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Abstract. Under the assumptions that p(t), ¢(t) are regularly varying functions

satisfying condition
/°° dt
T = %9
a p(t)=

existence and asymptotic form of regularly varying intermediate solutions are
studied for a fourth-order quasilinear differential equation

(p®)|="(®)[* 2" (1)) + q)|z(t)|P L 2(t) =0, a > >0.

It is shown that the asymptotic behavior of all such solutions is governed by a
unique explicit law.

1. INTRODUCTION

This paper is concerned with positive solutions of fourth-order quasilinear differ-
ential equations of the form

(E) (p®)la"@)* 2" (1) + ()] x())" () = 0, t=a >0,

where o and 3 are positive constants such that o > [ and p(t), q(t) are positive
continuous functions defined on [a, co) and p(t) satisfies

o dt
(1.1) /a p(t)% = 0.
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The equation (E) is called sub-half-linear if 5 < « and super-half-linear if § > «. By
a solution of (E) we mean a function z(¢) : [T, 00) — R, T' > a, such that z(¢) and
p(t)|z"(t)|* " (t) is twice continuously differentiable on [T, cc) and satisfies the
equation (E) at every point of [T, c0). A solution x(¢) of (E) is said to be nonoscillatory
if 2(t) # 0 for all large ¢ and oscillatory otherwise. In other words, a solution z(¢)
of (E) is nonoscollatory if x(¢) is eventually positive or eventually negative. If =(t)
is a solution of (E), then so does —x(¢). Therefore, there is no loss of generality in
assuming that a nonoscillatory solution of (E) is eventually positive.

Throughout this paper extensive use is made of the symbol ~ to denote the asymp-
totic equivalence of two positive functions, i.e.,

f(t)~g(t), t—00 <<= lim —<=1.

We also use the symbol < to denote the dominance relation between two positive
functions in the sense that

ft) <g(t), t—00 <= lim = =

The oscillatory and asymptotic behavior of solutions of the equation (E) has been
recently considered by Wu [18] and Naito and Wu [5] under the conditions

<t
(1.2) / dt = oo,

or, more strongly,

(1.3) /GOOM;% dt =00 A /aoo <$)édt:oo.

We note that (1.1) implies both of (1.2) and (1.3).

The aim of this paper is to obtain a more detailed information on the asymptotic
behavior of positive solutions of equation (E) under the condition (1.1).

The main body of the paper is divided into six sections. In Section 2 we classify
the totality of positive solutions of (E) into several types according to their asymptotic
behavior at infinity. There a crucial role is played by the four functions

Di(t) =1, olt) =t, wg(t):/:/:p(:)% drds, W(t):/:/: <1%)%drds,

which are the particular solutions of the unperturbed differential equation

(p(t) ‘IE”@) ‘a—lx//@))// —0.
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It is to be noted that the functions define above satisfy the dominance relation

P1(t) < Pa(t) < Ps(t) < Ya(t), t— oo.

Necessary and sufficient integral conditions for the existence of positive solutions x(¢)
of (E) which are asymptotic to positive constant multiplies by the function «;(¢), i =
{1,2, 3,4}, called primitive solutions of (E), have been given in [5, 18]. Our goal
is to show that equation (E), except primitive solutions, possesses two more types of
positive solutions such that

() P1(t) < o(t) <a(t) or () w3(t) < z(t) <Pa(t) as t— oo

Such solutions will be called intermediate solutions of (E). In Section 4 we established
sufficient conditions for the existence of such solutions of (E) with continuous coeffi-
cients p(t) and ¢(t). In Section 5 we consider equation (E) with generalized regularly
varying p(t) and ¢(¢), while the definition of generalized regularly varying functions
and some of their basic properties are summarized in Section 3. After showing that
each of two classes of intermediate generalized regularly varying solutions of type (I)
and (1) can be divided into three disjoint subclasses according to their asymptotic be-
havior at infinity, we establish necessary and sufficient conditions for the existence of
solutions belonging to each of these three solution subclasses of types (1) and (II). Our
discussions include determining the asymptotic behavior of solutions contained in each
of the six subclasses explicitly and precisely. In the final Section 6 it is shown that our
main results, when specialized to the case where p(t) and ¢(t) are regularly varying
functions in the sense of Karamata, provide thorough information about the existence
and asymptotic behavior of regularly varying solutions in the sense of Karamata for
equation (E). This information combined with that of the primitive solutions of (E) (cf.
Theorems 2.1-2.4) enables us to depict a clear picture of the structure of all regularly
varying solutions for equations of the form (E) with regularly varying coefficients.

2. CLASSIFICATION OF PosITIVE SOLUTIONS

We begin by classification the set of all possible positive solutions of (E) according
to their asymptotic behavior as ¢ — oo. Let x(t) be a positive solution of (E). It is
known (see [18]) that x(¢) satisfies either

(2.2) ' (t) >0, 2"(t) >0, (p)|2"(t)* 2" (t)) >0 for all large t,
or
2.2) (1) >0, 2'(t) <0, (p@)|2"(t)|* 12" (t))’ >0 forall large t.

Since (E) implies that (p(t)|z”(¢)|*~ 12" (¢))" is decreasing and positive, there exists a
finite limit lim; . (p(t)|2”(t)|* 12" (1)) = w3 > 0.



1418 Jelena Milo3evit and Jelena V. Manojlovit

Solutions satisfying (2.1). First let z(¢) satisfy (2.1) on [to, 00). Since z/(t) is
positive and increasing, we see that 2/(t) > 2/(tg), t > to, which by integration gives
x(t) — oo, t — .

Suppose that ws > 0. Then, since (p(t) z”(¢)*)" ~ ws, t — oo, integrating this
relation on [to, ¢], we obtain

1
1 t \o
2" (t) ~ we <—) , t— 00,
() 3 p(t)

from which, integrating twice on [to, t] we find that

wg//< ) drds, t— oo,
to Jto

1
i.e., z(t) ~ ws Yu(t) as t — oo.

Suppose that wz = 0. Then, since p(t)x”(¢)* is positive and increasing, we have
limy 00 p(£)2” () = we € (0,00]. If wo is finite, then integrating the relation
(t) ~ (wg/p@))%, t — oo twice on [to, ], we obtain

1 t s 1
€T t) ~ Wy / / 1
to J1to p('f’)g

1
i.e., z(t) ~ ws P3(t), t — oo. On the other hand, if wy = oo, we first integrate (E)
on [t, 00) and then on [to, t] to obtain

1
(2.3) a:”(t): L <02+// ﬁdrds) , >,
a to /s

where ¢y = p(to)z” (to)® > 0. Integrating the above twice on [to, t] then yields

drds, t— oo,

a:(t) =co+ 01<t — to)

(2.4) tos >
+/ / - <02+/ / ﬁdvdu) drds, t>tp,
to Jto p(r)g to

where ¢; = a/(t9) > 0 and ¢y = x(tp) > 0. Since ftto [ q(r)z(r)Pdrds = O(t)
as t — oo, the condition (1.3) implies from (2.3) that lim; . 2'(t) = oco. Us-
ing L” Hospital’s rule, we easily see from (2.4) that lim; o x(t)/¥3(t) = oo and
limy o 2(t) /94(t) = 0, or equivalently ¥3(t) < x(t) < ¥4(t) as t — oo.
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It follows from above observation that there are three types of possible asymptotic
behavior for positive solutions z(t) of (E) satisfying (2.1)

x(t) ~ k1ps(t), or bs(t) < x(t) < Pa(t), or x(t) ~ kaps(t), as t— oo,
where k1 and ko are some positive constants.

Solutions satisfying (2.2). Let x(¢) satisfy (2.2) on [tg, c0). It is necessary that
w3 = 0, so that we have

!/

25) ~(po-a" ) = [ aoae)’ds, =1

t
Moreover, since p(t)(—z"(¢))* and z’(t) are positive and decreasing , there exist finite
limits limy oo p(t)(—2" () = we > 0 and lim; . 2'(t) = wy > 0. In fact, it must
be wy = 0, because otherwise, integration of the relation z”(t) ~ (—cug/p(lt))é , t—

1
oo leads to z/(t) ~ —wsg ftto ds/p(s)é, t — oo . Thus, we conclude with the help
of (1.1) that lim; . 2/(t) = —oo , an impossibility. Using this fact and integrating
(2.5) twice on [t, c0), we obtain

2.6) x'<t>:wl+/too<i/:o<r—s>q<r>x<r>ﬁdr)éds, £t

p(s)

which, integrated on [to, ¢], gives

x(t) =co + wl(t — to)

+ /t: /:O <]% /Too(u — r)q(u)x(u)ﬁdu) édrds, t > to,

where ¢y = z(tp) > 0. It follows that if w; > 0, then z(t) ~ w; ¥s(t), t — oo and
that if w; = 0, there are two possibilities: either x(¢) tends to a finite limit or x(¢)
grows to infinity as ¢t — oco. In the latter case it is clear that ¢ () < x(t) < ¥2(t) as
t — o0o0.

Thus it follows that the asymptotic behavior of positive solutions =(t) of (E) satis-
fying (2.2) falls into one of the following three cases:

.7)

z(t) ~ ki (t), or () <z(t) < a(t), or xz(t) ~katpa(t), as t— oo,

where k1 and ko are some positive constants.

As regards the primitive solutions of equation (E), the existence of four types of
such solutions has been completely characterized for both sublinear and superlinear case
of (E) with continuous coefficients p(¢) and ¢(t¢) as the following theorems proven in
[5] and [18] show.
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Theorem 2.1. Let p(t), ¢(t) € Cla, 00). Equation (E) has a positive solution z(¢)
satisfying x(t) ~ k111(t), t — oo if and only if

2.8) /aoot (1% /:O(s 1) qls) czs)é dt < oo.

