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AUTOMORPHISMS OF NEIGHBORHOOD SEQUENCE OF A GRAPH
Li-Da Tong

Abstract. Let G be a graph, u be a vertex of G, and B(u)(or Bg(u)) be
the set of « with all its neighbors in G. A sequence (Bj, Ba, ..., B,,) of sub-
sets of an n-set S is a neighborhood sequence if there exists a graph G with
a vertex set S and a permutation (vq,vs,...,v,) Of S such that B(v;) = B;
for i = 1,2,...,n. Define Aut(Bi, B, ..., By) as the set {f : f is a permu-
tation of V(G) and (f(Bi1), f(B2), ..., f(Byr)) is a permutation of By, Ba, ...,
B,}. In this paper, we first prove that, for every finite group T, there exists
a neighborhood sequence (B, Bz, ..., B,) such that T is group isomorphic to
Aut(By, Ba, ..., By,). Second, we show that, for each finite group T, there exists
a neighborhood sequence (By, Bo, ..., By,) such that, for each subgroup H of T,
H is group isomorphic to Aut(Ey, Es, ..., E;) for some neighborhood sequence
(E1, Eo, ..., E) where E; C Bj, and j1 < jo < --- < j;. Finally, we give some
classes of graphs G with neighborhood sequence (Bi, Ba, ..., By,) satisfying that
Aut(G) and Aut(By, Ba, ..., By,) are different.

1. INTRODUCTION

The identifying codes were first introduced by Karpovsky, Chakrabarty, and Levitin
in [4]. Furthermore, they have formed a fundamental basis for a wide variety of
theoretical work and practical applications. If we settle that every vertex v of a graph
G only exhibits the messages from some neighbors of v in G, then we can get a code
with size < M (G). We call such code an identifying set of a graph G. If two graphs
have the same neighborhood sequence, then they have the same minimum cardinality
of an identifying code [4] and the choice identification number [1].

Here we introduce some definitions used in the paper. Let G be a graph, u be a
vertex of G, and B(u)(or Bg(u)) be the set of « with all its neighbors in G. And
N (u)(or Ng(u)) is the set of all neighbors of w in G. Then B(u) = N(u) U {u}. A
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sequence (B, Bo, ..., By,) of subsets of an n-set S is a neighborhood sequence if there
exist a graph G with a vertex set .S and a permutation (vy, ve, ..., v,) 0f S such that
B(’UZ> =B, fori= 1,2,...,n.

An automorphism f of a graph G is a permutation of vertex set V(G) such that zy €
E(G)ifandonlyif f(z)f(y) € E(G). The collection Aut(G) of all automorphisms of
G is a group by a composition operator. Define Aut(B1, B, ..., B,) as the set {f : f
is a permutation of V(G) and (f(B1), f(B2), ..., f(By)) is a permutation of B;, Bs,
., Bp} where f(S) = {f(x) : 2 € S} for S C V(G). Such permutation is called
a (B, B, ..., By)-automorphism. It is immediate that every automorphism f of G
is also an element of Aut(By, B, ..., B,) where (By, Bs, ..., By,) is the neighborhood
sequence of a graph G.

In this paper, we first prove that, for every finite group T, there exists a neighbor-
hood sequence (B, Bs, ..., B,,) such that " is isomorphic to Aut(By, Ba, ..., B,). We
also get that, for each finite group T, there exists a neighborhood sequence (B, B, ...,
B,,) such that, for each subgroup H of I, H is group isomorphic to Aut(E1, Es, ..., Ey)
for some neighborhood sequence (E1, Es, ..., E;) where E; C Bj, and ji < jo < --- <
j¢ In the last section, we give some classes of graphs G with neighborhood sequence
(Bi1, Ba, ..., By) satisfying Aut(G) and Aut(Bi, Ba, ..., By,) are different, and con-
struct non-isomorphic graphs with the same neighborhood sequence having different
automorphism groups.

2. Aut(Bl, Bg, ceey Bn)

Let [n] be the set {1,2,...,n} and By, Bs, ..., B,, be subsets of an n-set .S. Then
we say (B, Bs, ..., By,) has an adjacent SDR if there exist v; € B; fori =1,2,...,n
such that vy, va, ..., vy, are distinct and v; € B; if and only if v; € B;.

Theorem 1. Let By, Bo, ..., B, be subsets of an n-set S. Then (By, Bs, ..., By,) is
a neighborhood sequence if and only if (By, B, ..., B,) has an adjacent SDR.

Proof.  Let (By, B, ..., B,) be a neighborhood sequence of a graph G. Then
there exists a permutation (vy, ve, ..., v,) of V(G) such that B(v;) = B; for all 4; that
is, v; € B;{v;} if and only if v;v; € E(G). Thus we have an adjacent SDR.

