely the minimal prime ideals of I. These
prime ideals are called the minimal primes of /. The remaining associated primes of
1, that is, the associated primes of I which are not minimal, are called the embedded
primes of 1.

Prime submodules and primary decompositions of submodules of a module over a
commutative ring have been studied by many authors (see, [6], [7], and [11]). In [10],
Tiras and Harmancl gave some characterizations of prime and primary submodules of
R ® R, where R is a PID (Principal Ideal Domain). Moreover, these submodules of
finitely generated free modules over a PID were studied in [3], [4], [5] and [1]. Pusat-
Yilmaz in [9] also studied prime submodules of finitely generated free modules over
arbitrary commutative domains.

In this paper, we completely determine prime submodules of R @ R for an arbitrary
commutative ring R, and we generalize some known results in [10] and [9]. We
also study the existence of the primary decomposition of a submodule of R & R, and
characterize the minimal primary decomposition. As applications of our results, we
give some examples of primary decompositions in R & R, where R is not a PID.

2. PRIME SUBMODULES AND PRIMARY DECOMPOSITIONS

In the rest of this paper we fix the following notations: Let i be a commutative ring
with identity and F' = R & R. We use N to be a non—zero submodule of F' generated
by the set {(ai7bi) eF: i€ A} and £ = Z ARAij where Aij = aibj — bia,j for
i,7 € A.

The following Lemma can be found in [2]. But we give its proof for completeness.

Lemma 2.1. Let F and N be as above. Then L C (N : F) C VL.

1,5€

Proof. For all i,j € A, we have
Aij(l, 0) = (ai, bi>bj — (a,j, bj)bi e N
Aij (0, 1) = (a,j, bj)&i — (ai7bi)aj e N

and 50 »; icp RA;; C (N : F).

Let x € (N : F). Then there exists a finite subset T of A such that (1,0) =
Zie’f ti(ai, bl> and 33(0, 1) = Zie’f ki(ai, bi>, where t;, k; € R for all ¢ € Y. Then
Tr = Zie’f t;a;, T = Zie’f kibi, 0= Zie’f tibi and 0 = Zie’f kiai. Thus we have

2 _ o b it b
x? = ZiET tik;a;b; + ZieT(Z]‘eT, i tia;k;bj)
0= ZZET tikiaib; + ZieT(ZjET, it tibikja;).

Therefore, 2% = dier(Qjer, izjtikiNij) € D jex RA;j and so x € VL. =
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Theorem 2.2. Let N be a submodule of F with (N : F) = P.

(a) If P is a prime ideal of R and a;,b; € P for all i € A, then N = P ® P and
N is a prime submodule.

(b) If P is a maximal ideal of R, a; ¢ P for some i € A and b; ¢ P for some
j €A, then N = (a;bj)N + PF and N is a prime submodule.

(¢) If {ai:i € AYU{b; : i € A} € P and N is a prime submodule, then N =
{(m,n) € F : mb; — na; € P for all i € A}. In particular,

(i) If a; € P for all i € A and b; ¢ P for some j € A (resp. b; € P for all
i € NAandaj ¢ P for some j € N) then N =P®R (resp. N=R®P).

(ii) If a; ¢ P and b; € P for some i € A (resp. b; ¢ P and a; € P for some
i €A) then N=R® P (resp. N =P ®R).

Proof.

(a) It is clear that PF' is a prime submodule of F' contained in N. If a;, b; € P for
all ¢ € A then PF = P @& P contains N.

(b) Let P be a maximal ideal of R and let a; ¢ P for some i € A and b; ¢ P
for some j € A. Then we get that (a;b;)R + P = R. Let (x,y) € N. Then
x = ra;b; +p1 and y = sa;b; + p2 for some r, s € R and pq, ps € P. It follows
that (z, y) = a;b;(r, s)+(p1, p2) and then a;b;(r, s) € N as (p1,p2) € PF C N.
Since (N : F') = P is a maximal ideal of R, N is a prime submodule of F' and
hence (r,s) € N. Thus (z,y) € (a;b;)N + PF and so N C (a;b;)N + PF.
The other inclusion is clear.