Theorem 2.2. Let p(t), ¢(t) € Cla, 00). Equation (E) has a positive solution x(¢)
satisfying x(t) ~ kapa(t), t — oo if and only if

2.9) /aoo (1% /:O(s — 1) 5P g(s) czs)é dt < oo.

Theorem 2.3. Let p(t), ¢(t) € Cla, o0). Equation (E) has a positive solution z(¢)
satisfying x(t) ~ ksis(t), t — oo if and only if

(2.10) /OO tq(t) ¥3(t)° dt < oo.

Theorem 2.4. Let p(t), q(t) € Cl[a, 00). Equation (E) has a positive solution x(¢)
satisfying x(t) ~ kq1p4(t), t — oo if and only if

(2.11) /OO q(t) 1a(t)P dt < co.

Thus we are led to the study of intermediate solutions of equation (E). Our task is to
solve two problems: (i) establish necessary and sufficient conditions for (E) to possess
intermediate solutions of types (I) and (lII); (ii) determine their asymptotic behavior (or
order of growth) at infinity precisely. Since the second problem is very difficult for
equation (E) with general continuous coefficients p(¢) and ¢(t), we will make an attempt
to solve the problem in the framework of regular variation (in the sense of Karamata),
that is, we limit ourselves to the case where p(t) and ¢(t) are regularly varying functions
and focus our attention on regularly varying solutions of (E). The recent development of
asymptotic analysis of differential equations by means of regularly varying functions,
which was initiated by the monograph of Mari¢ [6], has shown that there exists a
variety of nonlinear differential equations for which the problem mentioned above can
be solved completely. The reader is referred to the papers [4, 7, 8, 11, 13, 14] for
second order equation and to [9, 10, 12] for fourth order equations which are the
special cases of (E) with « = 1 or p(¢) = 1. The present work can be considered as
a continuation of the previous papers [9, 10, 11], but has features different from them
in the sense that the generalized regularly varying functions (or generalized Karamata
functions) introduced in [3] are crucially utilized in order to make clear the dependence
of intermediate solutions on the coefficient p(¢). See also [15, 16] for related results
regarding fourth order equations.
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3. Basic PrRoOPERTIES OF REGULARLY VARYING FUNCTIONS

We recall that the set of regularly varying functions of index p € R is introduced
by the following definition.

Definition 3.1. A measurable function f : (a,00) — (0,00) for some a > 0 is

said to be regularly varying at infinity of index p € R if

lim Fx) =\ forall A >0.

t—oo f(t)
The totality of all regularly varying functions of index p is denoted by RV(p). In
the special case when p = 0, we use the notation SV instead of RV (0) and refer to
members of SV as slowly varying functions. Any function f(¢) € RV(p) is written
as f(t) =P g(t) with g(t) € SV, and so the class SV of slowly varying functions is
of fundamental importance in the theory of regular variation. If

lim ——= = lim g¢(¢t) = const > 0,

then f(¢) is said to be a trivial regularly varying function of index p and it is denoted
by f(t) € tr —RV(p). Otherwise, f(t) is said to be a nontrivial regularly varying
function of index p and it is denoted by f(¢) € ntr — RV (p).

The reader is referred to N.H. Bingham et al. [1] and E. Seneta [17] for the
most complete exposition of theory of regular variation and its application to various
branches of mathematical analysis.

Since the class of classical Karamata functions is not sufficient to properly describe
the asymptotic behavior of positive solutions of the self-adjoint differential equation

(p(H)2'(£))" + q()2(t) =0,

JaroSand Kusano introduced in [3] the class of generalized Karamata functionswith
the following definition.

Let R(t) beapositive function which is continuously differentiable on (a, co) and
satisfies R/(t) > 0, t > a and limy_,o, R(t) = oo.

Definition 3.2. A measurable function f : (a,00) — (0,00) for some a > 0 is
said to be regularly varying of index p € R with respect to R(t) if fo R is defined
for all large ¢ and is regularly varying function of index p in the sense of Karamata,
where R~ denotes the inverse function of R.

The symbol RV r(p) is used to denote the totality of regularly varying functions of
index p € R with respect to R(t). The symbol SV g is often used for RV(0). Itis
easy to seethat if f(t) € RVRg(p),then f(t) = R(t)” g(t), g(t) € SVg. If

f(t)

Jim R = tliglo g(t) = const > 0,
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then f(t) is said to be a trivial regularly varying function of index p with respect
to R(t) and it is denoted by f(t) € tr — RVRg(p). Otherwise, f(¢) is said to be a
nontrivial regularly varying function of index p with respect to R(¢) and it is denoted
by f(t) € ntr — RVRg(p). Also, from Definition 3.2 it follows that f € RV r(p) if
and only if it is written in the form f(¢t) = g(R(t)), g(t) € RV(p). Itis clear that
RV(p) = RVy(p). We emphasize that there exists a function which is regularly varying
in generalized sense, but is not regularly varying in the sense of Karamata, so that,
roughly speaking, the class of generalized Karamata functions is larger than that of
classical Karamata functions.

To help the reader we present here some elementary properties of generalized regu-
larly varying functions.

Proposition 3.1. (i) If g1(t) € RVg(o1), then (g1(¢))* € RVg(aoy) for any
a € R

(II) If gi<t> S RVR<UZ‘>, 1=1,2, then g1<t> + gg(t) € RVR<U>, o= max(al, Ug).
(III) If gi(t) S RVR<UZ‘>, 1=1,2, then g1<t>g2<t> € RVR<01 + UQ).

(iv) If gi(t) € RVR(oi), i = 1,2 and go(t) — oo as t — oo, then g1(ga2(t)) €
RVg(o102).

(v) If I(t) € SVR, then for any e > 0,

tlim R(t)%l(t) = oo, tlim R(t)"°l(t) = 0.
Next, we present afundamental result (see[3]), called Generalized Karamata integration
theorem, which will be used throughout the paper and play a central rolein establishing
our main results.

Proposition 3.2. (Generalized Karamata integration theorem). Let f(¢) € SVg.
Then,

(i) If o> -1,
/t R($)R(s)*(s) ds ~ %llf@, £ oo
(i) If o < —1,
/OO R(s) R(s)* f(s) ds ~ — BOIO
¢ a+1 7 ’
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(i) If a = —1,

/t R'(s) R(s)™" f(s) ds € SVr and /too R'(s) R(s)™" f(s) ds € SV .

4. ExISTENCE OF PosITIVE INTERMEDIATE SOLUTIONS

In this section we prove the existence of solutionsof type (1) and (I1) of equation (E)
under assumption that coefficients p(t) and ¢(t) are positive continuous functions.

Theorem 4.1. Let p(t), ¢(t) € C[a,00). If (2.9) holds and if

4.1) /aoot (1% /:O(s 1) qls) czs)é dt = oo,

then equation (E) has a positive solution z(t) such that 1 < z(¢t) < ¢, t — oc.

Proof. Choosety > max{1, a} such that

CN N R T .
4.2) 2 /to <p(t) /t (s —1t)s”q(s) ds) dt <1.
Define the set
(4.3) X = {ac S C[to, OO) 1< x(t) < Qt, t> to},

and the operator G : X1 — C[tg, 00)

44) Ga(t) = 1+/t:/:o (1% /Too(u—r) q<u>gc<u>ﬁdu)é drds, ¢ > 1o.

Itisclear that X} isaclosed convex subset of thelocally convex space C'[t, oo) equipped
with the topology of uniform convergence on compact subintervals of [t, co). Using
(4.2)- (4.4), weseethat x € &} implies

1< Ga(t) < 142° /t:/: <1%/Too(u—r)q(u)uﬁdu)é dr ds

<14t<2, t>t.

This means that G maps Xy into itself. Furthermore, it can be shown that G is a
continuous map such that G(X,) is relatively compact in Cltg, o). Therefore, by the
Schauder-Tychonoff fixed point theorem there exists afunction x; € A satisfying the
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integral equation 1 (t) = Gx1(t) for t > t¢. It followsthat x (¢) isasolution of (E) on
[to, 00). Itiseasy to seethat x;(t) has the following asymptotic properties:

1
tlim x1(t) > hm // < / u—r)q(u) du) drds = o0

and
t o1 [ .
0< tliglo xlTO = tliglo/t <@/S (r—s) q(r)a:l(r)ﬁdr) ds
1

< 2% lim h <L /oo(r —8)q(r) rﬁdr) “ds=0

N t—00 Jy p 3) S ’
which meansthat =, (¢) satisfies1 < 1 (t) < ¢, t — oo, thatis, z1(t) isan intermediate
solution of type () of (E). [ |

Theorem 4.2. Let p(t), q(t) € Cla, ). If (2.11) holds and if
(45) JARTCREORTES
then equation (E) has a positive solution z(¢) such that v5(t) < z(t) < 14(t), t — oo.

Proof. Choosety > max{1, a} such that

(4.6) 24 /OO q(t) Ya(t)? dt < 1.
to
Define the set
4.7) Xy = {z € Clty, 00) : ¥3(t) < z(t) < 259hu(t), t > to},

and the integral operator H : Xy — Cltg, 00)

(4.8) Haxl(t) ::/t:(t— [ < /to/r ﬁdudr)]éds, t > to.

Itisclear that X, isaclosed convex subset of thelocally convex space C'[t, oo) equipped
with the topology of uniform convergence on compact subintervals of [t, co). Using
(4.6)-(4.8), we seethat x € A, implies

Y3(t) < Ha(t) S/t:(t—s)[ < +2a /to/to f@dudr)rds

S/t:(t—s) <;<%;)Eds§25¢4(t), t > to.