Conversely, let (vy,vo, ..., v,) be an an adjacent SDR of (B, Bs, ..., B,,). Define
G as a graph with a vertex set {vy, v, ..., v,} and an edge set {v;v; : v; € B;}. Itis
easy to check that G is a graph. [ ]

The girth of a graph G is the length of a shortest cycle in G.

Proposition 2. If the girth of a connected graph G is greater than or equal to 5,
then the neighborhood sequence of G has a uniquely adjacent SDR.
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Proof.  Since the girth of GG is greater than or equal to 5, we have that n > 5.
Let (B, Bs, ..., By,) be the neighbor sequence of a graph G and (v, va, ..., v,) be an
adjacent SDR of (By, Bo, ..., By,). If | B;| = 2, then it is easy to see that B; = By (v;)
for each graph H with the neighbor sequence (By, By, ..., B,). If |B;| > 3, then
take any pair of two distinct vertices « and y in B; — {v;}. Since the girth of G is
greater than or equal to 5, {x,y} is not contained in By, for all £ # j. This implies
that B; = Bp(v;) for each graph H with the neighbor sequence (B, B, ..., By).
Therefore, (By, Bs, ..., By,) has a uniquely adjacent SDR. |

Corollary 3. Let G be a connected graph with a neighborhood sequence (B, Ba,
..., By). If the girth of G is greater than or equal to 5, then G is the unique graph
with neighborhood sequence (B;, Bs, ..., By).

Proposition 4. Let G be a connected graph with a neighborhood sequence (B, B,
B,,). Then Aut(G) is a subset of Aut(By, Bo, ..., By).

Proof. It is immediate by definition. ]

Proposition 5. Let G be a graph with a neighborhood sequence (B, B, ..., By)
and (vy, ve, ..., v,) be an adjacent SDR of (By, B, ..., By). If f € Aut(By, Ba, ..., By),

then (f(v1), f(v2), ..., f(vy)) is an adjacent SDR of (f(By1), f(Ba), ..., f(Bn))-

Proof. If f(v;)f(vi) € f(B;), then vju; € B;. By the definition of neigh-
borhood sequences, v;v; € Bj. This implies that f(v;)f(v;) € f(Bj). That is,

(f(v1), f(v2), ..., f(vy)) is an adjacent SDR of (f(B1), f(Ba), ...,f(Bn)). ]

Proposition 6. Let G be a graph with neighborhood sequence (B, Bo, ..., By,). If
the sequence (B, Bo, ..., B,,) has the unique adjacent SDR, then Aut(G) = Aut(By,
By, ..., By).

Proof. By Proposition 4, we have that Aut(G) C Aut(Bi, Ba, ..., By). Let
[ € Aut(By, By, ..., By). Since (f(B1), f(B2), ..., f(By)) is a permutation of By,
By, .., B, and Proposition 5, if f(B;) = B; th n f(v;) = vj; that is, f is an
automorphism of G. [ |

A graph G is called vertex transitive if for each pair (z,y) of vertices in G there
exists f € Aut(G) such that f(z) = y. Similarly, we say that a neighborhood sequence
(Bi, Ba, ..., By) is vertex transitive if for each pair (z,y) of elements in U}, B; there
exists f € Aut(By, B, ..., B,) such that f(z) = y. In the following proposition, some
graphs are not vertex transitive, but their neighborhood sequences are vertex transitive.
Let both G and H be graphs and the join of G and H be the graph G + H with a vertex
set V(G)UV(H) and an edge set E(G)U E(H)U{uwv:u e V(H)andv € V(H)}.
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Proposition 7. Let n be a positive integer with n > 3, G be K, , with two
partite sets {ai,as,...,an} and {by,bo,...,b,}, Hy be K,, with two partite sets
{uy, ug, ..., un} and {vy, va, ..., v, }, and Hs be a graph with a vertex set {uy, ug, ..., un}
U {v1,v2,...,v,} and an edge set {v;v;,uu; : i # j} U {uv; : i = 1,2,...,n},
G1 =G+ Hy, and G9 = G + Ho. Then G7 and G5 have the same vertex transitive
neighborhood sequence; but G4 is not vertex transitive.