(c) We may assume that a; ¢ P. Consider the submodule
Tp = {(m,n) € F:mb; —na; € P forall i € A}.

By Lemma 2.1, it is clear that N C Tp. Let (m,n) € Tp. Then there exists a
p € P such that na; = mby + p and so

ai(m,n) = (axm,an) = (aym,bym) +(0,p) = m(ay,b1) +(0,p) € N+ PF =
N. Since a; ¢ P, we get that (m,n) € N and so Tp = N.

(i) Leta; € P foralli € A and b; ¢ P for some j € A. It is clear that N C P R.
N ={(m,n) € F : mb; —na; € P for all i € A} by (¢). Let (z,y) € P @® R. Then
ab; —ya; € P forall i € A and so (z,y) € N. Thus N =P @ R.

By using the same argument as above it can be proved that N = R® P if b; € P
for all i € A and a; ¢ P for some j € A.

(7i) Let a; ¢ P and b; € P for some i € A. Let (z,y) € N. Then zb; — ya; € P
and so N C R® P. Since zb; —ya; € P forall j € A, we get zb; € P. If x € P
then N = P@® P. This is a contradiction as (a;, b;) € N — (P @ P) . Therefore b; € P
for all j € A. Now the result follows from (7).
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By using the same argument as above it can be proved that N = P ® R if b; ¢ P
and a; € P for some i € A. [ ]

By using Theorem 2.2, we prove the following corollary which is a generalization
of [10, Proposition 2.3] with a different proof.

Corollary 2.3. Let N be a prime submodule of F. Then
(a) If (1,0) € N then N =R® (N : F).
(b) If (0,1) € N then N = (N : F)® R.

Proof. (a) Let (1,0) € N. It is clear that N # P@® P. Then b; € P, forall i € A
by Theorem 2.2 (¢). We get that N = R @ (N : F') by Theorem 2.2 (¢ — ). n

Let N be a P-prime submodule of a module M. It is said that N has P-height n for
some non-negative integer n, if there exists a chain K, C K,,_1 C ... C K1 C Kg =N
of P—prime submodules K; of M, but no longer such chain.

Proposition 2.4. Let N be a P-prime submodule of F. If N #% P @ P then the
P-height of N is 1.

Proof.  Since N # P @& P, we have that a; ¢ P for some i € A or b; ¢ P for
some j € A. By Theorem 2.2, N = {(m,n) € F : mb; — na; € P for all i € A}. Let
K be a P-prime submodule of F' with K C N and let {(¢;,d;) € F :i € Q} be a
generating set for K. If ¢;,d; € P for all i € ) then K = P @ P. Suppose that ¢, ¢ P
for some k € Q or d; ¢ P for some [ € Q. Then K = {(z,y) € F : 2d; —yc; € P
for all i« € Q} by Theorem 2.2-(¢). Since (¢;,d;) € N for all i € Q we get that
¢ibj — d;a; € P and so (aj,b;) € K for all j € A. Hence K = N. ]

Corollary 2.5. Let N be a P-prime submodule of F. If (R® P)NN # PF (resp.
(P®R)NN # PF), then N = R P (resp. P& R).

Proof.  Let N be a P—prime submodule of F. Then (R @ P) N N is a P-prime
submodule. By Proposition 2.4, we get that N = (R®@ P)N N andso PO P C N C
R® P. The P-height of R&® P is 1 by Proposition 2.4. Thus we have R& P =N. m

Theorem 2.6. Let N be a submodule of F which doesn’t contain (1,0) and (0, 1).
Let P = (N : F) be a maximal ideal of R and (a,b) € N with Ra+ Rb ¢ P. Then
N ={(z,y) € F : ay —bx € P} and N is a prime submodule of F.

Proof. Since (N : F') = P is a maximal ideal of R, N is prime.