Asymptotic Analysis of Fourth Order Quasilinear Differential Equations 1425

This means that H maps x> into itself. Furthermore, it can be shown that H is a
continuous map such that H(X5) is relatively compact in C[ty, o). Therefore, by the
Schauder-Tychonoff fixed point theorem there exists afunction xo € A5 satisfying the
integral equation zo(t) = Hxo(t) for t > ty. It followsthat 24 (t) isasolution of (E) on
[to, 00). Itiseasy to seethat x4 (t) has the following asymptotic properties:

i) (t)

1
lim = lim 1+/ / ﬁdrds)
t—o0 1/13@ t—00 < to Js
1
Ztlim <// ﬁdrds) =0
—o0 to /s

2a(t) <hm L [ [ q(r) aa(r)® drds>é
t—o0 t

and

0 < lim —=% =
~ t—o0 y(t)

- <t1i*r£° /too () 22(s)” ds) "< <2§ A /too q(s) a(s)” ds) = 0,

which means that x5 (t) satisfies 13(t) < z2(t) < ¥a(t), t — oo, that is, zo(t) isan
intermediate solution of type (11) of (E). [ |

5. AsyMpTOTIC BEHAVIOR OF INTERMEDIATE REGULARLY VARYING SOLUTIONS

In what follows it is always assumed that functions p(t) and ¢(t) are generalized
regularly varying of index n and o with respect to R(t), which is defined with

(5.1) R(t) :/: (%)é ds,

and expressed with

(5.2)  p(t) = R(t)"1,(t), l,(t) € SVR and ¢(t) = R(t)7 14(t), l4(t) € SV,
and the intermediate solutions z(t) € RV r(p) of (E) are represented as

(5.3) x(t) = R(t)? 1x(t), 1x(t) € SVR.

From (5.1) and (5.2) we have that

Q=

(5.4) ta = R ()R(t)* Ly(t)a.
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Integrating (5.4) from a to ¢ and using the generalized Karamata integration theorem
(Proposition 3.2) we have

tatl  R(t)at!

117 1y
implying
a+mn\ ofl atn 1
(5.5) t <a+1) R(t)o+1 1y(t)o+T, t — oo.

From above relations we get

1
T a+1 —7
(5.6) Rt~ (25 " poyst oo, t—
a+1 P

We can rewrite (5.6) in the form

a+n
a+1

(5.7) 1~ < )Q_H R'(t) R()*71 L(£)a7T, t — oo.

First, express the conditions (1.1) in the terms of regular variation. Using (5.2), (5.5)
and (5.7) we have

t d %4_1 t __a _
/ i (S)™ [ R R () T s, 1
a pP(S)« a

For conditions (1.1) to hold it is necessary that o2 — n > 0. In what follows we limit
ourselves to the case where

(5.8) o>=n>0

excluding the other possibilities because of computational difficulty. We introduce the
notation:

a+n m<an>:2a2+an—n
a+1’ 2 ala+1)

20+n+1
, ms(a,n)=a7+1~

(59) m1<a7 77) -
Itisclear that 0 < mq(«, 1) < ma(e,n) < ms(eo,n) = mi(e, )+ 1. In proofs of our
main results constants m; («, ), ¢ = 1, 2, 3 will be abbreviated to m;.

Now, we state alemma which will be frequently used in our later discussions. The
proof of thislemmafollowsdirectly using (5.7) and the generalized Karamataintegration
theorem.
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Lemma 5.1. Let f(t) = R(t)" L¢(t), L¢(t) € SVg. Then,
(i) If p+mi(a,n) >0,

/ e ZT:“@:% Rty Ly(e) L(t) 7, 1 — oo;

@) If pw+mi(a,n) <0,

1
1

m1<a 77) p+mi (a,n) P = oo
/ e —(p+ma(a n)) R(H)"** Ly(®) lp(t)o+T, ¢ — oo;

@iii) If g+ mi(a,n) =0, then

/ " F(s) ds s (c, ) / R(SR() ™ Ly(s)lpls) 7 ds € SV
and

/too £(5) ds ~ my(a, n)atT /too R(s)R(s)™" Ly (s)l,(s) 77 ds € SV,

In order to make an in depth analysis of intermediate solutionsof type (1) and (I1) of (E)
we need afair knowledge of the structure of the functions 1 (t), ¥2(t), ¥3(t) and ¢4(t)
regarded as generalized regularly varying functions. It isclear that ¢);(¢) € SV . From
(5.5) it follows that ¥5(t) € RVRg (mi(a,n)). Using (5.2) and applying Lemma 5.1

twice, we get
1
/ / “adrds

(5.10) (a s R
ma(a,n aa+1) —
™ ato ) (malan ) —ma(aym) T (B, = oo,

which showsthat ¢3(¢) € RV r (ma(a, n)). Further, another application of Lemma5.1
yields

(511)  u(t) ~ / " R(s)ds ~

implying ¥ 4(t) € RVg (ms(a,n)).
5.1. Regularly varying intermediate solutions of type (I)

Thefirst subsection is devoted to the study of the existence and asymptotic behavior
of generalized regularly varying solutions of type (1) of equation (E) with p(t) and ¢(¢)
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satisfying (5.2). Since v (t) < z(t) < a(t), t — oo, the regularity index p of z(t)
must satisfy
0<p< m1<04a77>~

If p=0,thensincexz(t) = I,(t) — oo, t — oo, z(t) isamember of ntr — SV, while
if p = my(a,n), thensince z(t)/R(t)™ (> = [,(t) — 0, t — oo, x(t) is amember
of ntr — RVg(mi(a,n)). If 0 < p < mi(a,n), then z(t) isamember of RV r(p) and
satisfiesz(t) — oo and z(t)/R(t)™ (@") — 0 ast — co. Thustheset of all generalized
regularly varying solutions of type (1) is naturally divided into the three disjoint classes

(5.12) ntr —SVg or RVg(p) with p € (0, mi(a,n))ormtr — RVg (mi(a,n)).

Our aim isto establish necessary and sufficient conditionsfor each of the above classes
to have amember and furthermore to show that the asymptotic behavior of all members
of each class is governed by a unique explicit formula describing the growth order at
infinity accurately.

5.1.1. Main results

Theorem 5.1. Let p(¢t) € RVRr(n), q(t) € RVg(o). Equation (E) has intermediate
solutions z(t) € ntr — SV i satisfying (1) if and only if

(513) o=-2—7 and /;%(% /too(s—t)q(s)ds)a dt = .

The asymptotic behavior of any such solution z(t) is governed by the unique formula
x(t) ~ X1(t), t — oo, where

(614)  Xi(t) = (“;5 /:s (ﬁ /:O(r—s) o(r) dr)% ds>ﬁ.

Theorem 5.2. Let p(t) € RVRr(n), q(t) € RVg(o). Equation (E) has intermediate
solutions z(t) € RVg(p) with p € (0, mi(c, n)) if and only if

(5.15) —2a—-n<o<—a—(B+1)mi(a,n),
in which case p is given by
o+2a+n
1 =—1
(5.16) p a—3

and the asymptotic behavior of any such solution x(¢) is governed by the unique
formula x(t) ~ Xs(t), t — oo, where

Xo(t) =
(5.17) <<m1<a,n>)2 p(t)q(t)R(1)% )
P ( '

a
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Theorem 5.3. Let p(t) € RVRr(n), ¢q(t) € RVg(o). Equation (E) has intermediate
solutions z(t) € ntr — RV g (m1(«, n)) satisfying (1) if and only if

(5.18) & — —a—(B+1)mi(a, 5)and /aoo (1% /:O(s — 457 g(s) ds)% dt < oc.

The asymptotic behavior of any such solution z(t) is governed by the unique formula
x(t) ~ X3(t), t — oo, where

(5.19) Xs(t) =t <a ; b /too <$ /:O(r —s)r7 q(r) dr)%ds> " .

5.1.2. Preparatory results

Let 2(¢) beasolution of (E) on [tg, o) suchthat 1 < x(t) < t ast — co. Since

Jim (p(t)]2”(8)[* 2" ()" = lim p(t)]a"(£)|* " 2" () = lim /() =0,
(5.20)

lim z(t) = oo,
t—o00

integrating of equation (E) first threetimes on [¢, co) and then once on [to, t] gives

(5.21)  z(t) = x(to) + /t: /:O <$ /:O(u — r)q(u)x(u)ﬁdu) : drds, t > to,

and impliestheintegral asymptotic relation

(622)  a(t)~ /bt/oo (1% /Too<u— r>q<u>ac<u>ﬁdu)é drds, t— oo,

forany b > a. Conversely, if x(t) isapositive continuousfunction satisfying (5.21) and
limy .~ () = oo, thenitisasolutionof (E) suchthat1 < z(t) < ¢, t — oco. Our main
toolsin establishing precise asymptotic forms of intermediate positive solutionswill be
Schauder-Tychonoff fixed point theorem combined with theory of regular variation. To
that end, the closed convex subsets X' of C|[tg, co) which should be chosen in such a
way that appropriate integral operator F is a continuous self-map on X and send it
into arelatively compact subset of C[t¢, co), will be now found by means of regularly
varying functions satisfying the integral asymptotic relation (5.22). Therefore, first we
show that regularly varying functions X;(t), ¢ = 1, 2, 3 defined, respectively by (5.14),
(5.17),(5.19), satisfy integral asymptotic relation (5.22).