Proof. Let (By, Bo, ..., Ba,,) be the neighborhood sequence of G;. By Proposi-
tion 4, we have that Aut(G) C Aut(B1, B, ..., Ba,). Since G is vertex transitive,
Aut(By, Ba, ..., Bay,) is vertex transitive. If G is vertex transitive, then there is an au-
tomorphism f on G5 such that f(a1) = u;. Since f(a1) = uy and distg, (a1, a;) = 2
fori=2,3,..,n,we havethat f({a1,as, ..., an}) ={u1, va, ..., v, }. Since distg, (a;, a;)
= 2 for ¢ # j and vov3 is an edge of G, we have that f is not an automorphism, a
contradiction. Thus G5 is not vertex transitive. [

Frucht [2] proved that, for every finite group T', there exists a simple graph G
such that T" is group isomorphic to Aut(G). In the following, we show that, for every
finite group T, there exists a neighborhood sequence (B, B, ..., By,) such that T" is
isomorphic to Aut(B1, B, ..., B,). Frucht defined a useful colored digraph from a
group in [2]. We can use a subdigraph of the colored digraph in [2] to get the same
results. Let I" be a group and S = {g1, g2, ..., g:} be a generator of I". Define Dg(T")
as a digraph with a vertex set I and (x,y) with « # y is an arc with color & if and
only if zy~! = g for some k. Let Aut*(Dg(T)) = {f : f is a permutation of T,
and both (u,v) and (f(u), f(v)) have the same color}. Then it is easy to check that
Aut*(Dg(T")) is a group with a composition operator. We have the following theorem.

Theorem 8. For each finite group I', I" and Aut*(Dg(T")) are group isomorphic.

Proof. Let g € I" and p, be a permutation on I" by py(x) = xg for all z € T.
If 2y~ = gi, then py(2)p,(y)~! = zg(yg)™ = zy~! = g that is, p, is in
Aut*(Dg(T)). Let f € Aut*(Dgs(I")) and f(1) = g where 1 is the identity of I". Claim
that f = p,. Take g; € S. We have that (1, g; ') and (g, g; 'g) are arcs in Dg(T') with
the same color 4. Since f(1) =g, f(g; ') = g; 'g. Take g; € S, Since (g; ', g5 "9,
and (g; 'g,9;"'g; 'g) are arcs in Dg(I') with color j and f(g;') = g;'g, we have
thatf(gj_lgi_l) :gj_lgi_lg. By S being agenerator of T', we have that f () = p, () for all
x €T'. We can conclude that there is a group isomorphism from I" to Aut*(Dg(T")). |

Define P(z,y, k) as a graph with a vertex set {x = vo(z, y), vi(z,y), va(x, y), ...,
ver2(2,Y), v = vkys(x,y),u(z,y)} and an edge set {v;(x,y),vit1(z,y) : @
0,1,....k+ 2} U {’Uk([E, y>u<$7 y>7 ’LL([E, y)’l)k+3<$, y>}
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Theorem 9. For each finite group T', there exists a 2-connected graph with its
neighborhood sequence (B, Bs, ..., By,) such that T is group isomorphic Aut(By, Ba,
wery Bp).

Proof.  For the order of T" being 2, we have the graph Ky with Aut({1,2},{1,2})
being group isomorphic to I'. Assume that the order of I" > 3. Let 1 be the identity
element of ', S be a generator of T with |[S| > 2 and 1 ¢ S, and Gs(I") be a graph
obtained from Dg(I") by P(x,y, k) instead of (x,y) with color & in Dg(T"). It is
easy to see that Gg(T") is a 2-connected graph with girth 5. Since Corollary 3 and
Proposition 6, we have that Aut(Gs(T")) = Aut(By, B, ..., B,) where By, By, ..., B,
is a neighborhood sequence of Gg(T').

Claim that Aut*(Dg(T")) is group isomorphic to Aut(Gg(I")). Define a function
g from Aut*(Dg(T")) to Aut(Gs(T')) by g(f(x)) = f(x) for all z € T. For each
f € Aut*(Dg(T)), define an automorphism h of Gg(T") by h(x) = f(x) forall z € T
and if (z,y) is color k in Dg(T") then h(u(z,y)) = u(f(x), f(y)) and h(v;(z,y)) =
vi(f(z), f(y)) for k =0,1,2...,k+ 3. Then h is the unique automorphism of G¢(T")
with h(z) = f(x) for all z € T'. Then g is well defined and one to one.

On the other hand, let & be an automorphism of G¢(T"). By |S| =t > 2, the degree
of v in Gg(T') is 3t for v € T' and the degree of u is less than or equals to 3. Then
for each vertex « € T', h(x) must be in I'. Then we have that there exists P(z,y, k)
between x and y in Gg(I") if and only there exists P(h(z), h(z), k) between h(z) and
h(y) in G(T'). This implies that there exists f € Aut*(Dg(T")) with f(x) = h(x) such
that g o f = h. By this relation, we have a group isomorphism from Aut*(Dg(T")) to
Aut(Gg(T")). The proof is complete. |

If S is a minimum generator of T" and |S| > 2, then we can reduce the num-
ber of edges of graphs in Theorem 9. For cyclic groups, every minimum gener-
ator has only one element. Define P*(x,y) as a graph with a vertex set {z =
vo(x,y), vi(z,y), ve(z,y), v3(z,y), y = va(z,y), u1, us, us} and an edge set {v;(x, y),
vi1(z,y) i =0,1,2,3} U {vi(z, y)ut, va(z, y)ui, ve(x, y)ug, usus, va(x, y)us}. In
the proof of Theorem 9, P*(x,y) is instead of P(x,y,1) for |S| = 1. Then we can
get a 2-connected graph with its neighborhood sequence (B, Bo, ..., B,,) for a cyclic
group I" such that I" is group isomorphic Aut(B;, Bs, ..., By).