Assume that @ € P. Since (a,0) € N, we have (0,b) = b(0,1) € N and so
b € P. Thus Ra + Rb C P, a contradiction, and we get that a,b ¢ P. Therefore,
there exist x1,y1 € R and pi,pe € P such that ax; +p; = 1, by; + p2 = 1. Let
K ={(z,y) € F : ay — bx € P}. Clearly, K is a P—prime submodule of F.
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To show the equality N = K, take (¢,d) € N. Since (ad — bc,0) = d(a,b) —
b(c,d) € N and (1,0) ¢ N, we get that ad — bc € P and so N C K. For the reverse
inclusion, take (¢, d) € K. Then we get that

(¢, d) = (byic + pac, ax1d + p1d) = (byic, ax1d) + (p2c, p1d)

Since (pac, p1d) € P @ P, it is enough to show that (by;c, ax1d) € N.
Since z1(a,b) € N, it follows that

(az1,bx1) + (p1,0) = (1,bx1) = (byr, bx1) + (p2,0) € N

and so b(y1, z1) € N. Then we have (y1,21) € N as b ¢ P. On the other hand, there
exists ¢ € P such that bc = ¢ + ad. Then we get that

(y1(bc), ax1d) = (y1ad + y1q, ax1d) = ad(y1, 1) + (qy1,0).
Therefore, (byic, ax1d) € N and so K = N. n

In [8], Pusat-Yilmaz and Smith defined the submodule K (N,P) = {m € M :
em € N + PM for ¢ € R\P} for an R-module M and N < M. Then they showed
that K(N,P) = M or K(N, P) is the smallest P-prime submodule containing N.
As a consequence of Theorem 2.6, we obtain the following corollary which charac-
terizes K (N, P) and the structure of a prime submodule of F. Corollary 2.7-(2) is a
generalization of [10, Theorem 2.7].

Corollary 2.7. (1) Let N be a submodule of F, P = (N : F) be a prime ideal
and (a,b) € N with Ra+ Rb ¢ P. If Np doesn’t contain (3,%) and (Y, 1), then
{(z,y) € F :ay —bx € P} = K(N, P).

(2) Let N be a submodule of F which doesn’t contain (1,0) and (0,1). Suppose
that P = (N : F) is a prime ideal of R and (a,b) € N with Ra+ Rb ¢ P. Then N
is a P-prime submodule of F' if and only if N = {(z,y) € F : ay — bx € P}.

Proof. (1) Since Pp = (N : F)p = (Np : Fp) is a maximal ideal of Rp,
Np = {(%,%) € Fp : say — tbx € P} by Theorem 2.6. Let ¢ : ' — Fbp,
be the natural homomorphism. Then we have o' (Np) = {(z,y) € F : (£,%) €
Np} = {(z,y) € F : ay —bx € P} = {(z,y) € F : r(z,y) € N for some
r € R\P} = K(N, P).

(2) Suppose that N is a prime submodule and (1, %) € Np. Then @ = (Is—y) for
some (x,y) € N and s € R\P. We have u(s(1,0) — (z,y)) = 0 for some u € R\P.
Since us(1,0) € N and (1,0) ¢ N, we get that us € P, a contradiction. Thus (1, 9) ¢
Np. Similarly (2,1) ¢ Np. By (1), K(N,P) = {(z,y) € F :ay—bx € P} = N as
K (N, P) is the smallest P-prime submodule containing N.

Conversely, it can be easily seen that {(z,y) € F : ay — bx € P} is a P-prime
submodule of F'. [
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To sum up our results about prime submodules of F', combining Corollary 2.3 and
Corollary 2.7, we give the following theorem which characterizes all prime submodules
of F.

Theorem 2.8. Let N be a submodule of F.

(1) Assume that N contains (1,0) or (0,1). Then, N is a prime submodule of F
if and only if (N : F)) = P is a prime ideal of R and N = R® P or N=P® R.

(2) Assume that N does not contain (1,0) and (0,1). Then N is a prime submodule
of F if and only if (N : F) = P is a prime ideal of R and N = P @® P or
N ={(z,y) € F : ay — bx € P}, where (a,b) € N with Ra+ Rb  P.

In the following theorem, we determine whether N is a prime submodule of F' or
not, by using primeness of a certain ideal of R. This theorem is a generalization of [9,
Proposition 3.4] and a useful primeness test for a finitely generated submodule of F.

Theorem 2.9. Let N be an n—generated submodule of F' with R = Ra,, + Rb,.
Then N is a prime submodule of F' if and only ifZ?;ll RA; is a prime ideal of R.