Lemma 5.2. Suppose that (5.13) holds. Function X (t) € ntr — SV given by
(5.14) satisfies the asymptotic relation (5.22) for any b > a.
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Proof. Let (5.13) holds. First notethat 0 = —2a — n satisfieso + m1 = —amg
and o + 2m; = —amy. We integrate ¢(t) = R(t)71,(t) twice on [t, c0). Applying
Lemma5.1 twice and using (5.2) we obtain

2

ma+1

R o+2mq Lll
(t) Ip(t)o+Tly(t), t— oo,

| tats) s~

from which it readily follows, using (5.5), that

o?moms

Q=

Q=

(5 /t°°<s_t>q<s>d$)i<ﬂ) RORO - LOF,0F, ¢ oo,

o?moms

where (5.7) has been used in the last step. Integration of the last relation on [a, ¢] then

yields
t 1 0 5
s|—= (r—s)q(r)dr) ds
(5.23) /“ gpis) /l t )
h <a:1nizm3) /a R(s)R(s) " 1p(s)7 ly(s) ds, t — oo,
so that
(o — ﬁ>m2_Ta ! ’ — 1 1 o7
X1 (t) ~ (a1+2 o nlmé / R(s) R(s) " 1,(s)% 1, (s)* ds) oo

Thisshowsthat X (t) € SV . Next, weintegrate ¢(t) X, (t)” twiceon [t, o). Applying
Lemmab5.1 as above, we see that

( [ = 0a X1<s>ﬂds) e (m) R(t) Z 51, () T 1, (1) £ X (1) 5,

o2 mams

ast — oo. Integrating the above relation multiplied by p(t) ~& first on [t, 00) and then
on [b, t], for any b > a, we conclude viaLemmab5.1 that

/bt/soo<z%/:o<“_’”>q<“>X1<u>ﬁdu) " drds~ (C“a;ﬁ) =7 (%) a7

« /bt R(s) R(s) "1, (s) 51, (s)+ (/ R(r) R<r>—1zp<r>%zq<r>%dr)g% ds

- ( e R’<s>R<s>lzp<s>izq<s>ids) = Xi(t), ¢ oo

alta (mgams)e Ja
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Thisprovesthat X (t) satisfies the asymptotic relation (5.22) for any b > a. [ ]

Lemma 5.3. Suppose that (5.15) holds and let p be defined by (5.16). Function
Xo(t) € RV(p) given by (5.17) satisfies the asymptotic relation (5.22) for any b > a.

Proof. Note that the function X5 (¢) given by (5.17) can be expressed in the form

(6524)  Xaot) ~ AT (ZH) T RO (1,0 1,(1) 77t — oo,
where
=% (my = p)* (ma— p) (m3 — p).

Using (5.24) and (5.16) and applying Lemma5.1 twice, we find that

/ / r)? drds

“a- ﬁ (T';l)—ﬁﬁ mix+1 o(p—m3) aLiﬁ 2
A T RO (01 (0)7 L0,

ast — oo. We now multiply the last relation by 1/p(t), raise to the exponent 1/« and
integrate it first on [¢, o) and then on [b, ¢] for any b > a. Asaresult of application of
Lemmab.1 twice, we obtain for t — oo

//( / “_’”>q<“>X2<u>ﬁdu)édrds
28 2= 2

2

_ B 2
X R(t) (Ip()lg(£) TP 1(t)5 L ()T L,(£) "% L,(H)TT = Xo(t).
This completes the proof of Lemma5.3. |

Lemma 5.4. Suppose that (5.18) holds. Function X3(¢) € ntr — RV g (m1(a, 1))
given by (5.19) satisfies the asymptotic relation (5.22) for any b > a.

Proof. Let (5.18) holds. Using (5.2) and (5.5) and applying Lemma5.1 we see that

o0 —af o0
/t sﬁq(s)dSNmf“/ R(s)‘ﬁ%mllp(s)aiﬂlq(s)ds

t
1—ap 1—ap
a+1 a+1
mq R@)o—i—(,@—l—l)mllp(t)g—ﬁl (t) _ mq

—(o+ (B+ 1)m) ! a
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ast — oo, from which it follows that

2—«

n or(ort1) , —atpt1
< / / drds) ~ 4| T R(t)ml_mr?flp(t) a(at1) lq(t)i

(a?(mg —my))=

2—af+ta
a(a+1) B+1
~ M SRt R 1,() 700 [,() 7,

(a?(mg —my))=

ast — oo, wherewe use (5.7) inthe last step. Integrating the above on [¢, co) we obtain

[ GE [ v dudr)lds

2—af+a
a(a+l) e B+1
M / R(s)R(s) "1y () 01, (s) 5 ds, ¢ — oo,
t

(a?(mg —m))@

(5.25)

=

This, combined with (5.5) and (5.19), gives the following expression for X 5(¢):
1

Xa) ~ ‘ﬁ)% (a(m—)_ R@™ 1,(1) 7

o me —myq)

o0 ’ 1 B+1 1 E%ﬁ
X R'(s) R(s)™ " ly(s)oetD) [4(s)> ds € RVg(m1), t — oc.
t
Next, weintegrate ¢(t) X3(t)? twice on [t, oo), multiply by 1/p(¢) and raise the result to

the exponent 1/a. Since q(t) X3(t)? € RVg(o+m13) = RVg(—a —m;) (cf. (5.18)),
repeated application of Lemma5.1, with the help of (5.7), yields

1 ﬂ Lﬁ —2_5_51"“ a;—ﬁ
)8 (PN
< / / drds) < o ) (042(”12 - ml))

xR (8)R(1) 1, (1) 1y (1)« (/t . R’<8>R<s>‘1zp<s>zf%zq<s>éds) o

ast — oo. Integrating the above relation first on [¢, oo) and then on [b, ¢] for any fixed
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b > a, we conclude viaLemma5.1 that

[
(=) (i)™ a

< R()™ 1 (1) 7 ( | re R<s>—1zp<s>3<%zq<s>%ds) = x),

t

ast — oo. Thiscompletesthe proof of Lemma5.4. [ ]

After the construction of intermediate solutions with the help of the Schauder-
Tychonoff fixed point theorem, to finish the proof of the "if" part of our main resultswe
prove the regularity of those solutions using the generalized L’ Hospital rule (see [2]):

Lemma 5.5. Let f,g € C'[T, c0). Let

(5.26) tlim g(t) =00 and ¢'(¢t) >0 for all large t.
Then . ,
lim inf r'e) < liminf & < lim sup & < lim sup ')

=0 g/(t) T tmee g(t) T oo 9(t) T tmeo g'(E)
If we replace (5.26) with condition

lim f(t) = Jim g(t)=0 and ¢'(t) <0 froall large t,

t—o00

then the same conclusion holds.

5.1.3. Proofs of main results

PROOF OF THE "ONLY IF" PART OF THEOREMS 5.1, 5.2 AND 5.3: Suppose
that (E) hasatype-(I) intermediate solution z(t) € RV r(p) on [tg, oo) with p € [0, m;].
For such solution we have (5.20). From

—(p(&)(=2"(£)%)'

- /too als)a(s)”ds ~ /too R(s)7 P01, (3)la(5)° ds, t — oo,

(5.27)

the convergence of the last integral in (5.27) means that o + Bp + m; < 0. But the
possibility o + 8p+ m1 = 0 isprecluded, because if thiswere the casethe last integral
in (5.27) would bean SV g- function, whichisnot integrable on [¢, co) by (i) of Lemma
5.1. This would contradict the fact that the left-hand side of (5.27) is integrable on
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[to,00). It followsthat o + Bp +my < 0. Then, integration of (5.27) on [¢, co) with
application of Lemma5.1 gives

p(t)(=a"(t))"
(5.28) 1

me /OO o+Bp+m L B
~ R P (8)atT 1o(8) Iy ds, t .
e e ) RO o(8)77 1y(s) Lo(s)° ds, ¢ — oo
Noting that the integral in (5.28) is convergent, we conclude that o + Bp + 2mq < 0.
But the equality is not allowed here. In fact, if the equality holds, then the right- hand
side of (5.28) isSV g-function denoted by h(t) so that

1
h(t)\« _m 11
—x”t~<—) = R(t) al,(t)"ah(t)>, t— oco.
(t) (D) ()= lp(t) "= h(?)
But then, theintegrability of " (t) on [to, co) impliesthat m, — I = a‘z‘iﬂ) < 0, which

contradictsthe assumption(5.8). Thusitholdso +3p+2m; < 0. Applying Lemma5.1
in (5.28) first and then multiplying by 1/p(t) and raising the result on 1/«, using (5.7)
we obtain
—$//<t> ~
2
(529) ma(a+1) Rt U+ﬁp+im1_n 1-a g

1 L(£) T+ D 1 (£) @ 1, (t)a
(0 + Bp +m1)(o+Bp+2my)) ®) (t)=la(2)

Q=

ast — oo. Theintegrability of =" (t) on [tg, co) implies that ‘WW +my <0.
We distinguish the two cases:

o+ Bp+2mi—n
@ -

Assumethat (a) holds. Sinceo + 3p+m; = —aand o + Bp+2my = a(my —ma),
integration of (5.29) first on [t, co), thenon [¢, t], with application of Lemmab.1, shows
that

tm=0 (b

+ 0Bp+2mq —
7 ﬂpa L n+m1<0.