If we take S = T" — {1} with 1 being the identity element of I", then for every
subgroup H of T, there exists an induced subgraph F' of Gg(I") such that H and
Aut(F') are group isomorphic.

Proposition 10. Let T' be a finite group, 1 be the identity element of T", and
S =T —{1}. Then there exists a 2-connected graph G with its girth > 5 such that for
each subgroup H of I, H is group isomorphic to Aut(F) for some induced subgraph
F of G.

Proof. Let G be Gp(I") in the proof of Theorem 9, H = {hq, ho, ..., 4}, and
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U = Uiz V(P(hi, hj, k)) U H where V(P(h;, hj, k)) is the set of all vertices in
P(h;, hj, k). It is immediate that H is group isomorphic to the automorphism group
of the induced subgraph of U in G. ]

Corollary 11. Let T be a finite group, 1 be the identity element of ', and S =T —
{1}. Then there exists a neighborhood sequence (B, Bs, ..., By,) such that, for each
subgroup H of ', H is group isomorphicto Aut(E, E», ..., E;) for some neighborhood
sequence (E1, Es, ..., ) where E; C Bj, and j; < ja < --- < jy.

Let ny,no,...,n; be positive integers. Define T}, ,,, . n, 8 a tree with a vertex
set {v}U{(4,j) : 1 <i<tand1l < j < mn;} and an edge set {v(i,1) : i =
1,2, tyU{(i,/)(@j+1):1<i<tand 1 <j<m—1}.

Proposition 12. Let ¢ > 2, ny,ns, ..., no be positive integers with n; = n; 4
fori=1,2,..,tand n; < ng < --- <y, and I' = Aut(Ty, ny,..my,). IF TV IS @
subgroup of T, then there exists a subgraph H of T}, , ..n, Such that Aut(H) is
group isomorphic to I".

Proof.  Let p be an automorphism of T, », . n,,. Since deg(v) > 4, p satisfies
p(v) = v. We can observe that p(i,n;),p(i + t,ni1+) € {(¢,n;), (i + t,ni4¢)} for
i =1,2,...,t. This implies that Aut(T}, n,...n,) IS group isomorphic to the carte-
sian product of ¢ Z,s” where Z5 is a group of order 2. Since every subgroup I of
Aut(Th, ny....ny,) i isomorphic to the cartesian product of s Z,s’ for some s < ¢, we
have that Aut(Ty, n,....n,.) IS isomorphic to I". The proof is complete. |

But not all graphs G (neighborhood sequences (B, Bs, ..., By,)) satisfy that, for
each subgroup I" of Aut(G)(Aut(By, Ba, ..., By), resp.), there exists a subgraph H (a
neighborhood sequence (E1, Es, ..., Ey), resp.) of G (B, Ba, ..., By) with E; C Bj,
for some j; < jo < --- < j; resp.) such that T'" is group isomorphic Aut(H)
(Aut(En, Eo, ..., Ey), resp.).

For example, let G be a graph of order n with its edge set being empty, the
automorphism group is the symmetric group of order n and each automorphism group
of a subgraph of G is also a symmetric group. If n > 3, then G has no subgraph
H such that Aut(H) is group isomorphic to a cyclic group of order n. For the
automorphism groups of neighborhood sequences, we give an example C4. Let Cy be
a cycle of order 4 and (B, By, Bs, B4) be the neighborhood sequence of Cy. Then
Aut(By, By, Bs, By) is group isomorphic to the symmetric group of order 4 and has
a cyclic subgroup with 3 elements. But there is no subgraph H or neighborhood
sequence (E1, Es, ..., Ey) with t <4 and E; C Bj, for some j; < jo < --- < j; such
that Aut(H) or Aut(E1, Es, ..., Ey) is isomorphic a cyclic group with 3 elements.