Proof. By the hypothesis, there exist elements s;,so € R such that 1 =
s1ay + Soby. Let L = R(an,b,) and L' = {(z,y) € F : sz + soy = 0}. Consider
the functions ¥ : R — F defined by ¥(r) = r(an,b,) and ® : FF — R defined
by ®((r1,72)) = s1r1 + sore. Then since ® is onto and R is projective, we get that
F = ImV @ ker® = L & L'. On the other hand by the modularity law, we have
N= L& (N N L/>. Set ¢; = s1a; + s2b; (1 <i<n-— 1). Then Z?:_ll R((ai, bl> —
¢i(an, b)) CNNL .

To show that N = (Z?:_ll R((ai, b)) — ci(an, bn))> ® L, take (z,y) € N. Then
(z,y) = >, ri(a;b;) for some r; € R and so

n

(IB, y) = Z ri(aia bz) - Z_: rici(ana bn)
+ Z_: rici(an, by) € <Z_: R((a;, b;) — ci(an, bn))> ®L

and so N = (Z?:_f R((a;, b;) — ci(an, bn))> @ L. Therefore we get the equality
NAL =" R((ai, bs) — cian, bn)).
Now we show that ' = L + R(—s2, s1). We have that
(1,0) = s1(an,bn) + (—bp)(—s2, 51)
(0,1) = sa(an, by) + an(—s2, 51)

These imply that ' = L + R(—s2, s1). Then since R(—s2,s1) C L’ and by the
modularity law, it follows that L' = R(—s2, 1) + (L N L") = R(—s2, s1). Note that
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—590n; = —s2(anb; — bpa;) = —saanb; + sabpa;
= —soapb; + (1 — s1an)a; = a; — an(s10; + s2b;)

= ; — CiQn,

and similarly, we get that s1A,,; = b; — ¢;by,.
Then (ai, bl> — ci(an, bn> = (ai — CiQnp, bi— Cibn> = Ani(—SQ, 81> (1 < 1 <n-— 1).
Let I = "' RA,;. Then N N L/ = I(—s,51). Now since F = L @ L’ and
N=L&(NNL'), it follows that

F/N~L'"/(NNL) = R(—sg,s1)/I(—s2,51)

On the other hand, if » € R and r(—s2, s1) = (0,0), then rsy = rs; = 0 and hence r
=71 =(rs1)an+(rs2)b, =0. Thus we get that F/N ~R/T=R/ S "~ RA,;. Thus
N is a prime submodule of F' if and only if Z?:_f RA,; is a prime ideal of R. ]

Corollary 2.10. Let R be a domain and a,b € R such that Ra + Rb = R. Then
N = R(a,b) is a prime submodule of F.

Now we determine a primary decomposition of N when R is a domain.

Lemma 2.11. Let Q) be a P-primary ideal of R containing L and Tg = {(my, m2) €
F :aimgy —bmy € Q forall i € A}. Then T = F or Tg is a P-primary submodule
of F' containing N.

Proof. 1If a;,b; € Q for all i € A, then Ty = F. Suppose that a; ¢ @ for some
J € A. Now we prove that Ty is a P-primary submodule of F.

Let r € \/(Tg: F). Then r"(0,1) € Ty for some n € Z* and so r"a; € Q.
Since a; ¢ @, we have r € P. Hence \/(Ty: F) C P. Let r € P. r" € Q for some
n € ZT. 1t follows that r"(z,y) € T for all (z,y) € F. Therefore \/(Tg : F) = P.

Assume that rm € T for r € R — P and m = (my, mg) € F. Then r(a;mg —
bimy) € Q for all i € A. Since r ¢ P, we get that m € Tg. Thus T is a P-primary
submodule of F. Since £ C Q we have NV C Tp. [ ]

Theorem 2.12. Let R be a domain, N be a proper submodule of F with | A |> 2
and let L be a non-zero ideal of R such that L = RAy for some k,l € A. Let
L = N, Qi be a minimal primary decomposition of L with Ass(L) = {P}-;.
Then,

(a) NP Tq, is a primary decomposition of N.

(b) If {aj : j e AyU{bj:j €A} & P foralll <i<n, then N Tg, is a
minimal primary decomposition of N with Ass(N) = {P;}I' ;

(¢) If L has no embedded prime ideal, then N Tq, is a minimal primary decom-
position of N with Ass(N) = {P;}I';.
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Proof.