Mﬂ~<gy@ti—)éR®m%ﬁﬁ%

mo — m1>

ol [y

« /t T R(s) R(s) "MLy () TR U, (s) R 1 (5) 2 ds

a+2 é
myt
~ t -
a?(mg —my)

x /too R'(s)R(s)"11,(s) 7T 1y(s) % Ly (s) 2 ds € RV p(m1),

(5.30)
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ast — oo.
Assume next that (b) holds. Integrating (5.29) on [t, oo), then on [¢¢, t], we find via
Lemmab.1 that

at2 >
(1) mi” «
(5.31) (o+Bp+m) (o + Bp+2mi) | —(0+Bp+(a+2)mi—n)
t o m1 —7
« / R(s) R T () TRy ()% Ly (s)4 ds, ¢ — oo
to

Because of the divergence of the last integral (note that z(t) — oo, t — o0), it follows
that

2mq — 2
o+ Bp+2my n+2m1:a+ﬁp+ a+n20.
« «
We distinguish the two cases:
2 2
b1) ZHOeE204n g o) ZEOet20tn
« «

Assume that (b.1) holds. Then, (5.31) showsthat z(t) € SV g, that is, p = 0, and
henceoc = —2a — 1. Since

o+ pBp+mi =—amg, 0+ Bp+2my = —ama, 0+ fp+ (a+2)m; —n = —amy,
(5.31) reduce to

(t) ~
(5.32) e \E o o,
(17) / R'(5) R(s) ™ 1y ()2 1y (5)% Lu(s)% ds € SV, £ — oc.

a?moms to

Assumethat (b.2) holds. Applying Lemma5.1 to theintegral in (5.31), we get

=)~ <(U+ﬂp+m1> (U+ﬂp+2m1>) P PR PO o

% « ( >o+[3g+2a+7ll t 1 1 B
o+ 0p+2a+n

(5.33)

which impliesthat x(t) € RVM%»

Let us now suppose that x(t) is atype-(I) solution of (E) belonging to ntr — SV g.
From the above observations this is possible only when the case (b.1) holds, in which
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casep =0,0 = —2a —nand z(t) = l,(t) must satisfy the asymptotic behavior (5.32)
ast — oo. Put

2w

/L(t) —H t R/<S> R<S>—1lp<s>élq<8>élx<8> dS, H = <a;nni;;3) ) ’

Noting that

Q=
=
—~

o~
~—

W () = H R'(t) R(t) " 1y(t)7 L() % La(t) & ~ H R'(2) R(H) ™ Lp(t)= (1)
ast — oo, we obtain the differential asymptotic relation

(5.34) p(t)” % 1 (1) ~ HR'(8) R(t) Mp(t) (1), £ — oc.

Since the left-hand side of (5.34) is not integrable on ¢y, o) (note that =(t) — oo as
t — oo and so u(t) — oo ast — o0), so isthe right-hand side, which inview of (5.23),

means that )
/:Ot <]% /:O(S —1)q(s) dS) " dt = co.

We now integrate (5.34) from ¢, to ¢ to obtain

=By tR’(s) R(s) " i(s)wly(s)@ ds) o,

« to

oft) ~ ) ~

which, inview of (5.23), isequivalent to

2(t) ~ <O‘;ﬂ/:s<$/f<r—s>q<r>dr)éds>a(+ﬁ,t—>oo.

Thus it has been shown that =(t) ~ X(t), t — oo, where X (t) is given by (5.14).
Thisprovesthe "only if" part of Theorem 5.1.

Next, suppose that =(t) isasolution of (E) belongingto RV r(p), p € (0, m1). This
ispossibleonly when (b.2) holds, in which case z(¢) must satisfy the asymptoticrelation
(5.33). Therefore,

o+ 0Bp+2a+n N _o+2a+n
o a— 0

)

which justifies (5.16) and combined with p € (0, m1) determinesthat therange of o is

—2a—-n<o<—a—(f+1)m.
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Since
o+ Bp+my =alp—m3), o+ 0Bp+2my = alp —ma),

o+ Bp+ (a+2)my —n=a(p—m), o+ 0Bp+20+n=ap,

weconcludefrom (5.33) that x(¢) enjoystheasymptotic behavior x(t) ~ Xo(t), t — oo,
where X, (t) isgiven by (5.17). Thisprovesthe "only if" part of the Theorem 5.2.

Finally, suppose that =(t) is a type-(I) intermediate solution of (E) belonging to
ntr — RV (m1). Then, the case () is the only possibility for z(¢), which means that
o=—a— (4 1)m; and (5.30) issatisfied by z(¢). Using z(t) = R(t)™ 1,(t), (5.30)
can be expressed as

(5.35) 1(t) ~ K L,(t)a /too R'(s) R(s) ™ 1,(5) 770 Iy (s)% L (s)3 ds, t — oo,

where K = (m} /a?(msy — ml))%. Define v(t) by

B8
a

o) = [ RG)RO) ()T )% 1(5)7 s

t

Then, noting that 1,,(t) ~ Klp(t)a%l v(t), t — oo, one can transform (5.35) into the
following differential asymptotic relation for v (¢):

_ﬁ / ﬁ / —1 ﬁ;l 1
(5.36) —v(t) e V(t) ~ Ko R'(t) R(t) ™ Lp(t) ot [y(t), t — oo.
From (5.30), since limy_,~ (t)/t = 0, we have lim;_., v(t) = 0, implying that the

left-hand side of (5.36) isintegrable over [to, o), soistheright-hand side. This, inview
of (5.25), impliesthe convergence of the integral

/aoo (z% /:O(S —1)s7q(s) ds)é dt.

Integrating (5.36) on [t, oo) and combining the result with (5.35), we find that

a

o —B [® 5 ap
o) ~ K55 B0 075 (22 [T R RO 07T o as)
t
ast — oo, which due to (5.25) gives z(t) ~ X3(t), t — oo, where X3(t) isgiven by
(5.19). Thisprovesthe"only if" part of the proof of Theorem 5.3. ]

PROOF OF THE "IF'" PART OF THEOREMS 5.1, 5.2 AND 5.3: Suppose that
(5.13) or (5.15) or (5.18) holds. From Lemmas 5.2, 5.3 and 5.4 it is known that
Xi(t), i = 1,2, 3, defined by (5.14), (5.17) and (5.19) satisfy the asymptotic relation
(5.22) for any b > a. We perform the simultaneous proof for X;(¢), i = 1,2, 3 so the
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subscripts ¢ = 1, 2,3 will be deleted in the rest of the proof. By (5.22) there exists
Ty > a such that

(5.37) /TZ/OO (2% /Too(u —7) q(u) X(u)ﬁdu)% drds < 2X(t), t > Tp.

Let such a7 befixed. We may assumethat X (¢) isincreasing on [T}, o). Since (5.22)
holdswith b = T}, there exists T} > Ty such that

(5.38) /TZ/OO (2% /Too(u— r) q(u)X(u)ﬁdu)é drds > XT@ t>1Ty.

Choose positive constants m and M so that

1
(5.39) ml~a < 5 M™% >4, 2mX(T1) < M X(Tp).

Define the integral operator

(540) Ga(t) = mo +/TZ/:O (1% /Too<u— ") q<u>gc<u>ﬁdu)é drds, t>T),

where x is aconstant such that
M
(5.41) m X(Th) < @y < — X(Tp),
and let it act on set
(5.42) X ={zeC[Ty,0) : mX(t)<z(t) < MX(t), t >Tp}.

Itisclear that X" isaclosed, convex subset of thelocally convex space C[T, oo) equipped
with the topology of uniform convergence on compact subintervals of [T, o).

It can be shown that G is a continuous self-map on X and that the set G(X) is
relatively compact in C[Ty, co).

(i) G(X) C X. Letz(t) € X. Using (5.37), (5.39), (5.41) and (5.42) we get

G (t) %XTO—i—Ma//S ( / —r)q(u)X(u)ﬁdu)%drds

M M M
< S X+ oMa X () < S XB+ S X =M X(t), t=T,

On the other hand, using (5.38), (5.39), (5.41) and (5.42) we have

IN

Gz(t) > xo >mX(Th) >mX(t), To <t<Ti,
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and

t o0 o0 é
Ga(t) > mg/ / <L/ (u — r)q(u)X(u)’gdu) drds
To S p<r> s

ngXT@)ZmX(t), t> Ty

Thisshowsthat Gz(t) € X, that is, G maps X into itself.

(i) G(X) is relatively compact. The inclusion G(X) C X ensuresthat G(X) is
locally uniformly bounded on [T, oo). From the inequality

1
o0 1 o0 o
0@y @<yt [ (s [T - anxe)?ar) as ez
t s
holding for all x € X it followsthat G(X') islocally equicontinuouson [Ty, co). Then,
the relative compactness of G(X') follows from the Arzela-Ascoli lemma.

(iii) G is continuous on X. Let {z,(t)} be a sequence in X' converging to =(t)
uniformly on any compact subinterval of [T, o). From (5.40) we have

t o0
Gant) ~ Ga0)] < [ [T 5 Guydrds, 121,
ToJs p(r)a

() = |</too(s—t) o(s) gcn<s>ﬁds)é _ (/:O(s—t) q<s>ac<s>ﬁds)é .

Using the inequdity |2* — y*| < |z — y|*, 2,y € R holding for X € (0,1), we see
that if o > 1, then

[e3

Gt < ([ (6= ato)hon(e)? - 2(5)%) s )

On the other hand, using the mean value theorem, if o < 1 we get

Gawsl(Mﬂlw@—w«@X@W@)a | =0l — (] as.

«
Thus, using that ¢(t)|z,(t)° — z(t)’] — 0 asn — oo a each point t € [Ty, co) and
q(t)|zn(t)? — 2(t)P| < MPBq(t)X (t)8 for t > Ty, while ¢(t) X (t)? is integrable on
[To, 00), the uniform convergence G,,(t) — 0 on [Tp, co) follows by the application
of the Lebesgue dominated convergence theorem. We conclude that Gz,,(t) — Gx(t)
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uniformly onany compact subinterval of [T, co) asn — oo, which proves the continuity
of G.