Proposition 13. Let C,, be a cycle of order n. If n > 3, then Aut(C,,) has a cyclic
subgroup C’ of order n; but, C,, has no subgraph H with Aut(H) group isomorphic
to C'.
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Proof. It is easy to see that a cyclic subgroup C’ of order n in Aut(C,,) is a
proper subgroup. If there is a subgraph H of C,, such that Aut(H) is group isomorphic
to C’, then H is a proper subgraph of C,. Since automorphism groups of a path or
a null graph is not group isomorphic C’, H is neither a path nor a null graph. This
implies that H contains a component which is a path of order greater than or equal to
2. If H has at least two disjoint paths of order greater than or equal to 2, then Aut(H)
contains at least two elements of order 2; but every cycle contains at most one element
of order 2. Thus H has only one component which is a path (vg, vy, ..., v;—1) With
n—1>t>2. Ift=n—1, then Aut(H) is group isomorphic to a cyclic subgroup of
order 2, a contradiction. If ¢ <n — 2, then Aut(H) is group isomorphic to S,,_; X Zo
where S,,_; is a symmetric group of order n — t and Z5 is a cyclic group of order 2.
Foreachn —1>1t>2,5, 4 x Zy and C’ are not group isomorphic. Therefore C,,
has no subgraph H with Aut(H) group isomorphic to C’. [ ]

Corollary 14. Let n > 5 and (B, Bs, ..., B,,) be the neighborhood sequence of a
cycle C,,. Then Aut(By, B, ..., B,) has a cyclic subgroup C” of order n; but, there is
no neighborhood sequence (E1, E», ..., Ey) with E; C B, for some j; < jo < -+ < jy
such that Aut(E1, Es, ..., E;) group isomorphic to C”.

In the following we prove that for n > 3, there exists a subgroup G’ of Aut(K,,)
such that G’ is not group isomorphic to Aut(H) for all subgraph H of K.

Theorem 15. (Bertrand’s postulate). For each integer n with n > 2, there exists
a prime number p with n < p < 2n — 2.

Proposition 16. Let K,, be a complete graph of order n. If n > 3, then there
exists an integer p with n < p < 2n such that Aut(K,,) has a cyclic subgroup C’ of
order p; but there is no subgraph H of K, such that Aut(H) group isomorphic to
.

Proof.  Let V(K,) = {0,1,2,...,n— 1}. By Bertrand’s postulate, we have a
prime number p with n/2 < p < n (if n = 3, then let p = 3). Then it is trivial
that Aut(K,,) has a cyclic subgroup C’ of order p. If there is a subgraph H of K,
such that Aut(H) group isomorphic to a cyclic group of order p; that is, Aut(H) has
a generator {f} for some permutation f on V(H). Since p is a prime number and
p > n/2, without loss of generality, f(i) =i+1fori=0,1,2,...,p—2, f(p—1) =0,
and f(j) = j for j ¢ {0,1,2,....p— 1}. Then we have that if ij € E(H) with
i,7 € {0,1,2,...,p— 1} then kl € E(H) for each pair of i,5 € {1,2,...,p} with
k—1=1i—j (mod p). (In fact, the induced subgraph of {0,1,2,...,p— 1} in H
is a circulant graph.) For each j with 5 ¢ {0,1,2,....,p— 1}, if jk € E(H) for
some 1 < k < p then ji € E(H) for all 1 < i < p. Let g be a permutation on
V(H) with g(0) = 0, g(1) = p—1g9(p—1) = L..g((p —1)/2) = (p + 1)/2,
g(lp+1)/2) = (p—1)/2 and g(j) = j for j ¢ {0,1,2,....,p—1}. Then g is an
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automorphism of H, but g can not be generated by f, a contradiction. Thus there is
no subgraph H of K, such that Aut(H ) group isomorphic to a cyclic group of order

p. [ ]

Proposition 17. Let n be an integer with n > 3 and (B, By, ..., B,) be the
neighborhood sequence of a complete graph K,,. Then there exists an integer p with
p < n such that Aut(By, Bo, ..., B,) has a cyclic subgroup C” of order n, but there is
no neighborhood sequence (E1, E», ..., Ey) with E; C B, for some j; < j < -+ < j;
such that Aut(F1, E», ..., Et) group isomorphic to C’.

Proof. LetV(K,)=1{0,1,2,...,n—1}and (B, By, ..., By,) be the neighborhood
sequence of a complete graph K,,. By Bertrand’s postulate, we have a prime number
p with n/2 < p < n. Then it is trivial that Aut(B;, Bs, ..., B,,) has a cyclic subgroup
C' of order p. If there is a neighborhood sequence (E1, E, ..., E;) with E; C B;, for
some j; < ja < --- < j; such that Aut(E1, Es, ..., Ey) group isomorphic to C’; that
is, Aut(E, Es, ..., Ey) has a generator { f} for some permutation f on Uf_, E;. Since
p is a prime number, without loss of generality, f(i) =i+ 1 fori =0,1,2,...,p— 2
and f(p—1) = 0. If f(E;) = E; for all i, then Aut(E, Es, ..., E}) is not a cyclic
group, a contradiction. If f(E;) # E; for some i then E;, f(E;), ..., f* (E;) are
different. Since p is prime, without loss of generality, we say fi~!(E;) = E; for
i =1,2,...,p. If there exist a # b with f'(E;) = E, = E,, for some i or f(Ey) ¢
{Ey, Er, Es, ..., E,_1}, then t > 2p, a contradiction. Thus f(Ey) = Ej, for k > p.
We can conclude that

(a) E;n{p,...n—=1} =E;N{p,...,n—1} for 0 <i,j <p—1.
(b) ErxN{0,1,...,p— 1} is either {0, 1,...,p— 1} or empty set for & > p.