(a) Since N C Tg, for all i € {1,..,n}, we have N C N} T,. Take an element
(z,y) € N?_1Tg,. Then ajy — bjx € Q; for all j € A and i € {1,...,n} and
so a;y — bjx € Ni_;Q; = L = RAy,. In particular, there exist t1,%, € R such
that ary — bpr = t1 Ay and aiy — bz = toAg;. 1t is easily seen that (z,y) =
(ak, bi) (—t2) + (a;, by)t1 € N. Hence N = Nie1Tg,. Let S = {se{l,..,n}:
a; ¢ P, for some i € A or bj ¢ Ps for some j € A} and i € {1,...,n}—S.
Then N C Q; ® Q; and Tg, = F'. Therefore, N = NsesTq, € Nigg(Qi ® Qi).
Then we get that NyesQs C (NsesTq, : F) € Nigs(Qi @ Qs : F) = MiggQ;.
It follows that M, ; #Qi C Qj for every j ¢ S, a contradiction. Thus S =
{1,...,n} and so N =N}, T, is a primary decomposition of V.

(b) Suppose that N, ;. Tq, C Tg, for some 1 < j < n. Take an element r €
Miey i2;Qi — Q. Then (0,7) € ML, ,,;Tq,. We can assume that a; ¢ P; for
some ¢ € A. Since (0,7) € Ty, we have (—ra;) € Q; and so r € Q;. But this
is a contradiction. Thus M, ;.. Tq, ¢ T, forall 1 < j <n. So N Ty, is
a minimal primary decomposition of N with Ass(N) = {P;}7 .

(¢) Suppose that M, ;. T, C T, for some 1 < j < n. Then \/(FV_L To

¢ i=1,i5 Wi :F>

C /(Tg, : F) and so N}, #jPi C P;. It follows that P, C P; for some
1 <4 < n,i# j. Since £ has no embedded prime, we get that P, = P;, a

contradiction. ]

Note that the first condition on £ in Theorem 2.12 is satisfied if N is two-generated
or N is finitely generated and R is a valuation domain.

Corollary 2.13. Let R be a domain, N be a proper submodule of F with | A |> 2
and let L be a non-zero ideal of R such that L = RAy for some k,l € A. If
L has the unique prime ideal factorization Pfl...Pfl" with distinct maximal ideals
P, (1 < i < n), then ﬂ?lePti is a minimal primary decomposition of N with

Ass(N) = {PYL,.

3

Proof. L = Pfl N ...N P! is a minimal primary decomposition of £ with
Ass(L) = {P;},. Suppose that there exists an i € {1,...,n} such that a;,b; € P;*
for all j € A. Then we get that £ = Pfl...Pf“...PfL". But this contradicts with the

unique prime ideal factorization of £. So N7, T' ;, 1s a minimal primary decomposition
P,
3

of £ by Theorem 2.12-(b). ]

Finally we give two examples as applications of our results for free modules with
two generators over domains which are not principal ideal domains.

Example 2.14. Let R be the polynomial ring Z[X | and N the submodule R(X —
2,X —2)+ R(1,X). Then £ = RA13 = R(X —2)(X — 1) and R(X —2) N R(X —
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1) is a minimal primary decomposition of £. By applying Theorem 2.12-(b), we
get that N = Tr(x_2) N Tr(x—1) Is @ minimal primary decomposition of N, where
Tpix—2={(f9) € F: Xf—ge R(X—-2)}and Trx_1)={(f,9) € F:f—y,
Xf—-geR(X-1)}

Example 2.15. Let R = Z[\/—5] and N = R(1++/—5,3)+R(1,1—+/—5). Then
L = R3. It is well-known that R is a Dedekind domain and the unique prime ideal
factorization of £ is Py Py, where P = R3+R(1++/—5), P, = R3+R(1—+/-5). By

applying Corollary 2.13, we get that N = T'p, NT'p, is a minimal primary decomposition
of N, where Tp, = {(z,y) € F:y—2(1l —/=5) € Pi} and Tp, = R® P».
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