Thus, all the hypotheses of the Schauder-Tychonoff fixed point theorem are fulfilled
and so there existsafixed point z(t) € X of G, which satisfiesintegral equation

(543) (1) = 20 +/TZ/:O (1% /Too<u— ") q<u>gc<u>ﬁdu)é drds, t> T,

Differentiating the above four times shows that x(¢) is a solution of (E) on [T, c0),
which due to (5.42) is an intermediate solution of type (1). Therefore, the proof of our
main results will be completed with the verification that the intermediate solutions of
(E) constructed above are actualy regularly varying functions with respect to R(t). We
define the function

(1) :/TZ/:O (1% /:O<u—r> q<u>x<u>ﬁdu)é drds, t > Ty,

and put
x(t) : (t)
I =liminf —%, L =limsup—=.
oo J(1) oo J(D)
By Lemmas5.2, 5.3 and 5.4 we have X (t) ~ J(t), t — oo. Since, z(t) € X, itisclear
that 0 < I < L < oo. Wefirst consider L. Applying Lemma5.5 four times, we obtain

1
/ " oo —t ﬁd =
L < limsup (1) < lim sup x//(t) = lim sup (ft S <3> 3) i
t—o0 J (t) t—o00 J (t) t—00 (j;too s — t ( ),@ ds)g

1

_ i (3—t>Q( ) s) ds ", q(s)z(s)Pds \ *
T 5)P ds lfli‘ip 9(5) X (5) ds

< <li£rlsogp %)% (1128;‘.31"’ ;<(t>)) - <h?i>sogp ?Eg)g = Lg,

where we have used X (t) ~ J(t),t — oo, in the last step. Since g/a < 1, the
inequality L < L impliesthat L < 1. Similarly, repeated application of Lemmab5.5 to
lleadsto! > 1, from whichitfollowsthat L = [ = 1, that is,
- x(t)

lim —= =1

=0 J(1)
Therefore it is concluded that if p(t) € RV r(n) and ¢(t) € RVg(o), then the type-(1)
solution z(t) under consideration isamember of RV r(p), where
o+2a+n

a—p3

—  2(t)~J() ~ X (D), t — .

p=0 or p= € (0,my) or p=my,
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according to whether the pair (7, o) satisfies (5.13),(5.15) or (5.18), respectively. Need-
less to say, any such solution z(¢) in RV r(p) enjoys one and the same asymptotic
behavior (5.14), (5.17) or (5.19) accordingas p = 0, p € (0,my) or p = my. This
completesthe"if" parts of Theorems5.1, 5.2 and 5.3. ]

5.2. Regularly varying intermediate solutions of type (II)

Let us turn our attention to the study of intermediate solutions of type (I1) of equa-
tion (E), that is, those solutions x(¢) such that ¥3(t) < x(t) < 4(t) st — oo.
As in the preceding section use is made of the expressions (5.2) and (5.3) for the
coefficients p(t), ¢(t) and the solutions z(t). Since vy3(t) € RVg(me(a,n)) and
Py(t) € RVg(ms(a,n)) (cf. (5.10) and (5.11)), the regularity index p of z(t) must
satisfy ma(a, ) < p < ms(a,n). If p = ma(a,n), then since z(t)/R(t)™2(@m =
l.(t) — oo, t — oo, z(t) isamember of ntr — RV g(ma(a, n)), whileif p = ms(«a, n),
thenz(t)/R(t)™3(*M — 0, t — oo, and so z(t) isamember of ntr — RV g(ms3(a, 1)).
If ma(a,m) < p < ma(a,n), then z(t) belongs to RV r(p) and clearly satisfies
z(t)/R(t)™(@n) — oo and z(t)/R(t)"3(*") — 0 ast — oco. Therefore, it is nat-
ural to divide the thetotality of type-(11) intermediate solutionsof (E) into the following
three classes

ntr — RVg(ma(a,n)) or RVg(p), p € (ma(a,n), ms(a,n))

(5.44)
or ntr — RVg(ms(a,n)).

Our purpose is to show that, for each of the above classes, necessary and sufficient
conditionsfor the membership are establish and that the asymptotic behavior at infinity
of al members of each classis determined precisely by a unique explicit formula.

5.2.1. Main results

Theorem 5.4. Let p(t) € RVRr(n), q(t) € RVg(o). Equation (E) has intermediate
solutions z(t) € ntr — RV g (ma(c, n)) satisfying (I1) if and only if

(5.45) o= —=2my(a,n) — fma(a,n) and /OO tq(t) 3(t)? dt = co.

The asymptotic behavior of any such solution z(t) is governed by the unique formula
x(t) ~ Yi(t), t — oo, where

(5.46) Yi() = s(t) (%ﬂ / Csd(s) w3<s>ﬁds)ﬁ.

Theorem 5.5. Let p(t) € RVRr(n), q(t) € RVg(o). Equation (E) has intermediate
solutions z(t) € RVg(p) with p € (ma(a,n), ms(c,n)) if and only if

(5.47) —2mq(a,n) — Pma(a,n) < o < —my(a,n) — Bms(a,n),
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in which case p is given by (5.16) and the asymptotic behavior of any such solution
x(t) is governed by the unique formula z(t) ~ Y(t), t — oo, where
(5.48)

1

_ (e’ p(t) a(t) R(t)™ =
= << « ) p (p—mi(a,n)* (p—ma(a,n)) (ms(a,n) — p)> '

Theorem 5.6. Let p(¢t) € RVRr(n), q(t) € RVg(o). Equation (E) has intermediate
solutions z(t) € ntr — RV g (ms(«, n)) satisfying (I1) if and only if

(5.49) o=—-my(a,n)— Bms(a,n) and /OO q(t) 1a(t)P dt < co.

The asymptotic behavior of any such solution z(t) is governed by the unique formula
x(t) ~ Y3(t), t — oo, where

1

(5.50) Y(t) = (O‘ —5 5)P ds) -

5.2.2. Preparatory results

Let z(t) beatype-(I1) intermediate solution of (E) defined on [tg, o). Itisknownthat
Jim (p(t)2"(t)*) = 0and Jim p(t)z"(t)* = Jim 2'(t) = Jim z(t) = oo. Integrating
(E) first from ¢ to co and then three timeson ¢, t|, we obtain

x(t) =co+ 01<t — to)

(5.51) +/t:<t_s < <2+/to/r f@dudr))%dsa

for ¢t > to, where ¢y = z(ty), c1 = 2/ (to) and c2 = (p(t) 2" (t)*)’|1=¢,. From (5.51) we
easily seethat x(t) satisfiesthe integral asymptotic relation

(5.52) z(t) ~/ ( /t / ﬁdudr)l ds, t — 0.

We first prove that regularly varying functions Y;(t), i = 1,2, 3 satisfy the integral
asymptotic relation (5.52).

Lemma5.6. Suppose that (5.45) holds. The function Y;(¢) given by (5.46) satisfies
the asymptotic relation

(5.53) y(t) ~/ ( // ﬁdudr)l ds, t — o0,

for any b > a.
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Proof. Let(5.45)holds. Using(5.2), (5.5) and (5.10), since o + Bmo+mq = —my,
we obtain
28—«

mf‘“ _ Bla—l)+to
R(t)™™ Iy(t) o@FD (1), t— oo,

tq(t) vs(t)?

" (ma(my —my))P

so that applying (iii) of Lemma5.1 we have

t
/ s5q(s) ¥3(s)7 ds
(5.54) e t
- Ba—1)+2a
- (m2$2—m1))5 /a R/<3>R<3>_llp(3> oletD) o (s) ds,

ast — oo. This, combined with (5.10), gives the following expression for Y7 (¢):

a—1

(a — B)my a;‘ﬁ ma “(otD)
>>oé) R(t)" 1, (1)

a(ma(me — my

e~ (

t ) ) Bla—1)+2a a—B
x(/fuﬁR@_%@)WM>@@M% € RVp(ms), t— oc.

Next, we integrate ¢(t) Y;(¢)? first on [t,00), then on [b, ], for any b > a. Since
q(t)Y1(t)? € RVR(Bma + o) = RVr(—2m;) (cf. (5.45)), application of Lemma 5.1
and (5.7) yields

8
= a(2B8—a+1)
/ / ﬁ drds ~ a—p " m{aiﬁ)(aﬂ)
a(ma(mg —my))®

, 1 Bla—1)+2 S , 1 Bla—1)+2c a_fﬁ
X/R@mg%@awnmg/R@mmzm>mw@mm ds
b a

a_/B a_gﬁ w t _ Bla—1)42a a—p
N( )),8) m11( B)(a+1) </a R/(S)R(s) llp(8> a(atl) lq<3>d3) ,

a(ma(me—my

ast — oo. Multiply the above by 1/p(t), raise the result to the exponent 1/« and then
integrate twice on [b, t], for any b > a, we conclude viaLemma5.1 that

/b < / / ﬁdudr) " g <a<7n<;2ﬂ}262n21>>a) =

_a—1_ 1 Ble=D+2a a—p
X R(t)" 1, (1) T ( / R(s) R(s)™ 1y(s) o 1,(s) ds) = Yi(t),

ast — oo. Thisprovesthat Y (t) satisfies the asymptotic relation (5.53). [ ]



1444 Jelena Milo3evit and Jelena V. Manojlovit

Lemma 5.7. Suppose that (5.47) holds and let p be defined by (5.16). The function
Ys(t) given by (5.48) satisfies the asymptotic relation (5.53) for any b > a.

Proof. Putting A = p®(p —m1)*(p — ma)(ms3 — p), we express Y5(t) inthe form

) ~ CROPLOTIL07. = (5 (2))7

a

We integrate ¢(t)Y>(t)? first on [t, oo) and then on [b, t], for any b > a. Using (5.16)
and Lemma 5.1 twice, we see that

/ / r)P drds

Com i R(£)*(0~m2) 1 (¢)TampratD) [, ()77
" a2(ms = p)(p—m2) " !