Let (v1,ve,...,v¢) be an adjacent SDR of (Ey, Es, ..., E}).

If {vi,v2,...,v} = {0,1,...,p — 1} then we have that v; € Ej, for each v; with
|vp — | = |v; — ;| (mod p). Let g be a permutation on V' (K,) with g(0) =0, g(1) =
p—1,.,9((n—1)/2) = (n+1)/2. Then g is an automorphism of Aut(E1, Es, ..., E,),
but ¢ can not be generated by f, a contradiction.

If there exists v € {0, 1,...,p—1} — {v1,v2, ..., vp}, then v = v}, and v; > p for some
k>pand1<i<p-—1. By (b), we have that v, € E; for j <pandv; <p—1,
that is, v; € Ey. By (a), v; € E, for r € {1,2,...,p} and v, < p — 1. By above,
we have that B; contains 0,2, ...,p— 1 for j < p. Then Aut(E, Es, ..., E}) is not a
cyclic group. The proof is complete. ]

A permutationp on {1, 2, ..., n} is a transposition if there exist i # j € {1,2,...,n}
such that p(i) = j, p(j) = 4, and p(z) = x for x ¢ {i,5}. A permutation p
on {1,2,...,n} is is even if it can be written as the composition of even number of
transpositions. The set of all even permutations on {1, 2, ...,n} is called the alternating
group A,, of order n. Then A,, is a subgroup of the symmetric group on {1,2,...,n}
(the set of all permutations with the composition operator).
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Proposition 18. Let K, be a complete graph of order n. If n > 3, then there is
no subgraph H of K,, such that Aut(H) group isomorphic to A,,.

Proof. Assume that there exists a subgroup of K, such that Aut(H) group
isomorphicto 4,,. Then H is regular and nontrivial. If zy € E(G)and z € {1,2,...,n}
then by (z,y, z) € A, we have that yz € E(H); that is, H is K,,, a contradiction. m

Proposition 19. Let n be an integer with n > 3. Then there is no neighborhood
sequence (B1, Bo, ..., By,) such that Aut(B1, Bs, ..., By,) group isomorphic to A,,.

Proof.  Assume that there exists a neighborhood sequence (B, Ba, ..., By,) such
that Aut(Bj, Ba, ..., By) group isomorphic to A,,. Then |B;| is a constant k. If
k is either 1 or greater than or equal n — 1, then Aut(Bi, Bo, ..., B,) is symmet-
ric group of order n, a contradiction. If n < 4, then n = 4 and £ = 2. With-
out loss of generality, let (B, B2, B3, Bs) = ({1,2},{1,2},{3,4},{3,4}). Then
Aut({1,2},{1,2},{3,4},{3,4}} is not group isomorphic to A4. Suppose that n > 5
and 2 < k <n-—2. Let By = {1, 22, ..., x}. Let a, b, c be distinctin U ; B; and g
be a permutation g by g(a) = b, g(b) = ¢, g(c) = a, and g(x) = = for = ¢ {a,b,c}.
Since g is in A, and g(B;) = B; for some j, k(n — k) < n. It contradicts that
2<k<n-—2. [ |

Corollary 20. Let n be an integer with n > 3 and (By, By, ..., B;,) be the neigh-
borhood sequence of a complete graph K,,. Then A,, is group isomorphic to some sub-
group of Aut(By, Bs, ..., By,), but there is no neighborhood sequence (E1, Eo, ..., Ey)
with E; C By, for some j; < j» < --- < j; such that Aut(E, Es, ..., E;) group
isomorphic to A,.

Proof. It is easy to see that A, is group isomorphic to some subgroup of
Aut(By, Ba, ..., By). Since |Aut(By, B, ..., By)|/|An| = 2, t = 2. By Proposition
19, we have that there is no neighborhood sequence (E, Es, ..., Et) with E; C B;, for
some ji < jo < --- < j; such that Aut(E4, Es, ..., E;) group isomorphic to A,,. =

3. Aut(G) AnND Aut(By, Bo, ..., By)

Sometimes, in a graph G with a neighborhood sequence (By, Bs, ..., By,), Aut(G)
and Aut(Bj, Bs, ..., By) are different. Let [n] = {1,2,...,n} and Q,, be the n-cube.
@, is a graph with its vertex set being the power set of [n] and AB being an edge of
@y, if and only if the symmetric difference of A and B having only one element.