(5.55)

)

ast — oo. Since(5.55) implies

( / / r)? drds) :

s a(a+1) 28—a+1 1
N<% L RO 0T (O ¢ o
as(mg —p)\p—mz))«

integrating the last relation twice on [b, ], we conclude that

/bt—s< // ﬁdudr)lds

~ Obmi RUPL()7 ()77 = Ya(t), ¢ — oo,
(a?(mg — p)(p—m2))=(p —ma)p
Thisprovesthat Y(¢) satisfies the asymptotic relation (5.53). [ ]

Lemma 5.8. Suppose that (5.49) holds. The function Y3(¢) given by (5.50) satisfies
the asymptotic relation (5.53) for any b > a.

Proof. Suppose that (5.49) holds. Using (5.7) and (5.11) we easily see that

B+1

a+1

656) [ Tatspvs) ds~ "
t

ms

/:OR'@)R( )1 ()T, (5) ds, ¢ — oo
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Combining the above with (5.50), we obtain the following asymptotic representation for
Y3(t) intermsof R(t), 1,,(t) and [4(%):

Y3(t) ~ (M) = R(t)™s 1, (t) =+ ( /t T R(s) R<s>—1zp<s>£i*rigq<s>ds) a7 ,

o
ams

ast — oo. Integrating the above relation, using (5.7), we compute

e\ =
Ya(s)3 ds ~ (o = B) my
/t 4(s) Ya(s)? ds ( -

_ (Wﬁ)gﬁﬁi) a (/too R/(s)R(s) "1, (s )gﬁlq(s)ds)ﬁ, t - oo.

ams

Next we integrate the above relation on [b, t], b > a, multiply it by 1/p(t) and raise the
result to the power 1/«. Then we find that

i ﬁi} aiﬁ
_ @ 1
( / / ﬁdrds) [lezpmiT
amg
mi

(5.57) < R(t) (1) " w ( / R'(s) R(s)—lzp(s)fi—lzq(s)ds)

t

- (W) "o ([ rome oS a) ",

ams

ast — oo. Integrating (5.57) twice on [b, t] leads to the desired conclusion that Ys(t)
satisfiesthe integral asymptotic relation (5.53).

5.2.3. Proof of main results

PROOF OF THE "ONLY IF" PART OF THEOREMS 5.4, 5.5 AND 5.6: Suppose
that equation (E) has atype-(I1) intermediate solution z(t) € RV g(p), p € [ma, ms],
defined on [ty, o). We begin by integrating (E) on [¢, oo). Using (5.2), (5.3) and (5.7),
we have

(558) (p(t) (1)) = /t ~ (s)a(s)ds ~ / T R(s)7 0L (5)lu(5) ds, ¢ — oo

t
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To proceed further we distinguish the two cases:
@ oc+08p+mi=0 and (b) o+ Bp+m;1<O.
Let case (a) hold. Integration of (5.58) on [ty, ¢] yields

mi1—n 1 «a

2 (6) ~m T R(t) (1) ( / " RI(s)R(5) My (3) 7Ty (5) zm<s>ﬁds) ,

ast — oo. Integrating (5.59) twice over [t, t], we obtain viaLemma5.1 and (5.11) that

1

w(t)~ 2L R(tyma 1, ()7 ( /t OOR'<3>R<3>—1zp<s>%ﬂzq@)zm(s)ﬁds) ’

(5.59) 1
~a(ymy T ( / R(5)R(5) "1, (5)757 1) zm<s>ﬁds) "t — .
t
Let case (b) hold. Then, integration of (5.58) on [to, ¢] gives
my

B8 p(0a" ()"~ ey ] RO b s

ast — oo. Thedivergence of thelastintegral ast — oo implieso + 8p + 2mq > 0. To
preform further integration of (5.60) we consider the following two cases separately:

(b.1) o+ Bp+2m =0; (b.2) o+ pBp+2m; >0.

Suppose that (b.1) holds. Since o + Bp +m1 = —my and =2 + my = my — my,
integrating (5.60) twice on [tg, t], we have

1

mg —a=1
t) ~ ————R(t)™21,(t)a(eD
IB( ) m2<m2 . m1> ( ) p( )

(5.61) ( / t R/(S)R($>_1lp(s>%ﬂlq(s)lm(s)ﬁds) :

to
a

bl ([ RREG T L )

to

ast — oo, which means that z:(¢) € RV r(m2) and that its regularly varying part [,,(t)
satisfies the relation

(5.62)
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Suppose that (b.2) holds. Applying first Lemma5.1 in (5.60), then multiplying by
1/p(t), raising the result on 1/« and integrating twice from ¢, to ¢, we obtain

=) ~ <—(U+ﬂp+m$§0+ﬂp+2m1>)g

(5.63) o4 Bp+2my =
R(H) ™SI ()5, (8) B L (8)

X
(o+ﬁp+2m1 /R m1> (Uﬁp-f-?ml -/ . 2m1>
o

)

0%
ast — oo. Thisimpliesthat z(t) € RV (WW + 2m1>. It is easy to see that

2my — 2
my < IXOP 2 —n L, o FBpt2atn

« «

ms.

Now, let z(¢) be atype-(Il) intermediate solution of (E) belonging to RV r(ms).
Then, from the above observationsitisclear that only the case (b.1) isadmissible, sothat
o = —2m — fmy and z(t) must satisfy (5.61). Put

t 2

() = / R/(5)R(5) "1y ()7 Ly (5) La(5)° ds.
to

Then, we can convert (5.62) to the differential asymptotic relation for p(¢)

Bla—1)+2c

(5.64)  p(t)" %y (t) ~ CPRI() R(E) () a@rD 1y(t), t — oo,

1
where C' = mg /ma(mg —mq). From (5.61), sincelim;_. z(t)/13(t) = oo, we have
limy .~ p(t) = oo, implyingthat the left-hand side of (5.64) isnot integrableon [t ¢, o),
so istheright-hand side, that is,

o0 Bla=1)+2«
/ R(8) RO () 57 1, (#)dt = oo,

to

which, as shown in the proof of Lemma5.6 (cf. (5.54)), is equivalent to

/ (1) (1) dt = oo,

We now integrate (5.64) on [to, ¢] and in view of (5.54), we obtain

a—1

a1 _ t P
ey~ T (22 [satvatas) e,

to
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and this, combined with (5.61), shows that

11—«

o) ~ vty i i (A28 [ ieas) T = vio,

ast — oo. Thiscompletesthe "only if" part of the Theorem 5.4.

Next, let =(¢) be an intermediate solution of (E) belonging to RV r(p) for some
p € (mg,ms). Clearly, z(t) falsinto the case (b.2) and hence satisfies the asymptotic
relation (5.63). This means that

o+ Bp+2m; — o+ Bp+2a+ o+ 2a+
b= Bp L g, = TP N, n
o o a—0

verifying that the regularity index p isgiven by (5.16). From therequirement ms < p <
mg it followsthat —2m — Bmo < o0 < —my — (Bmg, showing that the range of o is
given by (5.47). Since

o+ Bp+2m —n o+ Bp+2mi—n

+m;=p—m, +2m1 = p,
o o

—(0+Bp+m1) =a(msz—p), o+ Bp+2mi=alp—ms),

the relation (5.63) can be rewritten as

Q=

N mip(t) q(t) R(t)* Y-
=) <a2p0‘(p —my)®(p — ma)(msz — p)) )

from which it readily follows that x(¢) enjoys the asymptotic behavior (5.48). This
provesthe "only if" part of the Theorem 5.5.

Finally, let z(t) is atype-(I1) intermediate solution of (E) belonging to RV r(ms).
Since only the case (8) ispossiblefor z(t), it satisfies (5.59), which implies p = m3 and
o= —my — Bmg. Letting

u(t) = ( | RO RO LT zm<s>ﬁds) g

1
and using therelation [, (t) ~ (my" /m3)l,(t) o v(t), we convert (5.59) into the differ-
ential asymptotic relation

8
«
my

my

B+1

(5.65) —av(t)* PV (1) ~ =L R/ (1) R(t) 7 1, (t) o¥1 1,(t), t — oo.
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Sincetheleft-hand side of (5.65) isintegrableon [to, co) (notethat limy .o z(t) /94(t) =
0 and so limy_,, v(t) = 0), soistheright-hand side, that is,

/tOOR/<t>R<> Ly (1) Ly 1)t < o0

which is equivalent to [ q(t)y(t)Pdt < oco. (See the proof of Lemma 5.8, (5.56).)
Integrating (5.65) over [t, o), using (5.56), then yields

1
a—p
V(t) ~ a(a+1) < /B / ﬁds) , t — 00,

and this combined with (5.59) determines the precise asymptotic behavior of x=(t) as
follows:

2(t) ~ Ya(t) m a(a+1) a(a+1) < 5/ ﬁds) a3 _Y(0), t— oo

Thusthe "only if" part of the Theorem 5.6 has been proved. ]

PROOF OF THE "IF' PART OF THEOREMS 5.4, 5.5 AND 5.6: Suppose that
(5.45) or (5.47) or (5.49) holds. From Lemmas 5.6, 5.7 and 5.8 it is known that
Yi(t), i = 1,2, 3, defined by (5.46), (5.48) and (5.50) satisfy the asymptotic relation
(5.53). We perform the simultaneous proof for Y;(t), i = 1,2,3 so the subscripts
i = 1,2,3 will be deleted in the rest of the proof. By (5.52) there exists Ty > a such

that
1
/ ( // ﬁdudr) ds < 2Y(t), t > T.
TQ T

Let such aTy befixed. We may assumethat Y (¢) isincreasing on [T, co). Since (5.52)
holdswith b = T}, there exists T} > Ty such that

/ < /TO/T ﬁdudr)ld{s’z@, t>Ty.

Choose positive constants £ and K such that

J2
@

Ko <, K% >4, 2kY(Th) < KY(T).

1
2 )
Considering the integral operator

1
Hy(t>:y0+/ t—s( // ﬁdudr) ds, t>Ty,
TQT
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where g is a constant such that £ Y (71) < yo < b} Y (Tp), we may verify that H is
continuous self-map on the set

Y={yeCTy,o0): kY(t) <ylt) <KY(t), t > Ty},

and that H sends ) into relatively compact subset of C[T, c0). Thus, H has a fixed
point y(¢) € Y, which generates a solution of equation (E) of type (I1) satisfying above
inequalities and thusyields that

(1) y(t)

o <1 .
0< hgégf —Y(t) < h?isogp —Y(t) < o0

L(t) :/:(t—s) <$ /;/Tooq@ y<u>@dudr)é ds

andusingY (t) ~ L(t), t — oo we get

o y(t) . y(t)
2 < AN .
0< htm inf t) 11?1 sup ) < 00

Denoting

Then, proceeding exactly as in the proof of the "if" part of Theorems 5.1-5.3, with
application of Lemma 5.5, we concludethat y(t) ~ L(t) ~ Y (¢), t — oo. Therefore,
y(t) isageneralized regularly varying solution of (E) with requested regularity index and
the asymptotic behavior (5.46), (5.48), (5.50) depending on if ¢(t) € RV g(o) satisfies,
respectively, (5.45) or (5.47) or (5.49). Thus, the"if part" of Theorems 5.4, 5.5 and 5.6
has been proved. [ |

6. COROLLARIES

Thefina section is concerned with equation (E) whose coefficients p(¢) and ¢(t) are
regularly varying functions (in the sense of Karamata). It is natural to expect that such
equation may possess intermediate solutions which are regularly varying. Our purpose
hereisto show that this new problem can be embedded in the framework of generalized
regularly varying functions, so that the results of the preceding section provide full
information about the existence and the preci se asymptotic behavior of regularly varying
solutionsof (E).

We assume that p(t) and ¢(t) are regularly varying functions of indices n and o,
respectively, i.e.,

(6.1) pE) = t,(8),  q(t) =t71(8),  Ly(t), (1) € SV,
and seek regularly varying solutions z(¢) of (E) expressed in the from
(6.2) x(t) = tPl, (1), l.(t) € SV.
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We begin by noticing that the condition (1.1) on p(t) are satisfied if 7 < «. In what
follows we assume that n < «, excluding the case n = « because of computational
difficulty and the fact that integral [ dt/p(t) = [~ =1, (t) "= dt might be either
convergent or divergent. Then, itiseasy to seethat

R(t) € RV <%1_’7) — R(t)eRV <#1—n) .

Therefore, any regularly varying function f(¢) € RV()) isconsidered as a generalized
regularly varying function of index a\/(« + 1 — n) with respect to R(¢), and conversely
any generalized regularly varying function f(¢) € RV g(\*) isregarded as an regularly
varying function of index A = A*(a+ 1 — n)/c. It followsthat

p(t) € RVp (L) , q(t) € RV (L) , 2(t) € RVp (L) .

a+1l-—n a+1l-—n a+1l-—n

Put
== 77 o = 77 p = 4 _-
a+1l-—n a+1l-—n a+1l-—n
Note that (5.8) implies «? — n* > 0 and that the tree positive constants given by (5.9)
are reduced to

n

N 20 —m+1
el ) = oy

_*
a+1l—n’

2a0 — 1

m2(a;77*) = ma

mi (Ck, 77*> =

It turns out therefore that any type-(I) intermediate regularly varying solution of (E) isa
member of one of the three classes

ntr — SV, RV(p), p€ (0,1), ntr—RV(1),

while any type-(11) intermediate regularly varying solution belongs to one of the three

classes
200 — 200 — 200 — 1
ntr—RV<a ?7)’ RV(P),P€<Q no= s )v
% o
ntr—Rv<20‘7+“).

Based on the above observations we are able to apply results for generalized regularly
varying solutions created in Section 4 to the present situation, thereby establishing
necessary and sufficient conditions for the existence of intermediate regularly varying
solutionsof (E) and determining the asymptotic behavior of al such solutionsexplicitly
and accurately. First, we state the results on type-(l) intermediate solutions that can be
derived as corollaries of Theorems 5.1, 5.2 and 5.3.
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Theorem 6.1. Assume that ¢(¢) € RV(0), p(t) € RV(n) and n < o . Equation
(E) possess intermediate slowly varying solutions if and only if

63) o=n-20—2 and /{j%(}%/too(s—t)q(s)ds)% dt = .

Any such solution z(t) enjoys one and the same asymptotic behavior x(t) ~ X (t),t —
oo, Where X (t) is given by (5.14).

Theorem 6.2. Assume that ¢(¢) € RV(0), p(t) € RV(n) and n < o . Equation
(E) possess intermediate regularly varying solutions belonging to RV (p) with p € (0, 1)
if and only if

(6.4) n—2a—-2<o<n—a-—0-2,

in which case p is given by

o+ 2a—n+2
(6.5) T3
and any such solution x(¢) enjoys one and the same asymptotic behavior
2242 p(t) (1) )—
6.6) x(t)~ 5 , t— o0.
68 =) <p0‘ (1=p)" Qa—n—ap) 2a—n+1-ap)

Theorem 6.3. Assume that ¢(¢) € RV(0), p(t) € RV(n) and n < o . Equation
(E) possess intermediate regularly varying solutions belonging to RV (1) if and only if

o0 1 o0 %
6.7 o=n—a—-pF-2 and / <—/ (s—t)sﬁq(s)ds) dt < oo.
a p<t> t
Any such solution z(¢) enjoys one and the same asymptotic behavior z(t) ~ X3(t),t —
oo, Where X3(t) is given by (5.19).

Similarly, we are ableto gain athrough knowledgeof type-(I1) intermediateregularly
varying solutions of (E) from Theorems 5.4, 5.5 and 5.6.

Theorem 6.4. Assume that ¢(¢) € RV(0), p(t) € RV(n) and n < o . Equation
(E) possess intermediate regularly varying solutions of index QO@T‘" if and only if

(6.8) o= gn -23-2 and /a tq(t) 3(t)? dt = co.

The asymptotic behavior of any such solution z(t) is governed by the unique formula
x(t) ~ Yi(t), t — oo, where Y7 (t) is given by (5.46).
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Theorem 6.5. Assume that ¢(¢) € RV(0), p(t) € RV(n) and n < o . Equation
(E) possess intermediate regularly varying solutions belonging to RV (p) with p €

(Za_—n %) if and only if

(6.9) én—25—2<a<én—é—26—1,
Q Q Q

in which case p is given by (6.5) and the asymptotic behavior of any such solution
x(t) is governed by the unique formula

1
< £ p(t) " () ) =
o , t— o0.
p* (p—1)" (ap—2a+n) 2a—n+1—ap)
Theorem 6.6. Assume that ¢(¢) € RV(0), p(t) € RV(n) and n < o . Equation
(E) possess intermediate regularly varying solutions of index 2= 7’“ if and only if

(6.10) x(t) ~

(6.11) :én—é—%—l and / 4(1)P dt < .

The asymptotic behavior of any such solution z(t) is governed by the unique formula
x(t) ~ Y3(t), t — oo, where Y3(t) is given by (5.50).

Above corollaries combined with Theorems 2.1-2.4 enable us to describe in full
detailsthe structure of RV -solutionsof equation (E) with RV-coefficients. Denote with
R the set of al regularly varying solutionsof (E) and define the subsets

R(p) =RNRV(p), tr—R(p) =RNtr—RV(p), ntr—R(p) =R Nntr — RV(p).

Corollary 6.1. Let ¢(t) € RV(o), p(t) € RV(n) and n < a.
1
) If o <n—2a—2,0r o =n—2a—2 and faoo ( ft — ds) dt < oo,
then

20 — 20+ 1—
RzU—R(O)UU—R(l)UU—R( O‘a ”)uu«—R(%).

(i) If o=n—2a—2and [¥¢ ( Pl ds) dt = oo, then

20 — 20 +1—
R:ntr—R(O)Utr—R(l)Utr—R(a n)um«-R(M)_
« «

(i) If ce (n—2a—2,n—a— 3 —2), then

20 — 1+ 2 20 — 20+ 1—
RzR(M) Utr—R(l)Utr—R( a ’7) Utr—R(u).
a— 0 o o
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1

(ivyIf o=n—a-p—-2and [~ (ﬁ [ (s —t) s q(s) ds)g dt < oo, then

Q

20 — 20+ 1—
RzU—R(l)UnU—R(l)UU—R(a ”)uu«—R(u).
«

Q=

MIf co=n-—a—-p-2and [~ (ﬁﬁw(s—t)sﬁq(s)d{s’) dt = oo,
orce (n—a—ﬂ—Q, gn—26—2>, oroc==5n—28—2and [Ttq(t)s(t)’dt <

oo, then
200 — _
R:tr—R<O‘ ”)uu«—R(M).
o o

(i) If o=25n—28-2and [*tq(t)ys(t)? dt = oo, then

200 — 2 1—
Rzntr—R(a n)Utr—R<u).
« «

Wii) If o € (gn—25—2,§n—25—§—1),then

R:R<zi@;ﬁi%UU_R<§ii;g.
a—pf o

Wiii) If o =2n—238—5 —1and [ q(t)pa(t)®dt < oo, then

2 1— 2 1—
R:H_Rﬁii_ﬁ)mm_nﬁii_ﬁ)
o o

() If o=L2n—28-L—1and [*q(t)yu(t)’dt =00, 0r 0> Ep—258-5_1,
then
R =0.
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