Proposition 21. Let n be an integer with n > 2 and (B, By, ..., B,,) be the
neighborhood sequence of @,,. Then Aut(@,,) is not equals to Aut(By, Ba, ..., Bi).
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Proof. LetS={A:AC[n—1]and|A|iseven}and S* ={AU{n}:Aec S}
Define a permutation f on V(Q,,) by f(4) = AU{n} for A€ S, f(C) = C—{n} for
C e S* and f(D)=D for D € V(Q,) — (SUS*). It is easy to see that f is not an
automorphism of ),,. Let A be a subset of [n]. If A € SUS*, then f(B(A)) = B(A).
If A e V(Q,) — (SUS*) withn ¢ A, then f(B(A)) = B(AU {n}). These
imply that (f(B1), f(B2), ..., f(Bm)) is a permutation of (B, By, ..., By,); that is,
fEAut<B1,B2,...,Bm>. [

Proposition 22. Let f be the permutation in the proof of Proposition 21. Then
Aut(By, Ba, ..., By,) is generated by Aut(Q,) U {f}.

Proof. Let p € Aut(By, Bs, ..., By). If p(B(z)) = B(y) with p(z) = v,
then we have that N(x) = {z1,z2,...,z,} and N(y) = {y1,y2,...,yn} Such that
p(xz;) = y; for all 4. Since every pair of adjacent vertices are contained in exactly two
B;s’, p(B(z;)) = B(y;) for i = 1,2, ...,n. By the similar arguments, we have that
p(B(u)) = B(p(u)) for all w € V(Q,). This implies that p € Aut(Qy,).

If p(B(z)) = B(y) with p(x) = w for some w € N(y), then there exists a vertex
z € N(z) such that p(z) = y. Let a,b be different elements in [n], and f, and g.s
be permutations of V(Q,) with f,(4) = A —{a} for a € A, f.(B) = BU {a}
for a ¢ B, gap(A) = (A—{a})U {b} fora € Aand b ¢ A, gu(B) = (B —
{b})U {a} for a ¢ B and b € B, and g,(C) = C for a,b € C or a,b ¢ C. It
is easy to see that f, and g, are in Aut(By, Bs, ..., By,). Since the composition of
two automorphisms in Aut(By, Ba, ..., Bi), fa, @nd gap are in Aut(By, Ba, ..., Bi),
without loss of generality, we can assume that = and y are empty sets, and z and
w are {n}. Since p(B(z)) = B(y), let N(z) = {z1,22,...,2, = 2z} and N(y) =
{w1, wa, ..., w, = w} with p(z;) = w; for i = 1,2,...,n — 1. Since every pair of
adjacent vertices are contained in exactly two B;s’, p(B(z)) = B(w). We observe
that N(z) N N(z;) = {z,z/} and N(w) N N(w;) = {y,w} for i = 1,2,...,n —
1. Since p(z) = w; for i = 1,2,...,n — 1, we have that p(B(z;)) = B(w}) and
p(B(%})) = B(w;) for i = 1,2,...,n— 1. By B(z) N B(z) = {z, 2}, p(B(z)) N
p(B(z)) = {p(x),p(z})}. Then {w,w;} = {w,p(z})}. Thus we have that p(z]) = w,
fori =1,2,...,n—1 Let N(z;) = {ur,ug, ..., up—1 = z,up, = 2;} and N(z}) =
{vi,v2, ..., vp—1 = 2z,v, = 2z} With wo, € E(Qy) for all ¢t. Since p(B(z;)) =
B(w}) and p(B(2})) = B(w;), let N(w;) = {r1,ra, ....tn-1 = y,un = wj} and
N(w)) = {51,892, .., 8n—1 = w, v, = wj} With 745, € E(Qy) for all £ and p(u;) = s;
fori =1,2,...,n—1. Since p(v;) € {r1,72,...,7n—2} and s; € p(B(v;)), p(v;) =
r; for i = 1,2,...,n — 2. By the similar discussion, we have that p = f where
f is the permutation in the proof of Proposition 21. Therefore, every element of
Aut(By, Bs, ..., By,) can be generated by Aut(Q,) U {f}. [ ]

Let K3' be a graph obtained from the complete graph Ko, deleting a perfect
matching.
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Proposition 23. For each positive integer n > 2, Aut(K7!) is not equals to
Aut(By1, By, ..., Bay) Where (By, Ba, ..., Bay,) is a neighborhood sequence of K3".

Proof. Let V(K3!) be {1,2,...,2n} and i(i + 1) ¢ E(K3) for all odd number
i. Since By, By, ..., By, is all (2n — 1)-subsets of {1,2,...,2n}, every permutation of
{1,2,...,2n}isin Aut(By, Ba, ..., Bay,); thatis, Aut(By, Ba, ..., Bay,) is isomorphic to
the symmetric group Sa,,. But, let p be a permutation on {1, 2, ..., 2n} with p(1) = 3,
p(3) =1, and p(z) = x for x € {2,4,5, ..., 2n}, it is not an automorphism of K. m

Remark. By the definitions of Proposition 23, Aut(By, B, ..., Ba,) = Say, 1S the
symmetric group of order 2n and Aut(K73!) = {p € San, : p({i,1+1}) = {j,j + 1}
for all odd integer i}.

The following proposition shows that there are two non-isomorphic graph G and H
with the same neighborhood sequence (B, Bs, ..., By,), but Aut(G) = Aut(By, Ba, ...,
B,,) is not group isomorphic to Aut(H).

Proposition 24. Let G be the graph with a vertex set {1, 2, ...,2n} and an edge set
{i(i4+n):i=1,2,...,n}U{ij: {i, 7} € {1,2,....,n}or {4, 5} C {n+1,n+2,...,2n}}
and H = K,, , with two partite sets {1,2,...,n} and {n+1,n+ 2, ..., 2n}. Then

(1) G and H have the same neighborhood sequence (B, Ba, ..., Bay,),
(2) Aut(G) is not group isomorphic to Aut(H), and
(3) Aut(H) = Aut(Bl, Bg, ceey B2n>

Proof. Let B; = {i,n+1,n+2,....2n}fori=1,2,...,nand B; = {j,1,2,...,n}
for j = n+ 1,n+2,...,2n. Then it is easy to check that (B, B, ..., Ba,) is a
neighborhood sequence of G and H.

We have that f is an automorphism of G if and only if {f(1), f(2),..., f(n)} is
either {1,2,....n}or {n+1,n+2,...,2n}. Let g be a permutation on {1,2,...,2n}
with p(1) = 2, p(2) = 1, and p(x) = «= for = ¢ {1,2}. Then p € Aut(H), but
p ¢ Aut(G). (In fact, Aut(G) is a proper subgroup of Aut(H).)

It is trivial that Aut(H) - Aut(Bl, Bo, ..., B2n> Take f S Aut(Bl, Bo, ..., B2n>

(a) Assume that f(i) = j for some i,57 € {1,2,...,n}. If f({n+1,....2n}) =
{n+1,...,2n},then f({1,...,n}) = {1, ...,n}; thatis, f € Aut(H). If f(z) =y
forsome x € {n+1,n+2,....,2n} and y € {1,2,...,n}, then f(B;) = B; for
some t € {n+1,...,2n}. This implies that there isa v € {n+ 1, ...,2n} — {x}
and v € {1,...,n} — {y} such that, f(u) = v. Then we have that, for each
a € {1,...,n}, there exists b € {n + 1,...,2n} such that f(B,) = B,. Since
f(B;) = B and f(i) = j, there exists w € {n + 1, ..., 2n} such that f(w) = t.
By above, we conclude that f(B.) = B, forall c € {1, 2, ...,n}, a contradiction.

(b) Assume that f(i) = j for some i € {1,2,..,n}and j € {n+ 1,n+2,...,2n}.
If f({n+1,...,2n}) = {1,...,n}, then f({1,...,n}) = {n + 1,...,2n},; that
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is, f € Aut(H). If f(x) =y forsomez € {n+1,n+2,..,2n}and y €
{n+1,n+2, ..2n} then f(B;) = B, for some ¢ € {1,...,n}. This implies
that thereisauw € {n+1,....2n} — {z} and v € {n + 1,...,2n} — {y} such
that, f(u) = v. Then we have that, for each a € {1,...,n}, there exists b €
{1,...,n} such that f(B,) = Bp. Since f(B;) = B; and f(i) = j, there
exists w € {n + 1,...,2n} such that f(w) = t. By above, we conclude that
f(B.) = B forall ¢ € {1,2,...,n}, it is also a contradiction. Therefore, every
automorphism in Aut(By, B, ..., Ba,) must be an automorphism of G. Hence
Aut(H) = Aut(Bl, B, ..., B2n> |

Remark. In the proposition 24, Aut(G) = {p : p is a permutation of {1, 2, ...,2n}
and p({1,2,...,n}) is either {1,2,...,n} or {n+ 1,n+2,...,2n}} and Aut(H) =
{p € Aut(G) : p({i,n+i}) ={j,j+n} fori=1,2,....,n}.
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